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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [21] in 1965 to overcome the uncertain-
ties in various problems in environment, economics, engineering etc. As an extension of it,
Atanassov [7] introduced intuitionistic fuzzy set in 1986, where a degree of non-membership
was considered besides the degree of membership of each element with (membership value +
non-membership value) < 1.

After that several generalizations such as, rough sets, vague sets, interval-valued sets etc. are
considered as mathematical tools for dealing with uncertainties. In 2005, F. Smarandache
introduced Neutrosophic set [19] in which he introduced the indeterminacy to intuitionistic
fuzzy sets. So, the resultant can be taken as a tri-component logic which can be applied to
non-standard analysis such as decision making (for example, result of games (win/tie/defeat),
votes, from no/yes/NA), control theory etc.. Since then several researchers has applied this
concept in many practical fields such as multi-criteria decision making, signal processing, dis-
aster management etc.. Some of its recent applications can be found in [1-5,9}(18}20].

In 2011, Majumder [13] introduced and studied the concept of Q-fuzzifcation of ideals of I'-
semigroup. Akram et al [6], Lekkoksung [11,/12], Mandal |14], Qamar et al [15,16] extended
this concept in case of I'-semigroup, ordered semigroups [10], ordered I'-semiring, soft fields,
group theory and investigated some important properties.

Motivated by this idea and combining the concept with neutrosophic set, in the paper we
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have studied the ideal theory of semirings since it has several applications in graph theory,

automata theory, mathematical modelling etc. [8].

2. Preliminaries

At first let us remember some definitions which will be used in the discussion of the paper.

Definition 2.1. A semiring is a nonempty set S on which two operations + and - have been

defined such that (S, +) and (S, -) form monoid where - distributes over + from any side.

Definition 2.2. A nonempty subset X (# S) of semiring S is said to be an ideal if for all
z,ye Xandpe S, x+y € X, pr € X. Similarly we can define a right ideal also. An ideal
of S is a nonempty subset which satisfies both properties of left ideal and right ideal.

Definition 2.3. A neutrosophic set N on the universe U is defined as N = {<
u, AT (u), Al (u), A¥ (u) >,u € U}, where AT, AT, AF . U —]70,1F[and ~0 < AT (u) + Al (u) +
AF(u) < 3% . For practical purposes, it is difficult to consider ]=0,1%[. So, for studying

neutrosophic set we consider the set which takes the value from the subset of [0, 1].

Definition 2.4. For a non-empty set @), a mapping v : S x Q — [0, 1] is said to be a Q-fuzzy
subset of S and v; = {(s,q) € S x Q|v(s,q) > I} where [ € [0, 1] is its level subset.

3. Main Results

Definition 3.1. Let v = (v, !, ") be a non empty neutrosophic subset of a semiring S.
Then v is called a Q-neutrosophic left ideal of S if
(1) VT(SI + S2ap) > min{l/T(sl,p),yT(sz,p)}, VT(Sl'SQap) > VT(827p)
I I
(i) v!(s1 + s9,p) > LR 520 (Sl’p);ﬂ' (s2.0) vl (s189,p) > v!(s2,p)
(iit) v¥ (51 + s2,p) < max{vF(s1,p), v (s2,p)}, vF (5152, p) <vF (52, p)-

for all s1,s85 € S and p € Q.

Theorem 3.2. Any Q-neutrosophic set v of a semiring S is a left ideal iff its level subsets

vl = {(z,p) € SxQ : vl (z,p) > 1, 1 €[0,1], p € Q}, v} == {(x,p) € S xQ : v(z,p) >
I, 1 €[0,1]} and v} := {(z,p) € S x Q : vF'(x,p) <1, 1 €[0,1]} are left ideals of S x Q.

Proof. Suppose v of S is a Q-neutrosophic left ideal of S. Then anyone of v*, v or vf is not

equal to zero for some (s,p) € S x Q. Without loss of generality we consider, all of them are

not equal to zero.
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Suppose a,b € v, = (v, v{, vI'), s € S and p € Q. Then

vl (a+b,p) > min{v!(a,p),vT(b,p)} > min{l,1} =1
yl(a+b’p) > w > % —1
VP (0 +b,p) < max{F (a,p), vF (b, p)} < max{l, [} =1

which implies (a + b,p) € v/, VlI, vl ie., (a+b,p) € 1. Also

vT(sa,p) > v (a,p)
v (sa,p) > ' (a,p) >
v (sa,p) < vf(a,p) <1

Hence (sa,p) € y;.

Therefore v; is a left ideal of S.

Conversely, let vj(# ¢) is a left ideal of S x @ and v is not a Q-neutrosophic left ideal of S.

Then for a,b € S and p € ) anyone of the following inequality will hold.

v (a+b,p) < min{v"(a,p),v" (b,p)}

vi(a+b,p) < w

v (a+b,p) > max{v"(a,p),v" (b,p)}
For the first inequality, choose [y = 1[vT (a+b, p)+min{v” (a,p), v* (b,p)}]. Then v (a+b,p) <
I < min{v"(a,p),v"(b,p)} = (a,p), (b,p) € v]. but (a+b,p) € v - contradiction.
For the second inequality, choose to = 3[v(a + b,p) + min{v/(a,p),v (b, p)}]. Then v/(a +
b,p) <ls < w = (a,p), (b,p) € 1/112. But (a +b,p) & 1/{2 - contradiction.
For the third inequality, choose t3 = 3[v¥(a + b, p) + max{v* (a, p), " (b,p)}]. Then v¥'(a +
b,p) > I3 > max{vt(a,p), v (b,p)} = (a,p), (b,p) € Vf; but (a + b,p) & 1/;; - contradiction.

Hence the theorem.

Definition 3.3. For two @-neutrosophic subsets v and o of S x @), define their intersection
by
(" no®)(a,p) = min{v’(a,p),o" (a,p)}
(' no')(a,p) = min{v' (a,p), o' (a,p)}
W' no)(a,p) = max{v’(a,p),o" (a,p)}

foralla € S and p € Q.

Proposition 3.4. Intersection of any number of Q-neutrosophic left ideals of S is also a

Q-neutrosophic left ideal.
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Proof. Assume that {v; : ¢ € C'} be a collection of @-neutrosophic left ideals of S and a,b € S,
p € Q. Then

(CQCVCT)(a +b,p) =inf v!(a+b,p) > inf {min{vT(ajp% vl (b,p)}}
= min{icxéfcl/cT(a,p) 1nf vI(b,p)}
= min{(CQCVcT)(av )7 (CEC c )(b,p)}

( mCl/CI)((L b,p) lIlfU (a+bp)>1nf%
ce
lgg vi(a a.p)+inf ve I(b, p)

2
N vl N vl
CECVC(a7p)+C€CVL( 7p)
2

(O pP)a+b,p) =sup vF(a-+bp) < sup {max{v (a,p), v (b,p)}}

ceC ceC
= max{sup v (a,p),sup v2(b,p)}
ceC ceC

= maxl( 0)leop). ()00

(029)(ab.p) = inf v (ab.p) > inf v (b.) = ( 0001,
(0 ve)(ab,p) = inf v (ab,p) > inf v (b,p) = ( 0 ve)(b,p).

(0 v )(ab,p) = sup v, Fab,p) < sup ; :(b,p) = (0 )(b,p)-

Therefore ﬂcuc is a Q—neutrosophlc left ideal of S.
ce

Definition 3.5. For two ()-neutrosophic subsets v and o of S, define their cartesian product
by
(" x 0")((a,b),p) = min{r" (a,p), " (b,p)}

I I
(VI % UI)((a,b),p) — v (CL?p);o- (bvp)

(vF x JF)((a, b),p) = max{uF((a,p),aF(b,p)}

Ya,be S, p € Q.

Theorem 3.6. For two Q-neutrosophic left ideals v and o of S, v X o is a Q-neutrosophic
left ideal of S x S.

Proof. Let (a1,az2),(b1,b2) € S x S and p € Q. Now

(T x o) ((a1,az2) + (b1, b2),p) (T x oT)((a1 + b1, as + ba),p)

= min{v? (a1 + b1,p), o7 (as + ba, p)}

> min{min{v” (a1, p), v* (b1, p)}, min{c’ (az, p), o’ (b2, p)}}
= min{min{v? (a1, p), o’ (az,p)}, min{v? (b1, p), o’ (b, p)}}
min{(v" x o)((a1, a2),p), (V" x o")((b1,02),p)}-
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(! x o) ((a1 + b, az + b2),p)
VI(a1+bl7p)+O'I(a2+b2,p)
2

(v! x o!)((ar,a2) + (b1,b2), p)

l{ vl (a1,p)+v7(b1,p) + o!(az,p)+o’(b2,p)
2 2 2

v

%{Vj(ahp);rﬂl(az,p) + Vl(bl,P);UI(b%p)}

= ! xal)((ar,a2),p) + (V1 x ?)((b1,b2),p)}.

(" x a")((a1,a2) + (b1,b2),p) = (" x o")((a1 + b1, a2 + b2), p)

max{v’ (a1 4 b1, p), v* (az + b, p)}

max{max{v’ (a1, p), v’ (b1, p)}, max{ct (a2, p), o (ba,p)}}
= max{max{v* (a1,p), 0" (a2, p)}, max{v" (b1, p), o (b2, p)}}
max{(v"" x ") ((a1, a2),p), (V" x a")((b1,b2),p)}-

IN

(T x aT)((a1,a2)(b1,b2),p) = (v1 x aT)((a1b1,azbs),p) = min{v? (a1by,p), o’ (asbs,p)}
> min{v” (b1, p), 0" (b2, p)} = (W x a")((b1,b2),p).

VI a UI a
(W x o")((a1,a2)(b1,b2),p) = (1 x ')((a1by, azbs), p) ( lb“’)‘g (azb.p)

vl of
vbiplto ban) — (1 o1)((by, by), p).-

v

(" x o) (a1, a2)(b1,b2),p) = (" x o) ((a1by, azba), p) = max{v" (a1by, p), 0" (azb2, p)}
< max{v" (b1, p), " (b2, p)} = (V" x o7) (b1, b2, p).

Therefore v x ¢ is a Q-neutrosophic left ideal of S x S.

Theorem 3.7. A Q-neutrosophic set v of S is a @Q-neutrosophic left ideal iff v X v is a
Q-neutrosophic left ideal of S x S.

Proof. If a @Q-neutrosophic subset v of S is a Q-neutrosophic left ideal then by Theorem |3.6
v X v is a -neutrosophic left ideal of S x S.

Conversely, suppose v X v is a (Q-neutrosophic left ideal of S x S and a1,as2,b1,b2 € S, p € Q.
Then

min{v7 (a1 + b1, p), v (a2 + b, p)} = (W7 x vT)((ay + by, as + b2),p)
= (v xv")((a1, a2) + (b1, b2), p)
> min{(v" x v7)((a1, a2),p), (v" x v7)((b1,02),p)}
= min{min{v” (a1, p), v" (as,p)}, min{v" (b1, p),v" (b2, p)} }.

I I
v (a1+b1,p)42ru (a2+b2,p) _ (VI % VI)((al + b17a2 + bz),p)

= (! x v))((a1,a2) + (b1, b2),p)
(!X )(01,02) )40 30! b))

v

vi(a1,p)+vi(as, vl(by,p)+v! (ba,
= (a1p)2 (a2.p) | (11))2 (217)]‘
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max{v¥ (a1 + b1, p), v (a2 + b2,p)} = (v x vF)((a1 + b1, a2 + ba), p)
= W xvF)((a1,a2) + (b1, b2),p)
< maX{(VF X VF)((a17a2)7p)7 (VF X VF)((bhb?)?p)}
= min{max{v* (a1, p), v" (az, p)}, max{v* (b1, p), v* (b2, p)}}.
Now, putting a3 = a,as = 0,b; = b and bs = 0, in the above inequalities and noting that
vT(0) > vT(x), v1(0) = 0 and v¥'(0) < v (z) for all @ € S we obtain
v"(a +b,p) > min{v" (a,p), v" (b,p)}
vi(a,p)+v! (b,
vi(a+b,p) > ( p)2 (b,p)
v (a+b,p) < max{v"(a,p), " (b,p)}.
Next, we have
min{l/T(albl),uT(agbg)} = (UT X Z/T)(albl,agbg) = (VT X I/T)((al,ag)(bl,bg))
> (T x vT)(by, be) = min{vT (b1), 7 (b2)}.

VI a VI a
( 1b17¢1)‘5 (a2b2,9) — (l/I « V])((a1,a2)(b1,b2),q)

> (VI X V])((bla b?)a Q)
_ vbLg)+r!(b2,9)
5 .

max{v" (a1b1, q), v" (azbs, q)} = (" x v)((a1b1, azb2), q) = (V" x v7)((a1, a2) (b1, b2), @)
< (W x vT)((b1,b2), q) = max{v" (b1, q),v" (b2, 9) }.
Taking a; = a,b; = b and by = 0, we obtain
vT(ab,p) > T (b, p)
v!(ab,p) > v (b,p)
vF(ab,p) < v (b, p).

Hence v becomes a (Q-neutrosophic left ideal of S.

Definition 3.8. For two (J-neutrosophic sets v and ¢ of a semiring S, define their composition
by

vooT(a,p) = sup  {min{v"(ac,p),0” (be,p)}}
m
- e,
c=1
= 0, otherwise
VIOO'I(a7p) = Sup ZZL:l w
m
e,
c=1

= 0, otherwise
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vFoot (a,p) = inf  {max{v' (a,p),o" (b, p)}}
a= Z acbc
c=1

= 0, otherwise

where p € Q, a,a.,b. € S, m € N-the set of natural number.

Theorem 3.9. For two Q-neutrosophic left ideals v and o of S, voo also forms a Q-

neutrosophic left ideal of S.

Proof. Consider two Q-neutrosophic left ideals v, o of S with a,b € S, p € Q. If (a + b,p) has
the expression (.., acbe,p), where ac,b. € S and p € Q, then the proof is immediate from

the definition. So, assume that a + b can be expressed in the said form. Then

(vTooT)(a + b, p)
= sup {mcin{uT(ac,p),UT(bmp)}}

m
atb= E acbe
c=1

> SUp{mgn{VT(cc,p), o(de,p) " (ec, p), o7 (fe, 0)}}

a= i Cele, b = i ecfe
c=1 c=1

= min{ sup{min{ v (cc, p), o7 (de, p)}}, sup{min{ v* (ec, p), 0" (fe,; p)} }}

m m
3. Y
c=1 c=1

= min{(v"oo")(a,p), (vTooT) (b, p)}

(vloa!)(a + b,p)
m v!(ac.p)t+o’ (be.p)

= sup Doy S
m
a+b= Z acb.
c=1
m VI(Ccyp)+O'I(dc,p)+lll(€c,p)+0'l (fczp)
m m
a= Z Cele, b = Z ecfe
c=1 c=1
1 m  v!(ce,p)+ol(de,p) m  vi(ee,p)+ol(fe,p)
= 5[ sup Zc:l 2m ’ sup Zc:l 2m ]

m m
a= Z Ced,. b= Z ecfe
c=1 c=1

_ (or)ap) 0 or)(0p)
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(vFoc)(a + b, p)
= inf {m?X{VF(aup),UF(bc,p)}}

{max{v"(ce, p), 0" (de, p), V" (ec, p), 0" (fe, P)}}

A
E.
=

:ma;{;nf{méax{VCF(lcc,p),UF(dcp>}},inf{mcax{y (ecsp)s0" (fe2)}}}
= max{(v" oo )(a p), (vFoo")(b,p)} -

(vTooT)(ab,p) = sup {mcin{VT(ac,p), ol (be,p)}}

ab= E acbc
=1

> s {min{o (e p). o (fop)}}

m
ab= Z aecfe
=1

> i (e, ), 0" (o)} = (o) (b, p)

m
b= Z ecfc
c=1

me

(Z/IOO'I)((Ib,p) = Sr’%p c=1 2m
ab= Z acbc
c=1 s s
c;p)+0’ (fe,
> sup S W

m
ab= Z aecfe
c=1

> sup Y leerpollen) - (ool (b, p)

m

ZZecfc
c=1
(FooP)abp) = il {max{v*(acp).oF (besp)}}

ab:Zacbc
c=1
< inf  {max{v"(aec,p), 0" (fe;p)}}
ab:Zaecfc
c=1
< b {max{r(een). 0" (fep)}) = (For")(b,p)

= Zecfc

c=1
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Therefore voo is a (Q-neutrosophic left ideal of S.

Conclusion: In this paper, we have defined @Q-neutrosophic ideals of a semiring and studied

some its elementary properties. Here also we obtain its characterizations by label subset

criteria, cartesian product and composition of two @-neutrosophic ideals. Our next aim to

extend the idea in case of Q-neutrosophic bi-ideals, -neutrosophic quasi-ideals and investigate

some properties of regular semirings.

Acknowledgement: The author is thankful to the referees for their valuable comments to
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