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1 Introduction

The concept of Neutrosophic set, first introduced by Smarandache [17],is a powerful general formal framework
that generalizes the concept of fuzzy set and intuitionistic fuzzy set. Recently, many researchers have been
involved in extending the concepts and results of abstract algebra to the broader framework of the neutrosophic
set theory[2, 3, 4, 5, 19]. Smarandache[17] and Wang et al.[18] introduced the concept of a single valued
neutrosophic set as a subclass of the neutrosophic set and specified the definition of a neutrosophic set to make
more applicable the theory to real life problems. In 1992, B. M. Schein have considered systems of the form
(®;0,\) [16], where ® is a set of functions closed under the composition “o” of functions (and hence (®; o)
is a function semigroup) and the set theoretic subtraction “\” (and hence (®; ) is a subtraction algebra in the
sense of [1]). Jun et al. introduced the concept of ideal in subtraction algebras and continued studying on
ideals in subtraction algebras[6, 8, 9, 14]. K. J. Lee and C. H. Park [11] introduced the concept of a fuzzy
ideal in subtraction algebras and investigated some conditions for a fuzzy set to be a fuzzy ideal in subtraction
algebras. Since then many reseachers worked in this area[7, 10, 12, 13].

In this paper, we apply the notion of neutrosophic sets in subtraction algebras. Also, we introduce the notion
of neutrosophic ideal and give some conditions for a neutrosophic set to be a neutrosophic ideal in substraction
algebras. Finally,we showed that neutrosophic image and neutrosophic inverse image of neutrosophic ideal are
both neutrosophic ideal under certain conditions

2 Preliminaries

We review some definitions and properties that are necessary for this paper.

Definition 2.1. [1] An algebra (X, —) is called a subtraction algebra if a single binary operation — satisfies the
following identities: for any z,y, 2z € X,

(SAl) =z — (y — x) =z,
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(SA2) v —(z—y) =y — (y — ),
(SA3) (v —y) —z=(v—2)—y,

We introduced an order relation X on a subtraction algebras: a < b < a —b =0, where 0 = a — ais an
element that does not depend on the choice of @ € X.

Proposition 2.2. [9] Let (X, —) be a subtraction algebra. Then we have the following axioms:

(SPD) (z —y) —y=x—y,

SP2) t—0=zand 0 —x =0,

(SP3) (z —y) —z =0,

(SP4) z — (z —y) < v,

(SP5) (z—y)—(y—2) =z -y,

(SP6) x — (z — (z —y)) =z — v,

(SP7) (x —y)—(z—y) <z —z,

(SP8) x < yifandonlyif z = y — w for some w € X,

(SP9) x <yimpliesr —z<y—zandz—y < z—zxforall z € X,
(SP10) z,y < zimpliesx —y = x A (z — ¥),
(SP11) (zAy)—(zAz) <z A(y—=z),foralzy,ze X.

Definition 2.3. [9] A nonempty subset A of a subtraction algebra X is called an ideal of X, denoted by A <1 X,
if it satisfies:

(SI1) a —x € Aforalla € Aand x € X,
(SI2) forall a,b € A, whenever a V b exists in X thena V b € A.

Proposition 2.4. [9] Let X be a subtraction algebra and let x,y € X. If w € X is an upper bound for = and vy,
then the element

rVy:=w—((w-y) -2

is a least upper bound for x and y.

Definition 2.5. [11] A fuzzy set 14 in X is called a fuzzy ideal of X if it satisfies:
(SFI1) pu(x —y) > p(@),
(SFI2) 3z Vy = p(zrVy) > min{u(z),u(y)}) forall z,y € X.

We give some preliminaries about single valued neutrosophic sets and set operations, which will be called
neutrosophic sets, for simplicity.
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Definition 2.6. [18] Let X be a space of points (objects), with a generic element in X denoted by z. A single
valued neutrosophic set A on X is characterized by truth-membership function ¢ 4, indeterminacy-membership
function i 4 and falsity-membership function f4. For each point z in X, t4(x),ia(x), fa(x) € [0, 1]. A neutro-
sophic set A can be written as denoted by a mapping defined as A : X — [0, 1] x [0, 1] x [0, 1] and

A={<x,ts(x),ia(x), falx) > x € X}

for simplicity.

Definition 2.7. [15, 18] Let A and B be two neutrosophic sets on X. Then

(1) A is contained in B, denoted as A C B, if and only if A4 (x) < A5 (z). ie., ta(x) < tp(x),is(z) <
ig(r)and fa(x) > fp(r). Two sets A and B is called equal, i.e., A = Biff A C Band B C A.

(2) the union of A and B is denoted by C' = AUB and defined as ¢ (z) = A4 (x)V Ap(z) where A4 (z)V
Np(x) = (ta(x)Vip(z),ia(z)Vig(x), fa(x)Afs(x)), foreachx € X.ie., to(z) = max{ta(x),tp(z)},ic(x) =
max{is(x),ip(x)} and fo(zr) = min{fa(z), fp(x)}.

(3) the intersection of A and B is denoted by C' = A N B and defined as A¢(x) = Aa(z) A Np(2)
where A4 (x) A Ap(x) = (talz) A tp(z),ia(z) Aip(z), falz) V fe(x)), for each z € X.ie., tc(z) =
min{ta(x),tg(x)},ic(x) = min{ia(z),ig(x)} and fo(x) = max{fa(x), fp(x)}.

(4) the complement of A is denoted by A¢ and defined as A (z) = (fa(x),1 —ias(x),ta(z)), for each
r e X,

Definition 2.8. [4] Let g : X; — X5 be a function and A, B be the neutrosophic sets of X; and X5, respec-
tively. Then the image of a neutrosophic set A is a neutrosophic set of X5 and it is defined as follows:Vy € X,

g(A)y) = (W), iga(Y), foa(y))
= (9(ta) (W), 9(ia) (W), 9(fa)(W)),

where
ta(z) if x € g7 (y),
otherwise,

ia(z) if 2 € g7 (y),
otherwise,

9(ia)(y) = {
o) = { ) s )

otherwise,

And the preimage of a neutrosophic set 5 is a neutrosophic set of X; and it is defined as follows:

9 (B)(x) = (ty1m(2) i1y (@), fo-10m)(2))
= (te(g(x)),i5(9(z)), fB(9(x)))
= B(g(x)),Vx € X;.

Definition 2.9. [4] Let A = {< x,t4(2),ia(2), fa(z) >,z € X} be a neutrosophic set on X and « € [0, 1].
Define the a-level sets of A as follows: (t4), = {z € X | ta(z) > a},(ia)a = {xr € X | ia(z) > a}, and
(fa)* ={x € X[ fa(z) < o}
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3 Neutrosophic ideals

In what follows, let X be a subtraction algebra unless otherwise specified.

Definition 3.1. A neutrosophic set A of X is called a neutrosophic ideal of X if the following conditions are
true: Vz,y € X,

(SNI1) Ay(z —y) > Aa(x)ie, talr —y) > ta(x),ia(r —y) >ia(x) and fa(z —y) < fa(x);

(SNI2) dx Vy = Az Vy) > Ha(z) N Aa(y)ie., ta(x Vy) > talx) Ata(y),ia(z Vy) > ia(x) A
ia(y) and fa(x Vy) < fa(x)V fa(y) whenever there exists =V y.

Proposition 3.2. If a neutrosophic set A of X satisfies
(Va,a,b € X) ( Aa(x — ((x —a) = b)) > Aa(a) A Aa(b) ) 3.1
then A is a neutrosophic ideal of X.

Proof. Let A = {< z,ta(x),ia(x), fa(x) >,z € X} be a neutrosophic set of X that satisfies (3.1). By (SP2)
and (SP3) we have (z —y) — (((r —y)—2) —2) = (v —y) — (0—2z) = (z —y) — 0 = = — y. From this we get

talz=y) = talle —y) = (((z —y) =2) = x)) = tal@) Aalx) = Lalz),
ialr —y) = iallr —y) = (((z —y) —2) = x)) = ia(2) Nia(r) = ia(z),
falz —y) = fallr —y) = (((z —y) —2) = 2)) < fa(2) V falz )—fA(w)-

Now suppose z V y exists for z,y € X. If we take w = xVy, we have xVy = w— ((w—x) —y) by Proposition
2.4. It follows from (3.1) that

tateVy) = talw—((w—2x)—y)) = talx) Ntaly),
iaxVy) = dalw—((w—x)—y)) Zialz) Nialy),
faleVy) = falw = ((w—2)—y)) < falz) V faly)-
Hence A is a neutrosophic ideal of X. [

Proposition 3.3. For every neutrosophic ideal A of X, we have the following inequality:
(Vo € X) (Aa(0) > Aa(x)). (3.2)

Proof. Let A = {< x,ts(x),ia(x), fa(x) >,z € X} be a neutrosophic ideal of X. Putting y = z in (SNI1),
then

ta(0) =ta(z — ) 2 ta(2),14(0) = ia(z — x) 2 ia(2), f4(0) = fa(z — 2) < fa().
Hence (3.2) is valid. [
Proposition 3.4. Let A be a neutrosophic set of X such that

(SNI3) (Vz € X) (Aa(0) > AHa(x)),
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(SNI4) (Vz,y,z € X) (Aa(x —2) = Na((x —y) — 2) A Aa(y).)
Then we have the following implication:
(Va,z € X)(x <a = Ha(x) > Hi(a)). (3.3)

Proof. Leta,z € X be such that x < a. Then

tA(I) == tA<CL’ - 0) 2 tA((ZL‘ - (l) - 0) N tA(a) = tA(O) N tA(CL) = tA(a),
ZA<SL’) = iA<ﬂ? — 0) > ZA((SU — CL) — 0) A\ iA(CL) = ZA(O) A\ iA(a) = z'A(a),
fa(@) = falz =0) < fal(x —a) = 0) V fala) = fa(0) V fa(a) = fala).
Hence A4 (x) > ANa(a). O

Theorem 3.5. If a neutrosophic set A in X satisfies (SNI3) and (SNI4), then A is a neutrosophic ideal of X.

Proof. Let A be aneutrosophic in X satisfying (SNI3) and (SNI4), and let x,y € X. Then x —y < z by (SP3).
It follows from Proposition 3.4 that
Na(x —y) = Ha(2),

1.e., (SNI1) is valid. Also, we have
Na(zVy) > Na(x)

whenever = V y exists in X by using Proposition 3.4 and so
Nz Vy) > Aa(z) N Aaly).

Thus (SNI2) is valid. Therefore .4} is a neutrosophic ideal of X. L]

Proposition 3.6. A necessary and sufficient condition for a neutrosophic set A of X to be a neutrosophic ideal
of X isthatty,iaand 1 — f4 are fuzzy ideals of X.

Proof. Assume that A = {< z,t4(x),ia(x), fa(z) >, & € X} is aneutrosophic ideal of X. Forany z,y € X,
we have t4(z — y) > ta(x),ia(x —y) > ia(z) and fa(x —y) < fa(x). Thus

(1= fa)(@—y) = (1 = fa(z)).

Now suppose 2y exists for z, y € X. We have t4(xVy) > ta(z)A, ta(y),ia(zVy) > ia(x)Nia(y) and fa(zV
y) < fa(z) V fa(y). Thus

(1= fa)@Vy) = (1= falx)) A1 = fay)).

Hence t4, 14 and 1 — f, are fuzzy ideal of X.

Conversely,assume that ¢ 4, i 4 and 1— f 4 are fuzzy ideal of X and x,y € R. Thenta(z—y) > ta(x),ia(x—
y) >ia(x) and 1— fa(x —y) > (1 — fa(z)). Thus

falw —y) =1 - (1 = fale —y)) <1 - (1 = fa(z)) = falz).
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It follows that A4 (x — y) > Aa(x) A Aa(y). Suppose = V y exists for x,y € X, we have t4(z V y) >
ta(x) Nta(y),ia(x Vy) >ia(x) Nia(y) and (1 — fa)(x Vy) > 1 — fa(x) A1 — fa(y). Thus

fa@Vy) < falx)V faly).

It follows that
Na(zVy) > Na(z) A Aa(y).

Hence A is a neutrosophic ideal of X. [

Theorem 3.7. A is a neutrosophic ideal of X if and only if for all a € [0, 1], the a-level sets of A, (ta)a»(i4)a
and (f4)“ are ideals of X.

Proof. Assume that A = {< x,t4(x),i4(x), fa(z) >, € X} is a neutrosophic ideal of X. Letxz € X,
€ (ta)a,a € (ia)o and a € (fa)*. Then ta(a) > a,is(a) > «, and fs(a) < a. By Definition 3.1(SNI1),
we have

tala—x) >tala) > ayigla—x) >is(a) > a, fala— ) < fala) < a.

Hence o — = € (ta)as @ — T € (ta)a and a — z € (ta)a. Let a,b € (ta)a a,b € (ia)q and a,b € (f4)* and
assume that there exists a VV b. Then t4(a) > « and t4(b) > «, which imply from Definition 3.1(SNI2) that

tA((Z\/ b) Z tA(CL) /\tA(b) Z a,iA(a V b) Z iA(CL) A ZA(b) Z a,fA(a V b) S fA((I) V fA(b) S .

andsothata Vb € (ta)a,a Vb € (ia)gand a Vb € (f4)*. Therefore (t4)a,(ia)o and (f4)* are ideals of X.
Conversely, assume that ¢ 4(x — y) < t4(x) for some x,y € X. Then

talx —y) < a < ta(z)

for some v € (0, 1]. This implies that x € (t4), butx—y & (t4),. This is contradiction. Therefore ¢ 4(x —y) >
ta(x)forall x,y € X. Similary is(x —y) > ia(2z). If fa(x —y) > fa(x) forall z,y € X. Then

ta(z —y) > a> falz)

for some o € (0,1]. This implies that z € (fa)® but z —y ¢ (fa)*. This is contradiction. Therefore
falx —y) < fa(x) forall z,y € X. Suppose that = \ y exists such that t4(z V y) < ta(z) Ata(y) for some
x,y € X, Then

talz Vy) <a<ta(x) Nta(y)

for some «v € (0, 1]. It follows that 2,y € (t4)s and xVy & (t4)s. This is contradiction. Therefore t 4 (xVy) >
ta(x) Nta(y) for all z,y € X. Similary ia(x V y) > ia(z) Aia(y). If x V y exists such that fa(x Vy) >
fa(z) Nta(y) for some z,y € X, Then

fa@Vy) >a> fa(z)V faly)

for some o € (0, 1]. It follows that z,y € (fa)® and x V y ¢ (fa)*. This is contradiction. Therefore
falxVy) < fa(x) V fa(y) forall z,y € X. Hence A is a neutrosophic ideal of X. O

Theorem 3.8. Let A and B are neutrosophic ideals of X. Then A N B is a neutrosophic ideal of X.
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Proof. Suppse that A = {< z,ta(x),ia(z), fa(z) >, 2 € X} and B = {< z,tp(x),ip(x), fg(x) >,z € X}
are neutrosophic ideals of X and let x, y € X. By Definition 3.1 , we have

tanp(z —y) = tA(x—y)AtB(x—y)ztA(x)/\tB(x)z nB (),
ians(x —y) = ialzr —y) Nig(r —y) > ia(x) Nip(r) = ians(v),
fane(x —y) = falx—y)V fe(x —y) < falz)V f(x) = fAmB(ﬂU)-

Now suppose = V y exists for x, y € X. By Definition 3.1, we have

tanp(z Vy) = talzVy) Atp(zVy)
= (ta(z) Atay)) A (te(z) Atp(y))
= (ta(z) Atp(@)) A (taly) Atp(y))

tAmB( ) A tAmB(y)-

Similary we get ianp(x V y) > ianp(x) Aianp(y). Also we obtain

fan(xzVy) = falxVy)V fezVy)
< (fa@)V fa) vV (f5(2) V f5(y))
= (fa@)V fp(x)) vV (fa(y) V fB(Y))
fanB(2) V fanB(Y)-

Hence A is a neutrosophic ideal of X. ]

Theorem 3.9. Let A be a neutrosophic ideal of X. Then the set
K= {2 € X | Na(z) = H4(0)}
is an ideal of X.
Proof. Let A be a neutrosophic ideal of X and a € K. Then .44 (a) = 44(0). By (SNI1), we have
Hala — ) > Na(a) = A4(0)

for z € X. It follows from (3.2) that A4 (a — x) = A#4(0) so thata — x € K. Let a,b € K and assume that
there exists a V b. By means of (SNI2), we know that

Aalavb) = min{A4(a), Aa(b)} = A4(0).
Thus A4 (a V b) = A44(0) by (3.2), and so a V b € K. Therefore K is an ideal of X. O

Theorem 3.10. Let g : X1 — Xy be a homomorphism. Then the image f(A) of a neutrosophic ideal A of X,
is a neutrosophic ideal of X5.

Proof. For any yy,y2 € f(X;), Consider the set

S={ar—as|ar € g7 (x1), a2 € g () }-
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If v € Sthenz = 2y, — x5 forz; € g~ (y;) and x5y € g~ (y2) and so

f(x) = f(x1 —22) = f(21) = f(22) = 1 — 12,

that is, z = x1 — xo € [~ (y1 — yo). It follows that

gta)yr — ) = Vo ta@) = tae — ) > ta(an)
z€f~1(y1—y2)
9(ia)(1 —y2) = \  ia(@) Zialer —22) > ia(an)
zef~H(y1—y2)
g(fa)(y1 —v2) = N fal@) < falzr — 22) < falz).
z€f~Hy1—y2)
Then
g(A) (v —y2) = (9(ta) (w1 —y2), 9(ia) (Y1 — y2), 9(fa) (Y1 — 42)))
= (V  ta@, V i@, A fal@)
zef~1(y1—y2) zef~1(y1—y2) zef~1(y1—y2)
> (ta(xr — 22),ia(x1 — 22), fa(z1 — 22))
> (tA('Tl)7 iA(‘Tl)a fA<x1))
Cnsequently,

9D =) = () talw), ) dal@), N\ fal@)

z1€f (Y1) r1€f (Y1) z1€f~H(y1—y2
(g(ta)(y1), g(ia)(y1), 9(fa)(y1))
9(A)(y1)-

If y; V yo exist for any y1,yo € f(X7). We first consider the set
T={a1Vag|ar €g (), a2 €9 (1)}
Ifx € Tthenx =z Vayforz; € g7 (y1) and x5 € g~ (y2) and so

f(x) = flo1 Vo) = f(21) V fz2) = 41 V 10,

thatis, x = x1 V 2o € f1(y1 V yo). It follows that

9(ta) L Vy2) = Voo tale) = talen V),
zef M (y1Vy2)

9(ia) (1 Vy2) = Vo ia(@) = ia(a V),
zef~Hy1Vyz2)

9(fa)y1 Vi) = N Fa@) < falz V).

z€f~H(y1Vy2)

Chul Hwan Park, Neutrosophic ideal of Subtraction Algebras.
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Then

gAY Vy) = (gta)vn V), 9(ia) (v Vy2), 9(fa)(ya Vi)

( ta@), \/  ial@), N fal@)
z€f~H(y1Vyz) z€f~1(y1Vy2) z€f 1 (y1Vy2)
(ta(xy Vo), i4(x1 V 22), falxy V 22))

(ta(zr) Ata(we),ia(zr) Nia(za), falz1) V falz2))
(ta(zr),ia(@1), fa(@1)) A (Ea(z2),ia(22), fa(@2)).

AVARLY,

Cnsequently,

g Ay —w) = () tal@), \ dal@), N\ fal@)

z1€f~1(y1) z1€f 71 (y1) z1€f (1)

AV talae), ) dalz) N\ falz)

x2€f~1(y2) z2€f " (y2) z2€f (Y2
= (9(ta)(W1), 9(ia)(y1), 9(fa) (1)) A (g(ta)(y2), 9(ia)(y2), 9(fa)(y2))
= g(A)(y1) A g(A)(y2).

Hence g(A) is a neutrosophic ideal of f(X7). O

Theorem 3.11. Let g : X; — X, be a homomorphism. Then the preimage f~'(B) of a neutrosophic ideal B
of X5 is a neutrosophic ideal of X .

Proof. Let B = {< z,tp(x),ip(z), fg(x) >, & € X,} be a neutrosophic ideal of X5 and z,y € X;. Then

g \(B)x—y) = (tslglz—v)).islg(x —y)), felg(z —y))
) ) —

(
= (tr(g(z) —g()),is(g(x) — g(y)), fr(9(x) — 9(y))
> (tg(9(x)),i5(9(x)), fr(g(z))
= ¢ '(B)(x).

Now suppse x V y exists for x,y € X;. Then

g (B)xVy) = (telg(xVy)),islgzVy), falg(zVy))
= (t(g(z) vV g(v)),islg(z) vV 9(y)), fe(9(z) V g(v))
> tp(g(x)) Nis(9(y)),in(g(x) Nis(g(y)), falg(x) V fa(9(y)))
= (ts(g(x)),in(9(x)), fe(g(z)) A (ts(9(y)),in(9(y)), fB(9(y))
= g (B)(x) A g (B)(y)

Hence g~'(B), is a neutrosophic ideal of X;. [l

4 conclusions

F.Smarandache introduced the concept of neutrosophic sets, which can be seen as a new mathematical tool
for dealing with uncertainty. In this paper, we apply the notion of neutrosophic sets in subtraction algebras.

Chul Hwan Park, Neutrosophic ideal of Subtraction Algebras.
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Also, we introduce the notion of neutrosophic ideal and give some conditions for a neutrosophic set to be
a neutrosophic ideal in substraction algebras. Finally,we showed that neutrosophic image and neutrosophic
inverse image of neutrosophic ideal are both neutrosophic ideal under certain conditions Based on these re-
sults,we could apply neutrosophic sets to other types of ideals in subtraction algebra. Also,we believe that such
a results applied for other algebraic structure.
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