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1. Introduction

There is a lack of certainty that couldnt be manipulated by classical set. To overcome the
complication, fuzzy set was enlightened by L.A.Zadeh [4]. Smarandache [5] initiated Neutro-
sophic set to build upon the thought of Atanassovs [11] intuitionistic fuzzy sets very convenient
and effectively which is the part of philosophy. In Neutrosophic logic every hypothesis having
degree of validity, neutral and non-validity is represented independently. The notion norm is
a sort of dual operation tracking down numerous applications in fuzzy set, probability and
statistics and other areas. A t-norm interprets intersection of fuzzy sets and conjunction in
logics. There were some essential properties like Archimedean, strict and nilpotent t-norm
that exist.

The Application of group theory to fuzzy set was originated by Rosenfield [10]. In view
of the fuzzy set hypothesis, Multifuzzy set was initiated by Sebastian and Ramakrishnan [8].

The unified notions of Multifuzzy set and Group called as multifuzzy group was examined by

B. Anitha and P. Tharini, Embedding Norms into Neutrosophic Multi Fuzzy Subrings



Neutrosophic Sets and Systems, Vol. 63, 2024 1@

Muthuraj [1]. Also, he has discussed its Level Subgroups. The combined concepts Intuitionistic
Fuzzy sets and Fuzzy Multisets together were developed as Intuitionistic Fuzzy multisets by
Shinoj [9].

The thought of Intuitionistic fuzzy groups along with homomorphism and direct product
had been explored by Sharma [15,16]. Rasul Rasuli [2,|7,/18,|19] investigated his thought on
Intuitionistic fuzzy subgroups and subrings regarding norms and reached out into fuzzy Multi-
groups. Abu Osman [12] explored products of fuzzy subgroups. Intuitionistic fuzzy multiset
was initiated by Shinoj and John [9]. Then, Wang [14] gave the comparative activities and
outcomes of single esteemed neutrosophic set hypothesis. To elaborate the neutrosophic set
theory, the conception neutrosophic multiset was originated by Deli |13] and Ye [21})22] for
modelling vagueness and uncertainty. VakkasUlucay [3] proposed the notion of Neutrosophic
Multi Groups. Hemabala [6] gave the thought of gamma near ring applied into Anti Neutro-
sophic Multi fuzzy set. The extension principle was defined by Sahin[20] using neutrosophic
multi-sets.

The scope of this work is predicated upon the notion of Neutrosophic set and multifuzzy set
together with rings .We have characterized here a thought of Neutrosophic multifuzzy subrings

along with triangular norms and made sense of certain outcomes connected with them.

2. Preliminaries

This part consists of, fundamental definitions are referred to that are essential.

Definition 2.1. [5] A NFSA on the space of points X is characterized by a truth membership
pa(z), an indeterminancy N4 (z), and falsity membership [ 4(x) is defined as
A= (z,ppa(2) ,Na(z),F a(z) : x € X) where pa, Na, F 4+ X — [0,1] and

0 < pa(w) +Na(z) + F alz) <3

Definition 2.2. [13] A NMS A on X be defined as follows:

A = {< z,(phy(z), p4(2),.... 1% (=), Ni(z), Ni(z),....N%(z), (FY(z), F4(z),...,
Fh(x) > 2 e X},

where, p'y(z), Niy(z), Fy(z) + X — [0,1], 0 < supply (z) + sup Ny (z) + supF Yy (z) <3
(i=1,2,...,n) and for any z, truth membership pY(z) > p?(z) > -+ > p"(z) as decreasing
order but no restrictions for indeterminacy and falsity membership. Futher more, n is called
the dimension of A, denoted d(.A).

Definition 2.3. [12] A function T;, : [0,1] x[0,1] — [0,1] is a t-norm possess the following
axioms.

1.7, (z,1) ==z

2.1, (z,y) =T, (z,2)ify <z
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3.1, (z,y) =T, (y,)
4T, (2, Ty (y,2)) = T (Tn (2, 9) , 2)) YV, 9, 2 € [0,1]

Definition 2.4. [17] A function T, : [0,1] x[0,1] — [0, 1] is a t-conorm possess the following

(I,O) =
T. (x,y) = (a: z)ify <z
T (z,y) =Te (y,2)

AT, (2, T.(y,2)) = Te (Te ((z,9) ,2)) Vz,y,2 € [0,1]
Recollect if T), is idempotent function 7, (x,z) = x. Similarly, if 7, is idempotent function
T.(x,x) = z,Vz € [0, 1].

3. Neutrosophic Multifuzzy Subring with respect to 7, and T,

Definition 3.1. A NMFS A = {< (z, % (z), Ny, F 4 (z)) >, € R,i=1,2,...,n } of a ring
R is said to be NMFSR with respect to T,, and T, of R if
(i) iy (2 —y) > Ty (g (@), 1y () s Ny (2 = y) < Te (NG (2) N () 5
Fal@—y) <T. (Fz'4< ) Fy ()
(ii) gy (zy) > Ty (g (@) s iy () s Ny () < Te (N (2) , N (1) 5
Fo(ey) <Te(Fla (@), F i (v))
Ve,ye R,i=1,2...,n.

Example 3.2. Let ( Z3,+,- ) be aring. For all x € Z3 , we define a NMFS A over T,, and T,

of Z3 as

A= (< 0(0.9,0.7,0.5), (0.2.0.4,0.8), (0.3,0.4,0.6) >

< 1(0.9,0.5,0.4), (0.2,0.5,0.7),(0.3,0.5,0.7) >,< 2(0.8,0.5,0.4), (0.2,0.5,0.7), (0.4,0.5,0.7) >).
Let T, (x,y) = 2y and Te(x,y) =z +y —xy, Vz,y € Z3 then A is a NMFSR of Z3 over

T, and T,

Proposition 3.3. If A is a NMFSR of R with T,, and T,, where T,, , T, are idempotent then
Vvxe R&i=1,2,...,n

(1) 14 (0) = piiy (2) s Ny (0) S Ny (@) 5 F 54 (0) < Fiy(2)

(ii) ply (—2) = py (@) s Ny (—2) = Nj (@) Fiy(—2) = F (2)
Proof. If x € R.
(i) pig (0) = piy (2 — )
N (0) = Ny (z— 2) <
Similarly, £ % (0) < Fy (z)

(i) pa (—a) = ply (0-2)
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So that, p'y (z) = p'y (—x)
Ny (—z) = N (0—x)
< T, (N4 (0), N} (2))
< T (N4 (2) , Ny ()
= Ni () = Ny (0 - (—2))
< T (N4 (0) , N4 (—2))
< T (N (o) , N ()
<Ny (—x)

So that, Ny (z) = N (—z) .
Similarly, F % (z) = F % (—z). Yz € R and i = 1,2...n Hence the result. g

Proposition 3.4. Let A be a NMFSR of R over T, and T, , x € RYi=1,2...n then
P —y)=1= iy (2) > ply () s Na (2 = y) = 0= N (x) < N (y)
Fale—9)=0=Fa(@) < Fla)

Proof. Let x,y € Rand i =1,2...n. Then
(1) ply (2) = pig (& = y+y) = Talply (@ = y) 1y (9) = Ta(Ldy (9) = 14 ()
(i) N (@) = N (& = y+y) < T (N (2 —y) Ny () = T (0N (y) = N ()
Similarly, F'y (z) < F% (y) .
Hence the result.
Proposition 3.5. Let A be a NMFSR of R with respect to T,, and T, where T, , T, are
idempotent. Then A(x —y) = Aly) iff A(z) = A(0), Vz,y € R andi=1,2,3...n

Proof. Let A(x —y) = A(y). If y =0,= A(z) = A(0)

Conversely, if A(z) = A(0), Then,

(1)l (2) = ply (0) = pily (z — y)

iy (x) = p'y (0) > ¥y (y) ( by proposition 3.3)
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Now, iy (= y) = Ty (1l (), 14 ()

So, we get ply (z —y) = piy (y)

(ii). NV (2) = N (0) <N (2 —y)
Nij(z) = Ny (0) < Ny (v)

Now,

Ni(@—y) <T. (Nj (x), Ny ()
< T, (N4 (), N ()

= N4 (y)
= N (—y) (by theorem 3.3)
=Ni(z—y—x)

<T. (N (@ —y) , N (2))
< T, (N (= y) , N (z = p))
= N (z - y)

SN (@ —y) = Ni(v)

Similarly, £ (z —y) = Fy (y)
Al —y) = Ay) if A(x) = A0)Vx,y € Randi=1,2...,n.

4. Neutrosophic Multifuzzy ideal and level set

Definition 4.1. Let A and B be two NMS of R. Define
ANB = (Wanp: Nang: Flars) 88 tanp(@) = Tu(ply (), pp (2))
Noap(@) = TeWN (), N (2); Fanp(@) = Te(Fy () F 3 (2));
AUB = (“fAUB’NJZ;\uB’ FféluB) as /‘ialuB(m) =T ( /‘fﬁl (z) nu’% () )
Nous(@) =T (N (@) N (@) ); Flaop(@ ) =Tn (Fly (), Fp(x) ), Vo eR.
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Example 4.2. Consider the ring (Z2,+, ). For all x € Zs, we define NMFS A and B of Z,
as A = (< 0(0.9,0.7), (0.1.0.3), (0.4,0.6) >; < 1(0.8,0.6), (0.1,0.4), (0.4,0.7) >
B = (< 0(0.9,0.6), (0.2.0.1), (0.5,0.4) >; < 1(0.7,0.4), (0.3,0.4), (0.6,0.7) >
Let T, (z,y) = xy and T,(z,y) = x +y — xy, Va,y € Z2.Then

AUB = {< 0, (0.98,0.88),(0.02,0.03), (0.20,0.24) > < 1(0.94,0.76), (0.03,0.16), (0.24,0.0.49)
>}
AN B = (<0(0.72,0.43), (0.28.0.37), (0.7,0.76)>; <1(0.56,0.24), (0.37,0.64), (0.76,0.91) >).

Theorem 4.3. If A and B are NMFSR of ring R, then ANB also a NMFSR of R with respect
to T, and T,, where T,, and T, are idempotent.

Proof. Let x,y€e Randi=1,2,3,...,n

(i) panp(z —y) = Tn(ui}x (z—y),uz(z —y))

= Tn(ufmrs (@) tans ()
Ninp(e —y) = Te(Ni (z — y) , Ng (z — y))
< T ATe(NL (@) , N4 (9), Te(N (2) , N (1)) }
= T {ToNy (o) N (2)). TV () A ()}
= T.(Nans (2) . Nag ()
Similarly, f Yyp(z —y) < Te(F iy (2),F 5 (1))

(ii) pans(zy) = Tn(uf4 (zy) ,M% (zy))

= Tn(uimza () 7Mf4r13 ()

Nins(xy) = Te(NG (zy) N (zy))
< T AT(NY (2) , N4 (9)), Te(Ng () , N5 ()}
= T.ATe(N4 () , N () ), T4 (9) . N5 (9) }
= To(Nans (2) , Nans (1))

Similarly, /\yp(2y) < Te(Fy (), F 5 (y))
Hence AN Bisa NMFSR of R w.r.t T, and 7. Vx,y € Rand i = 1,2,...,n.
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Example 4.4. Consider the ring (Z2, +, ). For all x € Z5, we define NMFSR A and B of Z,
as A = (< 0(0.9,0.7), (0.1.0.3), (0.4,0.6) >; < 1(0.8,0.6), (0.1,0.4), (0.4,0.7) >)
B = (< 0(0.8,0.6), (0.2.0.1), (0.5,0.4) > ; < 1(0.7,0.4), (0.3,0.4), (0.6,0.7) >)

AN B=(<0(0.7,0.3), (0.3.0.4), (0.9,1)>; <1(0.5,0), (0.4,0.3), (1,1) >). Let Tp(x,y) =
max(x+y — 1,0) and T.(x,y) = min(1, z + y)Vz,y € Z3 then AN B is NMFSR of Z over T,
& T..

Remark 4.5. In general, if A, B are NMFSR of R with respect to T;, and T, then AU B
will always not be a NMFSR of R with respect to T}, and T,. The accompanying example will

show our case.

Example 4.6. Let (Z4,+,-) be a ring of integers.

Let us define A = {(<0(0.9,0.6,0.4) (0.2,0.4,0.4) (0.3,0.5,0.6)>, <1(0.7,0.5,0.4) (0.2,0.5,0.6)
(0.3,0.6,0.7)>, <2(0.6,0.5,0.4) (0.3,0.6,0.7) (0.3,0.6,0.7)>, <3(0.9,0.5,0.3) (0.2,0.5,0.7)
(0.3,0.6,0.7)>}

B = {<(0(0.9,0.8,0.7), (0.1,0.2,0.3), (0.2,0.4,0.6), <1 (0.8,0.4,0.3), (0.2,0.3,0.3), (0.3,0.5,0.6)>,
<2 (0.9,0.5,0.4), (0.3,0.4,0.5), (0.4,0.5,0.6)> , <3 (0.5,0.2,0.1), (0.3,0.4,0.5), (0.4,0.5,0.6)> }
be two NMFSR of Z4 under T}, and T..

Let us consider T, (x,y) = min(z,y); T¢(x,y) = max(x,y) then A, B are NMFSR of Z,.
AuB = { < 0, (0.9,0.8,0.7), (0.1,0.2,0.3), (0.2,0.4,0.6) > < 1(0.8,0.5,0.4), (0.2,0.3,0.3),
(0.3,0.5,0.7) >, < 2(0.9,0.5,0.4), (0.3,0.4,0.5), (0.3,0.5,0.6) >, 3(0.9,0.5,0.3), (0.2,0.4,0.5),
(0.3,0.5,0.6) > }

Then for z = 3;y = 2. p'y 5(3 —2) = (0.8,0.5,0.4)

Again, if A is a NMFSR with respect to T}, and T, of R then V z,y € Z4 ;

paus(@ —y) > To(pip, (€), 1iyop (1) )

But for z = 3;y =2

T { s () tlaos W)} = Tu(plaus (3) s plaus (2)) = Ta{(0.9,0.5,0.3), (0.9,0.5,0.4)} = (0.9,0.5,0.3)

i p(3 = 2) = (0.8,0.5,0.4) s T {ply (3), 1y (2)} = (0.9,0.5,0.3)
1iaus(3 = 2) 2 Tnltiaus (2) s aus (3)}
Hence AU B is not NMFSR of Z4 over T,, and T..

Corollary 4.7. If A,B are NMFSR of R then AUB is a NMFSR of R if one is contained in

other.
Proof. Let x,y ¢ Randi=1,2,3...,n

(i) waus(@ = y) = Te(pia (v — ) , s (z = )
> TATn (1 (x) 14 (9)), Talpip () , iz (9))}
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= T {Te(py () , s (), Te(pla (v) - 115 ()}
= To(plaus (%) s s (7))

Noius(a —y) = TN (z — y) . Nj (& — y))
< TAT (N (2) , NG (), Te(NE () , N (1)}
= TAT(N (), N (2)), Te(N4 (y) N (1))}
= T.(Naug (), Naus (v))

Similarly, Fy g(@ —y) < Te(FYy (@), Fi(y))

(i) plaop(ey) = Te(pla (2y) , p (zy))
> TeATo (1 (%), 14 (1)), T (i (%), 1155 ()}
= To{Te(py (), pis (), Te(pls (v) - 1 ()}
= To(paus (%), tlass (v))

Nios(ry) = To(N (zy) , N (zy))

< TAT (N (2) , NG (1)), Te(NG (), N (9))}
= TAT(N (), Nj (2)), To(Na (v) , N (1))}
= T.(Niaus (), Naus (1))

Similarly, £y 5(zy) < Te(Fiy (), F 5 (4) )
Hence AUB is a NMFSR of R w.rt T, and T, Ve,y € Rand i =1,2...,n

Definition 4.8. Let A={< (z,p}(y),N4(z),Fy(z) > ; 2 € Rand i = 1,2...,n} be a
NMFSR of R. Let ay, 3,7 € [0,1]. With 0 < o + 8; + 75 < 3. Then the set Ay g is
called a level set of A, where for any z € A, 3, the following inequalities hold p’y (z) > oy;
Niy(z) < Bi s Fiy () < i

Theorem 4.9. If A is said to be a NMFSR of R with respect to T, and T. iff Aqp~ 5 a
subring of R with respect to T,, and T, for all ay, Bi,vi € [0,1] with pa (z) > ai; Na(z) < Bi;
Falz) <~i;i=1,2,...,n and assume that T,, and Tc are idempotent.

Proof. Since p (x) > o; Na(z) < B; F alz) <v; Vo € Ay g

(ie) Aq,g, is non-empty.

Then for all i, 1, (2) > as; N (2) < Bis Fy (2) <

Now, let A be NMFSR of R with respect to T}, and T; and z,y € Aq g~

To show that,  — y,zy € Aa gy -

(i) iy (z —y) > T (g (2) 1y (v) > T (iyaq ) =

Again, iy (zy) > T (i (2), iy (9)) > T (o 00) = o
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(i) Ny (2 —y) < Te (N (2) Ny (v) T (Bi Bi ) = B

Again, Ny (z) < To (N (2) , N4 (v) < T2 (Bi, Bi ) = Bi

Similarly, Ff4 (r—vy) <v; Ff4 (xy) <

copa (@) > a; Na(z) < B3 F alz) <v;

Thus x — y,zy € A g~ is a subring of R.

Conversely, let A, 3~ be a subring of R.

To show that, A is a NMFSR of R with respect to T}, and T .

Let x,y € R then there exist a; € [0, 1] such that T;, (“54 (z), 1y (y)) =
So, iy (x) > aus pily (y) > o

Also, let there exist 3;,; € [0,1] such that T, (N (z) , N (y)) = Bi; T (F 4 (z) , F 4 (y)) = 7i-
Then z,y € Aq -

Again as A, 5, is a subring of R. © —y,zy € Ay 5

Hence,

Similarly,
Ni(x—y) < Bi=T. (N (x) Ny () i Ng (zy) < Bi = Te (N (), Ny ()
Fale—y) <vi=T.(Fa@) Fia@);Fy(ay) <vi=T. (Fia(x),Fiy(v))

. Ais a NMFSR of R with respect to 7, and T, .

Proposition 4.10. Let A be a NMFSR of R w.r. t. T,, and T, where T,,, T, are idempotent
then S={ z € R/pY4(z) = 1,N(z) =0,F’(z) =0; i =1,2...,n} is a subring of R.

Proof. Let x,y € S.Then,
(1) py (x —y) > Ty (4 (), 1y (y)) = T(1,1) =1
Ny (z —y) <Te (N (x), N} (y)) = Te(0,0) =0
Similarly, "y (z —y) < 0. hence z —y € S.
Also,
(ii) iy (y) > T (g (2) 1y () = T(1,1) = 1
Ni(zy) < T (N (2) , Ny (y)) = Te(0,0) = 0
Similarly, £’y (zy) < 0. Hence 2y € S.
Thus S = {z € R/p'y(x) = 1L,Ny(z) =0, F {y(z) = 0} is a subring of R w. r. t T,, and T, .

Definition 4.11. Let A be a NMFS of R. Then A is Said to be NMFLI of R w.r.t, T,, and
T, if
B. Anitha and P. Tharini, Embedding Norms into Neutrosophic Multi Fuzzy Subrings
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(i) ply (@ —y) = To(ply (x), 'y (); Niy(x —y) < TN (2) Ny ());
Fig(z —y) <T(Fy (), Fiy (y)
(i) pig (xy) > piy ()5 Nig(zy) < NG (y); Fiyley) <Fy@)Ve,ye R, i=1,2...,n

Example 4.12. Let (Z3,+,-) be a ring. Define
A= {( < (0,(0.9,0.7),(0.1,0.5),(0.2,0.3)), (1,(0.8,0.6),(0.2,0.5),(0.3,0.6)) > }
Let us consider T),(x,y) = zy; Te(x,y) = x + y — zy. Then A is NMFLI of Zy with T;, and T,

Definition 4.13. Let A be a NMFS of R w. r. t T;, and T.. Then A is NMFRI of R w. r. t
T, and T, if

() (o =) 2 T (g (@) i (0
Fiale —y) ST (Fy (), Fiy (y))
(i) plp(ay) > py (2); Ny(zy) S NG (x); Flyley) < Fy(@), Yo,ye R i=1,2...,n.

)); Ni(z —y) < T(Ny (2), Ny (y));

Example 4.14. Consider the ring (Z3,+, ). For all x € Z3, we define NMFS A of Z3 as A =
(< 0(0.9,0.7), (0.1.0.3), (0.4,0.6) >: < 1(0.8,0.6), (0.1,0.4), (0.4,0.7) >;< 2(0.7,0.4), (0.1.0.4),
(0.4,0.6) >)

Let us consider T),(z,y) = min(x,y); Te(z,y) = max(x,y) then A is NMFRI of Z3 over T,, &
T..

Definition 4.15. Let A be a NMFS of R with respect to T}, and T,.. Then A is Said to be
NMFT with respect to T;, and T, of R if

(1) pla(@ —y) = To(ulg (2), 1iq (9); Nila —y) < TNy (2) . N (1))

Fale —y) < Te(Fy (=), Fy )

(i) pa(wy) = Telpia (@) iy () Ni(ay) < TolWNg (@) N (9)

Fialey) S To(Fiy (2), Fig (9), Y,y € R.

Example 4.16. Consider the ring (Z2,+, ). For all x € Z,, we define NMFS A of Z; as A =
(< 0(0.8,0.7), (0.2.0.3), (0.1,0.4) >: < 1(0.7,0.6), (0.2,0.3), (0.2,0.5) >
Let us consider T),(z,y) = min(zx, y); Te(z, y) = max(z,y) then A is NMFI of Zs over T,, & T..

Theorem 4.17. Let A be a NMFS of R with respect to T,, and T, where, T,,, T, are idempotent.
Then A is said to be NMFLI(NMFRI) of R with T, and T, iff Aap~ s a LI(RI) of R, ¥V
ai, Biyvi € [0,1]. with ,uf4 (x) > a; ; ./\/74 (z) < Bi; Fi\ () < i and o; + B + v < 3, where
iy (0) > ai; NG (0) < Bi; Fiy (0) < iy i =1,2...,m

Proof. Let A be a NMFLI of R with respect to T,, and T, .
Ifr,ycAnpy, i =1,2,.
Then by ply(z —y) > Tn(MA (w) i (Y)) = Tole, oq) = o
Ni(xz —y) < TeWNy (z) , Ny () < Te(Bi, Bi) = Bi
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Similarly, Fjy (x = y) <% pa(z —y) 2 o5 Na(w—y) <BiFalz—y) <
We obtain that x —y € Ay 5
Now let € A, 3 and r € R. Then from p'y(rz) > p'y (z) > o

Ny(rz) < Ny () < B

Fiylrz) < Fly(z) <

Therefore rz € A, g~. Hence A, g~ is a LI of R.
Similarly, we can prove it for right ideal (ie) zr € Ay g 5-

Conversely, let A, 5~ be a LI of R and z, y € A, g, such that
o () = 1y (y) = ais Ny () = N (y) = Bis Fiy () = Fy (y) = i
v —y € Aypgy SO

Pl (z —y) = oy = T, i) = T (g (), 1l ()
N (z —y) < B = To(Bis B) = Te (N4 (2) , N (9))
Similarly, we get Fy (z —y) < Te (Fy (), Fi4 (y)). Also " zy € Aq g then
o (zy) > @i = il (y)
N (zy) < Bi = N (y)
Filry) <vi=Fay), 2,y € Aupy.

.. Ais a NMFLR of R with T}, and 7. are idempotent. Similarly, we can prove it for RI.

Theorem 4.18. Let A be a NMFS of R with respect to Ty, and T, where T, T, be idempotent.
Then A is said to be NMFI of R with T, and T, iff Ay is an ideal of R Y oy, B;, v € [0,1]
with ply (z) > o ; Ny (2) < Bi s Fiy () <7 and 0 < oy + B; +vi < 3, where p'y (0) > o ;
NL(0) < Bi s Fi(0) <, ,i=1, 2..., n.

Proof. Follows from the above theorem.

Theorem 4.19. If A and B are NMFLI(NMFRI) of R with respect to T,, and T, then A N B
also a NMFLI(NMFRI) of R with respect to T,, and T, where, T,, and T, are idempotent.

Proof. Let xz,y € R.AN B is NMFSR with respect to T,, and T, . (By theorem 4.2).

It is enough to show,
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N (xy) , Ng (xy))
N (y) N ()
= Nj&lmB (Y)

Similarly, F%y-z((xy) < F 4p (¥ ). Therefore A N B is a NMFLI with respect to T, and T,

<T.

In the similar way we can easily prove for NMFRI.

Remark 4.20. In general, if A, B are NMFLI(NMFRI) of R with respect to T}, and T, then
AUB will always not be a NMFLI(NMFRI) of R with respect to T;, and T,. The accompanying

example will show our case.

Example 4.21. Let (Z4,+, ) be a ring of integers.

Let us define A = {(<0(0.9,0.6) (0.2,0.4) (0.3,0.5)>, <1(0.8,0.5) (0.3,0.6) (0.3,0.6)>,
<2(0.8,0.5) (0.3,0.6) (0.3,0.6)>, <3(0.9,0.5) (0.2,0.5) (0.3,0.6)>}

B = {<(0 (0.9,0.8), (0.1,0.2), (0.2,0.4), <1 (0.8,0.4), (0.3,0.4), (0.4,0.5)>, <2 (0.9,0.5),
(0.3,0.4), (0.4,0.5)> , <3 (0.8,0.4), (0.3,0.4), (0.4,0.5)> } be two NMFS of Z; under T}, and
T..

Let us consider T),(x,y) = min(x,y); Tc(x,y) = max(x,y) then A,and B be NMFSR of Z,.
AUB={<0,(0.9,0.8), (0.1,0.2), (0.2,0.4) > < 1(0.8,0.5), (0.2,0.3), (0.3,0.5) >, < 2(0.9,0.5),
(0.3,0.4), (0.3,0.5) >, 3(0.9,0.5), (0.2,0.4), (0.3,0.5) > }

Then for x = 3;y = 2. py (3 —2) = (0.8,0.5)

Again, if A is a NMFLI with respect to T}, and T, of R then V x,y € Z4

paos(x —y) = Tu(piyus (%), plaus () ) pig (xy) > piy (y); Ni(xy) < Nig(y); Fialxy) <
Fuly)vx,yeR, i=1,2...,n

But for x =3;y =2

T {1aus (%) s aus ()} = Tn(paus (3) - aus (2)) = T{(0.9,0.5), (0.9,0.5)} = (0.9,0.5)

(3 —2) = (0.8,0.5); To{ply (3), 1y (2)} = (0.9,0.5)
13 —2) Z Tndplyus (3) s s (2)}
Hence A U B is not NMFLI of Z4 over T, and T..

Theorem 4.22. If A and B are NMFI of ring R with respect to T,, and T, then A N B also
a NMFI of R w. r. tT,, and T, where Ty, and T, are idempotent.
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Proof. Follows from above theorem.

Corollary 4.23. Let { A;,i=1,2...,n} be a NMFSR of R with respect to T,, and T.. Then
NA; is also NMFSR of R .

Definition 4.24. Let A and B be the two NMFS in R. Then A o B is defined as , Vx,y € R,

sup, T (1 (y) s i (2))
inf TN (v) N () i x = y2
(Ao B)(x) = e

X=yz

inf, T(Fiy (), Fi(2))

X=yz

(0,1,1) if x#yz

Theorem 4.25. Let A, B be the two NMS in R. If A and B are NMFI of R with respect to
T, and T, then A oBC ANB .

Proof. Let x € R. Suppose Ao B = (0,1,1) then there is nothing to prove.
Suppose Ao B # (0,1,1)
Then,

o2 Ty (1iy (v) s 1135 (2))
(Ao B)(x) = @/Ji TC(NA(Y),NE;(Z) if x=yz

T=yz

T(Fiy(y), Fig(2)

~~
=Yz

Since A, B are NMFI of R with T, and T, .

(1) py (v) < g (y2) = piy ()5 Ni(y) = N (y2) = Na(x); Fig(y) > Fiy(yz) = Fiy ()
(i) pp (2) < pplyz) = pig(x); Ng(2) > Ng(yz) = Nj(x); Fi(z) >

Thus,

Fig(yz) = Fig(x)

o (%) = sup {Tn (s (v) 15 (2)}

< Ty (%), pis (%))
= MiAmB (%)

s () = inf (T (¥) . N (2))

r=yz

> T (N (y) N (2))
= lemB(x)

Similarly, F g (x) > F’yqpz(x). Hence Ao B C ANB. o
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5. Direct product and Homomorphism on Neutrosophic Multifuzzy subrings over

norms

Definition 5.1. Let Ry and Ry be the two rings. Let A and B be the two NMFS of Ry and R»
respectively with 7;, and T,.. Then Ax B={< ((x,¥), t4x 5%, ¥), Ny 5(X¥). F Y4up5(xy) >/
XER,y€Ry, i=1,2,....,n}

Where NiAxB(X7 Y) = Tn(/’LfA (X) 7:U’zB (y) )

NAXB(X7y> = Tc(Nfét (X) 7-/\/_% (y) )7 F:LAXB(Xay) = TC(F_ZA (X) ) F% (Y) )
Theorem 5.2. Let Ry and Ry be the two rings with A and B are respectively NMFSR of Ry
and Ry over T, and T. .Then A x B is also a NMFSR of Ry x Ry With respect to T,, and T, .

Proof. Let A and B are respectively NMFSR of Ry and Ry respectively over Tj, and T .
Let (x1,y1) (x2,y2) € A xB.
Then, pilay s [(%1,¥1) = (x2,¥2)] = plaxp (X1 = x2), (y1 — y2))
= T {pla((x1 — x2)), s (y1 — y2)) }
> To{ T (1) (x1) , 1y (x2)), T (i (v1), 15 (y2)) }
> To{ T (1 (x1) s pig(v1))s Tty (x2) 5 115 (y2)) }
> T {pas((@1,51)), Was((%,y2)) }-
Paxs [(x1,51) - (x2,¥2)] = plap (x1:%2) , (¥1.y2))

= T {4 ((x1.%2)), s (y1-¥2)) }
> To{ T (g (%), pila (%2)), Tuis (1) 15 (v2)) }
> To{Tu(ily (x1) 13 (1))s T (pila (32) » i (v2))}

> T {as((x1,51)); flaxs((x2,¥2)) }-

Again, Ny s [(%,¥1) = (x2,¥2)] = Miyp (1 — x2), (y1 — ¥2))
= T ANA4((x1 — x2)), Njs (y1 — y2))}
< TAT(NY (%), N (x2)), Te(NB(v1), N (v2))}
< TATo(NG (1), N(y))s Te(Nh (x2) , N (y2))}
< T {Niup (x1,51) - N (x2,¥2) }-

Nies [(x1,¥1) - (%2, ¥2) N yep (x1.%2) , (y1.¥2))

= T {N((x1.x2)), N5 (y1.y2)) }
< TAT(N Y (x1) N (x2)), TN (1) N (v2)) )
< TAT(NG (1), N(y), Te(Wi (x2) , N5 (v2))}
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<T. {NAXB((XDyl))’/\/ﬁle((x%yg))}‘

Similarly, we get,
Flass [(x1,51) = (x2,¥2)] < Te {Faun((x1,¥1)), F axp((x2,y2)) }

Flasp[(x1,51) - (%2, y2)] < Te {Flaxp((<1,31)), Flaxs((%2,52)) }
Hence A x B is also a NMFSR of R; x Ry over T and T.

Remark 5.3. However, A x B is a NMFSR of Ry x Ry over T,, and T.. Then both A and B
are need not be NMFSR of Ry and Rs respectively over T,, and T, which is obvious from the

accompanying case.

Example 5.4. Let (Z4,+,-) and (Z3,+, ) be aring. Let T}, (x,y) = min(x,y) and T.(x,y) =
max(x,y). We define a NMFS A and B of Z4 and Z3 as

A = (< 0(0.9,0.8), (0.1.0.2), (0.5,0.6) > ; < 1(0.9,0.7), (0.1,0.2), (0.5,0.6) > < 2(0.8,0.6),
(0.2,0.3), (0.6,0.7) > , < 3(0.7,0.5), (0.3,0.2), (0.7,0.6)

B = (<0(0.8,0.7), (0.2.0.3), (0.6,0.7) >; < 1(0.7,0.7), (1,0) (0.3,0.4), (0.7,0.8) > ).

Ax B =1{<(0,0)(080.7) >, < (0,1) (0.7,0.7) >, < (1,0) (0.8,0.7) >, < (1,1) (0.7,0.7) >,
< (2,0) (0.8,0.6) > , < (2,1) (0.7,0.6) > , < (3,0) (0.7,0.5) >, < (3,1) (0.7,0.5) > )

It is clear that Ax B a NMFSR of Zyx Zs. But A is not a NMFSR of Z, as N (1-0) = (0.1,0.3);
TN (1) A (0)) = (0.0,02) N (1-0) £ TN (1) A% (0) )

Corollary 5.5. Let, for alli € {1, 2.... n} ,(R,,+,- ) are rings and A; is a NMFSR of R;
over T,, and T, .Then A1 X Ay x .... A, is a NMFSR of Ry X Ry.... X R, over T, and T,
where n € N

Theorem 5.6. If A and B are NMFLI(NMFRI) of Ry and Ry over T,, and T,. Then A x B
is also a NMFLI(NMFRI) of Ry x Ry With respect to T,, and T.,.

Proof. Let (z1,y1) (x2,y2) € A x B. Assume A; and A are NMFLI of Ry and Rj respectively
over T,, and T,.

We have to show that A x B is also a NMFLI of Ry x Ry over T,, and T,

By theorem 5.2,

A x B is also a NMFSR of Ry x Ry over T,, and T, .

It is enough to show
g [(x1,51) (X2, ¥2)] > plays((x2,y2))
N [(x1,y1) (%2, y2)] < N s((x2,¥2))

Flas [(x1,31) (x2,52)] < Flayp((x2,y2))
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(ie)ulas s [(x1,¥1) (X2, ¥2)] = pase [(x1%2, y1y2))]
To(ply (x1%2) , tip(y1y2))

To(pily (%2) , 1p(y2))

= paxp((x2,¥2))

N [(x1,51) (x2,¥2)] = Nays [((x1%2, y132))]
T.(N (x1%2) , N3 (y,1y2))
T.(N (x2) , N (y2))

= Nixs((x2,y2))

Similarly, Fy, g [(x1,¥1) (x2,¥2)] < Flyp((x2,y2) )
Hence A x B is also a NMFLI of Ry x Ry over T;, and T,

Similarly, we can show it for NMFRI.

Theorem 5.7. If A and B are NMFI of Ry and Rs over T,, and T, .Then A x B is also a
NMFI of R x Ro with respect to T}, and Tk.

Proof. Follows from above theorem.

Example 5.8. Let (Z3,+,-) be a ring. Define

= {( < (0,(0.9,0.7),(0.1,0.5),(0.2,0.3)), (1,(0.8,0.6),(0.2,0.5),(0.3,0.6)) > }
B :{ < (0 ,(0.8,0.7),(0.2,0.3),(0.1,0.4)), (1,(0.7,0.6),(0.2,0.3),(0.2,0.5)) > } be two NMFS of Z»
under 7, and 7. Let us consider T,,(x,y) = xy; T¢(x,y) = x+y — xy. Then A x B is NMFI
with T;, and T, of Zy X Zs.

Corollary 5.9. Let, for all i € {1,2....,n}, (R;,+,- ) are rings and A; is a NMFI of R;.
Then A1 x Ag X .... X Ay, is a NMFI of Ry X Ry.... x R, wheren € N.

Definition 5.10. If A = ( p%, N, F’ ) is a NMFS in R, then F(A) = B, is the NMFS

defined by
Supxeinl(y) (Mié\) (X) ’ if 9:71(3’) 7£ 0

F(Ty) (v) = {

0, otherwise
i . SUPxegF—1(y) (N_,Zét) (X) , if ?71(Y> #0
F (N =
( A) ¥) { 1, otherwise
. infycq-11y) (F4y) (x), ifF 1 (y)#0
3:’ F'L — peS (y) A ’
( A) ) { 1, otherwise

Where J is ring homomorphism of R onto Rj. Also 51 (B) = {(x,5'(uk) (%),
FLH(NG) (%), 571 (FY) (x)) :x € A} where 571 (B) (x) = (B) (F(x)) .
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Theorem 5.11. Let R and Ry be any two rings and F be a homomorphism from R onto Ry.
If A € NMFSR of R under T,, and T, then F (A) € NMFSR of Ry over T,, and T..

Proof. Let x1,x2 € R and y1,y2 € Ry . If A € NMFSR of R. Then
(1) F((p) (y1 —y2)) = sup ply (x1 —x2)
x€F~1(y)

> sup  (Tn(ply (x1), py (x2))
x€T~1(y)

=To(_sup (pa(x1), sup ply (%))
xeF(y) xeF1(y)

=T (F (ualyr)) , F (1ialy2)))
Similarly, ?(Ni\(}ﬁ - YQ)) <T ( (NA(YI ) ( 2)))
F(Fialyr —y2) <T. (F(Fa(yr), T (Flaly2)) -

(44) ?((Mfat) (}’1}’2)) = sup uf4 (x1x2)
x€F~1(y)

> sup Tp (Mfﬁ\ (x1) 7Mf4 (XQ))
x€F1(y)

=To( sup ply(x1), sup py(x2))
xeF~(y) xeF~1(y)

= T (F (1a (7)), F (14 (¥2)))
Similarly, ?(N,il(Y1YQ)) <T (3r (Ni\ Y1)) ,9(/\@1(}’2)))

y1)),F (Fuly2)))

~—~~

Hence then ¥ (A) € NMFSR of Ry over T}, and T..

Theorem 5.12. Let R and Ry be any two rings and F be a homomorphism from R onto Ry.
If B € NMFSR of Ry under T, and T, then ~1(B) NMFSR of R under T and T,

Proof. Let x,y € R. Let B € NMFSR of R;. Then
(i) 51 (1) (x—y)) = up (F(x—y))
=T5 (% (x) - F(y))
> To(pp (F (%)), g (F (v)))
= T(F " () (), 5 (1is) (¥))-
Similarly, F~! (N[Zg) (x—y) < T (?71 (NZ%) (x),F (Né) (Y))

F7H(rp) (x—y) ST (57" (Fp) (x),57 (F ) (v))
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Similarly, F~! (J\/Zg) (xy) <T. (rf_l (Nzlg) (x), 57! (NIZ?) (Y))

F(Fp) (xy) ST (57 (Fp) (%), 571 (Fk) ()

Hence 5! (B) is a NMFSR of R under T, and T. g

6. Conclusion

We deliberated neutrosophic multifuzzy subrings and ideals along with triangular norm and

made use of the concepts of direct product, image and inverse image of homomorphism. We

have established some theorems and results. This study will give base for our upcoming work.
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