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1 Introduction and Preliminaries

In 1965, Zadeh [19] introduced the useful notion of a fuzzy set
and Chang [6] three years later offered the notion of fuzzy topo-
logical space. Since then, several authors have generalized nu-
merous concepts of general topology to the fuzzy setting. The
concept of intuitionistic fuzzy set was introduced and studied
by Atanassov [1] and subsequently some important research pa-
pers published by him and his colleagues [2,3,4]. The concept
of fuzzy compact open topology was introduced by S.Dang and
A . Behera[9]. The concepts of intuitionistic evaluation maps by
R.Dhavaseelan et al[9]. After the introduction of the concepts
of neutrosophy and neutrosophic set by F. Smarandache [[11],
[12]], the concepts of neutrosophic crisp set and neutrosophic
crisp topological spaces were introduced by A. A. Salama and S.
A. Alblowi[10].

In this paper the notion of neutrosophic compact open topol-
ogy is introduced. Some interesting properties are discussed.
Moreover, neutrosophic local compactness and neutrosophic
product topology are developed. We have also utilized the no-
tion of fuzzy locally compactness due to Wong[17], Christoph
[8] and fuzzy product topology due to Wong [18].

Throughout this paper neutrosophic topological spaces
(X,T7),(Y,S) and (Z, R) will be replaced by X,Y and Z respec-
tively.

Definition 1.1. Let T,I,F be real standard or non standard subsets
of |07, 1F[, with supr = tsup, infr = tins

Supr = isup7in I = Zznf

SUpp = fsupa anF = finf

n—sup = tsup + Z.sup + fsup

n—inf = ting+iins+ finy . TLF are neutrosophic components.

Definition 1.2. Let X be a nonempty fixed set. A neutro-
sophic set [briefly NS] A is an object having the form A =

{(z, 14 (@), 0,(2),7,(2)) = @ € X}, where p, (2),0,(x)

and 7, (z) which represent the degree of membership function
(namely p, (x)), the degree of indeterminacy (namely o, (z))
and the degree of nonmembership (namely 7, (z)) respectively
of each element x € X to the set A.

Remark 1.1. (1) A neutrosophic set A =
{z,p,(x),0,(x),7,(x)) x € X} can be identi-
fied to an ordered triple (u,,o0,,v,) in ]J0~,17[ on
X.

(2) For the sake of simplicity, we shall use the symbol
A = {u,,0,,7v,) for the neutrosophic set A =

{(z, s (2), 0, (1), 7, (2)) @ € X}
We introduce the neutrosophic sets 0, and 1, in X as follows:

Definition 1.3. 0, =
{{z,1,1,0) : z € X}.

{{(£,0,0,1) : € X} and 1, =

Definition 1.4. [8] A neutrosophic topology (NT) on a nonempty
set X consists of a family 7" of neutrosophic sets in X which
satisfies the following:

G 0.1, €T,
(i) G1 NGy € T forany G1,G2 € T,
(ili) UG; € T for arbitrary family {G; | i € A} C T.

In this case the ordered pair (X, T) or simply X is called a neu-
trosophic topological space (NTS) and each neutrosophic set in
T is called a neutrosophic open set (NOS). The complement A
of aNOS A in X is called a neutrosophic closed set (NCS) in X.

Definition 1.5. [8] Let A be a neutrosophic subset of a neutro-
sophic topological space X. The neutrosophic interior and neu-
trosophic closure of A are denoted and defined by

Nint(A) = |J{G | G is a neutrosophic open set in X and
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G C A}
Ncl(A) = N{G | G is a neutrosophic closed set in X and
G D A}

2 Neutrosophic Locally Compact and
Neutrosophic Compact Open Topology

Definition 2 .1.Let X bea nonemptysetandz € X a fixed
element in X. If r;t € Iy = (0,1] and s € I; = [0,1) are
fixed real numbers such that 0 < r + ¢ + s < 3, then z,.; s = (z,
r, t, s) is called a neutrosophic point (in short NP) in X, where r
denotes the degree of membership of z, ; 5, ¢ denotes the degree
of indeterminacy and s denotes the degree of nonmembership of
Zrt,s and x € X the support of , ; .

The neutrosophic point x,.; ¢ is contained in the neutrosophic
A(zry s € A)ifand only if r < pa(x),t < oa(x),s > va(z).

Definition 2.2. A neutrosophic set A = (x,u,,0,,7,) in a
neutrosophic topological space (X,T') is said to be a neutro-
sophic neighbourhood of a neotrosophic point z,; s, € X, if
there exists a neutrosophic open set B = (z, fi,,0,,7,) With
x'r',t,s g B g A

Definition 2.3. Let X and Y be neutrosophic topological
spaces.A mapping f : X — Y is said to be a neutrosophic
homeomorphism if f is bijective, neutrosophic continuous and
neutrosophic open.

Definition 2.4. An neutrosophic topological space (X,T) is
called a neutrosophic Hausdorff space or Ts-space if for any
pair of distinct neutrosophic points(i.e., neutrosophic points with
distinct supports) Ty ;s and Y, . ., there exist neutrosophic open
sets U and V such that ;s € U,yypvw € VandU AV =0

Definition 2.5. An neutrosophic topological space (X, T) is said
to be neutrosophic locally compact if and only if for every neu-
trosophic point x,; s in X, there exists a neutrosophic open set
U € T such that x,; s € U and U is neutrosophic compact,i.e.,
each neutrosophic open cover of U has a finite subcover.

Definition 2.6. Let A = (z,pa(x),04(x),v4(x)) and
B = (y,us(v),o8(y),v8(y)) be neutrosophic sets of X and' Y
respectively.The product of two neutrosophic sets A and B in a
neutrosophic topological space X is defined as

Definition 2.8. A mapping f : X — Y is neutrosophic continu-
ous iff for each neutrosophic point z,; s in X and each neutro-
sophic neighbourhood B of f (x4 ) in Y, there is a neutrosophic
neighbourhood A of z,; s in X such that f(A) C B.

Definition 2.9. A mapping f : X — Y is said to be neutrosophic
homeomorphism if f is bijective ,neutrosophic continuous and
neutrosophic open.

Definition 2.10. A neutrosophic topological space X is called
a neutrosophic Hausdorff space or Ty space if for any distinct
neutrosophic points T,y s and Yy . w.there exists neutrosophic
open sets G and G, such that x4 s € G1,Yy,v,w € Go and
Gi1 NGy =0.

Definition 2.11. A neutrosophic topological space X is said to
be a neutrosophic locally compact iff for any neutrosophic point
Tp 1,5 in X, there exists a neutrosophic open set U € T such that
Zrt,s € U and U is neutrosophic compact that is, each neutro-
sophic open cover of U has a finite subcover.

Proposition 2.1. In a neutrosophic Hausdorff topological space
X, the following conditions are equivalent.

(a) X is a neutrosophic locally compact

(b) for each neutrosophic point z,.; s in X, there exists a neu-
trosophic open set G in X such that z,; s € G and Ncl(G)
is neutrosophic compact

Proof. (a) = (b) By hypothesis for each neutrosophic point
Zr+,s in X, there exists a neutrosophic open set G' which is neu-
trosophic compact.Since X is neutrosophic Hausdorff (neutro-
sophic compact subspace of neutrosophic Hausdorff space is neu-
trosophic closed), G is neutrosophic closed, thus G = Ncl(G).
Hence 2, s € G and Ncl(G) is neutrosophic compact.

(b) = (a) Proof is simple. O

Proposition 2.2. Let X be a neutrosophic Hausdorff topological
space.Then X is neutrosophic locally compact at a neutrosophic
point z, ; s in X iff for every neutrosophic open set G containing
Ty 1,5 there exists a neutrosophic open set V' such that z,.; s € V,
Ncl(V) is neutrosophic compact and Ncl(V) C G.

Proof. Suppose that X is neutrosophic locally compact at a
neutrosophic point x,:s. By Definition 2.11, there exists
a neutrosophic open set G such that z,;, € G and G is
neutrosophic compact. Since X is a neutrosophic Hausdorff
space,(neutrosophic compact subspace of neutrosophic Haus-
dorff space is neutrosophic closed), G is neutrosophic closed.

(AxB)(x,y) = ((x,y), min(ua(z), us(y)), min(oca(x),op(y))Thus G = Ncl(G). Consider a neutrosophic point z,; s € G.

max(ya(x),vs(y))) forall (z,y) € X X Y.

Definition 2.7. Let f1 : X1 — Yy and fo : Xo — Yo. The
product fi X fo : Xy x Xo — Y] X Y3 is defined by: (f1 X
f2)(x1,m2) = (f1(21), fo(22)) V(71,22) € X1 X Xo.

Lemma 2.1. Let f; : X; — Y; (i = 1,2) be functions and
U, V are neutrosophic sets of Y1, Ya, respectively, then (f1 X
f) U xV)=f7HU)x f{(V)VU xV €Yy x Yy

Since X is neutrosophic Hausdorff space, by Definition 2.10,
there exist neutrosophic open sets C' and D such that z,.; s € C,
Yupw € Dand CND = 0.. Let V = C N G. Hence
V C G implies Ncl(V) C Ncl(G) = G. Since Ncl(V) is
neutrosophic closed and G is neutrosophic compact, (every neu-
trosophic closed subset of a neutrosophic compact space is neu-
trosophic compact) it follows that N¢l(V') is neutrosophic com-
pact. Thus z,; s € Ncl(V) C G and Ncl(G) is neutrosophic
compact.
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The converse follows from Proposition 2.1(b). O

Definition 2.12. Let X and Y be two neutrosophic topological
spaces.The function T : X x Y — Y x X defined by T'(z,y) =
(y, x) for each (x,y) € X x Y is called a switching map.

Proposition 2.3. The switchingmap7 : X xY — Y x X
defined as above is neutrosophic continuous.

We now introduce the concept of a neutrosophic compact open
topology in the set of all neutrosophic continuous functions from
a neutrosophic topological space X to a neutrosophic topological
space Y.

Definition 2.13. Let X and Y be two neutrosophic topological
spaces and let YX = {f : X — Y such that f is neutrosophic
continuous}. We give this class Y a topology called the neutro-
sophic compact open topology as follows: Let K = {K € I :
K is neutrosophic compact on X} and V = {V € IY : V
is neutrosophic open in Y }.For any K € K and V. € V,let
SK,V ={fe€ v f(K) SV}

The collection of all such {S,. ,, : K € K,V € V} is a neutro-
sophic subbase to generate a neutrosophic topology on the class
YX. The class YX with this topology is called a neutrosophic
compact open topological space.

3 Neutrosophic Evaluation Map and Ex-
ponential Map

We now consider the neutrosophic product topological space
Y X x X and define a neutrosophic continuous map from Y X x X
into Y.

Definition 3.1. The mapping e : YX x X — Y defined by
e(fyxris) = f(xr1,s) for each neutrosophic point x,; s € X
and f € YX is called the neutrosophic evaluation map.

Definition 3.2. Let X,Y,Z be neutrosophic topological spaces
and f : Z x X — Y be any function. Then the induced map
f:X — Y7 isdefined by (f(2r1.5)) 2tun) = f(Ztuw Trts)
for neutrosophic point x,; ; € X and 244, € Z.

Conversely, given a function f : X — Y?, a corresponding
function f can also be defined by the same rule.

Proposition 3.1. Let X be a neutrosophic locally compact Haus-
dorff space. Then the neutrosophic evaluation map e : Y X x
X — Y is neutrosophic continuous.

Proof. Consider (f,z,;s) € Y* x X,where f € Y and
zrts € X.Let V be a neutrosophic open set containing
fzres) = e(f,zr1s) in Y. Since X is neutrosophic lo-
cally compact and f is neutrosophic continuous, by Proposi-
tion 2.2, there exists a neutrosophic open set U in X such that
Zrt.s € Ncl(U) is neutrosophic compact and f(Ncl(U)) C V.

Consider the neutrosophic open set .S xUinYX x X.
Clearly (f,zyts) €S x U

Nel(U),V

Nel(U),V

xU.Let (g,x¢n) €S

Nel(U),V

be arbitrary. Thus g(Ncl(U)) C V. Since x4, € U,we have
g(x) € Vand e(g,x14) = g(x10) € V.Thus e(SNd(U)YV X
U) C V .Hence e is neutrosophic continuous. O

Proposition 3.2. Let X and Y be two neutrosophic topological
spaces with Y being neutrosophic compact. Let z,; , be any
neutrosophic point in X and N be a neutrosophic open set in the
neutrosophic product space X x Y containing {z, s} x Y. Then
there exists some neutrosophic neighbourhood W of z,; s in X
such that {z, , s} xY CW xY C N.

Proposition 3.3. Let Z be a neutrosophic locally compact
Hausdorff space and X, Y be arbitrary neutrosophic topological
spaces. Then amap f : Z x X — Y is neutrosophic continuous
iff f: X — Y7 is neutrosophic continuous,where fis defined

~

by the rule (f(‘rr,t,s))(zt,u,v) = f(zt,u,'m xr,t,s)'

Proposition 3.4. Let X and Z be a neutrosophic locally compact
Hausdorff spaces. Then for any neutrosophic topological space
Y the function E: Y~ — (YZ)X defined by E(f) = f(that
is E(f)(@r,t,s)(Ztaw) = (2o @res) = (f(@rs) (Zou0)

forall f: Z x X — Y is a neutrosophic homeomorphism.
Proof. (a) Clearly E is onto.

(b) For FE to be injective, let E(f) = E(g) for f,g: Z x X —
Y. Thus f = g, where f and § are the induced map of f and
g, respectively. Now for any neutrosophic point z,; ; in X
and any neutrosophic point z; ., in Z, f(2tuu, Trts) =

(f(zr,t,s)(zt,u,v)) = (E(Ir,t,s)(zt,u,v)) = g(zt,u,vyxr,t,s)-
Thus f = g.

(c) For proving the neutrosophic continuity of E, consider any
neutrosophic subbasis neighbourhood V' of fin (YZ )X, ie
V' is of the form S, ,,, where K is a neutrosophic compact
subset of X and W is neutrosophic open in Y'#. Without
loss of generality, we may assume that W = S, ,, where
L is a neutrosophic compact subset of Z and U is a neu-
trosophic open set in Y. Then f(K) C S, = W and this
implies that f(K )(L) C U. Thus for any neutrosophic point
Zr¢,s in K and for every neutrosophic point z; 4, ,, in L, we
have (f(2r1.5))(Ztuw) € U, thatis f(zyu e, Zres) € U
and therefore f(L x K) C U. Now since L is a neutro-
sophic compact in Z and K is a neutrosophic compact in
X, L x K is also a neutrosophic compact in Z x X[7] and
since U is a neutrosophic open set in Y, we conclude that
fes, kv C Y7 We assert that E(S, xu) S Skw-
Let g € S, be arbitrary. Thus g(L x K) C U,
i.e g(zt,u,vvxr,t,s) = (?]\(wr,t,s»(zt,u,v) € U for all neu-
trosophic points z;,., € L C Z and for every neutro-
sophic point z,; s € L C X. So (g(zr5))(L) C U
for every neutrosophic point z,;, € K C X , that is
(9(2r,s)) € S,, = W for every neutrosophic points
rrps € K C X, thatis g(z,.) € S, , = W for ev-
ery neutrosophic point z,; , € K C U. Hence we have
g(K) C W, thatis g = E(g) € Sy, foranyg € S

LXK,U"*
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Thus E(S,, ;) € Sy This proves that E is a neutro-
sophic continuous.

For proving the neutrosophic continuity of E~!,we con-
sider the following neutrosophic evaluation maps: e;
(YZ)X x X — Y7 defined by e1(f,7,45) =

(d

f(xr,t,s)
where f € (Y% )X and z,.; s is any neutrosophic point in X
and ey : YZ x Z — Y defined by €2(g, zt.u,0) = 9(2t,u.0)s
where g € YZ and Z¢ u,v 18 @ neutrosophic pointin Z. Let ¢
denote the composition of the following neutrosophic con-
tinuous functions ¥ : (Z x X) x (YZ)* L (v2)" x (Z x
X) 2 (v x (X x2) S (Y2)" x X)) x 2 222,
(Y? )X Z 22, Y, where 7, i denote the neutrosophic iden-
tity maps on (YZ )X and Z, respectively and T, ¢ denote
the switching maps. Thus ¢ : (Z x X) x (YZ)X —
Y, that is ¢ € Y(ZXX)X(YZ)X We consider the map
~ 7. X 7. X

B Y@xXOx(T) 0 (y(@xX) (Y7 (a5 defined in the
statement of the Proposition 3.4 in fact it is E). So E(1)) :
(YZ)" — Y(ZxX)_ Now for any neutrosophic points
Ztuw € Zyxrps € X and f € Y (ZxX) " again we have

that (E(/w) o E)(f)(zt,u,'m xr,t,s) = f(zt,u,'m xr,t,s);hence
E(z/}) o E=identity. Similarly for any g € (YZ)X and neu-
trosophic points ;s € X, 24,0 € Z, SO we have that
(B O~E(¢))(§)(xr,t757 Ztuw) = (G(@rt,s))(2t,u,0)shence
E o E(y)=identity. Thus F is a neutrosophic homeomor-
phism.

O

Definition 3.3. The map E in Proposition 3.4 is called the expo-
nential map.

As easy consequence of Proposition 3.4 is as follows.

Proposition 3.5. Let XY, Z be neutrosophic locally compact
Hausdorff spaces. Then the map N : YX x Z¥ — ZX defined
by N(f,g) = g o f is neutrosophic continuous.

Proof. Consider the following compositions: X x YX x ¥ 1,
VXX ZY x X 255 7Y Yy X x X S 2 x (VX x X) 22
ZY xY 25 Z, where T,t denote the switching maps, ix,i
denote the neutrosophic identity functions on X and ZY, re-
spectively and e, denotes the neutrosophic evaluation maps. Let
@ =eg0 (i Xeg)o (txix)oT. By proposition 3.4, we have
an exponential map E : ZX*Y xZ" _, (ZX)YXXZY. Since
p € 2V Bp) e (257 Let N = E(yp)
thatis, N : YX x Z2¥ — ZX is neutrosophic continuous. For
f € YX g € ZY and for any neutrosophic point z,.; s € X,it
easy to see that N(f, g)(zrt.s) = g(f(zr1s))- O
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