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1. Introduction

Fuzzy sets were introduced by Zadeh [17] and he discussed only membership function. The
fuzzy topology concept was first introduced by C.L.Chang [3] in 1968.After the extensions of
fuzzy set theory Atanassov [1] generalized this concept and introduced a new concept called
intuitionistic fuzzy set (IFS). Yager [13] familiarized the model of Pythagorean fuzzy set.
However, in the some practical problems, the sum of membership degree and non-membership
degree to which an alternative satisfying attribute provided by decision maker(DM) may be
bigger than 1, but their square sum is less than or equal to 1.

IFS was failed to deal with indeterminate and inconsistent information which exist in
beliefs system, therefore, Smarandache [9] in 1995 introduced new concept known as neu-
trosophic set(NS) which generalizes fuzzy sets and intuitionistic fuzzy sets and so on. A
neutrosophic set includes truth membership, falsity membership and indeterminacy member-
ship. In 2006, F.Smarandache[9] introduced, for the first time, the degree of dependence (and
consequently the degree of independence) between the components of the fuzzy set, and also

between the components of the neutrosophic set. In 2016, the refined neutrosophic set was
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generalized to the degree of dependence or independence of subcomponents [10]. In neutro-
sophic set [10], if truth membership and falsity membership are dependent and indeterminacy
is independent.Sometimes in real life, we face many problems which cannot be handled by
using neutrosophic for example when T4 (z) + Ia(x) + Fa(z) > 2. Pythagorean neutrosophic
sets [PN-sets|with T and F are dependent neutrosophic components [PNS] of condition is as
their square sum does not exceeds 2.Jansi and Mohana|6]was studied about PN-sets.In 2003,
A.K.Mishra [8] introduced the concept of P-spaces.The concept of P-spaces in fuzzy setting
was defined by G.Balasubramanian[11].Almost P-spaces in classical topology was introduced
by R.Levyl[7] .

In this paper we study the pairwise PN P-spaces.Also we studied the conditions under

which PN bitopological spaces become pairwise PN P-spaces are investigated.

2. preliminaries

Definition 2.1. (Pythagorean Fuzzy Set)[14] Let X be a non-empty set. A PF set A is
an object of the form A = {(x, Pa(x),Qa(z)) : € X} where the function P4 : X — [0,1] and
Q4 : X — [0,1] denote respectively the degree of membership and degree of non-membership
of each element z € X to the set P, and 0 < (Pa())? 4+ (Qa(x))? < 1 for each z € X.

Definition 2.2. [10] Let X be a non-empty set. A neutrosophic set A on X is an object of
the form: A = {(z, Pa(x),Qa(z), Ra(x)) : x € X}, Where Ps(z),Qa(z), Ra(xz) € [0,1],0 <
Pa(z) + Qa(z) + Ra(z) < 2for all x in X. P4(x) is the degree of membership, Q(x) is the
degree of inderminancy and R4 (z) is the degree of non-membership. Here P4(x) and R4(x)

are dependent components and Q4(x) is an independent components.

Definition 2.3. [6] (Pythagorean neutrosophic [PN]-sets (with T and F are de-
pendent neutrosophic components))[13] Let X be a non-empty set. PN-set A =
{(X,Pa(z),Qa(z), Ra(x) : x € X} where Py : X — [0,1],Q4 : X — [0,1] and R4 : X — [0, 1]
are the mappings such that 0 < P3(x)+ Q% () + R34 (z) < 2 and P4(z) denote the membership
degree,@ 4(x) denote the Indeterminacy and R4(x) denote the non-membership degree.Here

P4 and R4 are dependent neutrosophic components and Q4 is an independent components.

Definition 2.4. [6] Let A = (Pa,Qa,R4) and B = (Pp,Qp, Rp) be two PNSs,then their
operations are defined as follows:

1)A C B if and if Pa(z) < Pp(z),Qa(x) > Qp(z), Ra(x) > Rp(x)

2) A=Bifandonlyif AC Band BC A

) AU B = {(z,max(Pa, Pg),min(Qa,@Qp),min(Ra,Rp) : v € X}

JAN B = {(x,min(Pa, Pg),max(Qa,Qp),max(Ra,Rp) : v € X}

5)A° = {(z,Ra,1 — Qa,Pa) 1z € X}.
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3. Pairwise Pythagorean Neutrosophic [Pairwise PN] P-Spaces(with T and

F are dependent neutrosophic components)

Definition 3.1. A Pythagorean neutrosophic (with T and F are dependent neutrosophic com-
ponents) topology (PNT in Short) on X is a family PN7 of PNs in X satisfying the following

axioms:

(1) 0x,1x € PNT

(2)G1 NGg € PN, for any G1,G2 € PNT

(3) UG, € PN for any family {G,/i € J} C PNT.

In this case the pair (X, PNT) is called a Pythagorean neutrosophic sets with T and F are
dependent neutrosophic components topological space (PNTS in Short) and any BPFTS in
PNT is known as a Pythagorean neutrosophic sets with T and F are dependent neutrosophic

components open set (PNOS in Short) in X.

The Complement A¢ of a PNOS A in a PNTS (X, PN7) is called a Pythagorean
neutrosophic sets with T and F are dependent neutrosophic components closed set (PNCS in
Short) in X.

Definition 3.2. Let (X, PN7) be a PNTS and be a PN in X. Then the PN interior and

closure of a PN closure are defined by
PNint(A) = U{G/GisaPNOSinXandG C A}
PNcl(A) =n{K/KisaPNCSinXandA C K}.

Note that for any PN A in (X, PNT), we have (PNcl(A))¢ = PNint(A°) and (PNint(A))¢ =
PNcl(A°).

Definition 3.3. A set X on which are defined two (arbitrary)PN topologies PN7; and PN,
is called PN bitopological spaces and denoted by (X, PN1i, PNT2).

We shall write PNintpnr,(A) and PNclpny, (A) to mean respectively the PN interior and PN
closure of PN set A with respect to the PN topology PN7; in (X, PN1i, PNT9).

Author(s), Paper’s title
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Definition 3.4. A PN A in a PN bitopological space (X, PN1, PNT3) is called a pairwise PN
open set if A € PN7;(i = 1,2).The complement of pairwise PN open set in (X, PN1, PNT3)

is called a pairwise PN closed set.

Definition 3.5. A PN A in a PN bitopological space (X,PN7,PN7y) is called a
pairwise PN dense set if f)]\/vclp]\h—1 PNCleT2 (A) = PNCleT2 PNCleTl (A) = 1X in
]‘_’]\fclp]\h-1 P]\fclp]\h-2 (A)

Definition 3.6. A PN A in a PN bitopological space (X,PN7, PN7y) is called pair-
wise PN nowhere dense if PNintpn- PNclpnr,(A) = PNintpn, PNclpn-, (A) = Ox in
PNintpNTleCleTQ(A).

Definition 3.7. Let (X,PN7,PN7y) be a PN bitopological space.A PN A in
(X,PN7i,PNT) is called a pairwise PN first category set if A = (J;2,(A;), where (\;)’s are
pairwise PN nowhere dense sets in (X, PN7;, PN7y).Any other PN set in (X, PN71, PNTy)
is said to be a pairwise PN second category set in (X, PN7;, PNTy).

Definition 3.8. If A is a pairwise PN first category set in a PN bitopological space
(X, PN71, PNTy), then the PN A¢ is called a pairwise PN residual set in (X, PN1;, PNT2).

Definition 3.9. A PN A in a PN bitopological space (X, PNy, PN7) is called pairwise PN
Fy-set in (X, PN1,PN1) if A=J;2,(A4;) where (4;)¢ € PNT;.

Definition 3.10. A PN A in a PN bitopological space (X, PN71, PN7y) is called pairwise
PN Gg-set in (X, PNTl,PNTQ) if A= ﬂ?il(AZ) where A; € PNT; .

Definition 3.11. A PN bitopological space (X, PNT;, PNTy) is called pairwise PN first cat-
egory space if the PN set 1x is a pairwise PN first category set in (X, PN7;, PNT19).That is,
1x = U2 (A;), where A;’s are pairwise PN nowhere dense sets in (X, PN, PN7).
Otherwise (X, PN1i, PN79) will be called a pairwise PN second category space.

Definition 3.12. A PN bitopological space (X, PN7;, PN1y) is called a pairwise PN Baire if

PNintpy-, (Upy (Ar))
=0x, (: = 1,2), where Aj’s are pairwise PN nowhere dense sets in (X, PN7;, PNT).

Definition 3.13. A PN bitopological space (X, PN7i, PN7y) is called a pairwise PN P-
space if every non-zero pairwise PN Gs-set in (X, PN711, PNT12) is a pairwise open set in
(X,PN7i,PN7y). That is, if A = (;2,(Ag),where (Ay)’s are pairwise PN open sets in
(X,PNT1,PNTy), then A is a pairwise PN open set in (X, PN, PN1).

Proposition 3.14. If A is a pairwise PN F,-set in a pairwise PN P-space
(X, PN71, PNT9),then A is a pairwise PN closed set in (X, PNy, PN7).
Author(s), Paper’s title
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Proof. Let A be a pairwise PN Fy-set in (X, PN11, PN712). Then A€ is a pairwise PN Gg-set
in (X, PN1;, PNT9).Since (X, PN1;, PNT9) is a pairwise PN P-space, the pairwise PN Gs-set
(A) is a pairwise PN open set in (X, PN1;, PNTy).

Hence A is a pairwise PN closed sets in (X, PN1, PN72).

Proposition 3.15. If the PN bitopological space (X, PN7;, PN1y) is a pairwise PN P-space,
then PNclpny, (i1 (Ak)) = Ure; PNelpnr, (Ag), (i = 1,2) where Ap’s are pairwise PN
closed sets in (X, PN1i, PNT9).

Proof. Let the PN sets (Ag)’s (k =1 to co) be pairwise PN closed sets in (X, PN7;, PNT1y).
Then, PNclpny, (Ax), (i = 1,2) in (X, PN7i, PN19).Let A = J;o;(Ag).Then, A is a pairwise
PN F,-set in (X, PN11, PNT9).Since (X, PN7;, PNT3) is a pairwise PN P-space, by proposi-
tion 3.12, A is a pairwise PN closed sets in (X, PN, PNT3).

Then, PNclpn,,(A) = A(i =1,2).

Now PNelpnr, (UiZ1(Ar)) = UpZi (A) = Uiz PNclpn,au; (Ar)

and hence PNcla,(Upe(Ax)) = Upe; PNclpn- (Ax), where (Ag)’s are pairwise PN closed
sets in (X, PN711, PNT2). 0

Proposition 3.16. If the PN bitopological space (X, PN7, PN1y) is a pairwise PN P-space,
then PNintpnr,(pey(Ak)) = Nrey PNintpn, (Ax) where (Ay)’s are pairwise PN open sets
in (X, PNTl,PNTQ).

Proof. Let the PN sets (Ag)’s (k = 1toco) be pairwise PN open sets in (X, PN1, PNT1y).
Then,(Ag)’s (k = 1toco) be pairwise PN closed sets in (X, PN7, PN1y).

Since (X, PNT;, PNTy) is a pairwise PN P-space, by proposition 3.13,

PNelpnr (U2 (An)°) = U, PNelpyr, (Ar)¢ in (X, PNTy, PN).

Then, by definition 3.2, PNclpns, (Nrey(Ak)€) = (Upe; (PNintpn+, (Ag)))¢and

hence (PNintpnr, (e (Ax)) = (Nyey PNintpy-, (Ax))C.

Therefore PNintpnr, ((pei(Ar) = Nreq(Ax)) where (Aj)’s are pairwise PN open sets in
(X,PN7,PN72).

Example 3.17. Let X = {a,b}.The PN sets 4y, Ay and A3 are defined on X as follows:

A1={(x,(0.2,0.3),(0.4,0.4),(0.7,0.6)) }
A>={(x,(0.8,0.6),(0.3,0.5),(0.4,0.1))}
A3 {(x,(0.2,0.1),(0.6,0.5),(0.9,0.7))}

4={(x,(0.6,0.2),(0.3,0.4),(0.5,0.5)) }
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Then, PN11={0x, A1, A2, A3, Ay U Az, Ay U A3, ApU A3, A1 N Ay, A1 N A3, Ay N A3, Ay U (A2N
As), AsN (A1 U Ay), Ag U (A1 N As), Ay U A U Az, 1x} and

PN71o={0x, A1, A3, Ay, A1 U Az, A1 U Ay, A3 U Ag, A1 N A3, A3 N Ay, Ay U (A3 N Ay), Ay N
(A] U As), A3 U (A1 N Ay), A1 U A3 U Ay, 1xtare PN topology on X.Now the PN sets
A1, As, AyUAs, AN Ay, AN A3, AJU(AaNAs), AiNAy, AsNAy, AJU(AsNAy), AsN(A1UAy)
are pairwise PN open sets in (X, PN, PN12).Now the PN sets
a=A1N(ANA)N(A3N (A1 UA))N (A U(A3N Ay)) and v = (A1 U A3) N (A3 U (A3 N
Ayq)) N (AsN (A1 U Ay)) are pairwise PN Gs-sets in (X, PN1, PN12) and o € PN7;(i = 1,2)
and 7 € PNT;(i = 1,2) shows that the PN bitopological space (X, PN1, PNTy) is a pairwise
PN P-space.

Definition 3.18. A PN bitopological space (X, PN, PN1y) is called a pairwise PN sub-
maximal space if each pairwise PN dense set in (X, PN7, PN7y) is a pairwise PN open
set in (X, PN7;, PN7y).That is, if A is a pairwise PN dense in a PN bitopological space
(X,PNT1i,PN13), then A € PN7;(i =1,2).

Proposition 3.19. If (A;)'s(i = 1tooo) be pairwise PN dense sets in (X, PN1y, PNT1y).
Since (X,PN7,PN7y) is a pairwise PN submaximal space and pairwise PN P-space
(X, PN, PNTy), then (2, (A4;) is a pairwise PN Gg-set in (X, PN, PN1).

Proof. Let (A;)’s (i = 1tooo) be pairwise PN dense sets in (X, PN7, PNT).Since
(X,PN11,PNT19) is a submaximal space, (A;)’s are pairwise PN open sets in
(X, PNy, PNTy).Then, (;2,(4;) is a pairwise PN Gs-set in (X, PN7i, PNTy).

Since the PN bitopologcal space (X, PN7i, PN7) is a pairwise PN P-space, (2, (4;) is a
pairwise PN open set in (X, PN, PN72). 0O

Proposition 3.20. If each pairwise PN Gg-set is a pairwise PN dense set in a pairwise PN

submaximal space (X, PN7;, PN7y), then (X, PN, PNT2) is a pairwise PN P-space.

Proof. Let A be a pairwise PN Gs-set in (X, PN1, PN719).By hypothesis, A is a pairwise PN
dense set in (X, PNy, PNTy).Since (X, PN7;, PNT9) is a pairwise PN submaximal space,the
pairwise PN dense set A is a pairwise PN open set in (X, PN7, PN7y).Hence the pairwise
Gs-set in (X, PN7, PNTy) is a pairwise PN open set in (X, PN1;, PNT9).Thus the PN bitopo-
logical space (X, PN1i, PNT3) is a pairwise PN P-space.

Proposition 3.21. If PNintpn., PNintpn-,(A) = Ox, (i,j = 1,2andi # j) where A is a
pairwise PN F,-set in a pairwise PN submaximal space (X, PNy, PNT2),

then (X, PN7;, PN7y) is a pairwise PN P-space.
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Proof. Let A be a pairwise PN Gs-set in (X, PNy, PN7y).Then, A€ is a pairwise PN F,-set
in (X,PN7,PN1).

By hypothesis,

PNintp, PNintpyy, (A°) = Ox, (i, j = 1,2andi # j) in (X, PN, PNTy).

This implies that (PNclpyr, PNclpny; (A))¢ = 0x and thus

PNclpn- PNelpny (A) = 1x.

Hence A is a pairwise PN dense set in (X, PN7;, PN7y).Since (X, PN11, PN72) is a pair-
wise PN submaximal space, the pairwise PN dense set A is a pairwise PN open set in
(X, PNT1, PNT9).Hence the pairwise PN Gs-set A in (X, PN, PN1) is a pairwise PN open
set in (X, PN71, PN7y).Therefore (X, PN1i, PNT9) is a pairwise PN P-space.

Proposition 3.22. If each pairwise PN Fj-set is a pairwise PN nowhere dense set in a pairwise
PN submaximal space (X, PNy, PN7y), then (X, PN7, PN79) is a PN P-space.

Proof. Let A be a pairwise PN Fj-set in a pairwise PN submaximal space (X, PN1;, PNT3)
such that PNintpn-, PNclpn-,(A) = 0x, (1,7 = 1,2andi # j).

But PNintpn,(A) € PNintpyr, PNclpnr,(A), implies that

PNintpn-,(A) C 0x.

That is, PNintpn-,(A) = 0x.

Then, PNintpn-, PNintpn-;(A) = PNintpy-,(A) = 0x, (i, j = 1,2andi # j).

Thus, PNintpn-, PNintpn-, (A) = 0y, for a pairwise PN Fj-set A in a pairwise PN submax-
imal space (X, PNy, PNTy).

Then, by proposition 3.18, the PN bitopological space (X, PN7i, PNTs) is a pairwise PN
P-space.

Proposition 3.23. If PNclpn., PNintpn.;(A) = 1x, (i,j = 1,2andi # j) for each pairwise
Gy-set A in a pairwise PN submaximal space (X, PN1y, PNT9),then (X, PN711,PN7) is a

pairwise PN P-space.

Proof. Let A be a pairwise PN F,-set in the PN bitopological space (X, PN7;, PNT3).

Then A€ is a pairwise PN Gs-set in (X, PN, PN1).

By hypothesis,

PNclpnr, PNintpn,, (A°) = 1x, (i, j = 1,2andi # j) in (X, PN11, PNT).

This implies that (PNintpn,, PNclpy-;,(A))¢ = 1x in (X, PN7, PN72) and

hence PNintpn-, PNclpny; (A) = 0x in (X, PN7, PNT2).

Then A is a pairwise PN nowhere dense set in (X, PN, PN7y).Thus, the pairwise
PN F,-set A is a pairwise PN nowhere dense set in a pairwise PN submaximal space
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(X, PN71, PNT9).Hence, by proposition 3.19, the PN bitopological space (X, PN1i, PNT3)

is a pairwise PN P-space.

Proposition 3.24. If A is a pairwise PN residual set in a pairwise PN submaximal space
(X,PN71,PNTy), then A is a pairwise PN Gs-set in (X, PN, PN1).

Proof. Let A be a pairwise PN residual set in a pairwise PN submaximal space
(X,PN7y,PN73).Then, A€ is a pairwise PN first category set in (X, PN1;, PN7y) and
hence A° = J,2;(Ax), where the PN (Ag)’s are pairwise PN nowhere dense sets in
(X,PNT,PN7y).Since (Ag)’s are pairwise PN nowhere dense sets in (X, PN, PN7),
PNintpn., PNclpng (Ax) = 0x, (4,7 = 1,2andi # j).

But PNintpnr,(Ar) € PNintpn., PNclpyr, (Ag),

implies that PNintpn-,(Ax) C 0x.That is, PNintpy-, (Ax) = Ox.

Thus, PNintpny, PNintpyr, (Ay) = Ox in (X, PN7j, PNT).

Then, PNclpnr PNelpny, ((Ar)¢) = (PNintpy., PNintpy-, (Ag))¢ = 1x.

Hence (Ay)®’s are pairwise PN dense sets in (X, PN7;, PN7y).Since (X, PN1,PN1) is a
pairwise PN submaximal space, the pairwise PN dense sets (A)“’s are pairwise PN open sets
in (X,PN711,PN7y).

Then, Aj)’s are pairwise PN closed sets in (X, PN7, PN12).Hence A = |J;—;(Ax), where
the PN (Ag)’s are pairwise PN closed sets in (X, PN, PN7),implies that A¢ is a pairwise
PN F,-set in (X, PN7;, PN7y).Therefore A is a pairwise PN Gs-set in (X, PN7, PN12). 0

Proposition 3.25. If A is a pairwise PN residual set in a pairwise PN submaximal and

pairwise PN P-space (X, PN7i, PNTy), then A is a pairwise PN open set in (X, PNy, PN7).

Proof. Let A be a pairwise PN residual set in a pairwise PN submaximal space
(X, PN, PN7y).Since the PN bitopological space (X,PNt, PN7y) is a PN submaximal
space, by proposition 3.21,

A is a pairwise PN Gg-set in (X, PNy, PN1).

Since (X, PN7,PNT1y) is a pairwise PN P-space, the pairwise PN Gs-set A is a pairwise
PN open set in (X, PN7;, PN1y).Therefore, the pairwise PN residual set A in a pairwise
PN submaximal and pairwise PN P-space (X, PN7i, PNT2) is a pairwise PN open set in
(X,PN7,PN7).

Proposition 3.26. If A is a pairwise PN nowhere dense set in a pairwise submaximal space
(X, PNT1,PNTy), then A is a pairwise PN closed set in (X, PN1;, PNT9).

Author(s), Paper’s title



Neutrosophic Sets and Systems, Vol. 41, 2021 @

Proof. Let A be a pairwise PN nowhere dense set in the bitopological space (X, PNy, PN7).
Then, PNintpn-, PNclpny; (A) = 0x, (i, j = 1, 2andi # j).

But, PNintpn-,(A) € PNintpnr, PNclpny;(A), implies that PNintpy., (A) C 0x.

That is, PNintpnr, (A) = 0x.

Thus, PNintpy,, PNintpn.;(A) = 0x,in (X, PN, PNT2).

Then, PNclpnr PNelpny (A°) = (PNintpnr, PNintpnr, (A))¢ = 1x.

Hence A€ is a pairwise PN dense set in (X, PN, PNT9).

Since (X, PN7y, PNTy) is a pairwise PN submaximal space, the pairwise PN dense set A€
is a pairwise PN open set in (X, PN7;, PN719). Thus, A is a pairwise PN closed set in
(X,PN11,PNT9). O

Proposition 3.27. If (Ay)’s (k = 1tooo) are pairwise PN nowhere dense sets in a pairwise
PN submaximal and pairwise PN P-space (X, PN7i, PN72) such that (J;—,(Ax) # 1x, then
PNclpnr,(UpZi (Ak)) = UpZi (Ak) in (X, PNT1, PNT3).

Proof. Let (Ag)’s (k = 1tooco) be pairwise PN nowhere dense sets in (X, PN7;, PNT3).

Since the PN bitopological space (X, PN11, PNTy) is a pairwise PN submaximal space, by
proposition 3.23, (Ay)’s are pairwise PN closed sets in (X, PN1;, PN73) and hence (Ag)“’s are
pairwise PN open sets in (X, PN11, PNT2).

Let A = (32 ,(Ak)¢. Then, A is a non-zero pairwise PN Gs-set in (X, PN, PNTy).(For, if
A = 0x, then (72, (A4k)¢ = Ox, will imply that Jp-;(Ax) = 1lx, which is a contradiction to
the hypothesis).Since (X, PN11, PNT3) is a pairwise PN P-space, the pairwise PN Gs-set A
is a pairwise PN open set in (X, PN, PN12) and hence, PNintpn.,(A) = A.

This implies that PNint pn+, (Npey (Ar)9) = Naey (Ar)°.

Then, (PNclpnr, (Upei(Ak))¢ = (Upe; (Ag))€ in (X, PNT1, PN1).

Hence PNclpny, (Upei(Ak) = Upe; (Ag) in (X, PN7, PNTy).

Proposition 3.28. If A is a pairwise PN first category set in a pairwise PN submaximal and
pairwise PN P-space (X, PN71, PN7y), then A is a pairwise PN closed set in (X, PNy, PN7).

Proof. Let A(# 1x) be a pairwise PN first category set in (X, PN7;, PN719). Then, A =
Usre; (Ak), where (Ag)’s are pairwise PN nowhere dense sets in (X, PN7, PNTy).

Since the PN bitopological space (X, PN1i, PNTy) is a pairwise PN submaximal and pairwise
PN P-space, by proposition 3.24, we have

PNeclpny, (Upey (Ak)) = Upe 1 (Ag) in (X, PN11, PNT2) and hence

PNclpn,(A) = A Thus the pairwise PN first category set A is a pairwise PN closed set in
(X,PN7,PN7).
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Theorem 3.29. Let (X, PN, PN73) be a PN bitopological space .Then the following are

equivalent:

(i) (X, PN, PN1y) is a pairwise PN Baire space

(i) PNintpn.(A) = O0x,(¢ = 1,2),for each pairwise PN first category set A in
(X,PNT11,PNT9).

(iii) PNeclpn+, (A) = 1x, (i = 1,2),for each pairwise PN residual set A in

(X,PNT1,PN1).

Proof. (i) = (ii) Let A be a pairwise PN first category set in (X, PN7i, PNTy).

Then A = Jp—(Ax), where A;’s are pairwise PN nowhere dense sets in (X, PN, PN12).
Now PNintpn-,(A) = PNintpnr,(Uze;(Ax)) = Ox, (i = 1,2), (since (X, PN7i, PNTy) is a
pairwise PN Baire space).

Therefore PNintpy,,(A) = 0Ox, where Ay’s are pairwise PN nowhere dense sets in
(X,PNT1,PN13).

(ii) = (iii).Let B be a pairwise PN residual set in (X, PN, PNT3).
Then B¢ is a pairwise PN first category set in (X, PN1;, PNT9).

By hypothesis, PNintpn.,(B¢) = 0x, (i = 1,2),

which implies that (PNclpns,(B))¢ = 0x.

Hence PNcelpn+,(B) = 1x, (i = 1,2).

(iii) = (i).Let A be a pairwise PN first category set in (X, PN, PN72).Then A = (7, (Az),
where Ay’s are pairwise PN nowhere dense sets in (X, PN7, PNT1y).

Now nA is a pairwise PN first category set in (X, PN71, PN7y) implies that A° is a pairwise
PN residual set in (X, PN7;, PN13).

By hypothesis, we have PNclpn., (A°) = 1x, (i = 1,2),

which implies that (PNintpy-,(A))¢ =0x, (i =1,2).

Then PNintpns, (A) = 1x.That is, PNintpnr, (Upe; (Ak)) = Ox, where Ay’s are pairwise PN
nowhere dense sets in (X, PN7, PN7y).

Hence the PN bitopological space (X, PN7;, PNT1y) is a pairwise PN Baire space.

Proposition 3.30. If the PN bitopological space PNintpnr,(A) = 0x, (i = 1,2),for each
pairwise PN first category set A in (X, PN7;, PN7) is a pairwise PN Baire space and pairwise
PN submaximal space, then each pairwise PN first category set is a pairwise PN nowhere
dense set in PNintpy,,(A) = Ox, (i = 1,2),for each pairwise PN first category set A in
(X,PNT11,PNT9).
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Proof. Let A be a pairwise PN first category set in (X, PNy, PN72).Since the PN bitopologi-
cal space (X, PN1;, PN1) is a pairwise PN submaximal and pairwise PN P-space, by proposi-
tion 3.25 , A is a pairwise PN closed set in (X, PN, PN12).Then PNclpn,,(A) = A, (i =1,2)
in (X, PN, PN7y).

Also since (X, PN11, PN79) is a pairwise PN Baire space, by Theorem 3.26,

PNintpnr,(A) = 0x, (i = 1,2), for the pairwise PN first category set A in (X, PN71, PNT2).
Now PNintpns, PNclpnr, (A) = PNintpyr,(A) = 0x,)i = 1,2).

Therefore, the pairwise PN first category set A is a pairwise PN nowhere dense set in

(X,PN’Tl,PNTQ). 0

Proposition 3.31. If A is a pairwise PN residual set in a pairwise PN submaximal, pairwise
PN Baire and pairwise PN P-space (X, PN7{, PNT3),
then A is a pairwise PN open and pairwise PN dense set in (X, PNy, PN7).

Proof. Let A be a pairwise PN residual set in (X, PN, PN1).

Since (X, PN711, PNTy) is a pairewise PN submaximal and pairwise PN P-space, by proposition
3.25, A is a pairwise PN open set in (X, PN7y, PN1y).Also since (X, PN, PN1) is a pairwise
PN Baire space, by Theorem 3.26,

PNclpn-, (A) = 1x, (i = 1,2), for the pairwise PN residual set A in (X, PN7, PN7y) and
hence A is a pairwise PN open and a pairewise PN dense set in (X, PN1, PN72). O
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