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Abstract. In the present paper, we aim to define A-statistical summability, Vi-statistical summability in
neutrosophic-2-normed spaces (briefly called N — 2 — NS) and study some relationships among these notions.
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spaces and obtain the Cauchy convergence criteria in these spaces.
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1. Introduction

The idea of A-statistical convergence was explored by Mursaleen [21] as a generalization of
statistical convergence, initially introduced in [4] and [33] independently.

“Let A = (A\n) ;A\ € RT = (0,00) be a non decreasing sequence satisfying nh_{rolo An =
00, Adpr1 < A+ 1, Ay =1and I, = [n — Ay + 1,n]. For R C N, the A\-density of R is
defined by d)\(R) = lim/\in|{k: € I, : k € R}. A sequence u = (uy) of numbers is said
to be A-statistical conZergent to up if for each y > 0, limi|{kz € I : lup —up|l > 9} =
0, i.e., 6x(Ry) = 0, where Ry = {k € I, : |up — ug Zn p}. We write, in this case Sy —
lilgn ug = up.” Subsequently, statistical convergence and its generalizations have been developed
by numerous authors including Connor [3], Fridy [6], Hazarika et al. [8, 9], Kumar et al. [15],
Maddox [20], Saldt [36] and many others.
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On the other hand, many problems of real life can’t be modeled via crispness due to huge
uncertainty in data. In view of this Zadeh [41] defined fuzzy sets as generalization of crisp sets
to deal with such problems.

One of interesting generalizations of fuzzy sets is due to Atanassov [1], called intuitionistic
fuzzy sets by adding the non-membership function along with the membership function to
the fuzzy sets. These sets have been applied to introduce new norms (see [5], [22]), topology
[31], and metric [27] and found very useful where the crisp norms are not sufficient to work
due to huge uncertainty. Intuitionistic fuzzy sets are naturally used to define intuitionistic
fuzzy normed spaces [34]. Recently, statistical convergence and its generalizations have been
extended and developed in these spaces (see [2], [15], [25], [26] and [38]).

Another, interesting generalization of fuzzy sets is given by Smarandache [35] by introduc-
ing the indeterminacy function to the intuitionistic fuzzy sets. For ongoing development on
neutrosophic set (NS) and its applications, we refer to the reader [10], [18], [23], [29-31], etc.
Kirisci and Simsek [13] used neutrosophic sets to define neutrosophic norm and studied statis-
tical convergence in neutrosophic normed spaces(NNS). Nowadays, the area of summability
in these spaces is of much interest. For a broad view in this direction, we recommend [28], [37-
39], etc. Several summability approaches have been created, including statistical convergence,
lacunary statistical convergence, and ideal convergence in these spaces (see [11], [12], [14],
[16], [17], and [32] ). Recently, in [24] the concept of neutrosophic-2-norm is introduced where
the authors studied statistical convergence in neutrosophic-2-normed spaces. In the present
study, we continue to define a more general summability method, called Sy-summability in

N — 2 — NS and develop some of its properties.

2. Prelimanaries

This section starts with a brief review on certain definitions and results needed in the sequel.
“For A = (\,) as defined above, the generalized de la Vallée-Poussin mean of u = (uy)

is defined by t,(u) = i > ug. Further, u = (ug) is called Vy-summable to ug(see[19]) if
keln

lim ¢, (u) = up. Let

n—oo

1 L 9
W\ = {u =(u,):Jup € R,nh_)rgo)\; lup —ug| = 0}
€ln

Definition 2.1 [40] “Let T = [0, 1]. A binary operation o : ¥XT — Tis t-norm if V¢, e, g, h €
% we have

1) o is continuous, commutative and associative,

2)e=col,

3) coe<golh whenever c < gande<Hh”
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Definition 2.2 [40]“Let ¥ = [0,1]. A binary operation ¢ : T x ¥ — ¥ is t-conorm if V
¢, ¢, g, h €T we have
1) ¢ is continuous, commutative and associative,
2)e=r¢00,
3)coe<goh whenever c < gande<Hh”

Kirigci and Simsek introduced the notion NNS in the following manner [13].
Definition 2.3 [13]“Consider § to be a vector space, N = {(U, G(), B(V),Y (V)) : V € §}
be a normed space s.t N : § x RT™ — [0, 1]. Let o, ¢ be t-norm and t-conorm, respectively. If
the followings conditions hold, then the four tuple 4 = (§, N, o,¢ ) is called NNS, for t,s € §
, 0, w > 0 and for each ¢ # 0,
() 0<G(r, 0)<1,0<B(r, 0)<1,0<Y (r, o) <1 for pc RT ;
(i) G (v, o) + B(r, o) + Y (r, o) <3 for p€ RT ;
(iii) G (r, o) =1 (for o > 0) iff v = 0;
(iv) G (st.0) = G (. §):
(V) G(r, w) oG (s, 0) <G (t+s5, w+o);
(vi) G (t, .) is non-decreasing and continuous function ;
(vii) limy—y00 G (v, 0) = 1;
(viii) B (v,0) =0 (foro>0) ifft=0
() B(st,0) = B (. 8):
() B(t, w) o B(s, 0) > Bc+s0+w):
(xi) B (v, .) is non-increasing and continuous function;
(xii) limy o0 B (t,0) = 0;
(xiii) Y (v,0) =0 (for p >0) iffv=0
(xiv) Y (¢v,0) =Y (t, %)
(V) Y (t, @)oY (s, 0) >V (45,04 w);
(xvi) Y (v, .) is non-increasing and continuous function;
(xvil) limy 00 Y (v, 0) = 0;
(xviii) If p <0, then G (v,0) =0, B(r,0) =1and Y (v,0) =1.
Then N = (G, B,Y) is called the neutrosophic norm.”

We now recall the idea of two norm introduced in the paper [7].
Definition 2.4 [7]“Let 4 be a linear space of dimension d > 1. A function |[|.,.|| : f x & - R
satisfying the prerequisites specified below: For all s,t,[ € 4, and scalar ¢, we have
(i) ||s, t|| = 0 iff s and t are linearly dependent;
(i) [J5, ] = |6,
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(iif)[[es, ¢]| = [e[l]s, t|] and
(iv) [ls, t+ 0] < [ls, tl] + ]s, 1.
The pair (4L, ., .||) is then called an 2-normed space.
Let 4 = R? and for s = (s1,82) and t = (t1, tz) we define ||s, t|| = |s1ta — sot1|, then ||s, t]| is

a 2-norm on i = R%”.

Recently, Murtaza et al [24] defined neutrosophic-2- normed spaces as follows.
Definition 2.5 [24] “Consider § to be a vector space, No = ({(v,5),G(¢,s), B(t,s),Y (v,5)} :
(t,5) € § X §) be a 2—normed space s.t Ny : § x § x RT — [0,1]. Let o, ¢ be t-norm and
t-conorm respectively. If the following conditions hold, then the four-tuple 4 = (§, Na, 0, ¢) is
called a neutrosophic 2—normed spaces (briefly N —2 — NS) if for each t,s,t € 4, p,w > 0
and ¢ # O:
(i) 0 < G(r,5;0) <1,0< B(r,5;0) <1land 0 <Y (r,s;0) <1 for p € RT;
(ii) G(v,s;0) + B(r,s;0) + Y (t,5;0) < 3;
(iii) G(v,s;0) = 1 iff v, 5 are linearly dependent;
(iv) G(st, s; 0) = G(v,s; W) for each ¢ # 0;
(v) G(v,5;0) 0 G(r, t,w) < G(r,s + 40+ w);
(vi) G(t,s;.) : (0,00) — [0, 1] is non-decreasing and continuous function;
(vii) hm G(t s;0) =1;
(vitd) C(r,5: 0) = C(s. : )
(ix) B(r,s;0) = 0 iff v,s are linearly dependent;
(x) B(st,s;0) = B(t,s; W) for each ¢ # 0;
(xi) B(v,s;0) ¢ B(v,t;w) > B(t,s + t; 0 + w);
(xii) B(v,s;.) : (0,00) — [0, 1] is non-increasing and continuous function;
(xiii) hm B(t s;0) =0
(xiv) B(r,5; 0) = Bls, v 0);
(xvi) Y(r,s; 0) = 0 iff v, 5 are linearly dependent;
(xv)Y (s, 55 0) =Y (r, s; W) for each ¢ # 0;
(xvi) Y(r,8;0) oY (r,t;w) > Y(r,5+ t; 0+ w);
(xvii) Y(x,s;.) : (0,00) — [0, 1] is non-increasing and continuous function;
(xviii) hm Y(t s;0) = 0;
(xix) Y (5.5 ) = ¥ (5, 0);
(xx) if p <0, then G(v,s;0) =0, B(t,s;0) =1, Y(t,s;0) = 1.

In this case, No = (G, B,Y)2 is called a neutrosophic 2-norm. From now on wards, unless

otherwise stated by 4 we shall denote the N —2 — NS (§, No,0,90)
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A sequence u = (ug) in 4 is called convergent to ug if for each y > 0 and ¢ > 0, 3 kg € N s.t
G(ug —ug,w;0) >1—1, Blup —up,0;0) <yand Y (ug—ug,w;0) <ypVk>kyandto el
which is equivalently to say limg_,o, G(ur — ug,10;0) = 1, limg_00 B (U — up,t0;0) =0 and
limg 00 Y (ug — up,0; 0) = 0 . In present case, we denote Ny — limy_, 00 U = Up.

A sequence u = (ug) in 4 is called Cauchy if for each y > 0 and o > 0, 3 kg € N s.t
G(ug — up,w;0) > 1 —1, B(up —up,w;0) < pand Y(up —upy,w;0) <yVk,p>koandV
wei.”

3. A-Statistical Convergence in N-2-NS

In this section, we define and study A-Statistical Convergence in N — 2 — N.S and develop
some of its properties.
Definition 3.1 A sequence u = (u;) in N —2 — NS  is called A-statistical convergent (or
Sy-convergent) to ug if for each y > 0 and o > 0

1
lim —
n n

{k:eln:G(uk—uo,m;g)Sl—Uor

B(ug —up,10;0) > v, Y(ur —up,o;0) > UH =0Viel
or equivalently, dy (A (n, 0)) = 0, where
A, 0) ={k € I : G — up,w50) <1 —1yor
B(w, — up, w3 0) =9, Y (up —up, w5 0) > n}.

In present case, we denote Sy(N3) — lim uy = ug.
k—o0

We now give the following Lemma:
Lemma 3.1 For any sequence u = (u) in i, the subsequent assertions are equivalent:
(i) Sa(N2) — kli_>n010uk = up;
(i) ox{k € I, : G(ur, —up,10;0) <1 -1y} =d\{k € I, : B(up —up,w;0) > n} = 0x{k € I, :
Y (up — ug, ;5 0) > n} = 0;
(iii) ox{k € I, : G(ur —ug,w;0) > 1—1n and Bug —up,t0;0) <y ,Y (up —up,to;0) <y} =1;
(iv) 0x{k € I, : G(up —up,10;0) > 1 —n} =o\{k € I, : Blup —up,w;0) <y} =d0{kel,:
Y (u —up,10;0) <p}=1and
(v) Sx(N2) — kIEEOG(uk —ug,w;0) =1, Sx(N2) — kIEEOB(uk — g, w; 0) = Sx(Na) — k“jgloY(uk -
ug, ; 0) = 0.

We now have the following interesting implication.
Theorem 3.1 Let u = (u;) be any sequence in N —2 — NS 4. If Ny — klim U = Ug, then
— 00

S)\(NQ) — kli_)rglouk = Ug.
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Proof. Let Ny — klim ur = ug. Then for each y > 0 and p > 0,3 an integer ky € N s.t.
—00

G(ug —ug,w; 0) > 1—n and B(ug —ug, w;0) <1, Y (up—ug,w;0) < yVk > ko and every o € 4L

Hence the set {k € I,, : G(ur, — up,w;0) < 1—1y or B(ug —ug,w;0) <1, Y(up —ug,w;0) <n}

has a finitely many terms whose A-density is zero. Therefore, Sy(N2) — klim ug = ug. U
—00

The converse of the above theorem is not true in general.
Example 3.1 Let (R?,].|) be a 2-normed space. For ¢,g € [0,1]. Let eog =e¢g and eog =
min{e + g,1}. Choose s,t € F, 0 > 0 and ¢ > ||s,t||. Define G(s,t;0) = m, B(s,t;0) =
gf“’g'ﬂ‘ and Y(s,t;0) = @, then it is clear that { = (R% Ny, 0,0) is a N —2 — NS. Define
u = (u) by

(k,0) if n — [V +1 <k <n,
(0,0) otherwise.

U, =
Now, for each ) > 0 and o > 0, let

AW&):{kehﬁGﬁw—ummm)él—Um

B(ug —up,10;0) > 1, Y(u —up,1w;0) > U}
:{keh:é)gl—gm [, ol 2m|w“m”zg}
o+ [|ug, wl| o+ [ug, wl| 0
. ) oy
=<k e, |ugwl| > T or|jug, to|| > on

={kel,:n—[V\]+1<k<n}
and so we get

[V An]
Ao

1 1
IO, 0 = 5k € Lin— VA + 1<k <n}] <
Taking n — oo,

o VA
lim = A(y, o) < lim Y2 =0,

n—o0 n n

i.e., 0x(A(9,0)) = 0. This shows that, uy — 0(Sx(N2)) But the sequence, u = (uy) is not

Ns-convergent to 0.

Theorem 3.2 Let u = (u;) be any sequence in N —2 — NS 4, if Sy(N2) — klim uy, exists, then
— 00
it is unique.

Proof. Let Sy(N2) — klim ur = u; and S)(Na) — klim up = uo. Let § > 0, select [ > 0 s.t.
— 00 —00

(1-0o(l—=I)>1—pandlol<y. (1)
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For p > 0 and tv € 4l. Define the sets:

Kaa(l,0) = {k € I, : G(uy, — up, ro; g) <1-1},
Kga(l,0) = {k € I, : G(ug — ug, 10; g) <1-1}

Kpa(l,0) = {k € I Blug — i, 03 2) > I},

g) > 1};

Ky (o) = {k € L+ ¥ (= wp, 103 5) > 1);

KBQ(Z, Q) = {k el,: B(uk — Ug, 10,

Kya(l,0) = {k € I, : Y (w — ug, ro; g) > 1}

Since S)(N2) — klirglouk = u;. By Lemma 3.1, we have 0y{Kg1(l,0)} = OW{Kp1(l,0)} =
0z{Ky,1(l,0)} = 0 and therefore 5>\{Kg’1(l,g)} = 5,\{Kg71(l,g)} = 5,\{Kgl(l,g)} = 1. Also,
using Sx(Nz) — kli_{f)louk = uy, we get, O\{Kg2(l,0)} = W{Kp2(l,0)} = 0x{Kyvz2(l,0)} =0 and
therefore 5>\{Kg72(l,g)} = 6,\{Kg72(l,g)} = 5,\{K€2(l,g)} = 1. Now define Kg py(n,0) =
{Kgi1(l,0) UKga(l,0)} N{Kp1(l,0) U Kpa(l,0)} "{Ky1(l,0) U Kyz(l,0)}. Then observe
that 0x({Kq,By(9,0)}) = 0 which implies 5({K8B7Y(t), 0)})=1.Let m € ngBy(t), 0), then

we have

Case 1. m € {K¢1(l,0) U Kga(l,0)}°,

Case 2. m € {Kp1(l,0) U Kpa(l,0)}°,

Case 3. m € {Ky1(l,0) U Ky2(l,0)}°.

Case 1: Let, m € {Kg1(l,0) U KG’Q(Z,Q)}C, then m € Kgl(l,g) and m € KgQ(l,Q)-
Therefore, for any v € 4 we have

G(um—ul,m;§)>1—land G(um—ug,m;§)>1—l. (2)
Now

G(u — 1, 105 0) > Gt — 141,10, 5 2) 0 G 1ty — 11z, 10 2)

2 2
> (1—1)o(1—1) by(2)

>1-—m. by (1)

Since y > 0 is arbitrary, so we have G(u; — ug,1;0) = 1 Vo > 0, and therefore u; — uy = 0.
This shows that 1y = us.

Case 2: Let, m € {Kpi(l,0) U Kpa(l,0)}¢, then m € Kg’l(l,g) and m € Kgg(l,g).
Therefore, for to € 4 we have

B(um—ul,m;g) <land B(um—uQ,m;g) <l (3)
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Now

B(u; —ug,w;0) < B(upy, — uy, to; g) o B(uy, — ug, tv; g)

<lolby (3)

<. by (1)

Since y > 0 is arbitrary, so we have B(u; — ug,w;0) = 0 Vo > 0, and therefore u; — uy = 0.
This shows that u; = us.

Case 3: Let, m € {Kyi(l,0) U Kya(l,0)}°, then m € Kgl(l,g) and m € KgQ(l,Q).
Therefore, for to € 4 we have

Y (up, — ug, 1; g) <l and Y (u, — ug, tv; e

5 2) <l (4)

Now

Y (u1 —ug,10; 0) <Y (U, — g, 10; g) 0 Y (U, — ug, 1; g)

<lolby (4)
<. by (1)
Since y > 0 is arbitrary, so we have Y (u; — ug,1;0) = 0 Vo > 0, and therefore u; — uy = 0.

This shows that 1y = us.

Hence, in all three cases, we have u; = ug, i.e., A-statistical limit of u = (uy) is unique. OJ

Theorem 3.3 Let q = (qx) and u = (u;) be two sequences in N — 2 — NS 4 s.t.

S)\(Nz) — kli)noloqk = 4o and S,\(NQ) — kli}ngouk = Uup. Then

(1) Sx(N2) — lim (qi +ux) = do + Uo.
(ii) Sx(N2) — klim (aqx) = aqp, where a is any scalar.
—00

Proof. The proof can be obtained analogously as the proof of theorem 3.2.0J

Theorem 3.4 A sequence u = (ux) in N —2 — NS 4 is Sy-convergent to ug, iff 3 a sub-
set | = {k, : n € N} of N with §,{9R} =1 and N — li_}m Uy, = Ug.
n—odo
Proof. First assume that S)(N2) — klim up = ug. For 0 > 0,j € N and v € U, define the set
—00
. 1
RN, (3, 0) = {k € In : Glug —ug, w3 0) > 1 — 7 and
1 1
B(ug — ug, 105 0) < ?7Y(uk — up, w; 0) < ;}-

Since S§)(N2) — lim ug = ug, it is clear that for o >0 and j € N, Ry, +1,0) C Ry, (j, 0) and
k—o0 2 2

AR, (,0)) = 1. (5)
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Let m1 € R, (1,0). Then, I3 ma € R, (2, 0), (M2 > my), such that for all n > ma, ﬁ]{k €
I, : G(ug —ug,w;0) > 1— % and B(ug — up,w;0) < %, Y (ug — ug, to; 0) < %}| > % Similarly,
3 mg € R, (3, 0), (mg > ma), such that for all n > ms, i|{k¢ €1, : Guy —ug,w50) >1— 1
and B(ug — up,10;0) < %, Y (ug — ug, to; 0) < %}\ > % and so on. Thus, we can set a sequence
(mj)ien s.t mj € Rn,(j,0) and ¥V n > mi(j € N), i\{k € I, : G(up —ugp,t0;0) > 1 —jl
and B(ug — up,0;0) < %, Y (up — ug,w;50) < %}| > %1 Now define R = {n e N: 1 <
n < mi}U {jgN{n € Rn,0,0) : mj < n < mjpi}}. Then for my < n < mj+ 1, we have
ﬁ]{k‘ €, :keR} > ﬁ\{k € I, : G(up —up,w;0) > 1 — % and B(up — ug,w;0) < %,
Y (ug — up, 15 0) < Jl}| > %1 and hence, 0)(PR) = 1 as kK — oo. Now we have to demonstrate
that Ny — nh—>nolouk" = ug. Let n > 0 and select j € N s.t Jl < y. Furthermore, let n > m; and
n € R. Then, by definition of R, I € > j s.t, me < n < meyq and n € R, (§, 0). Thus, for each
p > 0, and for to € i, we have G(u,, — ug,w;0) > 1 — % > 1—1p and B(u, — ug,w;0) < % <,
Y (uy, — ug, ;5 0) < % <pVn>mand n € R. Hence Ny _nh—%ouk" = up.

Conversely, suppose 3 a subset R = {k,, }nen of N with §\{R} =1 and N, — Jin;ouk" = up.
Let y > 0 or o > 0, 3 kyp, € N st G(ug, —ug,t0;0) > 1 —1p and B(ug, — ug,;0) < 9,
Y (ug, —ug,10;0) < 9V ky > ky, and every w € 4. This implies D, (v, 0) = {k € I, : G(u, —
up,10;0) < 1—1yor B(ug, —up,10;0) >0, Y(ug, —ug,w;0) > 9}t CN—{kny, kng+1, kng+25 .- -
and therefore S\{Dn,(9,0)} < 0N{N} —0x{kny, kng+1, kng+2,-..} = 1 —1 = 0. This shows that

S)\(Ng) — klggouk = Uup. O

4. Vy-summability in N-2-NS

Definition 4.1 A sequence u = (u;) in N —2 — NS  is called V)-summable to ug w.r.t the
neutrosophic 2-norm Ny if for each y > 0,0 < o < 1 and v € U

1
G<()\Zuk) —uo,l’U;Q> >1—1 and

" kel,
B (iZu) up, ;0 | <9y (iZu) up, ;0 | <
)\n k 0,10; 0 v; )\n k 0,105 0 n.
kel kel,

In present case, we denote V) (Na) — klim ur = ug or ux — up(Vy(Na)).
— 00

Theorem 4.1 Let A = ()\,,) as defined above and u = (u;) be a sequence in N —2 — NS 4
then

() wy — uo(Va(N2)) = up — ug(Sx(N2)) and the inclusion Vi(Na) C Sy(Nz) is proper.

(IT) If u € loo(8h) and ug — ug(Sx(Nz)), then wy, — ug(Va(N2)).

(III) Sx(N2) Nlso (W) = Vi (N2) N s (M), where I5o(H) is the space of all bounded sequences
in M.
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Proof. (I) Let y > 0 and ug — ug(Vy(N2)). We have,

> (Glug — uo, w3 0) or B(ug —ug, 15 0), Y (1 — ug, 03 0))
keln

= Z (G(uk _u0>m;Q> or B(Uk—UO,m;Q),Y(Uk—ug,m;Q))

kel,
G(ugp—ug,w;0)<1—y or
B(ug—ug,w;0)>0,Y (u, —ug,mw;e) >y

+ Z (G(uk —U(],m;Q) and B(uk—uo,m;g),Y(uk _uovm;g))

kel,
G(u—ug,w;0)>1—py &
B(up —ug,0;0)<n,Y (1 —ug,mw;0) <y

> > (G(ur — uo, w3 ) or B(uwg — ug, 3 0), Y (u — uo, 105 0))

kel,
G(up—ug,w;0)<1—p or
B(ug—ug,w;0)>y,Y (ug—ug,w;0) >n

>9.[{k € I, : G(ur — up, 105 0) <1 —1nor B(ug —up,w;0) >19,Y (up —up,;0) >n}.

Since uy, — ug(Va(N2)). Therefore, it follows that up — ug(Sy(N2)).
In order to show that the containment V)(N3) C S\(N2) is proper. We define a sequence
u = (ug) by

(k,0), forn—[VA]+1<k<mn,
(0,0), otherwise

It is obvious that the sequence (ug) is unbounded. Then for each y € (0,1) and ¢ > 0 we have

{kGIn:G(uk—O,m;g)Sl—t)or

B(u, — 0,105 0) > 19, Y (u, — 0,10; 0) > UH

VA
:[)\ ]—>0asn—>oo.

i.e., Up — O(SA(NQ)).
Further,

1
I Z <G(uk — 0,105 0) or B(ug — 0,10; 0), Y (ur — 0, to; g)) — 00 as m — 0O.
"kel,

This implies that u; - 0(Vy(N2)).
(II) Let u = (ug) € loo(tl) and uy — ug(Sx(N2)). Then 3 M > 0 s.t G(ug — ug, w; 0) >
1 — M or B(ugp —ug,w;0) < M,Y (u —ug,t0;0) < M V k. Let y > 0 be arbitrary selected,
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now as in case (I) we can write

1
X > (Glur, — uo, w3 0) or Blug — ug, 15 0), Y (u — g, 0; 0))
kel,

1
= — > (G(ur — uo,; 0) or B(ug — tig, 1; 0), Y (1 — ug, 10; 0))

kel,
G(up —ug,m;0)<1—y or
B(ug—ug,w;0)>1,Y (U, —ug,w;0)>n

1
- Z (G(uy, — u,10; 0) and B(uy, — ug, 10; 0), Y (u — up, tv; 0))

kely
G(ug—ug,w;0)>1—n &
B(uj—ug,w;0)<n,Y (up —ug,w;e) <y

M
< =
A

n

{kGIniG(uk—uo,m;Q) <1-—1nor B(u; —ug,w;0) >1,Y (u — up, ;o) ZUHJHJ;

which shows that ug — ug(Vy(N2)).
(III) Follows easily from part (I) and part (II). O

Theorem 4.2 Let u = (ug) be any sequence in N — 2 — NS ${. Then S(N3) C Sx(N2)
if

e An

liminf— > 0. (6)

n—oo N

Proof. Given y > 0 and ¢ > 0, we have
{kgn:G(uk—uo,m;g) <l—-ypor
B(u — ug,w;0) > 1, Y (uy, — up,10;0) >}
D {ke[n:G(uk—uo,m;g) <l-yor
B(up — up, 13 0) > 19, Y (u —up,;0) > p}

Therefore,

1
E}{kgn:G(uk—uo,m;g) <l-vyor
B(w, — ug,1; 0) > 1, Y (ug — ug, 05 0) >} }|
1
> HHkGI" s G(up —ug,;0) <1—yor

B(up —ug,w;0) >, Y (w, — 1,105 0) > n}|

An 1
> —)\—erln : G(up —ug,;0) <1—ypor
n n

B(uk _u07m;g) Z U? Y(uk —U(),m;Q) Z U}‘

Taking n — oo and using (6), we get w, — uo(S(N2)) = up — ug(Sr(N2)).
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5. A-Statistical completeness in N-2-NS

Definition 5.1 A sequence u = (ux) in N —2 — NS U is called A-statistically Cauchy(or
Sx-Cauchy) if for each n > 0 and o >0, I3 p € Ns.t.

1
lim)\—|{k €I, : Gup —up,w;p) <1—yor
Blug —up,;50) > 9, V(g —up,1050) > 9} =0V 1w el
or equivalently, d)(A(y,0)) = 0, where

Ay, 0) ={k € In: G(u —up,w30) <1 —yor

B(uk_upam;g) 2 UJ Y (uk _up7m;9) Z U}

Theorem 5.1 Every Sy-convergent sequence in N — 2 — NS il is S)-Cauchy.

Proof. Let u = (u;) be a S)-convergent sequence with S)(Na) — klim ur = ug. Let y > 0 and
— 00

0 > 0. Choose [ > 0 s.t. (1) is satisfied. Define a set,

A(l, o) ={k € In: G(up —ug, w; g)ﬁl—lor

B(uy, — ug, to; g) >1 Y (u — up, tv; g) > 1},

then 6)(A(l, 0)) = 0 and therefore §,(A° (1, 0)) = 1. Let p € A°(l, o) then for w € U, we have
G(up —up,10;5) >1—1and B(uy, —up,10;: 5) <1,Y (u, —ug,w; Z) <.

Now, let T (9, 0) = {k € I, : G(uy —up,10; 0) < 1—yor Buy —uy,,1;0) >9,Y (u —up,, t; 0) >
n}. We claim that 7 (v, 0) C A(l, 0). Let m € T (1, 0), then we have G(u,, —up,10;0) <1—1p
or B(uy, —upy, 10;0) >0, Y (1, —upy, 0;0) > 1.

Case (i): Suppose G(uy, — up,10;0) < 1 -1, then G(uy, — ug,w;§) < 1 —1 and therefore
m € A(l, 0). As otherwise, i.e, if G(uy, —ug,10;4) > 1 — 1, then

>)

1 =1 > G(up — up,1050) > G(uy — g, 10; g) 0 G(uy — g, 35 5

>(1—-1)o(1-1)
> 1 — p.(not possible)
Thus, T(v,0) C A(l, 0).
Case (ii): Suppose B(u, — vp,w;0) >y, then B(u,, — up,10;§) > I and therefore m € A(l, o).

As otherwise, i.e, if B(uy, —ug,w; g) <[, then

9

9 < B(um — upy, 105 0) < B(uyy, — up, v; g) o B(u, — ug, 1o; 5

<lol

< 9.(not possible)
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Also, suppose Y (i, — U, 105 0) > 1, then Y (1, — ug, ;%) > I and therefore m € A(l, 0). As

otherwise, i.e, if B(u,, —up,1; §) <, then

9)

g) oY (u, — ug, to; 5

n <Y (up, — vp,0;0) <Y (U, — up, tv; 5

<lol
< p.(not possible)
Thus, T (v, 0) C A(l, 0).

Hence in all cases, T(y,0) C A(l, ). Since 6\(A(l,0)) = 0, so 0x(T(n,0)) = 0 and therefore
u = (uy) is A-statistically Cauchy. O

Definition 5.2 A neutrosophic 2-normed space 4 is called Sy-complete if every Sy-Cauchy

sequence in 4l is Sy-convergent in $l.

Theorem 5.2 Every N —2 — NS 4 is Sy-complete.
Proof. Let u = (u;) be Sy-Cauchy sequence in . Suppose on the contrary that u = (uy) is
not Sy-convergent. Let y > 0 and ¢ > 0, then 3 p € N s.t 1o € Ul if we define

A, 0) ={k € L, : G(up —up,10;0) <1—yor

B(up —up,50) > 9, Y (U — uy,10;50) >y} and

T(m)={kefn:G<uk—uojm;§> >1—pand

0 0
B(uk — Up, 10; 5) < t)7Y(uk — U, 10, 5) < U},

then 65 (A(1, 0)) = dx(T (9, 0)) = 0 and therefore we have 5\(A% (9, 0)) = 5x(T (v, 0)) = 1.

Since G(up — up, 105 0) > 2G (ug, —ug, w; Z) > 1 —p and B(up —up, 105 0) < 2B(uy —ug, 05 5) <y
LY (g, — up, 103 0) < 2V (1, — ug, 03 §) <1, if Glup —up,1; §) > 152 and By, — up,w; §) < §
, Y (u —up, w3 §) < 3. We have 0y({k € I, : G(u, —up, w;0) > 1 —1 and B(uy — up, 10;0) <1

, Y(up —up,mip0) < pp) = 0. ie, 6x(A%(y,0)) = 0 which contradicts the fact that
Sx(A%(n, 0)) = 1. Therefore, u = (u;) is Sy-convergent and Hence Sy-complete. [J

Theorem 5.3 For any sequence u = (ug) in N — 2 — NS 4l the subsequent assertions are
equivalent:

(i) u = (ug) is Sy-Cauchy.

(ii) 3 a subset R = {k,} of N with 6\{R} = 1 and {uy, nen is Sx-Cauchy sequence over fR.
Proof. The proof of the theorem can be obtained analogously as the proof of the theorem 3.4.
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