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1. Introduction

In a classical graph, any vertex or edge have two situations, namely, it is either in the graph or it
is not in the graph and it is not sufficient to model uncertain optimization problems. Therefore,
real-life problems are not suitable to model using classical graphs. Hence the fuzzy set arises, which
is an extension of classical set; here the objects have varying membership degrees. Vague sets are
regarded as a special case of context-dependent fuzzy sets. At first, vague set theory was
investigated by Gau and Buehrer [36] that is an extension of fuzzy set theory. The classical fuzzy set
handles only the membership degree, but intuitionistic fuzzy handles independent membership
degree and non-membership degree for any element with the only requirement is that the sum of
non-membership and membership degree values is not greater than one [16].

On the other hand, to hold this indeterminate and inconsistent information, the neutrosophic
set is introduced by F. Smarandache and has been studied extensively (see [31]-[35]). Neutrosophic
set and related notions have weird applications in many different fields. In the definition of
neutrosophic set, the indeterminacy value is quantified explicitly and truth-membership,
false-membership and indeterminacy-membership are stated as exactly independent provided sum
of these values belonging to 0 and 3. Neutrosophic soft rough graphs with applications are
established in [10]. Neutrosophic soft relations and neutrosophic refined relations with their
properties are studied in [15, 20]. Single valued neutrosophic graph are studied in [17, 18]. Some
types of neutrosophic graphs and co-neutrosophic graphs are discussed in [23]. Neutrosophic vague
set is first initiated in [11]. Al-Quran and Hassan in [7] introduced the notion of neutrosophic vague
soft expert set as a generalization of neutrosophic vague set and soft expert set in order to revise the
application in decision-making in real-life problems. Intuitionistic bipolar neutrosophic set and its
application to graphs are established in [28]. Further, neutrosophic vague graphs are investigated in

S. Satham Hussain , Saeid Jafari, Said Broumi and N. Durga “Operations on Neutrosophic Vague Graphs”



Neutrosophic Sets and Systems, Vol. 35, 2020 369

[27]. Motivated by the articles [11, 27, 28, 29], we introduce the concept of operations on
neutrosophic vague graphs. The main contributions in this manuscript are given below:
e  Operations on neutrosophic vague graphs are established. In Section 2, basic definitions
regarding to neutrosophic vague graphs are explained with an example.
e In Section 3, Cartesian product, lexicographic product, cross product, strong product
and composition of neutrosophic vague graph are illustrated with examples. Finally, a
conclusion is elaborated with future direction.
2. Preliminaries

In this section, basic definitions and example are given, which is used to prove the main results.
Definition 2.1 [36] A vague set A on a non empty set X is a pair (Ty, Fy), where T,: X - [0,1]
and F4: X - [0,1] are true membership and false membership functions, respectively, such that
0 < Ty(x) +F4(x) <1 forevery x € X.
Let X and Y be two non-empty sets. A vague relation R of X to Y isavagueset R on X x Y
thatis R = (Tg, Fgr), where Tg: X x Y - [0,1], Fr: X x Y — [0,1] and satisfies the condition:
0 < Tr(x,y) + Fr(x,y) <1 forany x,y € X.
Definition 2.2 [12] Let G* = (V,E) be a graph. A pair G = (J,K) is called a vague graph on G*,
where J = (T, Fj) is a vague set on V and K = (T, Fk) is a vague set on E € V X V such that for
each xy € E,
Ty (xy) < min{Ty(), Ty(y)} and Fy(xy) = max{F; (), F; ¥)}.
Definition 2.3 [31] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A € B if
Vx € X, Ty(x) < Tg(x), [4(x) = Ig(x)and Fy(x) = Fg(x).
Definition 2.4 [20, 31] Let X be a space of points (objects), with generic elements in X denoted by x.
A single valued neutrosophic set A in X is characterised by truth-membership function T, (x),
indeterminacy-membership function I4(x) and falsity-membership-function Fy(x),
For each point x in X, Ty (x),[4(x), F4(x) € [0,1]. Also
A = {(x, Ta(x),[4(%), Fa(x))} and 0 < Ty (x), +14(x) + Fo(x) < 3.
Definition 2.5 [6, 18] A neutrosophic graph is defined as a pair G* = (V,E) where
(i) V=1{vy,v,,..,vy} such that T, : V- [0,1], I, : V- [0,1] and F; : V- [0,1] denote the
degree of truth-membership function, indeterminacy function and falsity-membership function,
respectively, and
0<Ty(v) +1,(v) +F(v) <3,
(i) ES VXV where T, : E—[0,1], [, : E— [0,1] and F, : E — [0,1] are such that

T3 (uv) < min{T, (w), T, (V)},

Iz (uv) < min{l; (w), I; (V)},

Fa(uv) < max{F, (0), F1(V)}

and 0 < T,(uv) + I,(uv) + F,(uv) < 3,vVuv € E.
Definition 2.6 [11] A Neutrosophic Vague Set Ayy (NVS in short) on the universe of discourse X
written as
Ay = {00 Ty (0, Tay (9, Fay, (90), X € X3,

whose truth-membership, indeterminacy membership and falsity-membership function are defined

as
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Ty ®) = [T700, T (0], Tayy () = [17(0), I* (0 Jand By ) = [F~ (0, F* )],

where T*x) =1 -F (x),Ft(x)=1-T"(x),and 0<T X)) +I"x) + F (x) < 2.
Definition 2.7 [11] The complement of NVS Ayy is denoted by Ay and it is defined by

Thy ) =[1-T*(),1 - T~ ()],

T () =[1-T"®),1 - 1"(¥)],

Fiyy® = [1 - F (0,1 - F~ (¥)].
Definition 2.8 [11] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U,

Tany () < Tryy (up), Ty (0) = Ty, (w), Fapy (1) = Fry, (),

then the NVS, Ayy are included in Byy, denoted by Ayy € Byy where 1 <i<n.
Definition 2.9 [11] The union of two NVSs , Ayy and Byy, is a NVSs, Dyy, written as Dyy =
Any UByy whose  truth-membership  function, indeterminacy-membership function and
false-membership function are related to those of Ayy and Byy by

Ty (%) = [Max(Tiy, (), Ty, (9), max(T,, (), Thy, ()]

Ty () = [min(Iz,,, (), Iy, (), min(If,, (9, Ty, (9)]

Foy (%) = [min(Fg,, (9, Fay, (9), min(Ff, (9, Fiy, G-
Definition 2.10 [11] The intersection of two NVSs, Ayy and Byy is a NVSs, Dyy, written as Dyy =
Any NByy ,  whose truth-membership function, indeterminacy-membership function and
false-membership function are related to those of Ayy and Byy by

Ty (%) = [min(Ty, (X), Thy, (), min(Ty, (%), Tiy, ()]
Iy (%) = [max(Iy, (%), Igy, (), max(I3, (), Iy, ()]
Foypy () = [max(Fay, (%), Fay, (), max(FR, (), Fiy, ()]
Definition 2.11 [27] Let G* = (R,S) be a graph. A pair G = (A, B) is called a neutrosophic vague
graph (NVG) on G* or a neutrosophic vague graph where A = (Ty, 1, F4) is a neutrosophic vague
seton R and B = (T, I, F)is a neutrosophic vague set S € R X R where
(1) R ={vy,Vy...,vy} such that T;:R - [0,1],I5:R = [0,1], F5: R = [0,1] which satisfies the

condition Fg = [1 —T%],

TA:R - [0,1],I£:R > [0,1], F£: R > [0,1] which satisfies the condition F} = [1 — Tj]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € R, and

0 < Ty(vi) + Ix(vi) + Fa(vi) <2
0 < Ti(W) +IL(vi) + Fi(v)) < 2.
(2) S<S R xR where
Tz:R X R - [0,1], Iz:RX R - [0,1], F5:R x R - [0,1]
T#:R X R - [0,1], I:R X R - [0,1], F: R x R - [0,1]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;v; € S, respectively and such that,
0 < Tg(vivj) + I(vivj) + Fg(viv)) < 2
0 < Tg(vivy) + Ig(vivy) + Fg(vivy) < 2.

such that
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Tg(vivj) < min{Ty (v;), Ta (v}
Ig(vivj) < min{l(v;), [x(vj)}
Fg(vivj) < max{Fg(v;), Fa(vj)}
and similarly
Tg(vivy) < min{TZ (v;), TA(v;)}
I (viv;) < min{lg(v;), I (v))}
Fi(vivj) < max{F£(vy), F£(v)}.
Example 2.12 Consider a neutrosophic vague graph G = (R,S) such that A ={a,b,c} and B =
{ab, bc, ca} are defined by
a = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5], b = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],
¢ = T[0.4,0.4],1[0.5,0.3], F[0.6,0.6]
a~ =(0.5,0.4,0.4),b™ = (0.4,0.7,0.4),c” = (0.4,0.5,0.6)

a* = (0.6,0.3,0.5), b* = (0.6,0.3,0.6), c* = (0.4,0.3,0.6).

(0.5,0.4,0.4)"
(0.6,0.3,0.5)"

b - 7
_ (0.4,0.4,0.6)7(0.4,0.2,0.5) , -
(0.4,0.5,0.6) (0.4,0.7,0.4)
(0.4,0.3,0.6)* (0.6,0.3,0.6)"

Figure 1: NEUTROSOPHIC VAGUE GRAPH
3. Operations on Neutrosophic Vague Graphs

In this section, the results on operations of neutrosophic vague graphs with example are established.

Definition 3.1 The Cartesian product of two NVGs G; and G, is denoted by the pair G; X G, =
(R; X R, S; X S,) and defined as

Tayxa, (KD = Tx, (K) A Ta, (D

[aixa, (KD = Iy, (K) ATy, (D

Faixa, (KD) = Fx, (K) v Fy, (1)

TA,xa, (kD) = T4, () A TX, (D

Ix,xa, (D) = I3, (K) A TZ, (D)

Fi,xa, (KD = FX, (k) VFZ, (D,
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for all (k,1) € R; X R,.

The membership value of the edges in G; X G, can be calculated as,
(1) Tg,xp, (k) (k) = Ty, (k) A Tg, (1115)
Tg, xs, Kl (Klp) = TS, (k) A Tg, (111,

(2) Ig,xp, (Kl (kL) =Tz, (K) Alg,(1413)
1§, x5, (K1) (kL) = 13, (k) A 1§, (4112),

(3) Fg,xp, (Kl (Kly) = Fy, (k) v Fg,(l11;)
Fg,xp, (Kl))(klz) = FX, (k) v Fg, (111,),
forall ke Ry, 41, €S,.
(4) Tg,xp, (ki) (kD) = Ty, (1) A Tg,, (k1k2)
T8, xp, (ki (k1) = T4, (D A Tg, (ks ko),

(5) Tg,x, (ki (kD) = Tn, (1) A Tg, (ki k)
I5,x8, (kD (k1) = IZ, (D) A Tg, (ki ky),

(6) Fg,xp,(kKiD (kD) = Fy, () V Fg, (kik3)
F§,xp, (kiD (koD = FX, (D V FE, (ki k),
for all k.k, € S;,1 €R,.

Example 3.2 Consider G; = (Ry,S;) and G, = (R;,S;) are two NVGs of G = (R,S), as represented
in Figure 2, now we get G; X G, as follows see Figure 3.

k, = T[0.5,0.6],1[0.6,0.4], F[0.4,0.5], k, = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],
k; = T[0.6,0.4],1[0.3,0.7], F[0.6,0.4],k, = T[0.4,0.4],1[0.4,0.6], F[0.6,0.6]
1, = T[0.4,0.4],1[0.5,0.3], F[0.6,0.6],1, = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5],
1; = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6]
ki = (0.5,0.6,0.4),k; = (0.4,0.7,0.4), k3 = (0.6,0.3,0.6),k; = (0.4,0.4,0.6)
ki = (0.6,0.4,0.5), ki = (0.6,0.3,0.6),k* = (0.4,0.7,0.4),k; = (0.4,0.6,0.6)
17 = (0.4,0.5,0.6),1; = (05,0.4,0.4),15 = (0.4,0.7,0.4)

1} = (0.4,0.3,0.6),1; = (0.6,0.3,0.5),1 = (0.6,0.3,0.6).
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(0.4,0.7,0.4)
(0.6,0.3,0.6)"

(0.14,05,0.3) .(0.5,0.2,0.5)"
‘ 2

(0 %060 4)

0.6.0.4.0.5)"
< ) i

& (0.4.0.4.0.6)
(0. 4.0.6,0.6)"

(0.3,0205) (030504)"

(0.6.0.3.0.06)
(0. 4.0.7,0.4)"* & 2

G,

(0.5,0.4,0.4)" (0.6,0.3,0.5)"

(0.4,0.7,0.4)" {0.6,0.3,0.6)"

(0.4,0.5,0.6)” (0.4,0.3,0.6)"

G;
Figure 2: NEUTROSOPHIC VAGUE GRAPH

(0.5,0.4,0.4)" (M'M'“‘" (0.4,07,04)"
0.6,03,05)" 05.0.3.0.6) {0.6,0.3,06)"

k1, ko1, Kl

{0.4,04,04)" (0.50.2,05)"  |{0.3,04,04) {0.5,0.3,06)"

(0.3,0.3,0.5)" .

Y (0.4,03,06)" S

o ~

o <

o )

" L=
=) = '

A {0.4,0.5,0.6) g

k.l = . :h 040306 o

ey {0.4,0.5,0.6) (0.4,0.2,0.6) s

(0.4,03,0.6) =

(0.4.0.6,0.4)"
(0.6,0.3,0.6)"
kol
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(o.s,o.s,as)‘ {0.4,04,08)" (0.4,04,06)"
{04,03,0.9) {0.4,03,086)* (0.4,03,08)"
L k., k1
(03,0.2,0.5) {0.3,03,05)°

(03,03,06)
(0.4,0.3,0.6) s
<
o
- =]
[0.4,0.4,0.6) g
v
g

k.1, (0.403,06)"

(0.3,0.2,0.6)(0.3,03,0.6)"
(0.4,03,06)"

(0.4,0.3,0.6)”
K, 0.4,03,0.6)"

(0.4,03,06)"

Figure 3: CARTESIAN PRODUCT OF NEUTROSOPHIC VAGUE GRAPH

Theorem 3.3 The Cartesian product G; X G, = (R; X R;,S; X S;) of two NVG G; and G, is also the

NVG of Gy X G,.
Proof. We consider two cases.

Case 1: for k € Ry, 141, €S,
T(leBz)((kll)(RIZ)) = TAl &) A TBZ (4113)

< Ta, () A [Ta, (1) A Ty, (12)]
= [TA1 & A TA2 (IR [TA1 &) A TAZ 1]

= T(Alez)(k' 1D A T(Alez)(k: 1,)

<1a, () A [la, 1) ATa, (12)]

18,8, (K1) (Klp)) = In, (1) A Tg, (1412)
= [T, () ATn, (D] A [Ta, () A T4, (12)]

= i(Alez)(k, 1) A i(Alez)(k» 1)

Fg,xB) (Kl (K15)) = Fa, (1) V F, (141)
< Fa, (10 V [Fa, (1) V Fa, (15)]
= [Fa,(K) V Fa, (1] V [Fa, (k) V Fy, (1)]

= Frayxay & 1)V F xa,n & 15)

for all kly,kl, € Gy X Gj.
Case 2: for k € Ry, 11, € S;.
T, x8,) (1K) (1K) = Ta, (k) A Tg, (I112)
< Ta, (K) A [Ta, (1) A Ty, (1)]
= [Ta, (K) A Ta, (D] A [Ta, (1) A Ta, (12)]

= T(Alez)(lp k) A T(Alez)(lz' k)

18,8, (LK) (1K) = Tn, (1) A Tg, (1412)
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< Ta, (R A [Ta, () ATa, (12)]
[a, () ATa, ADT A [Ta, () AT, (12)]
T(Alez) (I, k) A T(Alez) (I, k)

Fp,xB,) (1K) (1K) = Fy, (K) V Fp, (41)
< Fa,(R) V [Fa, (1) V Fa, (12)]
= [IATA2 kv ?Al dn]lv [FA2 (CIRY FAl 1)1
= F(Alez)(llﬂ k) v lA:(Alez)(lz’ k)
for all 1;k, 1,k € G; X G, .
Definition 3.4 The Cross product of two NVGs G; and G, is denoted by the pair G; * G, = (R; *
R,,S; *S,) and is defined as
(DTa v, (KD = Tx (k) A Ta, (D
[aen, (KD = Ty, (K) AT, (1)
Faen, (KD) = Fa (k) VFy, (1)
TR va, (KD = T4, (1) A T, (D)
Rpen, (KD =15, () A IE, (D)
F,ea, (KD = FX, (K) VFZ, (),
for all k,1 € Ry xR,.
(i) T(g,xp,) (Kil1) (K2l2) = Tg, (kik2) A Tg, (1112)
I8, +8,) (K1l (K212) = Ig, (Kik2) Alg, (1115)
F, 48, (Kl (Kol2) = Fg, (kik,) V Fg, (1113)
() T,y (Kal) (Kalo) = Tg, (kikz) A Tg, (11o)
I(5,x8p) (Kal) (kalp) = 1§, (K1ko) A TE, (1415)
Flg .y (Kal) (Kaolo) = F§ (kika) V FE, (415,
for all k;k, € S;,111, € S,.

Example 3.5 Consider G; = (R4,S;) and G, = (R;,S;) astwo NVG of G = (R,S) respectively, (see
Figure 2). We obtain the cross product of Gy * G, as follows (see Figure 4).

(0.4,0306) - (0.4,04,04)
- - (0.4,0.4,0.6)
(0.4,0.6,0.4)" (0.4,0.4,0.6) (0.4,0.3,0.6)" . (0603086)"

0.6,03,0.6) (0.4,03,0.6)* {0.4,0.3,0.6)

. k.1, kL1,
y 2 A3 k.1 kol
< -

(0.4,05,0.6)
{0.4,0.3,0.6)"
b 34 |

+

-
=
~
<

o
=

0.3,0.2,0.5)10.3,0.3,0.5)

i j
AR k., (0.4,0.7,0.4)" g i
(060305)° (050306 (060306 k.t o o
(0.4,0.3,0.5)* (04,0406 (040506 (0403086

(04,0306 (0403.086)" (040306)

Figure 4: CROSS PRODUCT OF NEUTROSOPHIC VAGUE GRAPH
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Theorem 3.6 The cross product G; * G, = (R; xR, S; *S;) of two NVG G; and G, is an the NVG
of Gy *x G,.
Proof. For all kql3,k;,1, € G; * G,
T(Bl*BZ)((klll)(kZIZ)) = TBl(klkZ) A T132(1112)
< [Ta, (ky) A Ta, (k)] A [Ta, (1) A T, (12)]
= [Ta, (k1) A Ta, (1] A [Ta, (ko) A Ta, (12)]
= T(Al*Az)(klll) A T(Al*AZ)(kZI 15)

[B,+8) (K1l (kz15)) = Tg, (ki ko) A Tg, (1415)
< [Ta, (ke) AT, (k)] A [Ta, (1) A s, (12)]
= [Ta, (k) A Ta, D] A [Ts, (k2) A Ta, (12)]
= i(Al*Az)(k1l1) A T(Al*AZ)(kZJ 1)

Fg,e8) (kalp) (kzlp)) = Fi, (kikz) V Fg, (11]3)
< [Fa, (ko) V Fa, (k)] V [Fa, (1) V Fa, (15)]
= [Fa, (k) V Fa, (D] V [Fa, (k3) V Fa, (15)]
= F(Al*Az)(klll) v lA:(Al*Az)(kz;lz)-
This completes the proof.
Definition 3.7 The lexicographic product of two NVGs G; and G, is denoted by the pair G; » G, =
(Ry * Ry, S; ¢ S;) and defined as
(DTa,en,) (KD = Ta, () A Ty, (D)
[ta ey (KD =T, () ATy, (D
Flayeny (kD) = Fx () vV Fy, (D
Teaenn (KD = T4, (O AT, (D
[(a,ean (KD = 13, () ATE, (1D
Fla,ean KD = Fx () VFL (D),
for all kl € R; X R,
(D) T(g, .5,y Kl (Kl2) = Tg, (k) A Tg, (L12)
[(B,08) (Kl (Kl2) = Ty, (k) A lg, (11]2)
Fg,.p,) (Kl (Kl2) = Fa, (k) Vv Fg, (1113)
Tie, 8, Kl (Kly) = T4, (k) A Tg, (412)
I{,.8,) (Kl (Kl2) = 1%, (k) A Tg, (L)
Fip,e8,) (Kl (Kly) = FX, (k) v Fg, (L4 1),
forall k € Ry, 11, € S,.
(i) Tip,op, (el ) (Kal2) = Tg, (kikz) A Ty, (1112)
I(8,+8,) (Kal) (kalp) =I5, (kyka) Alg, (12)
F,.8,) (Kl (kal2) = Fp, (kikz) V Fg, (L112)
Tg,-8,) kil (kolz) = Tg, (kikz) A Tg, (L)
I{,.8,) (il (kaly) = 15, (kikp) ATg, (141)
Fls, 8y (Kil)(Kolp) = FE (kiky) V FE, (I41y), forall kik, € Sy, 141, € S,.
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Example 3.8 The lexicographic product of NVG G; = (R4,S;) and G, = (R,,S;) shown in Figure 2

is defined as G; * G, = (R; *R,,S; ¢ S;) and is presented in Figure 5.
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Figure 5: LEXICOGRAPHIC PRODUCT OF NEUTROSOPHIC VAGUE GRAPH
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Theorem 3.9 The lexicographic product G; ¢ G, = (R; *R;,S; ¢ S;) of two NVG G; and G, is the
NVG of G; * G,.
Proof. We have two cases.
Case 1: For k€ Ry, 111, € S,,
T(g, o8y (K1) (K1) = Ty, () A Tg, (I41)
< Ta, () A [Ta, (1) A Ta, (12)]
= [TA1 A TA2 (DI [TA1 &) A TAZ 1]
= T(AchZ)(k: 1D A T(Al-Az)(k' 1)

T(BloBz)((kll)(klz)) = TA1 A TB2 (412)
< Ta, () A [Ta, (1) ATa, (12)]
= [, () A Ta, AT A [Ta, () A T4, (12)]
= T(Al-Az)(k» 1) A T(Achz)(k' 1)

Fg,ep,) (Kl (K1R)) = F, (K) V Fg, (1415)
< Fa,(R) V [Fa, (1) V Fa, (12)]
= [Fa,(0) V Ea,(1D] V [Fa, () V Fa, (12)]
= 13'(Al-Az)(k; l))v F(Al-Az)(kt 1,)
for all kly,kl, €S; X S,.
Case 2: For all k;1; € S;,k,l, €S,
T8, (K111 (kz12)) = Tg, (kikz) A Tg, (1112)
< [Ta, (k) A Ta, (k2] A [Ta, (1) A Ty, (12)]
= [Ta, (k) A T, (1] A [Ta, (k) A Ty, (12)]
= T(AI-AZ)(klll) A T(AloAz)(kz; 1)

[(B,8,) (ki1 (Ka12)) = Tg, (kik,) AT, (1417)

[Ta, (k) AT, (kDT A [T, (1) A Ta, (12)]
[Ta, (ko) ATa, (D] A [Ta, (k2) ATa, (12)]
= T(Al-AZ)(k111) A T(AloAz)(kz; 1)

IA

FpeB,) ((k1l1) (k1)) = Fg, (kikp) v By, (141)
< [Fa, (ky) V Fa (k)] V [Fa, (1) V Fa, (12)]
= [Fa, (ky) V Fa, (1)1 V [Fa, (k) V Fa, (12)]
= ﬁ(AloAz)(klll) v lA:(Al-Az)(kz' 15)
for all kq,1; € k,,1, ER; ¢ R,
Definition 3.10 The strong product of two NVG G; and G, is denoted by the pair G; X G, = (R; K
R,,S; XI'S,) and defined as
(DT, ma,) KD = Ty, (k) ATy, (D
lamany KD = I3 (K) ALy, (D
Fla,ma, KD = Fx (k) v Fx, (D)
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T?A@Az)(kl) = T/L &) A TKZ )

IErAlez)(kl) = IL & A IXZ Q)

FgAlgAz)(kl) = FL (C9RY% FXZ M
forall kl€ R; X R,

(i) T(g,me,) K1) (kly) = Ty, (K) A Tg, (1113)
8,18, Kl Kl) =T, (K) Alg,(11]12)
Fg,mB,) Kl Kly) = Fy (K) v Fg,(11]3)
T(s,ms,) (Kl ) (klp) = Ty, (k) A Tg, (L415)
IErleBZ)(kh)(klz) =13, () AT, (1415)
Fzrslez)(kll)(klz) = Fx, (k) VF§,(41,),
forall ke Ry, 41, €S,.
(iii) Tg, g, (ke D (k1) = Ta, (1) A Tg, (k1 k7)
I, xp, kiD (k1) = Iy, () A lg, (ki k7)
Fg me, (kiD (k1) = Fy, (D v Fg, (kik»)
Tg, e, (ki) (ko]) = T, (1) A Tg,, (ks k)
18, m8, (kD (ko) = I, () A TE, (ke ko)
F§,me, (ki) (k) = FX, (D) V F§, (k;ky),
for all k;k, € S;,1 € R,.
(iV)T(s,m,) (K1) (k212) = T, (kikz) A Tg, (1113)
I8, w8, K1l (Kalp) = I, (kikp) Alg, (1412)
Fg, B, Kil1)(kzlz) = Fg, (kiky) V Fg, (11]3)
T(h,me,) (K1l (Kalz) = T8, (kika) A Tg, (1415)
I8, m,) (Kl (Kalo) = 1§, (kiko) A IS (L415)
Fls,mB,) (K1l (Kal2) = FE, (kikp) V Y, (L11),
for all k;k, € S;,1;1, € S,.
Example 3.11 The strong product of NVG G; = (R4,S;) and G, = (R,,S;) shown in Figure 2 is
defined as G; X G, = (5; X S,, T; K T,) and is presented in Figure 6.
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=] 77
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2 %o 3 o o
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Figure 6: STRONG PRODUCT OF NEUTROSOPHIC VAGUE GRAPH

Theorem 3.12 The strong product G; X G, = (R; K R,,S; K S;) of two NVG G; and G, is a NVG
of G; X Gj.
Proof. There are three cases:
Case 1: for k€ R, 111, € S,,
Tis,m8,) (K1) (K1) = Ta, (K) A Tg, (41)
< Ta, (K) A [Ta, (1) A Ta, (12)]
= [Ta, () A Ta, AT A [Ta, (K) A Ta, (12)]
= Tea,map 610 A Tea, ) (K 1)

I8, (Kl (Kl2)) = 1o, () ATg, (141)
< Ta, () A [Ty, (1) ATy, (12)]
= [1a, () A Ta, (DT A [Ta, () A T4, (12)]
= T(Alez)(k, 1) A T(Alez)(k' 1;)

Fe,mB,) (Kl (K1) = Fa, (K) V Fg, (1112)
< Fa, () V [Fa, (1) V Fa, (12)]
= [Fa,(K) V Fa,(1D]V [Fa, (K) V Fa, (12)]
= F(A1®A2)(k: l)v 13'(Alez)(k' 12),
for all kly,kl, € R; K R,.
Case 2: for k € Ry, 141, €S,
Ty () (121) = Ta () A Ty, (41)
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< Ta, (K) A [Ta, (1) A Ta, (12)]
= [TA2 kA TAl aia [TA2 A TAl 1]
= T(AﬂZAZ)(ll: k) A T(Alez)(lz» k)

18,58, (LK) (1K) = Ta, () A Tp, (41)
< Ta, (0 A fla, () ATy, (1]
= [T, (0) ATa, AD] A [Ta, () AT, (1)]
= Ta,ma,) (1K) Ala,ma,) (12, K)

F ey, (1K) (1K) = Fa, (1) V B, (41,)
< Fa,(R) V [Fa, (1) V Fa, (12)]
= [Fa, () V Fp, (1D]V [Fa, () V Fa, (12)]
= Fla,ma,) (1K) V Fia,ma,) (2, K)
for all 1;k, 1,k € R; K R,.
Case 3: for k;,k, €S, 111, €S,
T(Blng)((kﬂﬂ(kzlz)) = T131(k1k2) A TB2(1112)
< [Ta, (k) A Ta, (k)] A [Ta, (1) A Ty, (12)]
= [Ta, (k) A Ta, (1] A [Ta, (k2) A Ty, (12)]
= Tea,ma,) Kil) A Tea,ma,) Kz, 12)

[B,m8,) ((Kil) (Ka12)) = T, (kikz) A, (1413)
< [a, (ko) AT, (k)] A [Ta, (1) A s, (12)]
= [Ta, (k) A Ta, D] A [Ts, (k2) A Ta, (12)]
= i(AlgAz)(kﬂO A T(Alez)(kz; 1,)

Fe,mB,) ((kil) (kz12)) = Fg, (kik;) V Fg, (1112)
< [Fa, (ky) V Fa (k)] V [Fa, (1) V Fa, (12)]
= [Fa, (k1) V Fa, (D] V [Fa, (k2) V Fy, (12)]
= F'(AlgAz)(kﬂﬂ v lA:(Alez)(kz;lz)'
for all 1;k,,1,k; € Ry KX R,.
Definition 3.13 The composition of two NVG G; and G, is denoted by the pair G; o G, = (R; X
R,,S; ©S,) and defined as
(DTa,0n,) KD = Ty, (k) ATy, (1)
Itayony) (KD = Iy, (K) AT, (D
Flaean (KD = Fx (K) VFy, (D
Tlayenn (kD) = Tz, () A TX, (1)
Iayenn (KD) = I3, () AT, (D
Fia,en, (KD = FX, (K) VFZ, ()
for all kl € R; o R,.
()T, 0,y (Kl (Klz) = Ty, (k) A Tg, (1412)
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I8, 08, (Kl (Kly) = Iy, (K) Alg, (1113)
Fg,.5,) (Kl (Kly) = Fy, (K) V Fg, (1113)
T(, o8, Kl (Klp) = T4, (k) A Tg, (4112)
I;‘BloBz)(kll)(kIZ) = 1%, () AT, (L415)
F,op,) (Kl (klp) = FX (k) v F§, (141,),
forall ke Ry, 41, €S,.
(ii) Tg, o, (k1D (k1) = Ty, () A Tg,, (k1 k)
I5,.8, (K1, D(kz, D) = Iy, () A Ig, (ki k3)
Fg op, (K, D(ky, 1) = Fi, () Vv Fg, (k;ky)
Tg,op, k1, D (ko 1) = T4, () A Tg, (k1ky)
18,08, (K1, D(kz, ) = I3, (D A 1§, (ki k)
Fg,ep, (ki D(k2, 1) = FX, () v Fg, (k1ky),
for all k;k, € S;,1 € R,.
(V) T(g, 0, (K1l1) (kzlz) = Tg, (Kikz) A Ta, (1) A Ta, (12)
I[85, (K1l (Kal2) =I5, (Kiky) ATy, (1) ALy, (1)
Fg,.8,) (Kil1) (K1) = Fg, (kiky) VFR, (1) VFg, (12)
Tis,o8,) Kil)(Kol2) = Tg, (kiky) A TL, (1) A TR, (1)
IErBloBz)(klll)(kzlz) = 1§, (kik) A TR (1) A TR (1)
Fs,op,) (Kl (1) = F§ (kikp) VFL (1) VFR, (1),
for all k;k, € S;,111, €S,.
Example 3.14 The composition of NVG G; = (R4,S;) and G, = (R,,S;) shown in Figure 2 is
defined as G; © G, = (R; ° Ry, S; ©S;) and is presented in Figure 7.
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Figure 7: COMPOSITION OF NEUTROSOPHIC VAGUE GRAPH

Theorem 3.15 Composition G; o G, = (R °R,,S; 0 S,) of two NVG G; and G, is the NVG of G; o
G,.
Proof. We divide the proof into three cases:
Case:1 For k € Ry, 111, € S,,
T(Blosz)((kh)(klz)) = TAl &) A TB2 (Lly)
< Ta, (K) A [Ta, (1) A Ta, (12)]
= [Ta, () A Ta, A1 A [Ta, (k) A Ta, (12)]
= T(AloAz)(kr 1) A T(AloAz)(k: 1)

18,08, (K1) (k1)) = T, () ATp, (412)
< Ta, () A [Ty, () ATy, (12)]
= [1a, () A Ta, DT A [Ta, () A T4, (12)]
= T(AloAz)(k. 1) A T(AloAz)(k» 1)

Fg,om,) (Kl (K1p)) = Fa, (K) V Fg, (1113)
< Fa, () V [Fa, (1) V Fa, (12)]
= [Fa,(K) V Fa,(1D]V [Fa, (K) V Fa, (12)]
= ?(AloAz)(k' v li'(AloAz)(k: 1;)

for all kly,kl, € R; o R,.
Case 2: for k € R, 11, € S5,

T(g,08,) (LK) (1K) = Ta, (K) A T, (1413)
< Ta, () A [Ta, () A Ty, (12)]
= [Ta, () A Ta, (D] A [Ta, (K) A Ta, (12)]
= T(AloAz)(lp k) A T(A10Az)(12' k)
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[(B,08,) (1K) (1K) = 15, (K) A Tg, (141,)
< iA2 A [TA1 (O iA1 1]
= [1a, (1) A Ta, DT A [Ta, () A T4, (12)]
= T(AloAz)(lp k) A T(AloAz)(IZ’ k)

Fg,e8,)((11K) (1K) = Fp, (K) V Fp, (11],)
< Fp, () V [P, (1) V P, (1)
= [Fa, () V Fa, (1D] V [Fa, () V Fa, (12)]
= Fraseny) (1K) V B ony (2, k), forall Lk Lk € Ry o R,.
Case 3: For k;k, € S;,1;,1, € R, such that 1; #1,,
T(g,08,) (K1l (K212)) = Tp, (kg kp) A Ta, (1) A Ty, (1)
< [Ta, (k) A Ta, (2] A [Ta, (1) A Ty, (12)]
= [Ta, (ko) A T, (1] A [Ta, (k2) A Ty, (12)]
= T(AloAz)(klll) A T(AloAz)(kzlz)

[g,0m) (K1l (K212)) = Tg, (ke k) ATa, (1) ATa, (1)
< [Ta, (ko) AT, (k)] A [Ta, (1) A Ta, (12)]
= [T, (k) ATa, D] A [T, (ko) A Ta, (12)]
= T(AloAz)(k1l1) A T(AloAz)(kzlz)

F (5,08, (K1l (Kz15)) = F, (kq, k) V Fa, (1) V Fy, (1)
< [Fa, (k) V EFg (k)] V [Fa, () V Fa, (15)]
[Fa, (k) VEg DTV [Fa, (k) V Fa,(15)]
= Fla,onn Kal) V Fayon,y (Kolp), forall kyly, ksl € R o Ry

Conclusion

Graph theory is an extremely useful tool in studying and modeling several applications in
computer science, engineering, genetics, decision-making, economics, etc. An extension of
intuitionistic fuzzy graph is regarded as a single-valued neutrosophic graph which is very useful to
formulate the appropriate real life situation. In this research article, the operations on neutrosophic
vague graphs have been established. Moreover, Cartesian product, lexicographic product, cross
product, strong product and composition of neutrosophic vague graph have been investigated and
the given concepts are demonstrated through examples. Furthermore, in future, we are able to
investigate the domination number and isomorphic properties of the NVGs.
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