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Abstract: In this paper we present the symbolic neutrosophic and plithogenic Marshall-Olkin
type I class of distributions. We derive the formal form of the cumulative distribution function and
probability density function of neutrosophic and plithogenic Marshall-Olkin Type I class of
distributions. As a special case of the mentioned class of distributions we study the generalized
uniform distribution in both neutrosophic and plithogenic forms, we derive its PDF and CDF then
present an algorithm of random numbers generation according to it, then we estimate its parameters
using maximum likelihood estimation and support the results with a simulation study to show the
efficiency of the calculated parameters and study its asymptotic properties including unbiasedness
and consistency.
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1. Introduction

Neutrosophic Probability Theory and Plithogenic Probability Theory are both intriguing
extensions of traditional probability theory that deal with uncertainty and ambiguity in a more
nuanced and comprehensive manner. These theories were developed to address situations where
classical probability theory falls short in capturing the complexity of real-world uncertainties.

Neutrosophic Probability Theory is an extension of classical probability theory that introduces
the concept of "Neutrosophy." Neutrosophy deals with indeterminacy, ambiguity, and imprecision
that arise in various fields such as philosophy, mathematics, and decision-making[1]-[31].

Plithogenic Probability Theory is another extension of classical probability theory that aims to
address the limitations of traditional probability theory in handling complex uncertainties. It
introduces the concept of "Plithogeny," which deals with the multitude of conditions that contribute
to the occurrence or non-occurrence of an event. Unlike classical probability theory, where events are
often treated as independent and isolated, plithogenic probability theory recognizes that events are
influenced by a multitude of interconnected factors. It also focuses on understanding how various
conditions interact and contribute to the overall probability of an event. This theory is particularly
useful in scenarios involving interdependent events, network analysis, and systems with intricate
dependencies.[32]-[47]
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In this paper we will deal with symbolic neutrosophic sets and symbolic plithogenic sets where the
elements of these sets take the form N =a+ bl;I1?> =1 for neutrosophic sets and S =a + bP; +
cP,; Pf = P,,P? = P,,P, - P, = P, P, = P, for plithogenic sets and we will generalize the well know
Marshall Olkin class of distributions [48]-[55] to both neutrosophic and plithogenic class.

2. Preliminaries

Definition 2.1

Let R(I) = {a + bl ;a,b € R} be the neutrosophic field of reals where I% = I. One-dimensional
AH-isometry between R(I) and R? and its inverse are given by:
T:R(I) > R?; T(a+bl) = (a,a+b) )
T L:R?>>R(); T X a,b) =a+ (b—a)l 2)
Note:
T is an algebraic isomorphism and it preserves distances.

Definition 2.2

A neutrosophic random variable Xy is defined as follows:
XN =X1 +X21;12 =1
Where X;,X, are classical random variables.

Definition 2.3
Let f:R(I) > R(D; f = f(xy), xy € R(I) then f is called a neutrosophic real function with one
neutrosophic variable.
Definition 2.4
Let ay = a; + a,l, by = by + b,I € R(I) be neutrosophic numbers. We say that ay =y by if:
a; =2by,ay+a, =b;+b,
Definition 2.5

Let R(P,,P,) = {ag + a;P; + a,P; ;a9,0;,a, ER, P2 =P,, P2 =P,, P,-P, =P, P, = P,} be the
Plithogenic field of reals. One-dimensional isometry between R(P;,P;) and R® and its inverse are
defined as follows:

T:R(P,,P,) » R®; T(ap + a, P, + a,P,) = (ag,ay + a;,ay + a; + a,) 3)
T~%:R® = R(Py, Py); T7'(ag, a1,a) = ag + (ay — ag)Py + (a, — a;)P, (4)

Definition 2.6

A Plithogenic random variable Xp is defined as follows:
Xp =X, + X,P, + X,P,;P? =P,,P? =P,,P,-P, =P, P, = P, where Xy, X;,X, are classical random
variables.

Definition 2.7
Let f:R(P,P,) » R(P,,P,); f = f(xp) ,xp € R(P,P,) then f is called a Plithogenic real
function with one plithogenic variable.

Definition 2.8

Let ap = ag + a,Py + a,P,,bp = by + b, Py + b,P, € R(P;, P,) be two plithogenic numbers. We say
that ap >p bp if:
ag=by,a9+a, =by+by,a0+a,+a, =by+ b, +b,
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3. Neutrosophic Marshall-Olkin Type I Class of Distributions:

In this section we are going to derive the neutrosophic form of Marshall-Olkin Type I class of
distributions depending on its cumulative probability distribution function and probability

distribution function and some generalized distributions according to it.

Definition 3.1

Neutrosophic Marshall Olkin Type I cumulative distribution function is classical Marshall-Olkin
Type I cumulative distribution function but defined on R(I), taking values in R(/) and with
parameters from R(I), that is its CDF is:

F(xy)
F(xy)(1 —py) + py

G(xy; py) = ; Xy ER(D &0 <y py <y 1 5)

Theorem 3.1

The neutrosophic formal form of (5) is:
F(x;) ' F(x; + x3) _ F(x,)
F(x))(1 = p1) +p1 FOx +x,)(1 = (py +p2)) + (pr + p2)  Flx)(X —p1) +py

G(xy; py) = (6)

Proof

T[F (xy)]
T[G(xy; p0)] = T[F(xy)IT[1 — py] + Tlpn]

_ (F(x1):F(x1 + xz))
(F(x1):F(x1 + xz))(l —pu1—(p1 + Pz)) + (p1, p1 + P2)

(F(x1), F(x; + x3))
(F(x1)(1 —p1) +p1, (F(x1 + xz))(l —(p + Pz)) + (py + Pz))

~ ( F(x,) F(xy + x3) >
S \FGe)@ = py) +p1 Flry +x)(1 = (py +p2)) + (o1 + py)

So:

Gly; py) = T~ < F(xy) F(xy + x3) >
N PN FCe)(X = p1) + p1 " Floxg +x2)(1 = (p1 + p2)) + (o1 + p2)

_ F(xq) +] F(x; +x3) i F(x,)
Fe)@ =p)+pr [ FOa+x2)(1= (o1 +p2)) + (pr+p2)  Fd(A=p1) + 1

Note:

Neutrosophic probability distribution function of Marshall-Olkin Type I class of distributions can be

derived by direct derivation of equation (5).

pnf (xy) )
pwIF (xy) + pyl?

g(xNipN)=[(1_ xy ER(D &0 <y py <yl (7

Theorem 3.2
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The neutrosophic formal form of (7) is:

(s pr) = paf (x1) Iy (o1 + p2)f (g + x2) _ p1f(xq) ®)
g3 Py [(1 - pl)F(xl) + p1]2 [(1 — (pl —+ pz))F(xl —+ xz) —+ P1 + p2]2 [(1 - pl)F(xl) + p1]2

Proof

) _ T[pn]TI[f (xn)] _ (p1,p1 + Pz)(f(x1)'f(x1 + xz))
T[g(xn; pa)] = 7= 2
[T[(l = pIT[F (xp)] + T[,DN]] [(1 —pu1—(p1 + pz))(F(xl),F(xl + xz)) + (p1,p1 + Pz)]
_ (Plf(xﬂ. (o1 +p2)f (21 + xz))
2
[((1 = p1)F(x1) + py, (1 —(py + Pz))F(x1 +x2) +py + Pz)]

_ < puf (1) (1 + p2)f O +2%2) )
[(X = pOF (1) + p ]’ [(1= (o1 + p))F(x1 +x3) +py + ,02]2

So:
g Cini o) = T_1< prf (r) (p1 + p2)f (1 +x3) )
e [ = p)F Q) +pu]? [(1= (o1 + p2))F(xs +x2) + py + Pz]2
p1f (x1) (p1 + p2)f (x1 + x3) p1f(x1)

[(1 - pl)F(xl) + ,01]2 [(1 — (p1 + pz))F(xl + xz) +p t+ p2]2 B [(1 - pl)F(xl) + p1]2

Theorem 3.3

Equation (8) represents probability density function in classical sense.

Proof
e L e
J|, otipot = f__w [ = poFGr) + pu2
+oo (p1 + p2)f (x1 + x3) +eo paf (x1)
+1 d(x, + x,) — d
_L,, [(1= (o1 + p2))F (s +x3) + py + pa]” (x1 +22) L,, [(1 = p)F(x;) + p1)? xl]

B
—oo0 F(x)(A—py) +p1

+oo F(x; + x3) +eo F(xy) _
! _f—oo 4 <F(x1 + xz)(l —(p1 + Pz)) +(p1 + Pz)> f—oo d <F(X1)(1 —p)+ p1>] -1

Also, it is easy to see that T[g(xy; py)] presents two continuous and positive functions. Depending
on [3], [25] we conclude that the given neutrosophic function is a neutrosophic probability density
function in classical sense.

4. Neutrosophic Marshall-Olkin Type I Uniform distribution:

Definition 4.1

The neutrosophic cumulative distribution function of the neutrosophic Marshall-Olkin Type I
uniform distribution is defined as follows:

Xy — Ay
xy(1 = pn) + pyby —ay

G(xy; pn, an, by) = say <y Xy <y by,0<ypy <yl 9

Theorem 4.1

The neutrosophic formal form of (9) is:
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X1-a1 +1 (x1+x2)—(as +az) _ X1-a1
x1(1-p1)+p1bi—aq (x1+x2)(1=(p1+p2))+(p1+p2) (b1 +bz)—(a1+az)  x1(1-p1)+p1bi—ay

G(xy; py,ay, by) = (10)

Proof

Tlxy] — Tlay]
xy]T[1 = pn] + Tlpn] - T[by] — Tlay]

_ (e, %1 +x2) — (aq, 044 + az)
(21, %1 + xz)(l —p,1—(p + Pz)) + (p1,p1 + p2) - (by, by + by) — (ag,a;, + a3)

T[G(xy; pn, an, by)] = T

(x1 —ay, (% +x3) — (a; + az))
(x1(1 —p1) +p1by —aqg, (xg + xz)(l —(p1 + Pz)) + (p1 +p2)(by + by) — (a + az))

_ ( X —aq (x1 +x3) — (a; +ay) )
x1(1=p1) + piby —ar " (21 + %) (1 = (p1 + p2)) + (p1 + p2) (b1 + b)) — (a3 + a3)

X1 —a (1 +x3) — (ag + a3) >

G (xy; ,a,b)=T‘1< ,
i P G DN x1 (1= p1) +piby —ar " (x; + %) (1 = (p1 + p2)) + (1 + p2) (b1 + by) — (a; + az)

_ X1 —
x1(1=p) +piby —ay

+1[ (1 +x2) — (ag +ay) _ X1 — g ]
O+ x2)(1 = (p1 +p2) + (o1 +p2)(by + b)) — (a3 +a)  x1(L—p1) +pihy —ay

Definition 4.2

The neutrosophic probability distribution function of neutrosophic Marshall-Olkin Type I uniform

distribution is defined as follows:
(by — an)pn

g(xn; Py, ay, by) = ;ay <y Xy <y by,0<ypy <yl 11
[xy (1 — pn) + pyby — ay]?
Theorem 4.2
The neutrosophic formal form of (11) is:
(b1—-a1)p1 ((b1+b2)—(a;+az))(p1+p2) (b1—a1)p1 ]
; PNy Ay, by) = [ - 12
9Cxn; P, aw, by) [x1(1=p1)+p1b1—as1]? (1 +22)(1=(p1+p2))+(p1+p2) (b +b2)~(as+az)]”  [Xa(1=p1)+p1bi-as]? (12)

Proof

(T[by] — TlayT[pw]
[Tlen]TI(L = pa)] + Tlow] - Tlby] = Tlan)]”
_ ((bp by + by) — (ay,a; + az))(Pl:Pl + p2)
[(x1;x1 + xz)(l -pu1—(p1 + Pz)) + (p1,p1 + p2) - (b1, by + by) — (ag, aq + az)]2

T[g(xn; pn, an, by)] =

((b1 —ay)py, ((b1 +b;) — (a; + az))(P1 + Pz))

[(x1(1 = p1) + p1by —aq, (X1 + xz)(l —(p + Pz)) + (p1 + p2)(by + by) — (ag + ‘12))]2

_ < (by — ay)py ((b1 +by) —(a; + az))(P1 +p2) )
ber (1= o) + prby — g ] [Ce1 +x2) (1= (o1 + p2)) + (o1 + p2) (by + bp) — (a; + ‘12)]2
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So:
GG pros @ b) = T_1< (by — ay)py ((b1 +by) — (a; + az))(P1 +p2) )
e Ba (L= p1) + piby = 1[Gy 4+ 2,)(1 = (py +p2)) + (o1 + p2) By + by) = (a + )]
_ (by —ay)py
[x1(1 = p1) + p1by — a4]?
((b1 +by) — (a; + az))(P1 +pz) _ (by —ay)ps ]
[Cer +22)(1 = (o1 + p2)) + (p1 + p2)(by + bp) — (ay + az)]2 [x1(1 = p1) + p1by — a1]?

4.1 Parameters’ estimation using neutrosophic maximum likelihood estimation method:

Let Xy a neutrosophic random sample drawn from neutrosophic Marshall-Olkin Type I uniform

distribution with PDF defined in (11) then the neutrosophic likelihood function will be:

n n
(by — an)py
L =L(X;®)=H(X-:a,b, )=n
N N i=1f iNi ON» DN2 PN i1 [xin(1 — pn) + pyby — ay]?

_ (by — ay)"py (13)
[T [xin(1 = py) + pyby — ay]?

By taking log of (13), we get the loglikelihood function as follows:

n
Ly =InL(Xy;0) = nln(by — ay) + nlnpy =2 Y Inlxiw (1 = py) + pyby —ax]  (14)

i=1

Taking partial derivatives of previous equation according to ay, by, py yields to:

n
I = z ! (15)
day by —ay P [xin (1 — pn) + pyby — ayl
0 n N PN
mLN B by —ay - 2; [xiv(1 — py) + pyby — ay] (16)
n . X;n — by
ELN B E * 2; [xiv(1 — py) + pyby — ay] a7

Using the AH-Isometry we get:

d I = -n +2§: 1
da, ! by —a, izl[xil(l_p1)+p1b1_a1]

(18)
1

(by + by) — (ay + a;) " 2; [(xu + xiz)(l —(p1 + ,02)) + (p1 + pz)(by + by) — (a; + az)]

La(al + az) ([‘1 +[’2) =

n
d n
= Z P1
db, by —a, — [xi1 (1 = p1) + p1by — a4]
< (19)
n (p1 + p2)

ot £2) = (b1 +by) = (a1 + az) - 2; [(xi1 + xiz)(1 —(pr + Pz)) + (p1 + p2)(by + by) — (ag + az)]

(b, + b,)
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_ % +L)—L+zz
dpr+p) " T (pr+p2) [

0

i=1

n
L, = n +ZZ
pq ! P1 p [x;; (1
n

Xin — by

—p1) + pib; — ;]

(xi1 + xi2) — (by + by)

(i1 + xiz)(l —(py + Pz)) + (p1 +p2)(by + by) — (a; + az)]

Solving equations (18-20) numerically yields to the desired estimators.

4.2 Simulation and random numbers generation:

Solving equation (9) with respect to x yields to:

_ YnPnby —anyy +ay

= 21
N 1—yn(1—pn) @)
Where yy = Fy(xy) is neutrosophic uniformly distributed on [0,1]
By taking AH-isometry to (21) we get:
= Yy1ip1by —ay + a4 22)

1-y:(1—py)

_ 1+ v2)(py + p2)(by + by) — (a1 +a2) vy + y2) + (a3 +a,)
X1+ x; =
1-(y + YZ)(l —(p1 + Pz))

Using equations (22-23), we can generate classical random numbers following classical Marshall-

(23)

Olkin type I uniform distribution with chosen parameters, then using T~! we will get neutrosophic
Marshall-Olkin type I uniform numbers.

Monte Carlo simulation is done using Maple software with total replication of N = 1000 times and
with sample sizes of 15,50,100,150 and fixed parameters ay = 1+ 2I,by = 2 + 51,py = 0.5 + 0.11.

We can check goodness of our estimations based on bias of the estimators and mean square error of

it using the following equations:

Table 1. Simulation results of neutrosophic Marshall-Olkin type I uniform distribution.

0w —6
Bias = 2=l — Ou] (24)
n
~ 2
m(6y—6
MSE:W (25)

ay=1+2I
n ay Bias dy MSE dy
15 1.03255 +2.121691 0.03255 + 0.121691  0.00214 + 0.045281
50 1.00994 + 2.03760/ 0.00994 + 0.03760/ 0.00020 + 0.00431/
100 1.00500 + 2.018941 0.00500 + 0.01894/ 0.00005 + 0.00446]
150 1.00339 +2.01285] 0.00339 + 0.01285/  0.00002 + 0.00049]
by =2 +5I
n by Bias by MSE by,
15 1.88284 +4.712241 0.11716 + 0.287761 0.02464 + 0.277181
50 1.96282 +4.911731 0.03718 + 0.08827I 0.00267 + 0.028101
100 1.98031 + 4.95365] 0.01969 + 0.04635/ 0.00072 + 0.00740]
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150 1.98730 + 4.97020I 0.01270 + 0.02980/ 0.00032 + 0.00323
py=0.5+0.11

n PN Bias py MSE py
15 0.61207 4+ 0.102361 0.23605 + 0.03591/ 0.11861 + 0.03663!

50 0.53516 +0.10201/ 0.10746 + 0.01942] 0.01990 + 0.00782/
100 0.51818 + 0.100961/ 0.07376 + 0.014141 0.00945 + 0.00391/
150 0.51377 4+ 0.10103/ 0.06017 + 0.011641 0.00591 + 0.00249/

Table (1) shows that as sample size n increases, bias of the estimators and mean square error of it

decrease which means that our estimators are asymptotically unbiased and consistent.

5. Plithogenic Marshall-Olkin Type I Class of Distributions

In this section we are going to construct plithogenic form of Marshall-Olkin Type I class of
distributions, cumulative probability distribution function, probability distribution function and

uniform generalized distribution according to it.

Definition 5.1

The plithogenic form of cumulative distribution function of the first type of Marshall-Olkin Type I
class of distributions is defined as follows:
F(xp)

G(xp; = ;xp ER(P,P,),0< <pl1 26
(xp; pp) FGop)(L—pp) + pp P (P, P) P Pp <p (26)
Where P2 =P, P2=P,, P,-P, =P, P, = P,.
Theorem 5.1
The plithogenic formal form of (26) is:
G Cxp; pp) = F(xo) P [ F(xo + x1) _ F(xo)
Pree F(x0)(1 = po) + po ! F(xo + x1)(1 —(po + P1)) + (po+p1) Fxo)(—po) +po

F(xg + x1 + x3)

+P,
F(xo +x, + xz)(l —(po +p1 + Pz)) + (po + p1 + p2)
F(xo +x1)

N F(xo + x1)(1 —(po + P1)) + (po + P1)]

27

Proof

T[F (xp)]
F(xp)IT[1 = pp] + T[pp]

_ (F(x0), F(xxg + x1), F (xg + %1 + x3))
(F(x0), F(xg + x1), F(xg + x1 + x3)) (1 —po, 1= (po +p1), (1= (o + p1 + Pz))) + (o, (po + 1), (po + p1 + p2))

T[G(xp; pp)] = T

(F(xo),F(xO + xl),F(xo + X1 + xZ))
(F(xo)(l —po) + po, F(xg + x1)(1 = (po + p1)) + (po + p1), F (xo + x1 + x3) (1 — (po + p1 + p2)) + (po + p1 + Pz))

_ ( F(xo) F(xg +x1) F(xo + %1 + x3) >
F(xo)(1 = po) + po "F(xg + x1)(1 — (po + p1)) + (po + p1) Fxo + x1 +x2)(1 = (po + p1 + p2)) + (o + p1 + p2)

So:
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G(xp; pp)

) < F(xo) F(xo + x1) F(xo +x1 +x3) )
F(xo)(1 = po) +po "F(xo + x1)(1 —(po + P1)) + (po + P1)'F(xo +x; + xz)(l —(potp1+ Pz)) + (po + p1 + P2)

_ F(xo) +P F(xo + x1) _ F(xo) ]
F(x)(A—po) +po | Flxg +x)(1 = (po +p1)) + (o + p1)  Fxo)(d = po) + po

P [ F(xo + x1 + x3) 3 F(xo + ) ]
z F(xg +x, + xz)(l —(po +p1 + Pz)) +(potp1+p2) Flxo+ x1)(1 —(po + P1)) + (po + p1)

Note:

Plithogenic probability distribution function of Marshall-Olkin Type I class of distributions can be
derived by direct derivation of equation (26).
prf (xp) )
pp)F (xp) + ppl*
Where P2=P,, P2=P, P,-P,=P, P, =P,.

9(xp; pp) = [(1- xp € R(Py,P,),0 <p pp <p 1 (28)

Theorem 5.2

The Plithogenic formal form of (28) is:

pof (xo) P (po + p1)f (xo + x1) _ pof (xo)
(1—po)F(xg) +pol? " * [(1= (o + p1))F (xo + x1) + (po + pl)]z [(1 = po)F (x0) + pol?
(po + p1 + p2)f (xo + X1 + X2)

[(1 = (po + p1 + p2))F(xg + x1 + x2) + (po + p1 + Pz)]z
(po + p)f (x0 + x1)

- [(1 —(po + P1))F(x0 +x1) + (oo + P1)]2

g(xp; pp) = [

+ P,

(29)

Proof

Tlpp]TI[f (xp)]
[T1C1 = pITIF Geo)] + Tlpp 1]
(Do, Po + p1, po + p1 + p2)(f (x0), f (x0 + x1), f (g + X1 + X3))
[(1—po, 1= (po + p1), 1= (po + p1 + p2))(F(x0), F(xg + x1), F(xg + x1 + x2)) + (o, po + p1, o + p1 + pz)]z
(pof (x0), (po + p1)f (X0 + x1), (po + p1 + p2)f (xo + x1 + x2))

[((1 — po)F(x0) + po, (1 — (po + p1))F (xo + x1) + (po + p1), (1 — (po + p1 + p2))F (xo + x1 + x3) + (po + p1 + Pz))]z

_ ( pof (xo) (po + p1)f (xo + 1) (po + p1 + p2)f (o + 21+ 23) )
[(1 = po)F (xo0) + pol?’ [(1 —(po + P1))F(xo +x1) + (po + P1)]2’ [(1 —(potp + Pz))F(xo +x1 +x3) +(po +p1 + Pz)]2

T[g(xp; pp)] =

So:
gQxn; pn)
— -1 < pof (xo) (po + p1)f (xo + x1) (po + p1+ p2)f (xo + %1 + x3) )
[(1 = po)F (x0) + ol [(1 —(po + P1))F(xo +2x1) + (po + P1)]2 [(1 —(potp + Pz))F(xo +x1 +x3) + (po+p1 + Pz)]z
pof (xo) (po + p1)f (x0 + x1) pof (xo)

[(1 = po)F (x0) + pol? ! [(1 —(po + P1))F(xo +x1) + (po + P1)]2 - [(1 = po)F(x0) + pol?

+p, [ (po + p1 + p2)f (X0 + X1 + X3) _ (po + p1)f (x0 + x1)
[(1 —(po +p1 + Pz))F(xo +x +x) + (oo +p1 + Pz)]z [(1 = (po + P1))F(xo +x1) + (po + P1)]2
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Theorem 5.3

Equation (29) represents probability density function in classical sense.

Proof
T [ | :og(xp; pp)dxp]
f+°° pof (xo) :
—oo [(1=pg)F (o) + 1]
‘P f+°° (o + £ )f Ceo + x1)
e [(1 —(p, + pl)) F(xo +x1) + (p, + pl)]
B f+°° pof (x0) :
—o [(1=py)F(x0) + 1]
‘P, f+°° (Po + p1+ P2)f (X + %1 + x3)
[(1- (po +p1+ p2))F(xo + %1 + %) + (po + p1 + p2)]
f+°° P+ P )f(x0+x1)
- [ 1-(p, + pl)) F(xo + %) + (p, + pl)]

f d( F(xo) )
F(xo)(1 — po) + po

+oo F(xo) oo F(xo + x1)
th U- <F(x0)(1 —po) + pO) J‘—oo ¢ <F(Xo + x1)(1 = (po + .01)) + (po + ,01))]

+PU+°°d< F(xg+ x, +x3) )
1w F(x0+x1+x2)(1—(p0+p1 +P2))+(Po+,01+.02)

Xo

2 d(xO + xl)

5 d(xo + x1 + x3)

5 d(xo + x1)

f+°°d< F(xo + x1) )] 3

—o \F(xo+x:)(1 = (po + p1)) + (po + p1)

Also, it is easy to see that T[g(xp; pp)] presents three continuous and positive functions. Depending
on this we can see that the given plithogenic function is a plithogenic probability density function in
classical sense.

6. Plithogenic Marshall-Olkin Type I Uniform distribution:

Definition 6.1

Plithogenic cumulative distribution function of the Marshall-Olkin Type I uniform distribution is
defined as follows:

Xp — ap
xp(1—pp) + ppbp — ap
Where P2 = P,,P{ = P,,P,-P, =P, P, = P,.

G(xp; pp,ap, bp) = ;ap <p Xp <p bp,0 <ppp <p1 (30)

Theorem 6.1

The plithogenic formal form of (30) is:
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Xo — Qo
xo(1 = po) + pobg — ao

G(xp; pp,ap, bp) =

4P [ (xo +x1) — (ap + ay) _ Xo — Qg
e + x1)(1 = (po + p1)) + (po + p1)(bo + by) — (g + a;)  xo(1 = po) + pPoby — ao

+P[ (XO+x1+x2)_(a0+a1+a2)
2
(o + 21 + x2)(1 = (po + p1 + p2)) + (po + p1 + p2) (b + by + by) — (ag + a; + az)

_ (%0 +x1) — (ap +ay)
(xo + x1)(1 —(po + P1)) + (po + p1)(bg + by) — (ap + a4)

B

Proof

Tlxp] — Tlap]
xp]T[1 = ppl + Tlpp] - T[bp] — Tlap]

T[G(xp; pp,ap, bp)] = T[

_ (g, %0 + X1, %9 + X, + x,) — (g, a9 + ay,a9 + a; + a,)
(%0, X0 + X1, X + 2, + xz)(l —po1=(po+p)1=(po+ps + Pz)) + (po, Po + P1, Po + p1 + p2) * (bg, by + by, by + by + by) — (ag,ay + ay, a0 + a; + ay)

_ < (xo —ay, (%o + x1) — (ag + ay), (xg + x; +x,) — (ag + a;, + ‘12))

%o(1 = po) + pobo — ag, (%o + xl)(l = (po + P1)) + (po + p)(by + by) — (ag + ay), (xg + x, + xz)(l —(po+ps + pz)) + (po + p1 + p2)(by + by +by) — (ag +a; + az))

_ < Xo — Qo (xo +x1) — (ap + a5)
x%0(1 = po) + pobo — a0 " (xo + x1)(1 = (po + p1)) + (o + p1) (b + by) — (ag + a1)’

(xo +x1 +x5) — (ap + a; +ay) )
(xo + x4 +x2)(1 —(po +p1 +P2)) + (po + p1 + p2)(bg + by + by) — (ap + a; + ay)

Xo — Qo (xo +x1) — (ao + ay)
%o(1 = po) + pobo — ao ’ (xo + x1)(1 —(po + Pl)) + (po + p1) (b + by) — (ao + ay) '

G(xp; pp,ap, bp) =T7* (

(xg +x; +x,) —(ag + a; +ay) >
(xo + %1 + x2)(1 = (po + p1 + p2)) + (o + p1 + p2)(bo + by + by) — (ag + a; + a)

Xo — Qo

_ Iy [ (xo +x1) — (ag + ay) _ Xo — Qo ]
%(1—=po) + pobo —ag [ (xg +x)(1 = (po + p1)) + (po + p1) (bo + by) — (ag +ar)  Xo(1 = po) + pobo — aq

(xg +x1 +x3) — (ag + a; + ay)
+ P,
(o + 1+ x)(1 = (po + p1 + p2)) + (po + p1 + p2) (b + by + by) — (ao + a; + a3)

_ (xo +x1) — (ag + ay)
(xo + x1)(1 —(po + P1)) + (po + p1) (b + by) — (ao + ay)

Definition 6.2

Plithogenic probability distribution function of Marshall-Olkin Type I uniform distribution is defined

as follows:

(bp — ap)p
9(xp; pp,ap, bp) = Lt 75ap <p Xp <p bp,0 <p pp <p1 (32)

[xP(l —pp) + ppby — aP]
Where P2 = P,,P? =P,,P,-P, =P, P, = P,.
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Theorem 6.2

Plithogenic formal form of (32) is:

(bo — ao)po
%o(1 = po) + poby — agl?
((bo + by) — (ao + a1))(po + p1)
[(xo +x1)(1 = (po + p1)) + (po + p1)(bo + by) — (ap + a1)]2

(bo — ag)po
[x0(1 = po) + pobo — ao]?

9(xp; pp, ap, bp) = [

+ Py

((bo + by + by) — (ag + as + a3))(po + p1 + p2)

[(xo +x + xz)(l —(potp1 + Pz)) + (po + p1 + p2 )by + by + by) — (ap +a; + az)]z
_ ((bo +by) — (ap + a1))(P0 +p1)

[(xo + x1)(1 —(po + P1)) + (po + p1)(bo + by) — (ap + ‘11)]2

+ P,

(33)
Proof

(T[bp] — TlapDTlpp]
[TLxpITI(1 — pp)] + Tlop] - Tlbp] — Tlap]]”

T[g(xp; pp, ap, bp)] =

((bOI by + by, by + by + by) — (ag, a9 + ay,a0 + a; + az))(POrPo + p1,Po + p1+ P2)
2
[(xo,xo +X,X0 + X1 + xz)(l =P, 1= (pog+p1),1—(po+p; + Pz)) + (pos Po + P1,Po + p1 + p2) - (bo, bo + by, by + by + by) — (ag, a9 + ay,a0 +a; + az)]

((bo — ag)pos ((bo +by)—(ap + al))(Po +p1), ((bo + by +by)—(ag+a; + az))(po +p1+ Pz))

B [(xo(l = po) + poby — ag, (xo + xl)(l = (po + .01)) + (po + p1) (b + by) — (ag + a;), (xo + x; + xz)(l —(po+p1 + Pz)) + (po + p1 + p) (b + by + by) — (ag +a; + az)ﬂz

_ < (by — ap)po ((bo +by) — (ap + a1))(Po +p1)
[xo(1 = po) + poby = ao]?’ [(xo + x1)(1 —(po + P1)) + (po + p1)(by + by) — (ag + a1)]2 ’

((bo +b; +by) —(ag+a; + az))(po +p; +p;) )
[(xo +x + xz)(l —(po+py + .02)) + (po + py + pz)(bo + by + by) — (ag +a; + az)]z
So:
9Cii pprap bp) = T4 ( (bo — ag)po ((bo +by) —(ap + a1))(.00 +p1)
pene [xo(1 = po) + pobo — ao*’ [(xo + x1)(1 —(po + P1)) + (po + p1)(bo + by) — (ap + a1)]2'
((bo +b; +by) — (ap +a; + az))(Po +p1+pz) )
[(xo + 21 +x)(1— (o + p1 + p2)) + (po + p1 + p2)(by + by + by) — (ag + a; + az)]z
_ (bo — ag)po
[x0(1 = po) + poby — a,)?
+P ((bo +b;) — (ap + ‘11))(P0 +p1) _ (by — ag)po ]
' [Ceo +x:)(1 = (po + p1)) + (po + p1) (bo + by) — (ap + (11)]2 [xo(1 = po) + pobo — aol?
P ((bo +b; +by) — (ag +a; + az))(Po +p; +p;)
’ [(xo +x + xz)(l —(po+p1+ Pz)) + (po + p1 + pz)(bo + by + by) — (ag +a, + az)]z

_ ((bo +by) = (ap + a1))(l]o +p1)
[(xo + x1)(1 —(po + P1)) + (po + p1)(bo + by) — (ao + a1)]2

6.1 Parameters’ estimation of plithogenic Marshall-Olkin Type I Uniform distribution:
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Let X, a plithogenic random sample drawn from plithogenic Marshall-Olkin Type I uniform
distribution with PDF defined in (32) then the plithogenic likelihood function will be:

n

n
(bp — ap)pp
Lp = L(X ;G)):l_[f(X- ;ap,bp, )=H
P P | | ipy p, Dp, Pp L [x;p(1 — pp) + ppbp — ap]?

_ (bp — ap)"pp (34)
[Tz [xip (1 — pp) + ppbp — ap]?

By taking log of (34), we get the loglikelihood function as follows:

Lp =InL(Xp;0) =nln(bp —ap) + nlnpp — ZZ In[x;p(1 = pp) + ppbp — ap] (35)

i=1
Taking partial derivatives of previous equation according to ap, bp, pp yields to:

n

a
2 = Z 36

dap P bp— bp —ap — [xip (1 — PP) + ppbp — ap] (36)

a n

n Pp

—Lpy=—"—2 Z 37
0bp F bp — ap P [xip(1 — pp) + ppbp — ap] (37)

a Xip - bp
—Lp = + ZZ 38
dap F Pp P [xip(1 — pp) + ppbp — ap] (38)

Using the AH-Isometry equations (36-38) become:

n

d o= -n +Zz 1
day ° " by —ag L.:l[xio(l_Po)‘FPobo_ao]

o 1
(bo + b1) - (ao +a;) 2 ; [(xio + %) (1 = (po + p1)) + (po + p1)(by + by) — (ag + ay)]

—a(ao . Lo +Ly) =
d

a(ao + a, + az) (‘CO + Ll + LZ)

—-n
B (b0+b1+b2)_(a0+a1+a2)

1
2y
~ [(xio + xi1 +x2)(1 = (po + p1 + p2)) + (po + p1 + p2) (bo + by + by) = (ao + ay + a5)]

n
0
— L, = _"* Po
db, by — ay = [x:0(1 = po) + pobo — ay]
Lo+ L1) = n _22 (po +p1)
d(bo +by) " ° Y7 (bo + by) — (a0 + ay) ~ [(xi0 + x:1) (1 = (po + p1)) + (po + p1)(bo + b1) — (ag + ay)]
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5]

mm+m+mﬁ%+g+g)

n
_(b0+b1+b2)—(a0+a1+a2)

n

_ZZ (po +p1+p2)
[(xio + xi1 + x:2) (1 = (po + p1 + p2)) + (Po + p1 + p2) (b + by + by) — (ag + ay + a3)]

i=1
n

a n xio - bo
—Ly=—+2 Z
apo Po [xi0(1 — po) + poby — o]

i=1

(Lo +Ly) =

i (xi0 + x31) — (bo + by)

9(po + p1) (Po + p1) e [(xio + xil)(l — (po + Pl)) + (po + p1)(bg + by) — (ap + a1)]

i=1
9 Lo+ L+ Ly)
a(p,+p, +p,) 0T

L
(py+p,+0,)

n
+2 Z (xio + xi1 + xi2) — (po + p1 + p2)
~ [(xio + X4 + xiz)(l —(pot+p1+ Pz)) + (po + p1 + p2)(bo + by + by) — (ag + a; + az)]

Solving previous equations numerically give us the desired estimations.

6.2 Simulation and random numbers generating:

Random numbers generating can be done using the following equation:

_ YpPpbp — apyp + ap
F 1-yp(1—pp)

By taking AH-isometry to (39) we get:

(39)

= YoPobo — apyo + ay
° 1—yo(1—po)
_ (o +¥y1)(po + p1)(by + by) — (ag+ay)(yo +¥1) + (ap+ay)

(40)

Xo +x; = (41)
0 ! 1—(y + J’1)(1 —(po + P1))
o +y1+¥2)(po + p1 + p2)(by + by + by) — (ag + a;+ax) (Vo + y1 +¥2) + (a0 + as+a,) (42)

1= Ootyr +¥2)(1 = (oo + p1 + p2))
By using equations (40-42), we can generate random numbers following classical Marshall-Olkin type
I uniform distribution, then using T~' we will get plithogenic Marshall-Olkin type I uniform
distribution generated numbers.
performance of maximum likelihood estimators based on Monte Carlo simulation using Maple
software with total replication of N = 1000 times and with sample size of 15,50,100,150 with fixed
parameters ap = 1.5+ 0.3P; + 0.5P,,bp = 2 + 0.5P; + 1.2P,,pp = 1 + 0.7P; — 0.4P,is checked based
on bias of the estimators and mean square error of it using the following equations:
Yii|6ir — 65

n

Bias = (43)
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MSE

_ Z?zl(éiP - ep)z
= SRR (44)

Table 2. Simulation results of plithogenic Marshall-Olkin type I uniform distribution.

n dap Bias ap MSE ap
15 1.53060 + 0.33686P; + 0.54019P, 0.03060 + 0.03686P; + 0.04025P, 0.00179 + 0.00643P; + 0.01337P,
50 1.50975+ 0.31286P; + 0.51248P, 0.00975 + 0.01286P; + 0.01248P, 0.00019 + 0.00079P; + 0.00142P,
100 1.50495 + 0.30667P; + 0.50629P, 0.00495 + 0.00667P; + 0.00629P, 0.00005 + 0.00021P; + 0.00036P,
150 1.50337 4+ 0.30457P; + 0.50427P, 0.00337 + 0.00457P; + 0.00427P, 0.00002 + 0.00010P; + 0.00017P,
bp=2+0.5P, +1.2P,
n bp Bias bp MSE bp
15  1.96711 + 0.50424P; + 1.15560P, 0.03289 — 0.00424P; + 0.04441P, 0.00212 — 0.00043P, + 0.00904P,
50 1.99035+ 0.50158P; + 1.18710P, 0.00965 — 0.00157P; + 0.01289P, 0.00019 — 0.00006P; + 0.00076P,
100 1.99499 + 0.50085P; + 1.19331P, 0.00501 — 0.00085P; + 0.00668P, 0.00005 — 0.00002P; + 0.00019P,
150 1.99679 + 0.50055P; + 1.19572P, 0.00321 — 0.00055P; + 0.00428P, 0.00002 — 0.00001P; + 0.00009P,
pp=1+0.7P; — 0.4P,
n Pr Bias pp MSE pp
15 1.11156 + 0.65361P; — 0.36750P, 0.41604 + 0.25464P; — 0.14580P, 0.34855 + 0.50312P; — 0.31230P,
50 1.04020 + 0.69063P; — 0.39240P, 0.20518 + 0.13733P; — 0.07870P, 0.07171 4 0.12394P, — 0.07800P,
100 1.02096 + 0.69566P; — 0.39636P, 0.14470 4+ 0.09968P; — 0.05702P, 0.03574 + 0.06449P; — 0.04076P,
150 1.01753 +0.69967P; — 0.39901P, 0.11841 4+ 0.08157P; — 0.04664P, 0.02270 + 0.04158P; — 0.02633P,

Table (2) shows that as sample size n increases, bias of the estimators and mean square error of it

decrease which means that our estimators are asymptotically unbiased and consistent.

7. Conclusions

We have studied and derived neutrosophic Marshall Olkin (I) class of distributions and
plithogenic Marshall Olkin (I) class of distribution and found its cumulative distribution functions
and probability distribution functions. Also, we studied a special case of these new classes that is
uniformly generalized distribution and estimated its parameters using maximum likelihood
estimation method and made a simulation study to show the power and efficiency of our estimators
and the simulation results show that our estimators are unbiased and consistent. In future researches
we are looking forward to study more special distributions generalized by Marshall Olkin class and
study its applications in reliability theory and queueing theory.
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