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Abstract: A neutrosophic (indeterminate fuzzy) multivalued set (NMS) can be effectively described
by neutrosophic number sequences with identical or different neutrosophic numbers zi = u + vil <
[0,1](i=1,2,...,9) for g4, v € Rand I € [, I']. Therefore, NMS is a stronger and more valuable tool
for describing indeterminate fuzzy multivalued information. In this article, we propose the
weighted hyperbolic sine similarity measure of NMSs to deal with the multi-criteria group decision-
making (MCGDM) issue of teaching quality assessment with different indeterminate ranges of
decision makers. To do so, first according to the hyperbolic sine function, we propose a hyperbolic
sine similarity measure of NMSs and a weighted hyperbolic sine similarity measure of NMSs and
investigate their desirable properties. Second, we develop a MCGDM approach with some
indeterminate ranges in terms of the proposed weighted hyperbolic sine similarity measure of
NMSs. Lastly, an illustrative example on the teaching quality assessment of teachers is presented to
illustrate the applicability of the developed approach, then the developed approach is compared
with the existing related approach to reveal the effectiveness of the developed approach for the
teaching quality assessment of teachers in the environment of NMSs.

Keywords: neutrosophic (indeterminate fuzzy) multivalued set; neutrosophic number; hyperbolic
sine similarity measure; group decision making; teaching quality assessment

1. Introduction

Fuzzy set (FS) [1] is represented by the degree of membership, which occurs only once for each
element. Since FS can describe problems related to imprecise and ambiguous judgments, it has been
used in various applications [2-7]. To express that an element occurs more than once with identical
or different membership values, a fuzzy multiset (FM) [8-10] was proposed as the generalization of
FS. Then, FMs were used for some applications, such as decision making and data analysis, clustering
analysis, and medical diagnosis [11-16].

To describe the vagueness and indeterminacy of human judgments in real life environment, the
neutrosophic number z = u + vl for 4, v € R and I € [I, I'] introduced by Smarandache [17-19] can
flexibly indicate indeterminate information according to an indeterminate range of 1. Therefore, it is
also regarded as a variable neutrosophic number, depending on indeterminate ranges of I. In a multi-
criteria group decision-making (MCGDM) problem, to express multiple evaluation values of a
criterion to an alternative given by multiple decision makers, Du and Ye [20] proposed a neutrosophic
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(indeterminate fuzzy) multivalued set (NMS), which is described by neutrosophic number sequences
(NNS) with different and/or identical neutrosophic numbers (zi = [z + vil -, g+ vil*] < [0, 1] (i=1, 2, ...,
q) for 4, v € Rand I € [I, I']), as a particularly challenging generalization of FM, and then they
developed the parameterized correlation coefficients (PCCs) of NMSs to perform MCGDM problems
with some indeterminate ranges of decision makers. In indeterminate MCGDM problems, NMS
implies its highlighting advantage in expressing indeterminate fuzzy multivalued problems with
indeterminate ranges of I € [I-, IY]. However, it is worth noting that the similarity measure is a key
mathematical tool in decision-making problems, but unfortunately there is no similarity measure
between NMSs in the current research. Therefore, this paper proposes a hyperbolic sine similarity
measure (HSSM) between two NMSs and a weighted HSSM between two NMSs in view of the
hyperbolic sine function, and then develops a MCGDM approach using the weighted HSSM to solve
the assessment problem of teachers' teaching quality with some indeterminate ranges of decision
makers in the setting of NMSs.

The rest of this article consists of the following sections. Section 2 reviews some notions of NMSs.
In Section 3, the HSSM and weighted HSSM of NMSs are proposed according to the hyperbolic sine
function. Section 4 develops a MCGDM approach using the weighted HSSM of NMSs along with
specific indeterminate ranges of decision makers in the environment of NMSs. In Section 5, the
developed MCGDM approach is applied in an illustrative example on the teaching quality
assessment of teachers with some indeterminate ranges of decision makers. In Section 6, a
comparative analysis with the related method is given to reveal the efficiency of the developed
MCGDM approach in the environment of NMSs. Conclusions and future research are addressed in
Section 7.

2. Some Notions of NMSs

Definition 1 [20]. Let Z = {z1, z2, ..., zn} be a fixed set. A neutrosophic (indeterminate fuzzy)
multivalued set (NMS) E on Z is denoted by E = {<Zk e (z,, |)> |z, €Z,1e[l,1 +]} , where ek(zx, I) is the
increasing neutrosophic number sequence e (z,, |):(el(zk:|),92(Zky|),---,ep“(2k,|)) with identical
and/or different neutrosophic numbers € (z,,1) =z +v,1 cet(z,, 1) =" +v"1 c[0,] (=12, ...,

psk=1,2, ..., m)of an element z« to the set E for I € [I-, I¥], s, vi € R and zx € Z.
For convenient expression, each element ex(zx, I) (k=1, 2, ..., m) in Z is simply represented as the

NNS e, (1)=(e(1),e(1),...e*(1)) for I e [I, Fl. If e (1)=[g +Vil", 1 +Vi1"]c[0,1] or
e()=g+v1€[01] (=12 ...,psk=1,2, ..., m)in ex(I), the NNS erx(I) can contain an interval-

valued fuzzy sequence or a single-valued fuzzy sequence depending on a range/value of I. It is
obvious that NMS contains the fuzzy multivalued set and interval-valued fuzzy multivalued set.
Definition 2  [20]. Let two NNSs be e, (D= (1),€(1),....eXx (1)) and

ey (1) =€ (1,5 (1), e (1)) ~ with  neutrosophic  numbers ¢, (1) =, +v, | c[0,] and
el (1) =g, +Vy, | [0,1] forIe[I,Fland gd, Vi, gy, Vs € R(1=1,2, ..., psk=1,2, ..., m). Then,
their relations are indicated below:

1) ew(D) 2en() < €, (1) = g4 +Vi, | 265, (1) = gy +Viy 15

(2) ei(I) = exr(I) < e(I) 2 exx(I) and ex(I) o ew(l);

e, (1)U, (1) = (e (1 U, (12,66, (U (1), (1) Uel: (1)
3) Lt V™V oy +Va Ly AV U gty V5 1], ;
=| L A Vi)™V gt A5 VRV i V5 1]

[:ul?(k +V1pkk|7\//12p|§ +V2pliruulik +V17(k|+ Vluzpf +V2plt|+]
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e, (NNey, (1) = (e (N Neg (1),e5 (N Ne (1), ...el (N Nek (1))
@) Lt + Vo L™ A gy AV 1y -V U A 5,17,
=| Lot +Vi ™ A g V5 0 g+ LA g V517,

Lee A VRN A gl Ay U, e + VT A e+l ]

& e gy B L G L G T G )
e ---1[1_(/11k +V1k| )’1_(Mk +V1k| )]1[1_(ﬂu< +V1k|+)ll_(/u1k +V1k| )l
(Complement of ei(I)).

Suppose that there are two NMSs E1 = {eu(]), e2(l), ..., em(I)} and E2= {e21(I), e22(]), ..., e2n(I)}, where

& (1)=& (1).€ (1,82 (1)) and e, (1) =(€4, (1), (1),... 8% (1)) (=1,2, ..., m) are two collections
of NNSs with neutrosophic numbers €}, (1) =z, +vj, | <[0,1] and €}, (1) = 2, +Vi | <[0,1] for I e
[I5, ] and ,ulik ,Vlik , ,u;k ,V;k € R(i=1,2,...,p5k=1,2, .., m). Then, the importance of the NNS ej(I)
(G=1,2,k=1,2, ..., m)in E1 and E: is specified by its weight ¢ € [0, 1] with ka:l(pk =1. Thus, Du
and Ye [20] proposed the weighted PCCs of NMSs E: and E: with an indeterminate parameter p € [0,
1] below:

D i (5 =l + Vo pv (17 - 10)]

Z@k +[/”12j+ i1+ pv; (I+ Ii)][/uzzj+V22j|7+pvzzj(|+_r)]+

k=1

VAL IR VA (R PVl T+ pule (17 =1
RZ(E,, E,) = : _ [ ik - PV ( N + Vi /i v ( +)] — )
[ul,-+V-l +pvy; (1" =17)P L1z +V3; 1+ pvy; (17 =17)]
D0y VT o (=1 Do g v+ pv (1 = 1))+
k=1 k=1
L VR oy (1 = 1)F et [ VT v (1 = 10)F

N [/Jilk +V11k|7 "'pvllk(l+ _r)][,u;k +V;k|7 +pv§k(|+ -17)]
Z(Dk +[/J12j +V2'|7 "',DVZ‘(I+ - Ii)][,uZZj "'szjli"'pvzzj(l+ —-17)]+
k=1

oot Lpagt + VRN + pig (1 = 1)Lz + Vil + pyge (17 —17)]

R£2(E1’ Ez) =

. [!‘11J+V1'|_+p AGE N ) . [/‘2]+V2j| +szj(|+_|_)]2
max kZ_;,("k +[:u12j+ 1+ oy (I r)]z"‘ 'kZ—;gOk +[,u221+V22j|7+pvzzj(|+_r)]z+
A e i (A i) ot [ VI v (1 =17

(2)

3. Hyperbolic Sine Similarity Measures of NMSs

According to the hyperbolic sine function, this section proposes the HSSM and weighted HSSM
between two NMSs.
Definition 3. Set two NMSs as Ei = {eu(I), ex(l), ..., em(I)} and Ez2 = {exn(l), ex(]), ..., e2n(I)}, where

e (D =(eh (&5 (1) and e, (1) =(&} (1), &5 (1),efi (1)) (k=1,2, ..., m) are two collections
of NNSs with neutrosophic numbers €], (1) =z, +V, | <[0,1] and e}, (1) =4, +V, 1 [0,1] forle
[I Fland 4V, , 1y, Vo, € R(i=1,2, ..., psk=1,2, ..., m). Thus, HSSM between two NMSs E1 and

Ez is expressed below:
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Sh(Elsz):l— i In(1+\/_) - ‘('Ll’lk+vlk| ) (ﬂ2k+V |_)

©)
M 2p. A +‘(ﬂlk V1) = (8

2k

Proposition 1. The HSSM Sh(Es, Ez) reveals the following properties:
(C1) Sh(E1, E2) = Sh(Ez, Ev);
(C2) 0< Sh(Ey, E2)<1;
(C3) Sh(Ey, E2) =1if only if E1= E;
(C4) If E1 ¢ E2 < Es for any NMSs Ey, Ez, Es, then Sh(E1, E2) > Sh(E, Es) and Sh(Ez, Es) > Sh(E:, Es).

Proof:
(C1) It is straightforward.

(C2) Since the values of |(lullk v 1) = (1, +v‘2k|‘)| and ‘(:ullk -+—V1ik|+)—(,u;k

i+
2k

.. psk=1,2, ..., m)are between 0 and 1, the value of the hyperbolic sine function in Eq. (3) falls in
the interval [0, 1], and then the value of Eq. (3) also falls in the interval [0, 1]. Therefore, there is 0 <
Sh(E1, E2) < 1.

(C3) If E1= E», this reveals ew(I) = ex(I), and then thereis €], (1) = z4, +Vy, | = €} (1) = 24, +Vy, |

(i=1,2 ..,psk=1,2, ..., m)for I e [I, I']. Thus, there are |(/u’llk +v1‘k|‘)_(Iu;k +vi2k|‘)|:0 and

=0. Hence, Sh(E1, E2) = 1 exists.

‘(/uilk V) = (et
If Sh(E1, E2) = 1, this reveals sinh(x) = 0 in Eq. (3), then there are |(/'ﬁlk +v1‘k M) —(,u;k +vi2k | ‘)| =0

2k

and ‘(,ulik—i—vilir)—(y;k =0 (i=1,2 ..,psk=1,2, ..., m). Thus, there is &), (1) = 1, +V,|

= e}, (1) = 14, +Vi, | . Therefore, there exists ew(I) = ex(I). It is obvious that E1 = E2 exists.

2k

(C4) Since E1 ¢ E2 C Es, there are ew(l) < ex(I) < ex(I), then there is also e}, (1) = g, +Vi,|

c
e (1) = by +Vo | < €(1) = 5 +Vy | . Therefore, there are |(#1'k +Vy 1) = (a4 +Vi2k|_)| <
|(/ulik+viilkl_)_(#:i«lk+vii’,kl_)| ’ |(/u;k+vi2k|_)_(/u:i%k +V;k|_)| < |(ﬂlik+V1ik|_)_(/“:iak+V;k|_)| ’
‘(ﬂllk Vil ) = +Vo )| < ‘(/’ik Vi) = (g V31 and ‘(/U;k Vo 1) = (ata +V;k|+)‘ s

‘(,ul'k VL) = (1, +V;k|+)‘. Since the hyperbolic sine function sinh(x) for x > 0 is an increasing

function, there are Sh(E, Ez2) > Sh(E1, Es) and Sh(Ez, E3) > Sh(E1, Es) corresponding to Eq. (3).
When the weight of ex(l) (i=1,2; k=1, 2, ..., m) is specified by ¢x with ¢ € [0, 1] and ka:1 o =1

, we give the weighted HSSM of NMSs:

mo | Inl++2) & ‘(/ullk +Vy 1) = (atg +Vie 1)
Sh (B, ;) =13, sinn| LEENE 5 o e e T
k=1 P = +‘(:uik +Vy 1) = (atyy + Vi

It is obvious that the weighted HSSM Shw(E1, E2) also reveals the following properties:
(C1) Shw(Es, E2) = Shw(Ez, E1);

(C2) 0< Shw(E, E2) <1;

(C3) Shw(Ey, E2) =1 if only if E1= Ex;

(C4) If E1 < E2 ¢ Es for NMSs Es, Ez, Es, then Shw(E1, E2) > Shw(E, Es) and Shw(Ez, Es) > Shw(Es, Es).
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4. MCGDM Approach Using the Weighted HSSM of NMSs

The section develops a MCGDM approach using the weighted HSSM of NMSs with some
indeterminate ranges of decision makers in the environment of NMSs.

When performing a MCGDM issue, a set of alternatives F = {Fi, F2, ..., Fg} is preliminarily
provided and assessed by a set of criteria Z = {z1, z2, ..., zn}. The weight vector of Z is given by ¢= (¢,
@, ..., gm). Thus, we can carry out the MCGDM issue in terms of the following steps.

Step 1: Every alternative Fj (j=1, 2, ..., q) is assessed over the criteria zk(k=1, 2, ..., m) by a group
of p decision makers/experts, and then their evaluation values are represented by the NNSs
e; (1) :(e}k(I),ejzk(l),,,,,eﬁ((l)) for e'jk(l) :,u;k +V'jk| c[01 (=12 ..pj=12.,9k=12 ..,
m)and | e{[l;,1,;1,[1,,1,1,-.,[1;, 1.1} Thus, all the NNSs E;= {eji(I), ep(l), ..., em(D)} G=1,2, ..., q)

is constructed as the NMS decision matrix E = (ejx(I))qxm.
Step 2: The ideal solution is given by the ideal NMS:

P p p

E =1L, 10 | L A0, e L || LD, IL T, o L]

m

Thus, the weighted HSSM of the NMSs Ej and E* for Fj (j =1, 2, ..., q) is given by the following
equation:

Sh, (E, ) =1-3 g, s @i(zmzk+v‘,-kr>—<;4k+vikl*)) SO

Step 3: In terms of the weighted HSSM values, the alternatives are sorted in descending order,
and the best one is chosen.
Step 4: End.

5. Illustrative Example on the Teaching Quality Evaluation of Teachers

In the process of university education, the teaching quality of teachers is a key issue, because it
will affect students' career choices, employment, and professional status. Establishing a teaching
quality evaluation system in colleges and universities is an effective operating mechanism and
management strategy to improve teaching quality. Since the teaching quality evaluation of teachers
is a MCGDM issue with some indeterminacy, this section applies the developed MCGDM approach
to an illustrative example on the teaching quality assessment of teachers to reveal the applicability
and efficiency of the developed MCGDM approach in the environment of NMSs.

A university hopes to select one teacher with the best teaching quality from the School of
Mechanical and Electrical Engineering. The school preliminarily provides four potential teachers,
which are indicated by a set of alternatives F = {Fi, F2, F3, Fi}. To assess their teaching quality, they
must satisfy the requirements of four criteria: teaching ability (z1), teaching method (z2), teaching
attitude (z3), and student satisfaction (z4). Then, the weight vector of the four criteria is specified as ¢
= (0.3, 0.25, 0.2, 0.25). The decision steps are described below.

First, the evaluation values of each alternative with respect to the four criteria are given by three
experts/decision makers and expressed as the NNSs &) (= (e}k(l ),ejzk (I ),e?k(l )) for

el ()= +Vi 1 c[0,1] (i=1,23;j,k=1,23,4)and I € {[0, 0.1], [0, 0.3], [0, 0.6]}. Then, the NMS

decision matrix E = (ejx(I))4x4 is tabulated in Table 1.
Next, using Eq. (5) for I € {[0, 0.1], [0, 0.3], [0, 0.6]}, the weighted HSSM values of the NMSs E;
and E* for Fj (j=1, 2, 3, 4) and the decision results are given in Table 2.
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In view of the decision results in Table 2, all sorting orders are the same and reveal their
robustness corresponding to some indeterminate ranges of I. Then, the best teacher is Fa.

Table 1. The decision matrix of NMSs

Z1 Z2 z3 Z4

(0.5+0.11,0.7+0.21,  (0.6+0.31,0.740.2,  (0.7+0.21, 0.8+0.21, (0.6+0.11,0.7+0.21,
b 0.8+0.11) 0.8+0.11) 0.9+0.11) 0.7+0.11)

(0.7+0.31,0.8+0.11,  (0.740.2I, 0.740.1,  (0.6+0.11, 0.7+0.11, (0.7+0.21,0.8+0.2I,
F 0.8+0.11) 0.8+0.21) 0.8+0.21) 0.8+0.2])

5 (0.6+0.41, 0.7+0.21, (0.5+0.21, 0.6+0.11, (0.7+0.11, 0.8+0.21, (0.7+0.11, 0.8+0.21,
0.8+0.11) 0.6+0.11) 0.8+0.1I) 0.8+0.11)

p (074031084011 (07402108401 (084031 0.8+021, (0.7+0.21, 0.8+0.31,
0.8+0.21) 0.8+0.11) 0.8+0.11) 0.8+0.21)

Table 2. The decision results for I € {[0, 0.1], [0, 0.3], [0, 0.6]}
I Shw(Ey, E*), Shw(Ez, E*), Shw(Es, E*), Shw(Es, E)  Sorting order =~ The best teacher

I=10,0.1] 0.7409, 0.7809, 0.7362, 0.8075 Fi>F>>F1>F;3 Fa
=10, 0.3] 0.7551, 0.7960, 0.7511, 0.8247 Fi>F>>F1>F;3 Fa
I=10, 0.6] 0.7764, 0.8187, 0.7733, 0.8503 Fi>F>>F1>F;3 Fa

6. Comparison with the Related MCGDM Approach

This section compares the developed MCGDM approach with the related MCGDM approach
[20] to reveal the efficiency of the developed MCGDM approach by the illustrative example on the
teaching quality evaluation of teachers in the setting of NMSs.
Using Egs. (1) and (2), the values of the weighted PCCs Ry, (E;, E") and R (E;, E") forl=

[0, 1] and p=0.1, 0.3, 0.6 and their decision results are shown in Tables 3 and 4.

Table 3. The decision results corresponding to Ry, (E;, E’) forI=[0,1]and p=0.1,0.3, 0.6

p R(ELEY), RU(E,,E), RA(E,E"), RY(E,E) Sorting order The best teacher
p=0.1 0.9898, 0.9967, 0.9908, 0.9986 Fs>F2>Fs>Fi Fs
p,=03 0.9907, 0.9967, 0.9920, 0.9987 Fs>F2>Fs>Fi Fa
p=0.6 0.9914, 0.9962, 0.9926, 0.9984 Fs>F2>Fs> I Fi
Table 4. The decision results corresponding to Ry, (E;, E’) forI=[0,1]and p=0.1,0.3,0.6
p R(ELE)s RL(E,E), RL(ELET), RL(E,LE)  Sorting order The best teacher
p=0.1 0.7173, 0.7618, 0.7130, 0.7925 Fs>F,>F1>F3 Fa
p,=03 0.7487, 0.7955, 0.7457, 0.8308 Fs>F,>F1>F3 Fa
p=0.6 0.7957, 0.8460, 0.7947, 0.8883 Fs>F.>F1>Fs Fi
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In view of the sorting results in Tables 2-4, the sorting orders in Tables 2 and 4 are the same, but
slightly different from the sorting orders in Table 3. However, the best teacher is always F1+ among all
decision results. It is obvious that the developed MCGDM approach is effective in the MCGDM
example with some indeterminate ranges of decision makers.

7. Conclusions

According to the hyperbolic sine function, this article proposed the HSSM and weighted HSSM
between NMSs. Then, a MCGDM approach with some indeterminate ranges was developed in terms
of the weighted HSSM of NMSs. Next, the developed MCGDM approach was applied to an
illustrative example on the teaching quality evaluation of teachers in the setting of NMSs. Through
the comparison of the developed MCGDM approach with the related MCGDM approach, the results
revealed the efficiency of the developed MCGDM approach for the teaching quality evaluation of
teachers in the setting of NMSs. However, the proposed HSSMs and MCGDM approach will also be
used for pattern recognition, clustering analysis, and medical diagnosis in the environment of NMSs,
which are considered as the future research targets.

Conflicts of Interest: The authors declare no conflict of interest.
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