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Abstract. In this article, we present fixed and common fixed point results for Banach and Edelstein contraction
theorems in neutrosophic metric spaces. Then some properties and examples are given for neutrosophic metric
spaces. Thus, we added a new path in neutrosophic theory to obtain fixed point results. we investigate and

prove some contraction theorems that are extended to neutrosophic metric space with the assistance of Grabiec.
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1. Introduction

Fuzzy Sets was presented by Zadeh [20] as a class of elements with a grade of membership.
Kramosil and Michalek [9] defined new notion called Fuzzy Metric Space (FMS). Later, many
authors have examined the concept of fuzzy metric in various aspects. In 1984 Kaleva and
Seikkala [§] have characterized the FMS, where separation between any two points to be posi-
tive number. In particular, George and Veeramani [4,5] redefined the concept of fuzzy metric
space with the assistance of continuous t-norm, and continuous t-co norm. FMS has utilized in
applied science fields such as fixed point theory, decision making, medical imaging and signal
processing. Heilpern [7] defined fuzzy contraction for Fixed point theorem. Park [14] de-
fined Intuitionistic Fuzzy Metric Space (IFMS) from the concept of FMS and given some fixed
point results. Fixed point theorems related to FMS and IFMS given by Alaca et al [2] and

nemerous researchers [13,19].In 1998, Smarandache [16] characterized the new concept called
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neutrosophic logic and neutrosophic set. In the idea of neutrosophic sets, there is T degree
of membership, I degree of indeterminacy and F degree of non-membership. A neutrosophic
value is appeared by (T, I, F). Hence, neutrosophic logic and neutrosophic set assists us to
brief many uncertainties in our lives. In addition, several researchers have made significant
development on this theory [26-30]. Recently, Baset et al. [22}25] explored the neutrosophic
applications in different fields such as model for sustainable supply chain risk management,
resource levelling problem in construction projects, Decision Making and financial performance
evaluation of manufacturing industries. In fact, the idea of fuzzy sets deals with only a degree
of membership. In addition, the concept of intuitionistic fuzzy set established while adding
degree of non - membership with degree of membership. But these degrees are characterized
relatively one another. Therefore, neutrosophic set is a generalized state of fuzzy and intu-
itionistic fuzzy set by incorporating degree of indeterminacy. In 2019, Kirisci et al [10}/11]
defined neutrosophic metric space as a generalization of IFMS and brings about fixed point
theorems in complete neutrosophic metric space.

In this paper, we investigate and prove some contraction theorems that are extended to neu-

trosophic metric space with the assistance of Grabiec [6].

2. Preliminaries

Definition 2.1 [17] Let ¥ be a non-empty fixed set. A Neutrosophic Set (NS for short) N
in 3 is an object having the form N = {(a,&n(a), on(a),vn(a)) : a € X} where the functions
én(a), on(a) and vy (a) represent the degree of membership, degree of indeterminacy and the
degree of non-membership respectively of each element a € N to the set 3.

A neutrosophic set N = {{a,&n(a), on(a),vn(a)) : a € X} is expressed as an ordered triple
N = {a,x(a), ox(a), v (@) in 5.
In NS, there is no restriction on ({x(a), on(a),vy(a)) other than they are subsets of |~0,17[

Remark 2.2 |10] Neutrosophic Set N is included in another Neutrosophic set I' ( N C T)
if and only if

inf ¢n(a) <infér(a)  sup En(a) < sup &r(a)
inf on(a) = infor(a)  sup on(a) > sup er(a)
inf vn(a) Zinfrr(a)  sup vy(a) = sup vr(a)

Triangular Norms (TNs) were initiated by menger. Triangular co norms(TCs) knowns as
dual operations of triangular norms (TNs).

Definition 2.3 [4] A binary operation « : [0, 1] x [0,1] — [0, 1] is called continuous t - norm
(CTN) if it satisfies the following conditions;

For all £1,e9,e3,24 € [0, 1]

(i) e1 x0 = eq;
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(ii) If 1 < e3 and €3 < €4 then g1 x g9 < e3 % &y;
(iii) * is continuous;
(iv) % is commutative and associative.
Definition 2.4 [4] A binary operation ¢ : [0,1] x [0,1] — [0, 1] is called continuous t - co
norm (CTC) if it satisfies the following conditions;
For all £1,e9,e3,24 € [0, 1]
(i) e100 =eq;
(ii) If 1 < e3 and €3 < €4 then 1 0 g9 < e30¢ey;
(iii) © is continuous;
(iv) © is commutative and associative.
Remark 2.5 From the definitions of CTN and CTC, we note that if we take 0 < 1,69 < 1
for €1 < g9 then there exist 0 < €3,e4 < 1 such that 61 xe3 > g9 and &1 > g9 0 e4.
Further we choose €5 € (0,1) then there exists gg,e7 € (0,1) such that g5 x e > &5 and
eroer < egs.
Definition 2.6 [13] A Sequence {t,} is called s - non-decreasing sequence if there exists

mg € N such that t,, <t for all m > my.

3. Neutrosophic Metric Space

In this section, we apply neutrosophic theory to generalize the Intuitionistic fuzzy metric
space. we also discuss some properties and examples in it.
Definition 3.1 A 6 - tuple (X,Z,0, T, %, ¢)is called Neutrosophic Metric Space(NMS), if ¥ is
an arbitrary non empty set, x is a neutrosophic CTN and ¢ is a neutrosophic CTC and =,0, T
are neutrosophic sets on 2 x R* satisfying the following conditions:

For all {,n,w € ¥,\ € RT
(1) 0<E(nA) <L 0<O((nA) <1; 0<T((n,A) <1

(i) Z(Cm\) +O(Cm\) + T(C ) < 3
(iii) E(¢,n,A\) =1 if and only if { =7 ;

(iv) (¢, m,A) = Z(n, ¢, A) for A > 0;

(V) E(Cm A) *En, ¢ ) < E(Cw, A+ p), for all A, g > 0;
(vi) E(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;
(vil) limy—o0o=(¢,m, A) = 1 for all A > 0;

(viii) ©(¢,n,A) =0 if and only if { =7 ;

(ix) ©(¢,n,A) = O(n, ¢, A) for A > 0;

(x) ©((,n,\) 0 O(C,w, 1) > O(C,w, A+ p), for all A\, u > 0;
(xi) ©(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;
(xii) limy—00©O(¢,n,A) =0 for all A > 0;

(xiii) Y(¢,m, A) =0 if and only if ¢ = n;
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(xiv)

Y(C,n,A)=7T(n,( A\ for A > 0;

(xv) T(¢,m,A) 0 Y(Cw, 1) > YT (¢ w, A+ ), for all A, > 0;

(xvi) T

(xvil) limy—o0oX(¢,m, A) = 0 for all A > 0;
)

(xviii) If A > 0 then Z((,n,\) =0,0(¢,n,A\) =1, T((,n,\) = 1.

(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;

Then (Z,0,7T) is called Neutrosophic Metric on 3. The functons =, 0 and T denote degree of
closedness, neturalness and non - closedness between ¢ and 7 with respect to A respectively.

Example 3.2 Let (3, d) be a metric space. Define (xn = min{{,n} and (on = max{(,n},
and Z,0,T : X2 x RT — [0, 1] defined by , we define

A (¢, (¢,
2N = i OGN = g Ty =152

for all (,n € ¥ and A > 0. Then (X,E,0,T,x,9) is called neutrosophic metric space induced
by a metric d the standard neutrosophic metric.

Example 3.3 If we take ¥ = N, consider the CTN, CTC are ( x n = min{(,n} and
Con=max{(,n}, Z,0,Y : %2 x Rt — [0,1] defined by

¢ <
=can={n TOCET
Tif m=(¢
BLif (<
oCmA =9 "
eif n<(
_ ; <
RV SR
C—mn if n<(

for all (,n € ¥ and A > 0. Then Z,0,T : ¥2 x Rt — [0,1] is a NMS.

Remark 3.4 In Neutrosophic Metric space Z is non - decreasing , © is a non - increasing , T
is decreasing for all {,n € X.

Definition 3.5 Let (X,=Z, 0, T, x,¢) be neutrosophic metric space . Then

(a) a sequence {(,} in ¥ is converging to a point ¢ € 3 if for each A > 0
llmA—)ooE(C7 m, )‘> =1 lzm/\—)oo@(<> m, A) =0; lZTnA—)ooT(Ca m, )‘) =0.

(b) a sequence ¢, in X is said to be Cauchy if for each € > 0 and A > 0 there exist N € N
such that Z((n, Gy A) > 1 — €5 O(Cny Gy A) < €5 Y(Cny Gmy A) < € for all n, m < N.

(c) (£,E,0,7,%,0) is said to be complete neutrosophic metric space if every Cauchy
sequence is convergent.

(d) (X,Z,0,7T,x,0¢) is called compact neutrosophic metric space if every sequence contains

convergent sub sequence.
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4. Main Results

Theorem 4.1 (Neutrosophic Banach Contraction Theorem) Let (X,2,0,7,x,¢) be a

complete neutrosophic metric space. Let f : ¥ — X be a function satisfying
E(FGFnA) ZE(CGnA); O(FCGEnA) <060 A); TG A) <T((nA)  (41.1)

for all (,n € 3. 0 <k < 1. Then F has unique fixed point.
Proof: Let ¢ € ¥ and {(,} = F "(a) (n € N). By Mathematical induction, we obtain

A A A
E(Cnvgn—i-la)‘) > E(CaCla ﬁ)7 @(CTMCTH-l?)\) < @(Cv Cl? ﬁ)7 T(Cﬂmcn—‘rlv )\) < T(C? (..1? kin) (412)

for all n > 0 and A > 0. Thus for any non-negative integer p, we have

= = A —times = A
5(<nu(n+p7)\) Z ‘:‘<C7€7’L+17§)*"'(p t ) "'*:<<n+p—17<n+p7§)
— A —times = A
Z :‘(Caclvﬁ)*'”(p ! )“.*‘:(C7C1apkn+p—1)
A (p—times) A
G(Cna C?H—pv )‘) S @<<7 C?H-l? 5) S Y @(Cn-i-p—la <’Vl+p7 ;)
A —times A
SG(C;CLW)O”'(pt )"’09(C7Claw)
A (p—times) A
T(C’na C?H—pv )‘) S T(<7 C?H-lv 5) S Y T(C?’L-l-p—la <n+p7 ;)
A —times A
ST(QChW)O'”(pt )'”OT(C7C17W)

by (4.1.2) and the definition of NMS conditions, we get

limn—moE(Cnu Cn-‘,—pv )\) >1x-- (p—times) *1=1
llmn%oog(gna Cnera )\) <0o¢-- (p—times) . ©0=0

1imn 00T (s Gy A) < 00 - PTHMES) 0 — ),

Therefore, {(,} is Cauchy sequence and it is convergent to a limit, let the limit point is 7.

Thus, we get
A

- - N
Z(Fnﬂ%t) Z ‘:(an FCna 5) *:(Cnﬂﬂ% 5)

>

(1]

AL - A
(77) Cna ﬁ) *:(Cn—i-l,n, 5) —1x1=1.

A A
G(an m, )‘) < G(an FCnv 5) < @(Cm—lﬂ% 5)

A A
S @(777 Cna %) o @(Cn—l—lﬂ]; 5) —0¢0=0.

A A
T(Fﬁﬂ?, )‘) < T(an FC’I’H 5) OT(CTL-‘rlvna 5))

A A
<Y, Cn, ﬁ) o Y (Cnt1, M, 5) 5 000=0.
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Since we see that

E(¢mA) =1 iff ¢=n OnAN)=0iff ¢=n Y({nA)=0iff (=n

we get [ = 1n, which is the fixed point of Neutrosophic metric space.

To show the uniqueness, let us assume that Fw = w for some w € X

- - — AL - AL - A
> zE(C,w,k—);L)Hl as n — oo
A A A
< ---§@(C,w,%)—>0a3n—>oo
A A A
0 S T(Cuwa )‘) - T(an Fw7)‘) S T(C7w7 %) - T(Fna Fwa E) S T(<7w7 ﬁ)

A
g--'gT(C,w,k—n)%Oasn%oo.

From the definition of NMS, We get n = w. Therefor, f has a unique fixed point.

Lemma 4.2 (a) If limy, 00, = ¢ and limy—00mn = 1, then

E(C, A — 6) <limpoooinf E(Cna Tin, )\)
O, m A —€) = limp_soosup O(Cny My A)
Y(C,n, A —€) > limp—oosup L(Cny My A)

(b) If limp—00Cn = ¢ and limy—s0ony = 1, then

E(C, A+ €) = limpsoosup Z(Cny My A)
@(Ca 77) )‘ + 6) S llmn—)ooznf @(gna 7771’ )‘)
T(C, m, A+ 6) < limnﬁooinf T(Cna Tns >\)
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forall A >0and 0 < e < A.
Proof for(a): By the definition of NMS, conditions (v),(x) and (xv)

= (G ) 2 E(Ga €, ) % E(C0 A = €) % E(, 7, )
limnsooinf E(Cnstins A) > 15 E(C, 1A — €)% 1
Hence, limp—ooinf Z(CnyMnsA) = E(C, 1, A — €)
OGn: s N) < O(Cr €. 5) 0O A =€) 0 O, 3)
limno0sup O (Cny 7y A) < 00 O(¢,1m,A —€) 00
Hence, limp_oosup O(Cny My A) < O(¢,n, A —€)
T (G N) < TG G 5) 0 TC 0 A =€) © T, 5)
limp—oosup Y (Cny My A) <00 Y((,m,A—¢€)00
Hence, limp—oosup Y(Cny My A) < O(C,n, A —¢€)
Proof for (b):By the definition of NMS, conditions (v),(x) and (xv)
Z(CmA+©) 2 E(CGar ) % Z(Csay€) # Z 1y, 5)
Hence, Z((,n, A+ €) > limy_00SupZ=(Cpn, M,y €)
(.1 A+ ) < Z(C, G 5) © O(Gas s €) © Oy 1, 3)
Hence, ©O((,n,A+€) <limpo0infO(Cn, M, €)
T(C0 A+ ) < (GG 5) 0 T (Gos s €) © T, 3)
Hence, Y((,n, A+ €) < limp_ooinfY((n, M,y €)

Corollary 4.3 If lim, c0Cn = a and lim, _cohn = 1, then

(a) 5(47 m, /\) < limn%ooinf E’(Cna Tin, /\);

O(¢,m, A) > limy—oosup O(Cp,y My A);

(¢, m, A) > limp—oosup Y(Cny My A)-...(4.3.1)
(b) E(CJ]: ) > llmn—)oosup (Cnannv )

O(¢, 1, A) <limpsooinf O(Cn, Mn, A)

T(C,n,A) < limpsooinf YCnyMn,y A)....(4.3.2)

forall A >0and 0 < e < \.

Theorem 4.4 (Neutrosophic Edelstein Contraction Theorem) Let (X,Z,0, T, %,0) be com-

pact neutrosophic metric space. Let F : ¥ — X be a function satisfying

E(F¢Fn,.) >E(Cn,.);0(F¢ Fn,.) <O((n,.);

Y n,.) < T(C,n,.) . (4.4.1)
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Then F has fixed point.

Proof: Let a € ¥ and a, = F"¢ (n € N). Assume (,, # (u41 for each n (If not F ¢, = ()

consequently a, # an4+1 (n # m), For otherwise we get
E(Gns G5 -) = E(Gmy Gmer1s ) > E(Gm—1, Gy ) >
@(CTL’CTH-I?') ®(Cm>cm+1a') < @(Cm—lagmv') <
T(Cna Cn—f—l, ) = T(Cmy <m+1; ) < T(Cm—h Cmv ) <

> E(CnaCner )
< G(Cnv Cn+17 )
- < T(Q-TuCn-i-la )

where m > n , which is a contradiction. Since ¥ is compact set, {(,,} has convergent sub
sequence {(p, }. Let n = lim;_00Cy,;, Also we assume that n such that Fn € {(,;7 € N}.

According to the above assumption, we may now write,
E(FCnHF??,) E(Cn,un)')v

for all i € N. Then by equation (4.3.1) we obtain

lim infE(F o,y F 0, A) > lim E(Cnyym, A) = E(,m, A) =1
lim sup®(F Cnyy F, A) < lim ©(Gpy,m, A) = O(1,m,A) =0
lim supY (F Gu,, F 0, A) < lim Y (Guyy 5 A) = T(0,m,A) = 0

for each A > 0. Hence

lim FCp, = Fn....(4.4.2)

Simillarly
lim F2Cp, = limF *n...(4.4.3)

(we recall that lim F (,, = [ n for all (i € N)), Now observe that,
E(Cnir F s A) S E(F Guis F s A) <0 S EGnis FGnis V)
SE’FCTLZ’FQCHN)\)S SE( Cn1+17F CTLH.U )

(
S E(Fcni-»-l?FZCnHlaA) S

- < 1.
O(Gnis F Gnis A) = O(F Gy %Gy A) > (Goss FGris )
> O(F Gy F2Cnis A) = -+ 2 O(F Cagyy s F 2nins N)
> O(F Cngys F 2Cng 1y A) > - > 0.
Y (Cnis F s A) = T(F G F 260 A) = -+ = V(G F Gy A)
> Y(F oo F s A) = oo 2 Y(F Gy F 2y N)
> Y(F Cngoys F 2Cnins ) >+ > 0.
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for all A > 0. Thus {E(Cuis F Gags M)} 1O (G F G VI AT (G F Gy N} and {(F Gy F2Cnyy )}
(A > 0) are convergent to a common limit point . So by equations (4.3.1) , (4.3.2) and (4.4.1)

and we get,

E(n, Fn,A) > lim sup Z(Cnyy F Cpyy ) = Lim sup (F Coyy F2Cnys N)
> lim infE(F Gy F*Cnys A)
>Z(Fn, F?n, \)

O(n, F 0, A) < lim inf ©(Cn,, F Cnyy A) = lim inf O(F Cu,, F 2Cny A)
< lim supO(F o,y F2Cns, A)
< O(Fn,F*n,N)

(0, F 1, A) < liminf C(Cng, FGngs A) = liminf C(F Gags F2Cis A)
< lim sup Y (FCF Cuyy F2Cnss A)
< Y(Fn, F*n,N)

for all A > 0. Suppose b # F 17, By equation (4.4.1)
E(n, Fn,.) <E(Fn.F2n,.); O, Fn,.) > 0(Fn, F?n,.); X Fn..) > Y(Fn, Fn,.).

which is a contradiction , because all the above functions are left continuous , non -decreasing
and right continuous , non - increasing respectively. Hence nn = Fn is a fixed point.
To prove the uniqueness of the fixed point, let us consider f (¢) = w for some ¢ € 3.

Then

A A A
1 ZE(C;‘*‘)?)‘) :E(FT],FLU,)\) ZE(C7W7E):E(F777FW7E) 2 ZE(C7w7k7)
A A A
OS@(Ca("J?)‘) :@(FH,FW,)\) §@(€;w7%):®(FU7FW7E) S SG(C’w’kin)
OST(C’O‘J?A) :T(FU,FW,)\) ST(C,W,%):T(FW,FW,%) S ST(C,W,%)

Now , we easily verify that {,%n} is an s - increasing sequence, then by assumption for a given

e € (0,1), there exists ny € N such that

A A A
= —)>1—c¢ —) <e€ —) <e.
(C’w7 kn) — 1 6’ (—)(C7w7 kn) —_ 67 T(C? w? kn) —_ €
Clearly
) _ A ) A ) A
lzmn—wo‘:'(é_ywa kin) = 1; llmn—mo@(Caw? kin) = 0; lzmn_moT(C,w, kin) =0.

Hence E((,w,\)=1; O((,w,\) =0; YT(¢,w,A\) =0. Thus n = w. Hence proved.
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Conclusion: In this study, we have investigated the concept of Neutrosophic Metric Space

and its properties. We have proved fixed point results for contraction theorems in the setting

of neutrosophic metric Space. There is a scope to establish many fixed point results in the

areas such as fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces

by using the concept of Neutrosophic Set.
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