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[. INTRODUCTION

Theory of Fuzzy sets [21], Theory of
Intuitionistic fuzzy sets [2], Theory of Neutrosophic
sets [10] and the theory of Interval Neutrosophic sets
[13] can be considered as tools for dealing with
uncertainties. However, all of these theories have
their own difficulties which are pointed out in [10].
In 1965, Zadeh [21] introduced fuzzy set theory as a
mathematical tool for dealing with uncertainties
where each element had a degree of membership. The
Intuitionistic fuzzy set was introduced by Atanassov
[2] in 1983 as a generalization of fuzzy set, where
besides the degree of membership and the degree of
non-membership of each element. The neutrosophic
set was introduced by Smarandache [10] and
explained, neutrosophic set is a generalization of
Intuitionistic fuzzy set. In 2012, Salama, Alblowi
[18], introduced the concept of Neutrosophic
topological spaces. They introduced neutrosophic
topological space as a generalization of Intuitionistic
fuzzy topological space and a Neutrosophic set
besides the degree of membership, the degree of
indeterminacy and the degree of non-membership of
each element.

The concepts of neutrosophic semi-open
sets, neutrosophic semi-closed sets, neutrosophic
semi-interior and neutrosophic semi-closure in
neutrosophic topological spaces were introduced by
P. Iswarya and Dr. K. Bageerathi [12] in 2016.
Frontier and semifrontier in intuitionistic fuzzy
topological spaces were introduced by Athar

Kharal [4] in 2014. In this paper, we are extending
the above concepts to neutrosophic topological
spaces. We study some of the basic properties of
neutrosophic frontier and neutrosophic semi-frontier
in neutrosophic topological spaces with examples.
Properties of neutrosophic semi-interior, neutros-
ophic semi-closure, neutrosophic frontier and neut-
rosophic semi-frontier have been obtained in neutros-
ophic product related spaces.

II. NEUTROSOPHIC FRONTIER

In this section, the concepts of the
neutrosophic frontier in neutrosophic topological
space are introduced and also discussed their
characterizations with some related examples.

Definition 2.1 Let o, B, L € [0, 1]and o + B + A < 1.

A neutrosophic point [ NP for short ] X(.p) of X is a
NS of X which is defined by
Xty = {(mﬁjf‘-), y=x,
af (0,01), y =x.

In this case, x is called the support of x(, )
and a, B and A are called the value, intermediate
value and the non-value of x g ), respectively. A NP
X(o,p 15 Said to belong to a NS A = ( pa, Ga, ya ) in X,
denoted by X(p) € A if a < pa(X), B < oa(x) and
A > ya(x). Clearly a neutrosophic point can be
represented by an ordered triple of neutrosophic
pOintS as follows : Xpr) = ( Xo s Xp s C (X c (X)) )
A class of all NPs in X is denoted as NP (X).

Definition 2.2 Let X be a NTS and let A € NS (X).
Then Xeprn € NP (X) is called a neutrosophic
frontier point [ NFP for short ] of A if Xggy) €
NCI (A) n NCI (C (A)). The intersection of all the
NFPs of A is called a neutrosophic frontier of A and
is denoted by NFr (A). That is,

NFr (A) = NCI (A) n NCI (C (A)).
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Proposition 2.3 For each A € NS(X), A U NFr (A) c

NCI (A).

Proof : Let A be the NS in the neutrosophic

topological space X. Then by Definition 2.2,

A UNFr (A) =AU (NCI (A) nNCI (C (A))
=(AUNCI(A))n(AUNCI(C(A))
< NCI (A) nNCI (C (A))
< NCI (A)

Hence A U NFr (A) < NCI (A).

From the above proposition, the inclusion cannot be
replaced by an equality as shown by the following
example.

Example 2.4 Let X={a,b}and t = {0\, A, B, C,
D, 1y }. Then (X, 1) is a neutrosophic topological
space. The neutrosophic closed sets are C (1) = { 1y,
E, F, G, H, Oy } where

(05,1,0.1),(0.9,0.2,0.5) ),

(0.2,0.5,0.9), (0,0.5,1) ),
(05,1,0.1),(0.9,0.5,0.5) ),
(0.2,0.5,0.9),(0,0.2, 1)),

(0.1,0,0.5), (0.5,0.8,0.9) ),

(0.9,0.5,0.2), (1,0.5,0) ),

(0.1,0,0.5), (0.5,0.5,0.9) ) and
(0.9,0.5,0.2), (1,0.8,0) ).

Here NCI (A) = 1y and NCI (C (A)) = NCI (E) = E.
Then by Definition 2.2, NFr (A) = E.

Also A U NFr (A) =¢ (0.5, 1, 0.1), (0.9,0.8,0.5) ) <
1n. Therefore NCI (A) = 1y € ( (0.5, 1, 0.1), (0.9, 0.8,
0.5) ).
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Theorem 2.5 For a NS A in the NTS X, NFr (A) =
NFr (C (A)).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
NFr (A) = NCI (A) n NCI (C (A))
= NCI (C (A)) " NCI (A)
= NCI (C (A)) nNCI (C (C (A)
Again by Definition 2.2,
= NFr (C (A))
Hence NFr (A) = NFr (C (A)).

Theorem 2.6 If a NS A is a NCS, then NFr (A) c A.
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
NFr (A) =NCI (A) nNCI (C (A))

< NCI (A)
By Definition 4.4 (a) [18] ,

=A
Hence NFr (A) c A, if AisNCS in X.

The converse of the above theorem needs not be
true as shown by the following example.

Example 2.7 From Example 2.4, NFr (C) = G c C.
But C ¢ C (7).

Theorem 2.8 If a NS A is NOS, then NFr (A) <
C(A).

Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 4.3 [18] ,
A'is NOS implies C (A) is NCS in X. By Theorem 2.6,
NFr (C (A)) < C (A) and by Theorem 2.5, we get
NFr (A) < C (A).

The converse of the above theorem is not true as
shown by the following example.

Example 2.9 From Example 2.4, NFr (G) = G ¢
C(G)=C.ButG ¢ t.

Theorem 2.10 For a NS A in the NTS X, C (NFr (A))
= NInt (A) U Nint (C (A)).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
C (NFr (A)) = C (NCI (A) n NCI (C (A)))
By Proposition 3.2 (1) [18],
= C (NCI (A)) U C (NCI(C (A)
By Proposition 4.2 (b) [18] ,
= Nint (C (A)) U Nint (A)
Hence C (NFr (A)) = NInt (A) U Nint (C (A)).

Theorem 2.11 Let A < B and B € NC (X) ( resp.,
B € NO (X) ). Then NFr (A) < B ( resp., NFr (A) <
C (B) ), where NC (X) ( resp., NO (X) ) denotes the
class of neutrosophic closed ( resp., neutrosophic
open) sets in X.
Proof : By Proposition 1.18 (d) [12] , A < B,
NCI (A) < NCI (B) -------------------- 2).
By Definition 2.2,
NFr (A) = NCI (A) n NCI (C (A))

< NCI (B) nNCI (C (A)) by (1)

< NCI (B)
By Definition 4.4 (b) [18],

=B
Hence NFr (A) < B.

Theorem 2.12 Let A be the NS in the NTS X. Then
NFr (A) = NCI (A) — Nint (A).
Proof : Let A be the NS in the neutrosophic
topological space X. By Proposition 4.2 (b) [18],
C (NCI (C (A))) = NInt (A) and by Definition 2.2,
NFr (A) =NCI (A) nNCI (C (A))

=NCI (A) — C (NCI (C (A))

by using A-B=AnC (B)

By Proposition 4.2 (b) [18],

= NCI (A) — Nint (A)
Hence NFr (A) = NCI (A) — NInt (A).
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Theorem 2.13 For a NS A in the NTS X,
NFr (Nint (A)) < NFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
NFr (NInt (A)) = NCI (NInt (A)) » NCI (C (NInt (A)))
By Proposition 4.2 (a) [18] ,

= NCI (NInt (A)) n NCI (NCI (C (A)))
By Definition 4.4 (b) [18],

= NCI (NInt (A)) n NCI (C (A))
By Definition 4.4 (a) [18] ,

< NCI (A) n NCI (C (A))
Again by Definition 2.2,

= NFr (A)
Hence NFr (NInt (A)) < NFr (A).

The converse of the above theorem is not true as
shown by the following example.

Example 2.14 Let X={a,b }and t ={ 0\, A, B, C,
D, 1y }. Then (X, 1) is a neutrosophic topological
space. The neutrosophic closed sets are C (1) = { 1y,
E, F, G, H, Oy } where

(0.5,0.6,0.7), (0.1, 0.9, 0.4) ),

(0.3,0.9,0.2), (0.4,0.1,0.6) ),

(0.5,0.9,0.2), (0.4,0.9,0.4) ),

(0.3,0.6,0.7), (0.1, 0.1, 0.6) ),
(0.7,0.4,0.5),(0.4,0.1,0.1) ),

(0.2,0.1,0.3), (0.6, 0.9, 0.4) ),

(0.2,0.1,0.5), (0.4,0.1,0.4) ) and
H=¢((0.7,0.4,0.3), (0.6,0.9,0.1) ).

Define A; =( (0.4, 0.2, 0.8), (0.4, 0.5, 0.1) ). Then
C (A1) =((0.8,0.8,0.4),(0.1,0.5,0.4) ).

Therefore by Definition 2.2, NFr (A)) = H € Oy =
NFr (NInt (Ay)).

OTMmMmgOoOm@>
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Theorem 2.15 For a NS A in the NTS X,
NFr (NCI (A)) = NFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
NFr (NCI (A)) = NCI (NCI (A)) n NCI (C (NCI (A)))
By Proposition 1.18 (f) [12] and 4.2 (b) [18],

= NCI (A) » NCI (NInt (C (A)))
By Proposition 1.18 (a) [12] ,

< NCI (A) n NCI (C (A))
Again by Definition 2.2,

= NFr (A)
Hence NFr (NCI (A)) < NFr (A).

The converse of the above theorem is not true as
shown by the following example.

Example 2.16 From Example 2.14, let A, = ( ( 0.7,
0.9,0.2), (0.5, 0.9, 0.3) ).

Then C (A;) =( (0.2, 0.1, 0.7), (0.3, 0.1, 0.5) ). Then
by Definition 2.2, NFr (A,) = G.
Therefore NFr (A,) = G € Oy = NFr (NCI (Ay)).

Theorem 2.17 Let A be the NS in the NTS X. Then

Nint (A) < A — NFr (A).

Proof : Let A be the NS in the neutrosophic

topological space X. Now by Definition 2.2,

A —NFr (A) = A— (NCI (A) n NCI (C (A)))
=(A-NCI (A)) v (A—NCI(C (A))
=A-NCI(C (A)

2 Nint (A).
Hence Nint (A) < A — NFr (A).

Example 2.18 From Example 2.14, A; — NFr (Ay) =
((0.3,0.2,0.8),(0.1,0.1,0.6) ).

Therefore A; — NFr (Ay) =((0.3,0.2,0.8), (0.1, 0.1,
0.6) ) € Oy = NInt (Ay).

Remark 2.19 In general topology, the following
conditions are hold :
NFr (A) m Nint (A) = Oy,
Nint (A) U NFr (A) = NCI (A),
Nint (A) U NInt (C (A)) u NFr (A) = 1.

But the neutrosophic topology, we give
counter-examples to show that the conditions of the
above remark may not be hold in general.

Example 2.20 From Example 2.14,
NFr (A2) N Nint (A;) =G N C =G = Oy.

NInt (Az) U NFr (Az) =CuG=C= 1N: NCI (Az)

Nint (Az) U Nint (C (Az)) u NFr (Az) =Cu ON uG
=C=# In.

Theorem 2.21 Let A and B be the two NSs in the NTS
X. Then NFr (A U B) < NFr (A) U NFr (B).
Proof : Let A and B be the two NSs in the NTS X.
Then by Definition 2.2,
NFr (A w B) =NCI (AU B) N NCI (C (AuUB))
By Proposition 3.2 (2) [18] ,
=NCI(AuB)NNCI(C(A)nC(B))

by Proposition 1.18 (h) and (o) [12] ,
< (NCI (A) U NCI (B)) n (NCI (C (A)) nNCI(C (B)))
=[(NCI (A) UNCI (B) ) nNCI (C (A) ]

N[ (NCI (A) U NCI (B) ) nNCI (C (B)) ]
=[(NCI (A) n NCI (C (A)))U(NCI (B) n NCI(C (A)]
N [(NCI (A) n NCI (C (B)))w(NCI(B) n NCI(C (B)))]
Again by Definition 2.2,
=[NFr (A) U (NCI (B) " NCI (C (A) ]

N [ ( NCI (A) n NCI (C (B)) ) u NFr(B) ]
= (NFr (A) U NFr (B)) n [ (NCI (B) n NCI (C (A)))
v (NCI (A) nNCI (C (B))) ]
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< NFr (A) U NFr (B).
Hence NFr (A U B) < NFr (A) U NFr (B).

The converse of the above theorem needs not be
true as shown by the following example.

Example 2.22 By Example 2.14, we define
A;=((0.2,0,05),(0.4,0.1,0.1) ),
A;=((0.7,0.9,0.2), (0.5 0.9,60.3) ),

AL UA=A;=((0.7,0.9,0.2),(0.50.90.1))and
AinA=A,=((0.20,05),(0.4,0.1,0.3) ). Then
C(A)=((05,1,0.2),(0.1,0.9,0.4) ),
C(A;)=((0.2,0.1,0.7),(0.3,0.1,0.5) ),
C(A3)=((0.2,0.1,0.7),(0.1,0.1,0.5) ) and
C(A;)=((05,1,0.2),(0.3,0.9,04)).

Therefore NFr (A)) UNFr (A)) =EUG=EZG=
NFr (A3) = NFr (Al ) Az)

Note 2.23 The following example shows that
NFr (A N B) € NFr (A) n NFr (B) and
NFr (A) » NFr (B) € NFr (A n B).

Example 2.24 From Example 2.22, NFr (A; N Ap) =
NFr (Ag) = E € G = NFr (A) n NFr (Ay).

From Example 2.14, We define B, =( (0.4, 0.5, 0.1),
(0.2,0.9,0.5) ),

B,=((0.5,0.2,0.9), (0.8,0.4,0.7) ),

B, uB,=B3;=((0.5,0.5,0.1),(0.8,0.9,0.5) ) and
BnB,=B;=((04 0.2, 0.9), (0.2, 04, 0.7) ).
Then

C(By)=((0.1,0.5,04),(0.5,0.1,0.2) ),

C(By) =((0.9,0.8,0.5), (0.7, 0.6, 0.8) ),
C(B3)=((0.1,0.5,0.5), (0.5,0.1,0.8) ) and

C(Bg) =((0.9,0.8,0.4),(0.7,0.6,0.2) ).

Therefore NFr (By)) "NFr (By) =1y Iyn=1y € H
= NFr (B4) = NFr (Bl M Bz)

Theorem 2.25 For any NSs A and B in the NTS X,
NFr (A n B) < (NFr (A) n NCI (B) ) U ( NFr (B) n
NCI (A) ).
Proof : Let A and B be the two NSs in the NTS X.
Then by Definition 2.2,
NFr (A nB) =NCI (A nB) nNCI (C (AN B))
By Proposition 3.2 (1) [18],
=NCI(AnB)NnNCI(C(A)uUC(B))
By Proposition 1.18 (n) and (h) [12],
< (NCI (A) n NCI (B)) n (NCI (C(A)) w NCI (C (B)))
= [ (NCI (A) nNCI (B) ) n NCI (C(A)) ]

U [ (NCI (A) nNCI (B) ) n NCI (C(B)) ]
Again by Definition 2.2,
= (NFr (A) nNCI (B) ) U (NFr (B) nNCI (A) )
Hence NFr (A n B) < ( NFr (A) n NCI (B) ) u
(NFr (B) n NCI (A)).

The converse of the above theorem needs not be
true as shown by the following example.

Example 2.26 From Example 2.24,
(NFr (B1) nNCI (B,) ) u ( NFr (B,) nNCI (By) ) =
(1leN)U(1leN):1NU1N:1N-¢—H:
NFr (Bl M Bz)

Corollary 2.27 For any NSs A and B in the NTS X,
NFr (A N B) < NFr (A) U NFr (B).
Proof : Let A and B be the two NSs in the NTS X.
Then by Definition 2.2,
NFr (AN B) =NCI(AnB)nNCI(C(AnB))
By Proposition 3.2 (1) [18],
=NCI(AnB)nNCI(C(A)uC(B))
By Proposition 1.18 (n) and (h) [12] ,
< (NCI (A) n NCI (B)) n (NCI (C(A)) w NCI (C (B)))
= (NCI (A) " NCI (B) » NCI (C (A))

W (NCI (A) " NCI (B) nNCI (C (B)))
Again by Definition 2.2,
= ( NFr (A) n NCI (B) ) U ( NCI (A) n NFr (B) )
< NFr (A) u NFr (B)
Hence NFr (A n B) < NFr (A) U NFr (B).

The equality in the above corollary may not hold as
seen in the following example.

Example 2.28 From Example 2.24,
NFr (By) U NFr (By) = 1y U 1y =1y € H = NFr (By)
=NFr (B; " By).

Theorem 2.29 For any NS A in the NTS X,
(1) NFr (NFr (A)) < NFr (A),
(2) NFr (NFr (NFr (A))) < NFr (NFr (A)).
Proof : (1) Let A be the NS in the neutrosophic
topological space X. Then by Definition 2.2,
NFr (NFr (A)) = NCI (NFr (A)) n NCI (C (NFr (A)))
Again by Definition 2.2,
= NCI (NCI (A) nNCI (C (A)) ) n
NCI (C (NCI (A) nNCI (C (A)))
By Proposition 1.18 (f) [12] and by 4.2 (b) [18] ,
< (NCI (NCI (A)) n NCI (NCI (C (A))))
A NCI (NInt (C (A)) U NInt (A))
By Proposition 1.18 (f) [12] ,
= (NCI (A) " NCI (C (A)) ) » (NCI (NInt (C (A)))
w NCI (NiInt (A))
< NCI (A) n NCI (C (A))
By Definition 2.2,
=NFr (A)
Therefore NFr (NFr (A)) < NFr (A).

(2) By Definition 2.2,
NFr (NFr (NFr (A))) = NCI (NFr (NFr (A))) N
NCI (C (NFr (NFr (A))))
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By Proposition 1.18 () [12],

< (NFr (NFr (A))) n NCI (C (NFr (NFr (A))))
< NFr (NFr (A)).

Hence NFr (NFr (NFr (A))) < NFr (NFr (A)).

Remark 2.30 From the above theorem, the converse
of (1) needs not be true as shown by the following
example and no counter-example could be found to
establish the irreversibility of inequality in (2).

Example 2.31 Let X ={a, b} and t = {0y, A, B, 1y }.
Then (X, 1) is a neutrosophic topological space. The
neutrosophic closed sets are C (t) = { 1n, C, D, Oy }
where

A=((0.8,04,0.5),(0.4,0.6,0.7)),
B=((04,0.2,0.9),(0.1,04,009)),
C=((05,0.6,0.8),(0.7,0.4,0.4) y and
D=((0.9,0.8,0.4),(0.9,0.6,0.1) ). Define
A;={(0.6,0.7,0.8), (0.5,0.4,0.5) ). Then

C (A =¢((0.8,0.3,0.6),(0.50.6,0.5)).

Therefore by Definition 2.2, NFr (A)) =D ¢ C =
NFr ( NFr (Ay)).

Theorem 2.32 Let A, B, C and D be the NSs in the
NTS X. Then (AnB)x (CnD)=(AxD)n
(BxC).

Proof : Let A, B, C and D be the NSs in the NTS X.
Then by Definition 2.2 [12] ,

W(AnB)x(CnD) (X Y)

=min{u an~g) (X), L (cnp) ¥}

=min { min { pa(x), pe(x) 3, min { pe(y), po(y) } 3
=min { min { pa(x), po(y) 3 min { ps(x), pnely) 3 }
=min{u(A><D)(xl y)! “(BXC)(X’ y) }

Thus WanB)«(cnDp) (X Y) =B (axD)(BxC) (X Y).
Similarly

G(anB)x(CnD) X Y)

=min{c (ans) (X), o (crp) ¥)}

=min { min { 5a(x), oa(x) }, min { oc(y), oo(y) } }
=min { min { 5a(x), oo(y) }, min { o(x), oc(y) } }
=min{caxp)XY), oxc)(XY) }

Thus 6 (anB)x(cnD) (X, ¥Y) =0 (axD)A(BxC) (X Y).
And also

Y(AnB)x(cnD) (X Y)
=max{yne)X,vcrp) ¥}

= max { max { ya(x), ya(x) }, max { yc(y), vo(y) } }

= max { max { ya(x), yo(y) }, max { va(x), ve(y) } }
=max {v(axo)(X, ¥), v(exc)(X ¥) }
Thusy(anB)x(cnAp) (% Y) =¥ (axD)n(BxC) (X Y)-
Hence (AnB)x(CnD)=(AxD)n(BxC).

Theorem 2.33 Let X;, i =1, 2, ..., n be a family of
neutrosophic product related NTSs. If each A; is a NS
in X;. Then NFr ( [Ti=; 4; ) = [ NFr (A;) x NCI (A;) x

- x NCI (An) 1 W [ NCI (A1) x NFr (A;) x NCI (A3)

x -+ xNCI(Ay) Jw - - U[NCI(A) x NCI (A) x - -
-x NFr (A) 1.
Proof : It suffices to prove this for n = 2. Let A; be
the NS in the neutrosophic topological space X;. Then
by Definition 2.2,
NFr (A; x Ay) = NCI (A; x Ay) W NCI (C (A; x Ay))
By Proposition 4.2 (a) [18] ,
= NCI (A x Ay) W C (NInt (A; x Ay))
By Theorem 2.17 (1) and (2) [12] ,
= (NCI (A1) x NCI (A;) ) n C (NInt (Ay) x NInt (A2))
= (NCI (Ay) x NCI (Ay) ) m
C[( NInt (A1) " NSCI (A1) ) x(NInt (A2) N NCI (A2) )]
By Lemma 2.3 (iii) [12],
= (NCI (Ay) x NCI (A) ) n [ C (NInt (A) n
NCI (A1) ) x 1y U 1y x C (NInt (A2) N NCI (A)) ]
= (NCI (A)) x NCI (A2) ) " [( NCI (C (Ap) w Nint (C
(A1) ) x Iy W 1y x (NCI(C (A2)) U NInt (C (A7) ) ]
= (NCI (A) x NCI (A) ][ (NCI(C (A)) x 1) v
(InxNCI(C(A2))]
= [(NCI (A1) x NCI (Az) ) n (NCI (C (A1) x 1n) ]
U [(NCI (A1) x NCI (A2) ) n (1n x NCI(C (A2)) )]
By Theorem 2.32,
= [ (NCI(A)) " NCI (C (A1) ) x (In " NCI (A) ) ]
U[(NCI (A) A 1) x (NCI (A) A NCI (C (A7) ]
= (NFr (A x NCI (A2) ) U (NCI (Ay) x NFr (A2)).
Hence NFr (A; x Ay) = (NFr (Ay) x NCI (A,) ) v
(NCI (A1) x NFr (A,)).

[Il. NEUTROSOPHIC SEMI-FRONTIER

In this section, we introduce the
neutrosophic semi-frontier and their properties in
neutrosophic topological spaces.

Definition 3.1 Let A be a NS in the NTS X. Then the
neutrosophic semi-frontier of A is defined as

NSFr (A) = NSCI (A) n NSCI (C (A)). Obviously
NSFr (A) isa NSC set in X.

Theorem 3.2 Let A be a NS in the NTS X. Then the
following conditions are holds :

(i) NSCI (A) = A U Nint (NCI (A)),

(i) NSInt (A) = A n NCI (NInt (A)).

Proof : (i) Let A be a NS in X. Consider

NInt (NCI ( A w NiInt (NCI (A)) ))

= NInt (NCI (A) U NCI (NInt (NCI (A))))

= Nint (NCI (A))

< AU NInt (NCI (A))

It follows that A w Nint (NCI (A)) is a NSC set in X.
Hence NSCI (A) A u Nint (NCI (A)) ------------ Q)
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By Proposition 6.3 (ii) [12], NSCI (A) is NSC set in
X. We have NiInt (NCI (A)) < Nint (NCI (NSCI (A)))
< NSCI (A).

Thus A U Nint (NCI (A)) < NSCI (A) -------------- (2).
From (1) and (2), NSCI (A) = A U Nint (NCI (A)).

(ii) This can be proved in a similar manner as (i).

Theorem 3.3 For a NS A in the NTS X, NSFr (A) =
NSFr (C (A)).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
NSFr (A) = NSCI (A) n NSCI (C (A))
= NSCI (C (A)) n NSCI (A)
= NSCI (C (A)) n NSCI (C (C (A)))
Again by Definition 3.1,
= NSFr (C (A))
Hence NSFr (A) = NSFr (C (A)).

Theorem 3.4 If A is NSC set in X, then
NSFr (A) c A.
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
NSFr (A) = NSCI (A) n NSCI (C (A))

< NSCI (A)
By Proposition 6.3 (ii) [12] ,

Hence NSFr (A) c A, if AisNSC in X.

The converse of the above theorem is not true as
shown by the following example.

Example 3.5 Let X ={a,b,c}and t = { O\, A, B,
C, D, 1n }- Then (X, 1) is a neutrosophic topological
space. The neutrosophic closed sets are C (1) = { 1n,
F, G, H, I, Oy } where
A=((05,0.6,0.7),(0.1,0.8,0.4), (0.7,0.2,0.3) ),
B=((0.8,0.8,0.5),(0.5,04,0.2),(0.9,0.6,0.7) ),
((0.8,0.8,0.5), (0.5,0.8,0.2), (0.9, 0.6, 0.3) ),
(0.5,0.6,0.7),(0.1,0.4,0.4), (0.7,0.2,0.7) ),
(0.8,0.8,0.4),(05,0.8,0.1),(0.9,0.7,0.2) ),
(0.7,0.4,0.5), (0.4,0.2,0.1) , (0.3,0.8,0.7) ),
(0.5,0.2,0.8),(0.2,0.6,0.5), (0.7,0.4,0.9) ),
(
(

o~ o~ TN N

0.5,0.2,0.8), (0.2, 0.2, 0.5), (0.3, 0.4, 0.9) ),
0.7, 0.4, 0.5), (0.4, 0.6, 0.1) , (0.7, 0.8, 0.7) )

—IOTMmoon
TR T I VIR TR

(

J=¢((0.4,0.2,0.8),(0.1,0.2,0.5), (0.2, 0.3, 0.9) ).
Here E and J are neutrosophic semi-open and
neutrosophic semi-closed set respectively. Therefore
the neutrosophic semi-open and neutrosophic semi-
closed set topologies are tyso = On, A, B, C, D, E, 1y
and C (t)nse = 1n, F, G, H, 1, J, Oy . Therefore
NSFr (C) =H [ C.ButCg¢C (T)NSC-

2}
>
o

Theorem 3.6 If A is NSO set in X, then NSFr (A)
C(A).

Proof : Let A be the NS in the neutrosophic
topological space X. Then by Proposition 4.3 [12] ,
A is NSO set implies C (A) is NSC set in X. By
Theorem 3.4, NSFr (C (A)) < C (A) and by
Theorem 3.3, we get NSFr (A) < C (A).

The converse of the above theorem is not true as
shown by the following example.

Example 3.7 From Example 3.5, NSFr (J) = J ¢
C (J) =E. ButJ ¢ tys0.

Theorem 3.8 Let A < B and B € NSC (X) ( resp.,
B € NSO (X) ). Then NSFr (A) < B ( resp., NSFr (A)
< C(B) ), where NSC (X) ( resp., NSO (X) ) denotes
the class of neutrosophic semi-closed ( resp.,
neutrosophic semi-open) sets in X.
Proof : By Proposition 6.3 (iv) [12] , A < B,
NSCI (A) < NSCI (B) ------------=-=----- Q).
By Definition 3.1,
NSFr (A) = NSCI (A) n NSCI (C (A))

< NSCI (B) n NSCI (C (A)) by (1)

< NSCI (B)
By Proposition 6.3 (ii) [12] ,

=B
Hence NSFr (A) c B.

Theorem 3.9 Let A be the NS in the NTS X. Then
C (NSFr (A)) = NSInt (A) U NSInt (C (A)).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
C (NSFr (A)) = C (NSCI (A) n NSCI (C (A)))
By Proposition 3.2 (1) [18] ,
= C (NSCI (A)) u C (NSCI (C (A))
By Proposition 6.2 (ii) [12] ,
= NSInt (C (A)) w NSInt (A)
Hence C (NSFr (A)) = NSInt (A) u NSInt (C (A)).

Theorem 3.10 For a NS A in the NTS X, then
NSFr (A) < NFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Proposition 6.4 [12] ,
NSCI (A) = NCI (A) and NSCI (C (A)) < NCI (C (A)).
Now by Definition 3.1,
NSFr (A) = NSCI (A) n NSCI (C (A))

< NCI (A) n NCI (C (A))
By Definition 2.2,

=NFr (A)
Hence NSFr (A) < NFr (A).

The converse of the above theorem is not true as
shown by the following example.
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Example 3.11 From Example 3.5, let A; = ( ( 0.4,
0.1,0.9), (0.1,0.2,0.6) , (0.1,0.3,0.9) ), then
C(A)=((09 0.9 04), (06,08, 0.1), (0.9, 0.7,
0.1) ). Therefore NFr (A;) = H € J = NSFr (A,).

Theorem 3.12 For a NS A in the NTS X, then
NSCI (NSFr (A)) = NFr (A).

Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,

NSCI (NSFr (A)) = NSCI (NSCI (A) N NSCI (C (A)))
< NSCI (NSCI (A)) N NSCI (NSCI (C (A)))

By Proposition 6.3 (iii) [12] ,

= NSCI (A) N NSCI (C (A))

By Definition 3.1,

= NSFr (A)

By Theorem 3.10,

 NFr (A)

Hence NSCI (NSFr (A)) < NFr (A).

The converse of the above theorem is not true as
shown by the following example.

Example 3.13 From Example 3.5, NFr (A)) =H & J
= NSCI (NSFr (Ay)).

Theorem 3.14 Let A be a NS in the NTS X. Then
NSFr (A) = NSCI (A) — NSInt (A).
Proof : Let A be the NS in the neutrosophic
topological space X. By Proposition 6.2 (ii) [12] ,
C (NSCI (C (A))) = NSInt (A) and by Definition 3.1,
NSFr (A) = NSCI (A) n NSCI (C (A))

= NSCI (A) — C (NSCI (C (A)))

by usingA-B=AnNC (B)
By Proposition 6.2 (ii) [12] ,
= NSCI (A) — NSInt (A)

Hence NSFr (A) = NSCI (A) — NSInt (A).

Theorem 3.15 For a NS A in the NTS X, then
NSFr (NSInt (A)) < NSFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
NSFr (NInt (A))=NSCI(NInt(A))NNSCI(C(NSInt (A)))
By Proposition 6.2 (i) [12] ,
=NSCI(NSInt(A))NNSCI(NSCI(C(A)))
By Proposition 6.3 (iii) [12] ,
= NSCI (NSInt (A)) n NSCI (C (A))
By Proposition 5.2 (ii) [12] ,
< NSCI (A) n NSCI (C (A))
By Definition 3.1,
= NSFr (A)
Hence NSFr (NSInt (A)) < NSFr (A).

The converse of the above theorem is not true as
shown by the following example.

Example 3.16 Let X = { a, b, ¢ } and tnso = On, A,
B, C, D, E, 1N and C (T)NSC = 1N1 F, G, H, I, J, ON
where
A=((0.3,04,0.2),(0.5,0.6,0.7),(0.9,0.5,0.2) ),
((0.3,0.5,0.1), (0.4,0.3,0.2), (0.8,0.4, 0.6) ),
(0.3,0.5,0.1), (0.5,0.6,0.2), (0.9, 0.5,0.2) ),
(0.3,0.4,0.2), (0.4,0.3,0.7), (0.8, 0.4, 0.6) ),
(0.5,0.6,0.1), (0.6,0.7,0.1), (0.9, 0.5, 0.2) ),
(0.2,0.6,0.3), (0.7,0.4,0.5), (0.2, 0.5, 0.9) ),
(0.1,05,0.3), (0.2,0.7,0.4), (0.6, 0.6, 0.8) ),
(0.1,0.5,0.3),(0.2,0.4,0.5), (0.2,0.5,0.9) ),
(02,06, 0.3), (0.7, 0.7, 0.4), (0.6, 0.6, 0.8) )

— IO TMMmMmQO®™
LT [ I TR TR
NP e

QD
>
o

3=((0.1,0.4,0.5), (0.1, 0.3, 0.6), (0.2, 0.5, 0.9) ).
Define A = ( (0.2, 0.3, 0.4), (0.4, 0.5, 0.6) , (0.3, 0.4,

0.8) ).
Then C (A;) = ( (0.4, 0.7, 0.2), (0.6, 0.5, 0.4) , (0.8,
0.6, 0.3) ). Therefore NSFr (A)) =1 & 0y =

NSFr (NSInt (Ay)).

Theorem 3.17 For a NS A in the NTS X, then
NSFr (NSCI (A)) = NSFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
NSFr(NSCI(A))=NSCI(NSCI(A))NNSCI(C(NSCI (A)))
By Proposition 6.3 (iii) and Proposition 6.2 (ii) [12] ,
= NSCI (A) N NSCI (NSInt (C (A)))
By Proposition 5.2 (i) [12] ,
< NSCI (A) n NSCI (C (A))
By Definition 3.1,
= NSFr (A)
Hence NSFr (NSCI (A)) < NSFr (A).

The converse of the above theorem is not true as
shown by the following example.

Example 3.18 From Example 3.16, let A, = ( (0.2,
0.6,0.2), (0.3,0.4,0.6), (0.3,0.4,0.8) ). Then C (Ay)
=((0.2,04,0.2), (0.6, 0.6, 0.3) , (0.8, 0.6, 0.3) ).
Therefore NSFr (A;) = 1y € Oy = NSFr (NSCI (Ay)).

Theorem 3.19 Let A be the NS in the NTS X. Then
NSInt (A) < A — NSFr (A).
Proof : Let A be the NS in the neutrosophic
topological space X. Now by Definition 3.1,
A —NSFr (A) = A—(NSCI (A) n NSCI (C (A)))
= (A-NSCI (A)) U (A—NSCI (C (A))
= A - NSCI (C (A))
2 NSint (A).
Hence NSint (A) < A — NSFr (A).

The converse of the above theorem is not true as
shown by the following example.
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Example 3.20 From Example 3.16, A; — NSFr (Ay) =
((0.2,0.3,04),(0.4,0.3,0.7), (0.3,0.4,0.8) ) & Oy
= NSInt (Ay).

Remark 3.21 In general topology, the following
conditions are hold :
NSFr (A) n NSInt (A) = Oy,
NSInt (A) U NSFr (A) = NSCI (A),
NSInt (A) W NSInt (C (A)) U NSFr (A) = 1.

But the neutrosophic topology, we give
counter-examples to show that the conditions of the
above remark may not be hold in general.

Example 3.22 From Example 3.16, define
A;=((0.4,06,0.1),(0.5,0.8,0.3), (0.9,0.6,0.2) ).
Then C (A;) =( (0.1, 0.4, 0.4), (0.3,0.2,0.5), (0.2,
0.4, 0.9) ). Therefore NSFr (A;)) n NSInt (A) =
FAD=((02,04,0.3), (04, 0.3, 0.7), (0.2, 0.4,
0.9) ) = On.

NSInt (A;) U NSFr (A) =D U F =( (0.3, 0.6, 0.2),
(0.7,0.4,0.5), (0.8, 0.5, 0.6) ) = 1y = NSCI (A,).

NSInt (A;) U NSInt (C (A1) U NSFr (A)) = D U 0y
v F=((0.3,0.6,0.2),(0.7,0.4, 0.5), (0.8, 0.5, 0.6) )
# 1n.

Theorem 3.23 Let A and B be NSs in the NTS X.
Then NSFr (A U B) < NSFr (A) U NSFr (B).
Proof : Let A and B be NSs in the NTS X. Then by
Definition 3.1,
NSFr (A u B) = NSCI (A w B) " NSCI (C (AU B))
By Proposition 3.2 (2) [18],
=NSCI (AU B) N NSCI (C(A)nC (B))
By Proposition 6.5 (i) and (ii) [12] ,
< (NSCI(A) W NSCI(B))N(NSCI(C(A))NNSCI(C (B)))
= [ (NSCI (A) UNSCI (B) ) nNSCI (C (A)) 1 n

[ ( NSCI (A) U NSCI (B) ) n NSCI (C (B)) ]
= [(NSCI(A)NNSCI(C(A)))U(NSCI(B)NNSCI(C(A)))]
N[(NSCI(A)NNSCI(C(B)))(NSCI(B)NNSCI(C(B)))]
By Definition 3.1,
= [ NSFr (A) U (NSCI (B) nNSCI (C (A))) 1

[ (NSCI (A) nNSCI (C (B)) ) w NSFr(B) ]

= ( NSFr (A) U NSFr (B)) n [ (NSCI (B) n

NSCI (C (A)) ) U ( NSCI (A) " NSCI (C (B)) ) ]
< NSFr (A) U NSFr (B).
Hence NSFr (A U B) < NSFr (A) U NSFr (B).

The converse of the above theorem needs not be
true as shown by the following example.

Example 3.24 Let X = { a } with tys0 = Oy, A, B, C,
D, 1N and C (T)NSC = 1N: E, F, G, H, ON where
A=((0.6,0.8,04)),

0.4,0.9,0.7) ),

0.6,0.9,0.4)),

0.4,0.8,0.7) ),

0.4,0.2,0.6) ),

0.7,0.1,0.4) ),

0.4,0.1,0.6) ) and

0.7,0.2,0.4) ). Now we define
B,=((0.7,0.6,05)),
B,=((0.6,08,0.2)),

B, UB,=B;=((0.7,0.8,0.2) ) and
B, B,=B,=((0.6,0.6,0.5)). Then
C(By) =((05,04,0.7)),
C(B,)=((0.2,0.2,0.6) ),
C(B3)=((0.2,0.2,0.7) ) and
C(B4)=((0.5,04,0.6)).

Therefore NSFr (B;) U NSFr (By)) =1y UE=1yZE
= NSFr (Bg) = NSFr (Bl ) Bz)

TOTTMUOW
o oo
N N TS AN AN N

(
(
(
(
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Note 3.25 The following example shows that
NSFr (A n B) £ NSFr (A) n NSFr (B) and
NSFr (A) ~ NSFr (B) & NSFr (A N B).

Example 3.26 From Example 3.24, we define
A;=((05,0.1,0.9)),

A;=((0.3,0.5,0.6) ),

AlUA = A= < ( 0.5,0.5, 06) >, and
AlNnA=A= < ( 0.3,0.1, 09) > Then
C(A)=¢(0.9,0.90.5)),

C (A2 =¢(0.6,0.50.3)),
C(A3)=¢((0.6,0.50.5) )and

C (A4 =¢(0.9,0.90.3)).

Therefore NSFr (A)) " NSFr (A)) =FnNn1y=F &G
= NSFr (Az) = NSFr (A; n Ap).

Also NSFr (B; M B,) =NSFr(B) =1y ¢ E=1ynE
= NSFr (B1) n NSFr (B,).

Theorem 3.27 For any NSs A and B in the NTS X,
NSFr (A n B) < ( NSFr (A) n NSCI (B) ) v
(NSFr (B) n NSCI (A) ).
Proof : Let A and B be NSs in the NTS X. Then by
Definition 3.1,
NSFr (A n B) = NSCI (A n B) " NSCI (C (A " B))
By Proposition 3.2 (1) [18],
=NSCI (AnB)nNSCI (C (A) uC(B))
By Proposition 6.5 (ii) and (i) [12] ,
< (NSCI(A)NNSCI (B))N(NSCI(C(A))UNSCI(C(B)))
= [ (NSCI (A) nNSCI (B) ) n NSCI (C(A)) ] v

[ (NSCI (A) nNSCI (B) ) n NSCI (C(B)) ]
By Definition 3.1,
= (NSFr (A) n NSCI (B) ) w ( NSFr (B) NNSCI (A))
Hence NSFr (A n B) < ( NSFr (A) n NSCI (B) ) u
(NSFr (B) n NSCI (A) ).
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The converse of the above theorem is not true as
shown by the following example.

Example 3.28 From Example 3.24, ( NSFr (Ay) N
NSCI (Az) ) U (NSFr (A;) " NSCI (A) )=(Fn 1y)
U(ANNF)=FUF=FZ G =NSFr (A; n Ay).

Corollary 3.29 For any NSs A and B in the NTS X,
NSFr (A N B) < NSFr (A) U NSFr (B).
Proof : Let A and B be NSs in the NTS X. Then by
Definition 3.1,
NSFr (A n B) = NSCI (A n B) " NSCI (C (AN B))
By Proposition 3.2 (1) [18],
=NSCI (AnB) nNSCI (C (A) uC(B))
By Proposition 6.5 (ii) and (i) [12] ,
< (NSCI(A)NNSCI(B))N(NSCI(C(A)) w NSCI(C(B)))
= (NSCI (A) " NSCI (B) n NSCI (C (A)) ) v

(NSCI (A) n NSCI (B) n NSCI (C (B)) )
By Definition 3.1,
= (NSFr (A) N NSCI (B) ) w ( NSCI (A) n NSFr (B))
< NSFr (A) U NSFr (B).
Hence NSFr (A m B) < NSFr (A) U NSFr (B).

The equality in the above theorem may not hold as
seen in the following example.

Example 3.30 From Example 3.24,
NSFr (A)) U NSFr (Ay)) = Fu 1y =1y € G =
NSFr (A;) = NSFr (A; N Ay).

Theorem 3.31 For any NS A in the NTS X,
(1) NSFr (NSFr (A)) = NSFr (A),
(2) NSFr (NSFr (NSFr (A))) < NSFr (NSFr (A)).
Proof : (1) Let A be the NS in the neutrosophic
topological space X. Then by Definition 3.1,
NSFr (NSFr (A))
= NSCI (NSFr (A)) N NSCI (C (NSFr (A)))
By Definition 3.1,
= NSCI ( NSCI (A) n NSCI (C (A)) ) n
NSCI ( C (NSCI (A) nNSCI (C (A))))
By Proposition 6.3 (iii) and 6.2 (ii) [12],
< (NSCI (NSCI (A)) n NSCI (NSCI (C (A)) )
NSCI ( NSInt (C (A)) w NSInt (A) )
By Proposition 6.3 (iii) [12] ,
= (NSCI (A) n NSCI (C (A))) n (NSCI (NSInt(C (A)))
U NSCI (NSInt (A))
< NSCI (A) n NSCI (C (A))
By Definition 3.1,
=NSFr (A)
Therefore NSFr (NSFr (A)) < NSFr (A).
(2) By Definition 3.1,
NSFr (NSFr (NSFr (A))) = NSCI (NSFr (NSFr (A)))
M NSCI (C (NSFr (NSFr (A))))

By Proposition 6.3 (iii) [12] ,

< (NSFr (NSFr (A))) n NSCI (C (NSFr (NSFr (A))))
< NSFr (NSFr (A)).

Hence NSFr (NSFr (NSFr (A))) < NSFr (NSFr (A)).

Remark 3.32 From the above theorem, the converse
of (1) needs not be true as shown by the following
example and no counter-example could be found to
establish the irreversibility of inequality in (2).

Example 3.33 From Example 3.16, NSFr (A,) = 1y
& Oy = NSFr ( NSFr (Ap)).

Theorem 3.34 Let X;, i =1, 2, ..., n be a family of

neutrosophic product related NTSs. If each A; is a NS

in X;, then NSFr ( [Ti=; 4; ) = [ NSFr (A;) x NSCI

(A2) x - - - x NSCI (A;) 1 W [ NSCI (A1) x NSFr (Ay) x

NSCI (A3) x - - - x NSCI (Ay) J U - - - U [ NSCI (Ay) x

NSCI (Ay) x - - - x NSFr (A,) ].

Proof : It suffices to prove this for n = 2. Let A; be

the NS in the neutrosophic topological space X;.

Then by Definition 3.1,

NSFr (A1 x Ay)= NSCI (A; x Ay) N NSCI (C (A; x AY))

By Proposition 6.2 (i) [12] ,

= NSCI (A; x A;) N C (NSInt (A x Ay))

By Theorem 6.9 (i) and (ii) [12] ,

= (NSCI(A;) x NSCI(A2)) C(NSInt(A;) x NSInt (A,))

= (NSCI (A;) x NSCI (A2) ) n C [ ( NSInt (A) N

NSCI (A1) ) x ( NSInt (A2) " NSCI (Ay)) ]

By Lemma 2.3 (iii) [12] ,

= ( NSCI (A;) x NSCI (A;) ) n [ C ( NSInt (A) N

NSCI (A1) ) x 1y U 1y x C(NSInt (A;) N NSCI (A2) ) ]

=(NSCI(A1)xNSCI(A2))N[(NSCI(C(A1))UNSINt(C(A.)

)) x 1y W 1y x (NSCI (C (Az)) W NSInt (C (A2)) ]

= (NSCI (A7) x NSCI (A2) ] n [ (NSCI (C (Ap) x 1n)

U (1 x NSCI(C (A2))) ]

= [( NSCI (A1) x NSCI (A2) ) » (NSCI (C (Ap) x 1n)]

U [(NSCI (A1) x NSCI (Az) ) n (In x NSCI (C (A2)) ]

By Theorem 2.32,

= [ (NSCI (A1) " NSCI (C (A1) ) x (1n n NSCI (A))]
U[(NSCI (A1) m 1n) x (NSCI (Az) n NSCI (C (A2)))]

= (NSFr (A1) x NSCI (A)) w (NSCI (A1) x NSFr (A))

Hence NSFr (A; x Ay) = ( NSFr (A;) x NSCI (Ay) ) v

(NSCI (A x NSFr (Ay) ).

CONCLUSION

In this paper, we studied the concepts of frontier and
semi-frontier in neutrosophic topological spaces. In
future, we plan to extend this neutrosophic topology
concepts by neutrosophic continuous, neutrosophic
semi-continuous, neutrosophic almost continuous and
neutrosophic weakly continuous in neutrosophic
topological spaces, and also to expand this neutros-
ophic concepts by nets, filters and borders.
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