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Abstract. In this paper, we examine the fuzzy neutrosophic relation having a special property that can be equiva-
lently characterised by the essential properties of the lower and upper fuzzy neutrosophic rough approximation
operators. Further, we prove that the set of all lower approximation sets based on fuzzy neutrosophic equivalence
approximation space forms a fuzzy neutrosophic topology. Also, we discuss the necessary and sufficient condi-
tions such that the FN interior (closure) equals FN lower (upper) approximation operator.
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1 Introduction

A rough set, first described by Pawlak, is a formal approx-
imation of a crisp set in terms of a pair of sets which give
the lower and the upper approximation of the original set.
The problem of imperfect knowledge has been tackled for
a long time by philosophers, logicians and mathematicians.
There are many approaches to the problem of how to un-
derstand and manipulate imperfect knowledge. The most
successful approach is based on the fuzzy set notion pro-
posed by L. Zadeh. Rough set theory proposed by Z. Paw-
lak in [10] presents still another attempt to this problem.
Rough sets have been proposed for a very wide variety of
applications. In particular, the rough set approach seems to
be important for Artificial Intelligence and cognitive sci-
ences, especially in machine learning, knowledge discov-
ery, data mining, expert systems, approximate reasoning
and pattern recognition.

Neutrosophic Logic has been proposed by Florentine
Smarandache [11, 12] which is based on non-standard
analysis that was given by Abraham Robinson in 1960s.
Neutrosophic Logic was developed to represent
mathematical model of uncertainty, vagueness, ambiguity,
imprecision undefined, incompleteness, inconsistency,
redundancy, contradiction. The neutrosophic logic is a
formal frame to measure truth, indeterminacy and
falsehood. In Neutrosophic set, indeterminacy is quantified
explicitly whereas the truth membership, indeterminacy
membership and falsity membership are independent. This
assumption is very important in a lot of situations such as
information fusion when we try to combine the data from
different sensors.

In this paper we focus on the study of the
relationship  between  fuzzy  neutrosophic  rough
approximtion operators and fuzzy neutrosophic
topological spaces.

2 Preliminaries

Definition2.1 [1]:

A fuzzy neutrosophic set A on the universe of discourse X
is defined as

A= {{x, Ty(x), [s(x), F4(x)), x € X}

where T,I,F: X — [0,1] and
0<T,(X)+1,(X)+F,(x)<3.

Definition 2.2[1]:

A fuzzy neutrosophic relation U is a fuzzy neutrosophic
subset R={<x,y >,Tg (x,y), I (x,¥), Fe(x,¥y)/ x,y € U}
Tr:UXxU—-[0,1],Ig: UXx U - [0,1],Fr: U X U - [0,1]
Satisfies 0 < Tr(x,y) + Iz(x,y) + Fr(x,y) <3 for all
xy)eUxU.

Definition 2.3[4]:

Let U be a non empty universe of discourse. For an
arbitrary fuzzy neutrosophic relation R over U X U the pair
(U, R) is called fuzzy neutrosophic approximation space.
For any A € FN(U), we define the upper and lower
approximation with respect to (U, R), denoted by R and R
respectively.

R(A) = {< x, Taa) (), Igay (%), Freay(x) >/x € U}
R(A) = {< x, Treay (%), Ir(ay(x), Freay(x) > x € U}
TE(A)(x) = \{ [Tr(x,y) AT4(¥)]

Iz = \{ [Ir(x,y) AL, (0)]

FE(A)(x) = y/} [Fr(x,¥) AT4(¥)]
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Treay(x) = /} [Fr(x,y) AT4(y)]

Igeay(x) = N\ [1 =G y) AL ()]

yeU

Frey() = \/ [Tr(x,y) AF4(y)]

The pair (R, R) is fuzzy neutrosophic rough set of A with
respect to (U,R) and R, R:FN(U)—>FN(U) are refered to as
upper and lower Fuzzy neutrosophic rough approximation
operators respectively.

Theorem2.4[4]:

Let (U, R) be fuzzy neutrosophic approximation space.
And A € FN(U), the upper FN approximation operator can
be represented as follows V x € U,

(1) T W) = Q[{,q [@ A Ra(Ad) (¥)]

= \[/] [@A Ry (Aas) (¥)]

= \[{] [@ A Res(Ad) ()]

= a}{{” [@ A Rar(Aar) (¥)]
2) Iz @) = Q@ [@ A Ra(Aa) (x)]

=V [aA Ra(4a,) (x)]

ai[;l] [@ A Ra(Aa) (x)]

= aiz] [@ A Ra +(Aa,) (x)]

(3) Frey@) = /[h] [a V (1- R(4%) (x))]

- a{{h} e V (1- R¥(A)(x))]

- /[\] [« \V (1- R (A9)(x))]

/\ [a V (1- B (A« (x))]

aco,1
) [R(A)]a: € Ra+(Aa+) € R+ (Ad) € Riy(A)S [R(A)]
4) [RA)]a+ € Rx+(Aa+) S Rx+(Aa) S
R_oc(_Aa)g [R(A)] L o B
(6) [R(A)]*" € R*+(A<") € R*¥(A%) € R*(A%)E [R(A)]«

Theorem2.5[4]:Let (U, R) be fuzzy neutrosophic
approximation space. And A € FN(U), the upper FN
approximation operator can be represented as follows
VxeU,

(1) Teay () = /\ [@ v 1- R*(Aa) (¥)]
/\ [V 1- R*(Aq) ()]
a{[h] [ v 1-R*(Aq) (¥)]
/[\ [@ V' 1-Rey(Aes) (¥)]

) Ipgay (W)= /\ [@ v 1- RA—)(Aa +) (X)]
/\ [av1- RA-%)4a) (x)]

anl

= /\ [@ v 1- R(1—x +)(Aa +) (x)]

aEOI

—/\ [av 1- RA—x +)(Aa +) (x)]

aEOI

3) Feey(@ =V [ V (1- Re(A%) ()]

ae[O,l]

=V

ae[O,l]

=V [a V (I- R (A)X))]

ae[O,l]

[@ V' (I- Ru(A°)(x))]

=V [a V (I- Ry (A9(x)]

a€[0.]]
() [RA ]a+ € R*(Aas) S R (Aas) S R*F(AL)
[R(A)]«a L
4) [RA)]a+ S RI—x(Aa+) S
R1-« +(Aa)S [R(A)] a
(6) [R(A)]*" € Roa(A™) € Ruy (A7) S Ry (A") S
[R(A)]«

N

Rl—x + (Aa) <

3. Equivalence relation on fuzzy neutrosophic rough
sets

In this section we tend to prove the fuzzy neutrosophic
relation having a special property such as reflexivity and
transitivity, can be equivalentely characterised by the
essential properties of lower and upper approximation
operators.

Theorem 3.1:
Let R be a fuzzy neutrosophic relation on U and

R and R the lower and upper approximation operators
induced by (U, R). Then
(1) Risreflexive &
RI)R(A) S A,V A€EFNU),
R2) A C R (A), V A € FN(U).
(2) R is symmetric &
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SD T 1,h¥) =Tz 1,)®) » V (xy)EU XU, (2) Forany (x,y) € U xU , we have
S2) Ix (1x)(Y) =Iz (1y)(x) .V (xy) €U XU,

_ = F— = = v [Tr(x,y""ATq N=Tgr (X,
S3) FR (1x)(Y) FR (1x)(Y) 5 v (X,y)E U XU, R(ly)(x) y'EU[ R( y ) ly (y )] R( y)

S4)T5(1u_{x})(}’) = T5(1U_{y})(x) , VY (x,y)e U xU,

55)15(111_{,(})(}’) = 15(1U_{y})(x) , VY (x,y)e U XU,

6) Fecty-)Y) ~ Pty )V 0E UXU. Py (0= & [FR(6y)V Ay, ()= Fi(x.9)
(3) Ris transitive &

TI)R (A) SR (R (A)) V A € FN(U)

T2) R (R (A)) S R (A), V A € FN(U)

[ﬁay)(X) =y,\;U[1R(x,)")/\11y =g (X, Y)

Also, we have
Tﬁ(lx)(y): y'\éU[TR(ysy') /\Tlx(y') =Tr(y,x)

Proof: Iﬁ(]x)(y) = ‘\éU[lR(y’y’)/\le(y') :]R (y,x)
(1)R1 and R2 are equivalent because of the duality of the ’
lower and upper fuzzy neutrosophic rough approximation
operators. We need to prove that reflexivity of R is
equivalent to R2.

Assume that R is reflexive. For any A € FN(U) and x € U,
by the reflexivity of R we have Tr(x,x) =1, Iz(x,x) =1,
Fr(x,x) =0. Then R is symmetric if and only if S4, S5, S6 holds.

Tr @ = ¥ TR0 AT40)]

Fﬁ(lx)(y):y'/E\U[FR(y’y')Vle(y'):FR(y’x)

We know, R is symmetric if and only if
TRGY)=TR (%), IR(XY) = IR(y. %), Fr(x,y) =
Fr(y,x) and S1, S2, S3 holds and similarly we can prove

(3) It can be easily verified that T1 and T2 are equivalent.

2Tp(x,x) AT (x)=T4(x) We claim to prove that transitivity of R is equivalent to T2.
Ty = vU[I RV AL 4(V)] Assume that R is transitive and 4 € FN(U) . For any
ye

x,y,z €U , wehave

> Ip B4 = 14(2) To(.2)> v [Tp(xay) ATp(3.2)]

FE(A)(X):yQU[FR(x’y)VFA(y)] yeU
Ip(x,2)> IR, y) A IR (v,
> Fp(x,x)V Fy(x) = Fy(x) r(x,2) y\e/U[ RY)AIR(Y,2)]
Thus A € R (A), V A € FN(U). R2 holds. Fr(x,2)< VU[FR (5, V)AFr(3,2)].
ye
Conversely, assume that R2 holds. We obtain,
Forany x € U, since A < R(A)forall A€ FN(U). Tr®R(A) (x)= y\e/U[TR (5 V) A TR py (W]
Let A= 1., we have = V [Tr(x, )~ v [Tr(y,2) AT4(2)]
yeU zeU
=T} (S Ty ()= v [T AT ()] = v, TR ATR 02 AT ()]
= Tr(x,x) = Vv [V (TR ) ATR(y,2)) AT4(2)]
yeU zeU

1:IIX(X)SIE(1X)()C): VZU[IR(x,y)/\le(y)] < VU[TR(va)/\TA(Z)=TE(A)(x)

~ Irlxx) FgRoay®= v [g( x
= R V)AL A (V)]
0=F ()2 Fg, | RRATT ey k&)
N = v gy A v [Ug(3.2) AL 4(2)]
A PRGNV FL () 1= Fr () yeu zeU
" = v V[ AR(,2) AL 4(2)]
Hence, yeU zeU

Tp(x,x) =1, In(x,x) =1, Fp(x,x)=0.
Thus we can conclude, that FN relation R is reflexive.
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= V[V Ur( )N R(Y,2) A 4(2)]
yeU zeU

< v R(n2) A 14(2) = T ()

Fﬁ(ﬁ(A)) (X) = yQU[FR (x: y) Vv FE(A) (J’)]

= yQU[FR (v ZQU[FR (. 2) v Fy(2)]

= yé\U Z;\U[FR (x5, )V Fr(y,2) v Fy(2)]

= yQU[Zé\U(FR )V Fr(3,2)) v Fy(2)]

> zé\U[FR (x,2)v Fy(2)= FE(A) (x)

Thus, R (R (A)) € R (A), V A € FN(U), T2 holds.

Conversely, assume that T2 holds, For any X, y,z € U

And A4, 4,4 €[0,1], if Tr(x,y) 24 , Tr(y,2) 24
IR(y,2) 2 Ip(y.2) 2, FR(x,Y) A3, FR(X,y) <43
then by T2, we have

Tr(ra,»®=Tra,) ™

(TR e, ) AT, (D] =TR(x,2) .

V
yeU
Trrai,n ™ = Tra,) ™
g, y) A1y, (D] =1g(x,2) .

\V4
yeU
Frira,y® = Fra,)®)

= A [FrOep)V F_(0)]= Fr(x,2).
yeU

On otherhand,

TR0, )7 o o R R0

=sup{a €[0,1]Nx € Ra(R(1p)q}

=sup{a €[0,1]NRa N(R(1,)), %4}

=sup{a €[0,1)/Ju e U[Tp (x,u) 2 cr,Tﬁ(1 )(a) >al}
z

=sup{a €[0,1]/3u e U[Tp(x,u) 2 @, Tp (u,2) 2 ]}

2T, Y)ATR(1,2) 2 4

Thus we obtain Tj(x,z) = 4;,and

Fagiay = 3 J@ A Ra (R0, ()

=sup{a €[0,11Nx € R (R(1,)y}

=supla €[0,11NRa N(R(1,)), #4}
=sup{a €[0,1]/ Ju eU[]R(x,u)Za,lﬁ(lz)(a)Za]}
=sup{a €[0,1]/Ju e Ullp(x,u) 2 a,1p(u,z) 2 a]}
2 (6 )N R(y,2)2

Thus we obtain 71r(x,z) > 4, . also

)= 4 @V Ra(RO,)o (0]

I
—
=]
-
S
m

—
=
—
=
]
=
m
= |
1S3

=
zl
N
=
R

S~

ZFR(xay)/\FR(y’Z)ZJG
Thus FRr(y,z)< A5.

Hence, FN relation is transitive.

Corollary 3.2:

Let (U,R) be a fuzzy neutrosophic reflexive and transitive
aproxiation space, i.e R is a fuzzy neutrosophic reflexive
and transitive relation on U, and R and R the lower and

upper FN rough approximation operator induced by (U,R).
Then
(RT1) R(4) = R(R(A)VFN(U)

(RT2) R(R(A)) = R(A)

4. Relation between fuzzy neutrosophic approximation
spaces and fuzzy neutrosophic topological spaces.

In this section, we generalise Fuzzy neutrosophic

rough set theory in fuzzy neutrosophic topological spaces
and investigate the relations between fuzzy neutrosophic
rough set approximation and topologies.

4.1. From a fuzzy neutrosophic approximation space to
fuzzy neutrosophic topological space

In this subsection, we assume that U # ¢ is a universe of
discourse, R a fuzzy neutrosophic reflexive and transitive
binary relation on U and R and R the lower and upper FN
rough approximation operator induced by (U,R).

Theorem 4.1.1:
Let J be an index set, 4; € FN(U) . Then

R(U R(A))= U R(A)).
jed jed
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Proof:
By reflexivity of R and Theorem (3.1), we have
R(U R(A;)) = U R(A)).

jed jed

Since U R(Aj) 2 R(A;), forall jeld.
jed
Wehave, R( U R(Aj)) 2 R(R(A)))
jed
By transitivity of Rand theorem(3.1)
R(R(A}))) 2R(A)).
Thus R( U R(A;)) cR(A;)), forall jeJ.
jed

Consequently,
R(U R(A})) = U R(A)
jed jed

Hence we conclude

R(U R(A))= U R(A)).
jed jed

Theorem 4.1.2:
tR={R(A)/ Ae FN(U)} is a fuzzy neutrosophic toplogy

on U.
Proof:
(D) In terms of Theorem (1) [4] we have R(1~) =1~ thus

1~erp Since R is reflexive, by theorem 3.1, we have
R(0~) =0~ ,therefore 0 ~e7g,

(IHVv A, B € FN(U), since R(A),R(B)erg by theorem
(1) [4] we have R(A)nR(B) =R(ANB) erg

(1) VAje FN(U), j€J,J is an index set, by theorem

4.1.1 we have
RCU R(A)= U R(Ay).
jed

Thus

jE

U R(A; ) ETR.

R ={R(A)/AeFNU)} is a
neutrosophic toplogy on U.

Therefore, fuzzy

Therefore Theorem 4.1.2 states that a fuzzy neutrosophic
reflexive and transitive approximation space can generate
fuzzy neutrosophic topolgical space such that the family of
all lower approximations of fuzzy neutrosophic sets with
respect to fuzzy neutrosophic approximation space forms
fuzzy neutrosophic topology.

Theorem 4.1.3:
Let (U,7g) be the fuzzy neutrosophic topological space

induced from a fuzzy neutrsophic reflexive and transitive
approximation space (U,R), i.e

tr ={R(A)/ Ac FN(U)}. Then, YAe FN(U).

int(A) = AR(B)\R(B)c A B FN(U)}
2)R(A)=cl(A)=n{~R(B)N~R(B) 2 ABeFN(U)}
=~{R(B)NR(B) 2 A BeFN(U)}

Proof:
(1) Since R is reflexive, by Theorem 3.1, we have

R(A)c A

Thus R(A) < AR(B)NR(B)c A, Be FN({U)}.

On other hand \{R(B)NR(B)} c A,

then by Theorem 3.1

We obtain  R(AR(B)NR(B)}) cR(A) .In terms of
Theorem 3.2 we concude \{R(B)(R(B) A}
UR(B)NR(B) = A}=R (AR(B)(R(B) = A})

Hence, R(A) =int(A) = {R(B)NR(B) c A}

(2) Follows from the duality of ﬁ and R and (1)

Theorem 4.1.4 :
Let (U, R) be a fuzzy neutrosophic reflexive and

transitive approxiatin space and (U, 7) the fuzzy
neutrosophic topological space induced by (U,R). Then

TROGY)= /\ Teg(x), Ig(x,y)= A Ig(x),

Bey, Bey,
FR(Y)=V Fg(x), ¥x,yeU.

Bey,
Where
), ={Be FNU)N~ B e,
Tg(Y)=L11g(y) =1 Fg(y) =0}
Proof:
Forany X,Y €U , by Thm 4.1.2 we have
R@y)=cl(ly).
Also, TR(1 )(x) v [TR(x,u)/\le Wl=Tr(x,y)

IRy 00 - ugU[IR(x.u) AWI=1R(X,Y)
Py 8= A [FRO00) v Fy ()] =Fa ()

On other hand Cl(ly)

={B e FN(U)B}is aFN closed setand 1, — B}
={BeFNU)N~Berg} and 1, CB}

Then
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Tcl(ly)(x) =A{Tg(x)N~Berp,BD ly}

=AMTp(x)N~Bery,
Tg(y)=115(»)=1LFz(»)=0
A Tp(x)
Be(y),
Lauq, () =ATp()N~Berp,Boly;

=AIp(x)N~ B ey,
Tp(»)=11p(»)=1,Fg(y)=0

A 1p(x)
Be(y),

Fcl(ly)(x):\/{FB(x)ﬂ ~Ber,,Bol}
= V{FB(x)n ~Be TR,
Tp(y)=115(y)=1Fz(y)=0

= Vv Fp(x)
Be(y),
Hence,
Tr(x,p)= A Ty(x), [g(x,y)= A Ip(x),
Bey, Bey,
Fr(x,y)= v Fg(x), Vx,yeU.
B

Ey‘[

4.2. Fuzzy neutrsophic approximation space

In this section we discuss the suffiecient and necessary
conditions under which a FN topological space be
associated with a fuzzy neutrosophic approximation space

and proved c/(A) = R(4) and int(4) = R(A4) .

Definition 4.2.1:
If P:FN(U)>FN(U) is an operator from FN(U) to FN(U),
we can define three operators from F(U) to F(U), denoted

by Pr,PLPF that  Pr(Ty) =Tp()
Pr(Ty)=1Ipu) and Pr(Ty)=Fp).
Thatis P(4)=P((T4.14.Fy))

such and

=(Tp(a):Tpca)>Fr(a))
= Pr(Ty), P 4), Pr(Fy)

Theorem 4.2.2:
Let (U, 7) be fuzzy neutrosophic topological space and

Cl, int:FN(U)>FN(U) the fuzzy neurtrosophic closure
operator and fuzzy neutrosophic interior operator
respectively. Then there exits a fuzzy neutrosophic
reflexive and transitive relation R on U such that

R(A) = cl(A) and R(4) = int(A) for all A€ FN(U)

Iff cl satisfies the fowing conditions (C1) and (C2), or
equivalently, int satisfies the following conditions (I1) and

(12).

ADel(AN(a, B.y)) = cl(A) N (a, B,7)

VvAe FN(U),Va,p,y €[0,1]

With a+B+y<3

(12) cl( (.%Ai)) = k{] cl(,), 4 e FNU),ieJ,J is any

index set.

(CHint(Au (e, B,y)) =int(A) U (a, B,7)

VAe FN(U),Va,B,y [0,1]

(C2)int( (M 4))= M int( 4;), 4 € FN{U),ieJ,] is any
ieJ ieJ

index set.
Proof:
Assume that there exists a fuzzy neutrosophic reflexive

and transitive relation R on U such that E(A) =cl(A) and
R(A) =1int(A) for all A€ FN(U), then by theorem 3.1, it
can be easily seen that (C1), (C2), (I1), (I2) easily hold.
Converesly, Assume that closure operator
cl:FN(U)>FN(U) satisfies conitions (C1) and (C2) and the
interior operator int:FN(U)->FN(U) satifies the conditions
(I1) and (12).

For the closure operator we derive operators cly , cl; and
clp from FN(U) to FN(U) such that clp(T) =Ty »
clr(Lg) =1ecay > clp(Fy)=Fyqy - Likewise, from the
interior operator int we have three operators int7,int7,intf
from FN(U) to FN(U) such that int7(7) = Tipya)
inty(Ty) = Linga) » inty(Ty) = Fiya) - We now define a
FN relation R on U by cl as follows: for (x,y) e UxU .
e =cr (M), Igy)=di(h )@
Fr(x, ) = clp (R, )x)

For Ae FN(U)

Ty=vl[h NnT4y)]l
yeU Y

Iy= OIlh N1
yeU Y
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F,= U[FF NnF s
4 yeU[ 1, N4
We also observe that (C1) implies (CT1), (CI1) and (CF1),
and (C2) implies (CT2), (CI2) and (CF2)

(CTY) (clp(T v ﬂ}/)) clp (T @)
VAe FNU),Va, B,y €[0,1]with a+fB+y <3.

(CI1) (i Gy =cul 5 =cil)Np

VAe FN(U),Va,pB,y €[0,1]with a+ S+y <3.

ey =
VAe FN(U),Va, B,y €[0,1]with a+ S+ <3.
(CT2) clp(T UA) =clp( U Ty)

ieJ ieJ !

) CZT(TA)ﬂa

(CF1) =)= ch(FA)fW

= v cf(Ty), 4 €FNQU), i €J,Jis any index set.
ieJ
(C12) ey (I UA) =l (U L)

= v dj(ly), 4€FNU), i€J,]isany index set.
ieJ

, J is any index set.
= v CIF(FA ) A4; eFN(U) i €J,Jisany index set.
ieJ

Then for any , x € U according to definition 4.2.1, and
above properties, we have

Trm®= v [TR (x, VI AT4(¥))]

= v [ClT(Tl YN AT4())]
yeU

= v [elp (B )N T, ()]
yeU

= v [(CIT(TI NT4()))]
yeU

=[ v (CIT(le NT())](x)
yeU

=[(elr (v (T;, NTH (VNI
yeU

= (clp (Ty)(x) = Ty 0 (x)

[E(A)(X): v [IR(X,)/)/\IA(J/))]

= v [011(11 YY) AL 4 ()]
yeU

= v [(011(11 )N 4()]
yelU

= v [(011(11 N ()]

yeU
=[u (011(11 N1 (IN](x)
yeU
=[(cl; (v (11 N (»NI(x)

yeU
= (cly (1 4)(x) = Loy (4 (%)

Fy, A)(x)= A [FR(x,y)vFA(y))]

= A [ch(Fl YV E4(¥)]
yeU

= Welp(F))OFL4 ()]
yeU

= A [(CIF(Fi VE4(»)))]
yeU

=1 (elp(Fy, OF4 ()
yeU

=elp( n (F, W F (I
yeU

= (clp (F)(x) = Foy0 4y ()

Thus cl(4) = R(4) .

Similary we can prove int(4) = R(A)
Conclusion:

In this paper we defined the topological structures
of fuzzy neutrosophic rough sets. We found that fuzzy neu-
trosophic topological space can be induced by fuzzy rough
approximation operator if and only if fuzzy neutrosophic
relation is reflexive and transitive. Also we have investi-
gated the sufficient and necessary condition for which a
fuzzy neutrosophic topological space can associate with
fuzzy neutrosophic reflexive and transitive rough approxi-
mation space such that FN rough upper approximation
equals closure and FN rough lower approximation equals
interior operator.
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