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1. Introduction

Iseki and Tanaka [15] presented the concept of BCK-algebra in the year 1978. Later on, Negger
and Kim [26] established the notion of d-algebra by extending the idea of BCK-algebra. In the year
1999, Negger et al. [25] defined the d-ideal in d-algebra. The notion of fuzzy set (FS) theory was
established by Zadeh [28] in the year 1965. Thereafter, Atanassov [4] introduced the idea of
intuitionistic fuzzy set (IFS) theory by generalizing the concept of FS. In the year 2013 F.
Smarandache [27] extended the neutrosophic set to refined [n-valued] neutrosophic set, and to
refined neutrosophic logic, and to refined neutrosophic probability. The notion of fuzzy d-ideals of
d-algebras was studied by Jun et. al. [17] in the year 2000. The idea of intuitionistic fuzzy d-algebra
was presented by Jun et al. [16]. In the year 2017, the concept of intuitionistic fuzzy d-ideal of
d-algebra was introduced by Hasan [12]. Hasan [13] also studied the intuitionistic fuzzy d-filter of
d-algebra. The notion of Q-algebra was grounded by Neggers et. al. [24] in the year 2001. Thereafter,
Abdullah and Jawad [1] studied some new types of ideals in Q-algebra. Mostafa et. al. [22]
introduced the notion of fuzzy Q-ideals in Q-algebras. Mostafa et. al. [23] also studied the
intuitionistic fuzzy Q-ideals of Q-algebra. In the year 2005, Smarandache [27] grounded the idea of
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neutrosophic set by extending the IFS. Later on, the notion of neutrosophic BCI/BCK-algebras was
presented by Agboola and Davvaz [2]. In the year 2016, Martina Jency and Arockiarani [21]
established the notion of single valued neutrosophic ideals of BCK-algebras. In the year 2019,
Mallick and Pramanik [20] presented the concept of pentapartitioned neutrosophic set and studied
different operations on them. In this article, we procure the idea of pentapartitioned neutrosophic
Q-ideals of Q-algebra.

The rest of the paper is designed as follows:
In Section 2, we recall some preliminary definitions and results on Q-algebra, Q-ideal, fuzzy
Q-algebra, fuzzy Q-ideal, intuitionistic fuzzy Q-algebra, intuitionistic fuzzy Q-ideal. In section-3, we
introduce the notion of pentapartitioned neutrosophic Q-ideal of Q-algebra by generalizing the
theory of intuitionistic fuzzy Q-ideal and neutrosophic Q-ideal. Further, we formulate some results
on pentapartitioned neutrosophic Q-ideals of Q-algebra. In section 4, we conclude the work done in

this article.

2. Relevant Definitions and Results:
Here we procure some basic definition and example which is needed for our work.
F. Smarandache[27] introduced the n-symbolic or numerical-Valued Refined Neutrosophic Logic

In general: T can be split into many types of truths: Ti, T2, .., Tp, and I into many types of
indeterminacies: I, I, ..., Ir, and F into many types of falsities: Fi, F», ..., Fs,, where all p, r, s 2 1 are
integers, and p +r+s=n.

All subcomponents Tj, Ii, Fi are symbolic or numerical for je{1,2,...,p}, k€{1,2,...,1}, and I€{1,2,...,s}.
If at least one Ik = Tj A F1 = contradiction, we get again the Extenics.

We use five valued neutrosophic logic which is the particular case of the n-valued neutrosophic
logic. The details for the n-valued neutrosophic logic one may refer to [27].

Definition 2.1.[20] Assume that W be a fixed set. A pentapartitioned neutrosophic set P over W is
defined as follows:
Y = {(c, Ax(c), Cx(c), Ex(c), Dv(c), Ux(c)) : ¢ eW}, where Av(c), Cx(c), Ex(c), Dx(c), Ux(c) (€ 10,1[ ) are the
truth, contradiction, ignorance, unknown and falsity membership values of each ce W. So,

0 < Av(0)+Cx(c)+Ex(c)+Dy(c)+Ux(c) < 5.
Definition 2.3.[20] Suppose that X = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} and Y = {(c, Av(c),
éy(c), ]::y(c), f)y(c), ij(c)) : ¢ eW} be two pentapartitioned neutrosophic sets over W. Then, XY if
and only if Ax(c)< Av(c), Cx(c)< Cx(c), Ex(c)> Ex(c), Dx(c)> Dx(c), Ux(c)> Ux(c), for all ce W.
Definition 2.4.[20] Suppose that X = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} and Y = {(c, Av(c),
Cx(c), Ev(c), Dx(c), Ux(c)) : ¢ eW} be two pentapartitioned neutrosophic sets over W. Then, X N Y =
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{(c, min {Ax(c), Ay(c)}, min {éx(c), CY(C)}, max {ﬁx(c), ﬁy(c)}, max {]VDX(C), f)Y(C)}, max {Ux(c), ij(c)}):
ceWl.

Definition 2.5.[20] Suppose that X = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} and Y = {(c, Av(c),
Cxy(c), Ev(c), Dx(c), Ux(c)) : ¢ eW} be two pentapartitioned neutrosophic sets over W. Then, X U Y =
{(c, max {Ax(c), Ax(c)}, max {Cx(c), Cx(c)}, min {Ex(c), Ev(c)}, min {Dx(c), Dx(c)}, min {Ux(c), Ux(c)}):
ceW}.

Definition 2.6.[20] Suppose that X = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ W} be a pentapartitioned
neutrosophic set over W. Then, X< = {(c, Ux(c), Dx(c), 1-Ex(c), Cx(c), Ax(c)): geW}.

Definition 2.1.[15] Suppose that W be a fixed set. Let 0 be a constant in W and * be a binary
operation defined on W. Then (W, *, 0) is called a BCK-algebra if the following holds:

(i) ((x *y) * (x * 2)) * (z*y) =0,

(if) (x* (x * y)) *y =0,

(iii) x * x=0,

(ivyx*y=y*x=0=>x=y,

(v)0xx=0,forallx, y,z€ X.

Definition 2.2.[15] Let W be a BCK-algebra with binary operator * and a constant 0. Then I ¢ W is
called a BCK-ideal of W if the following holds:

(i)0el

(ii)h*delandde I=hel, Vh de W.

Definition 2.3.[22] Suppose that W be a fixed set. Let 0 be a constant in W and * be a binary
operation defined on W. Then (W, *, 0) is called a Q-algebra if the followings hold:
()h*h=0,vheW

(()0*h=h=h=*0,VheW

(iii) (h*d)*e=(h*e)*d,Vh,d e € W.

Sometime, one can refer to h <d if and only if h * d =0.

Definition 2.4.[24] Let (W, *, 0) be a Q-algebra. Then, (W, *, 0) is said to be commutative Q-algebra if
c*(c*d)=d=*(d=*c), Vc,d €W, and d * (d * c) is denoted by (c A d).

Definition 2.5.[24] A Q-algebra W is called bounded if there exist g € W such thath< g forallh e W,
ieh*g=0,vheW.

Definition 2.6.[24] Let W be a Q-algebra with binary operator * and H (#0n) € W. Then, H is called a
Q-sub-algebra of W, if h, d €A impliesh * d € H.

Definition 2.7.[1] Let W be a Q-algebra with binary operator * and a constant 0. Then, I ¢ W is called
a Q-ideal of W if the following holds:

(i) 0e L

(ii)(h*d)*eeclandde [ =>h*ee ], forallh,d,ee W.

Proposition 2.1.[1] Let (W, *, 0) be called a Q-algebra. Let I be a Q-ideal of W. Then, I be a BCK-ideal
of W.

Definition 2.8.[3] A fuzzy set Y={(c,Ty(c)): ce W} over a BCK-algebra W is called the fuzzy BCK-ideal
if the following two conditions holds:

(i) Tv(0)= Tv(c), for all ce W;

(i1) Tv(c) = min{Ty((c * d), Tx(d)} for all c, deW.
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Definition 2.9.[22] A fuzzy set Y={(c,Tx(c)): ceW} over a Q-algebra W is called the fuzzy Q-ideal if
the following holds:

(i) T¥(0) > Tx(c), for all ce W;

(ii) Ty(c * d) 2 min {Ty((c * h) * d), Tx(h)} for all ¢, h, deW.

Lemma 2.1.[22] Let (W, *, 0) be a Q-algebra. If Y = {(c,Ty(c)): ceW} is a fuzzy Q-ideal of W, then it is
also a fuzzy BCK-ideal of W.

Definition 2.10.[23] An intuitionistic fuzzy set Y={(c,Tx(c),Fx(c)): ceW} over a Q-algebra W is called
the intuitionistic fuzzy Q-ideal if it satisfies the following inequalities:

(i) T¥(0)= Tx(c), Fv(0)< Fy(c), for all ce W;

(ii) Tx(c * d) = min{Tx((c * h) * d), Tx(h)};

(iii)Fy(c * d) < max {Fy((c * h) * d), Fx(h)}.

Lemma 2.2.[23] Let Y={(c,T(c),Fx(c)): ce W} be an intuitionistic fuzzy Q-ideal over a Q-algebra W. If c
* d< h, for all ¢, d, h eW, then Tv(c) > min{ Tx(d), Ty(h)} and Fy(c) > max{ Fv(d), Fx(h)}, for all ceW.
Lemma 2.3.[23] Let Y={(c,Tx(c),Fx(c)): ce W} be an intuitionistic fuzzy Q-ideal over a Q-algebra W. If c
<d,, forall ¢, de W, then Tv(c) > Tx(d) and Fx(c) < Fx(d).

Lemma 2.4.[23] If Y={(c,T¥(c),F¥(c)): ceW} be an intuitionistic fuzzy Q-ideal over a Q-algebra W, then
the sets a-Ty={c: ceW, Tv(c) = a} and o-Fy={c: ceW, Fy(c) < o} are Q-ideal of Q-algebra W.

3. Pentapartitioned Neutrosophic Q-Ideals of Q-Algebra:

In this section, we procure the notion of pentapartitioned neutrosophic Q-ideal (PN-Q-Ideal) of
pentapartitioned neutrosophic Q-algebra (PN-Q-Algebra). Then, we formulate some definitions and
results on PN-Q-Ideal and PN-Q-Algebra.

Definition 3.1. Suppose that W be a Q-algebra and Y = {(c, Av(c), Cx(c), Ev(c), Dy(c), Ux(c)) : c €W} be
a pentapartitioned neutrosophic set over W. Then, Y is said to be a pentapartitioned neutrosophic
Q-algebra (PN-Q-algebra) if and only if the following holds:

(i)  Av(c*d)>min{Ay((c * h) * d), Av(h)};

ii)  Cy(c * d) > min{Cx((c * h) * d), Cv(h)};

iii)  Ev(c * d) < max {Ex((c * h) * d), Ex(h);

iv)  Dy(c * d) < max {Dy((c * h) * d), Dy(h);

v)  Ux(c * d) < max {Uy((c * h) * d), Uv(h)}, where ¢, de W.

By the structure [(W, Y), #, 0], we denotes the PN-Q-algebra Y over W.
Theorem 3.1. If {Yi: ieA} be the collection of PN-Q-algebra’s of W, then, Ni.,Y; is also a
PN-Q-algebra of W.
Proof. Assume that {Yi: i€A} be a family of PN-Q-algebras of W. It is clear that, N, Y; ={(c, /\Ayi(c),
ACy,(c), VEy,(c), vDy,(c), vOy,(c)) : ceW}.
Now,
Ay (c* d) = AfAy,(c * d): ieA}

> Afmin{Ay,((c * h) * d), Ay, ()1}

= min{ady,((c * h) * d), Ady, ()]

= /\Ayi(c *d) > min{/\AYi((c * h) * d), /\Ayi(h)}}.

Now,
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ACy,(c * d) = A{Cy, (c * d): ieA}
> fmin(Cy, (c * h) * d), Cy, (W)}
= min{aCy,((c * h) * d), Ay, (W)}
= ACy,(c * d) = min{aCy,((c * h) * d), ACy, (h)}}.
Now,
VEy,(c * d) = v{Ey,(c * d): ieA}
> vimin{By,((c * h) * ), By, (b))}
= min{vEy,((c * h) * d), vBy,(h)}}
= \/Eyi(c *d) > min{vEYi((c * h) * d), \/I::Yi (h)}}.
Now,
vDYi(C *d) = \/{Dyi(c * d):ieA)
> vimin{By,((c * h) * d), Dy, (h)}}
= minfvDy,((c * h) * ), vBy, (W)}
= vDy,(c * d) > min{vDy,((c * h) * d), vDy, (h)}}.
Now,
vOy,(c * d) = v{0y,(c * d): ieA}
> vimin{0y,((c * h) * d), Oy, (W)}
= minfvOy,((c * h) * d), vOy, (W)}
= vUy,(c * d) = min{vUy,((c * h) * d), vOy,(h)}}.
Therefore, Nic, Y; is also a PN-Q-algebra of W.
Definition 3.2. Suppose that Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : c €W} be a pentapartitioned
neutrosophic set over W. Then, Y is said to be a pentapartitioned neutrosophic Q-sub-algebra
(PN-Q-sub-algebra) if and only if the following holds:
(i) Ax(c * d) > min{Ax(c), Av(d)};
(ii) Cy(c * d) = min{Cx(c), Cx(d)};
(iii) Ev(c * d) <max {Ev(c), Ev(d)};
(iv) Dy(c * d) < max {Dv(c), Dv(d)};
(v) Uy(c * d) < max {Uy(c), Ux(d)}; where ¢, de W.

Theorem 3.2. Let Y = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} be a PN-Q-sub-algebra of a
Q-algebra W. Then, the following holds:
(i) Av(0)> Ax(c), for all c eW;
ii) Cx(0)= Cx(c), for all c eW;
iii)  Ev(0)< Ex(c), for all c eW;
iv)  Dv(0)< Dv(c), foCr all c eW;
V) Uv(0)< Ux(c), for all ¢ eW.

Proof. Assume that Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ €W} be a PN-Q-sub-algebra of a
Q-algebra W. Hence, Ay(c * d) > min{Ax(c), Av(d)}, Cx(c * d) > min{Cx(c), Cv(d)}, Ex(c * d) < max
{Ev(c), Ev(d)}, Dy(c * d) < max {Dv(c), Dv(d)}, Ux(c * d) < max {Ux(c), Uv(d)}, for all ¢, de W.

Now we have,

Av(0) = Av(c * ¢)
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> min{Av(c), Av(c)}
= Av(c)
= Ax(0) > AY(C), for all ceW.
Cv(0) = Cy(c * ©)
> min{Cy(c), Cx(c)}
=Cy(c)
= Cv(0) > Cx(c), for all ceW.
Ex(0) = Ev(c * ¢)
< max {Ex(c), Exv(d)}
= Ex(c)
= Ex(0) < Ex(c), for all ceW.
Dy(0) = Dv(c * c)
< max {Dv(c), Dv(d)}
= Dx(c)
= Dv(0) < Dv(c), for all ceW.
Uv(0) = Uv(c * ¢)
< max {Uv(c), Ux(d)}
=Ux(c)
= Uyv(0) < Ux(c), for all ceW.

Definition 3.3. A pentapartitioned neutrosophic set Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : c eW}
over a Q-algebra W is said to be a pentapartitioned neutrosophic Q-ideal (PN-Q-ideal) if and only if

the following inequalities holds:

(i) Av(0)> Av(c) & Av(c * d) > min{Av((c * h) * d), Av(h)}, for all ¢, d, heW;
(ii) Cx(0)= Cx(c) & Cx(c * d) > min{Cx((c * h) * d), Cv(h)}, for all ¢, d, heW;
(iii)  Ev(0)< Exv(c) & Ex(c * d) < max {Ev((c * h) * d), Ex(h)}, for all ¢, d, heW;
(iv)  Dy(0)< Dy(c) & Dy(c * d) <max {Dv((c * h) * d), Dv(h)}, for all ¢, d, heW;
v) Uv(0)< Uy(c) & Uy(c * d) < max {Uy((c * h) = d), Ox(h)}, for all ¢, d, he W.

Remark 3.1. Every PN-Q-ideal of a Q-algebra W is also a PN-Q-sub-algebra.

Theorem 3.3. Suppose that {Di: ieA} be a family of PN-Q-ideals of Q-algebra W. Then, N;.,D; is

also a PN-Q-ideal of Q-algebra W.

Proof. Let {Di: icA} be a family of PN-Q-ideals of Q-algebra W. Therefore,
@) Ap,(0)> Ap,(c) & Ap,(c*d)>min {Ap ((c*h) *d), Ap,(h)}, forallc,d, heW and i€A;
(ii) CDi(O) > CDi(C) & CDi(C * d) > min {CDi((c x h) = d), CDi(h)}, forall ¢, d, heW and i€A;
(iii) EDi(O)S EDi(C) & ]::Di(c * d) < max {]::Di((c * h) * d), EDi(h)}, forall ¢, d, heW and i€A;
(iv) DDi(O)S DDi(C) & DDi(C * d) <max {Dp,((c * h) * d), ﬁDi(h)}, forall ¢, d, heW and i€A;
(v) ljDi(O)S ljDi(c) & fJDi(c * d) <max {Up,((c * h) * d), fJDi(h)}, forall ¢, d, he W and i€A.

Clearly, NicaDi ={< ¢, Ahp, (), ACp,(c), VEp, (c), vDp,(c), vOp,(c) >: c eW}.

Now, we have
ADi(O) > ADi(C), forall c eW and ieA
= AAp,(0) = AAp (0).
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CDi(O) > CDi(c), for allc eW and ieA
= ACp, (0) = ACp, (0).
EDi(O)S EDi(C), forallc eWand ieA
= vEp, (0)< VEp, (0).
Dp,(0)< Dp,(c), for all c eW and ieA
= vDDi(O)S v]v)Di(c).
ﬁDi(O)S UDi(C), for allc eW and ieA
:vﬁDi(O)S vﬁDi(C).
Further, we have
ADi(C * d) > min {ADi((C * h) * d), ADi(h)}, forallc,d, heW and ieA.
:>/\ADi(C * d) > Amin {ADi((c * h) * d), ADi(h)}

= min {/\ADi((c * h) * d), /\ADi(h)}
=AAp, (c * d) > min {AAp, ((c * h) * d), Adp, (h)}.
Cp,(c* d) > min {Cp,((c * h) * d), Cp,(h)}, forall ¢, d, heW and ieA.
=ACp,(c * d) = amin {Cp, ((c * h) * d), Cp,(h)}

= min {ACp,((c * h) * d), ACp, (h)}
=ACp,(c * d) = min {ACp, ((c * h) * d), ACp, (h)}.
Ep,(c* d) < max {Ep,((c * h) * d), Ep,(h)}, forall ¢, d, heW and ieA.
= V]::Di(C * d) < vmax {EDi((C * h) * d), I::Di(h)}

= max {vEDi((c * h) * d), vEDi(h)}
= V]::Di(C * d) < max {VEDi((C * h) * d), vI::Di(h)}.
DDi(C * d) < max {f)Di((c * h) * d), DDi(h)}, forall ¢, d, heW and ieA.
= Vf)Di(C * d) < vmax {f)Di((c * h) * d), DDi(h)}

= max {vf)Di((c * h) * d), vDDi(h)}
= vDp, (c * d) <max {vDp,((c * h) * d), vDp, (h)}.
Up,(c * d) <max {0p, ((c * h) * d), Up, (h)}, forall ¢, d, heW and ieA.
= vUp, (c * d) < vmax {Up,((c * h) * d), Up, (h)}

= max {vOp,((c * h) * d), vOp,(h)}
= vUp, (c * d) <max {vUp,((c * h) * d), vUp, (h)}.
Therefore, NjcaD; is a PN-Q-ideal of Q-algebra W.
Corollary 3.1. Assume that Y = {(c, Av(c), Cx(c), Ev(c), Dx(c), Ux(c)) : ¢ eW} be a PN-Q-ideal of a
Q-algebra W. Then, Y is a neutrosophic BCK-ideal of the BCK-algebra W.
Theorem 3.4. Assume that Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} be a PN-Q-ideal over a
Q-algebra W. If ¢, h, d € W such that ¢ * h < d, then Av(c) > min {Av(h), Ax(d)}, Cx(c) > min {Cx(h),
Cy(d)}, Ex(c) < max {Ev(h), Ex(d)}, Dv(c) < max {Dv(h), Dv(d)} and Ux(c) < max {Ux(h), Ux(d)}.
Proof. Let Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ €W} be a PN-Q-ideal over a Q-algebra W.
Suppose that ¢, h, d eW such that ¢ * h < d. Therefore, (c * h) * d =0.
Now, we have
Av(c) = Ax(c * 0) > min {Ax((c * h) = 0), Av(h)}

=min {Ay((c * h)), Ax(h)}
> min {min {Av((c * d) * h), Av(d)}, Av(h)}
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=min {Av((c * h) * d), Ax(d), Av(h)}
= min {Av(0), Av(d), Av(h)}
=min {Av(h), Av(d)}
= Av(c) = min { Av(h), Ay(d)}.
Cv(c) = Cx(c * 0) = min {Cy((c * h) * 0), Cx(h)}
= min {Cy((c * h)), Cx(h)}
> min {min {Cx((c * d) = h), Cx(d)}, Cx(h)}
=min {Cx((c * h) * d), Cx(d), Cx(h)}
=min {Cx(0), Cx(d), Cx(h)}
=min {Cy(h), Cx(d)}
= Cy(c) > min { Cx(h), Cx(d)}.
Ev(c) = Ex(c * 0) < max { Ex((c * h) * 0), Ex(h)}
=max { Ev((c * h)), Ex(h)}
<max { max{ Ev((c * d) * h), Ev(d)}, Ex(h)}
=max{ Ev((c * h) = d), Ex(d), Ev(h)}
=max{ Ev(0), Ex(d), Ev(h)}
=max{ Ev(h), Ev(d)}
= Bv(c) < max{ Ex(h), Ev(d)}.
Dy(c) = Dy(c * 0) < max { Dy((c * h) * 0), Dy(h)}
=max { Dv((c * h)), Dv(h)}
< max { max{ Dy((c * d) * h), Dy(d)}, Dv(h)}
=max{ Dy((c * h) * d), Dv(d), Dx(h)}
= max{ Dv(0), Dv(d), Dv(h)}
=max{ Dy(h), Dv(d)}
= Dy(c) < max{ Dy(h), Dv(d)}.
Further, we have
Uy(c) = Ux(c * 0) < max { Uv((c * h) * 0), Ux(h)}
=max { Ux((c * h)), Ux(h)}
<max { max{ Uy((c * d) = h), Uv(d)}, Uv(h)}
=max { Uy((c * h) * d), Uv(d), Ux(h)}
=max { Ux(0), Ux(d), Ux(h)}
=max { Ux(h), Uv(d)}
= Uy(c) < max {Ux(h), Ux(d)}.
Theorem 3.5. Let Y = {(c, Av(c), Cx(c), Ex(c), Dv(c), Ux(c)) : ¢ €W} be a PN-Q-ideal over a Q-algebra W.
If ¢, h eW such that ¢ < h, then Ay(c) > Av(h), Cx(c) > Cx(h), Ex(c) < Ev(h), Dv(c) < Dv(h) and Ux(c) <
Uy(h).
Proof. Assume that Y = {(c, Av(c), Cv(c), Ex(c), Dx(c), Ux(c)) : c €W} be a PN-Q-ideal over a Q-algebra
W. Suppose ¢, h be two elements of W such that ¢ < h. Therefore, ¢ * h=0.
Now, we have
Av(c) = Ax(c * 0) > min {Ax((c * h) = 0), Av(h)}
= min {Ay((c * h)), Av(h)}
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= min {Av(0), Av(h)}
= Av(h)
= Av(c) > Av(h).
Cv(c) = Cx(c * 0) = min {Cy((c * h) * 0), Cx(h)}
= min {Cy((c * h)), Cx(h)}
= min {Cy(0), Cx(h)}
= Cv(h)
= Cx(c) > Cx(h).
Ex(c) = Ex(c * 0) < max { Ex((c * h) = 0), Ex(h)}
=max { Ex((c * h)), Ev(h)}
= max { Ex(0), Ex(h)}
= Ex(h)
= Bv(c) < Ev(h).
Dy(c) = Dy(c * 0) < max { Dv((c * h) * 0), Dy(h)}
= max { Dv((c * h)), Dy(h)}
= max { Dv(0), Dv(h)}
=Dy(h)
= Dy(c) < Dy(h).
Uy(c) = Uy(c * 0) < max {Uy((c * h) = 0), Ux(h)}
= max {Uv((c * h)), Ux(h)}
= max {Uv(0), Ux(h)}
= Uy(h)
= Uy(c) < Uy(h).
Theorem 3.6. If Y = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} is a PN-Q-sub-algebra over a
Q-algebra W, then the sets a-Av={c: ce W, AY(C)Z a}, a-Cy= {c: ce W, CY(C)Z a}, a-By= {c: ce W,
Ev()< o, o-Dy={c: ce W, Dx(c)< a} and o-Uy= {c: ce W, Ux(c)< o} are the Q-sub-algebra of W.
Proof. Suppose that Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ €W} be a PN-Q-sub-algebra over a
Q-algebra W. Therefore,
@) Av(c * d) > min{Ay(c), Av(d)};
i) Cx(c * d) = min{Cx(c), Cx(d)};
iii)  Ey(c* d) <max {Ex(c), Ev(d)};
iv)  Dy(c * d) < max {Dy(c), Dv(d)};
v) Ux(c * d) < max {Ux(c), Uv(d)}; where ¢, de W.

Letc, d ea-Ay. This implies, Av(c)> 0, Ay(d)> a.
Therefore, Av(c * d) > min {Av(c), Av(d)} > min{ a, a}> a.
Hence, a-Av={c: ce W, Ax(c)> o} is a Q-sub-algebra of W.
Let ¢, d ea-Cv. This implies, Cv(c)> a, Cv(d)> a.
Therefore, Cy(c * d) > min {Cy(c), Cv(d)} > min{ a, a}> a.
Hence, o-Cy= {c:ce W, CY(C)Z o} is a Q-sub-algebra of W.
Let ¢, d ea-Ev. This implies, Ev(c) <o, Ev(d) < o

Therefore, Ex(c * d) < max {Ev(c), Ev(d)} < max{a, o} < a.
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Hence, o-By= {c:ce W, EY(C)S o} is a Q-sub-algebra of W.
Let ¢, d ea-Dy. This implies, ]VDY(C) <a, ]VDY(d) <a.
Therefore, Dy(c * d) < max {Dv(c), Dv(d)} < max{a, o} < a.
Hence, o-Dy= {c:ce W, f)Y(C)S o} is a Q-sub-algebra of W.
Let ¢, d ea-Uy. This implies, ij(c) <a, ij(d) <a.
Therefore, ij(c * d) < max {GY(C), ij(d)} <max{ o, a} <o
Hence, o-Uv={c: ce W, Ux(c)< o} is a Q-sub-algebra of W.
Theorem 3.7. Suppose that Y = {(c, Av(c), Cx(c), Ex(c), Dv(c), Ux(c)) : c €W} be a PN-Q-ideal of W, then
the sets W(A)={ceW: Av(c)=Ax(0)}, W(C)={ceW: Cx(c)=Cx(0)}, W(E)={ceW: Ex(c)= Ex(0)}, W(D)={ceW:
Dy(c)= Dv(0)}, and W(U)={ce W: Ux(c)= Ux(0)} are Q-ideals of W.
Proof. Suppose that Y = {(c, Ax(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ €W} be a PN-Q-ideal of W. Therefore,
(i) Av(0)> Av(c) & Av(c * d) > min{Av((c * h) * d), Av(h)}, for all ¢, d, heW;
(ii) Cv(0)= Cy(c) & Cx(c * d) = min{Cx((c * h) * d), Cv(h)}, for all ¢, d, heW;
(iii))  Ev(0)< Ev(c) & Ev(c * d) < max {Ex((c * h) * d), Ex(h)}, for all ¢, d, heW;
(iv)  Dv(0)< Dy(c) & Dy(c * d) < max {Dv((c * h) * d), Dy(h)}, for all ¢, d, he W;
v) Uv(0)< Uv(c) & Uy(c * d) < max {Uy((c * h) = d), Ux(h)}, for all ¢, d, he W.

Since, Av(0)=Ax(0), so 0 € W(A).

Since, Cv(0)= Cx(0), so 0 € W(C).

Since, Ev(0)= Ev(0), so 0 € W(E).

Since, Dy(0)= Dy(0), so 0 € W(D).

Since, Uv(0)= Uy(0), so 0 € W(U).

Let (h * d) * eeW(A) and deW(A). Therefore, Ay((h * d) * €)=Av(0) and Av(d)=Av(0).

It is clear that Av(0)> Av(h * e) (1)
Now, we have

Ax(h * e) > min{Ay((h * d) * e), Av(d)}= min { Av(0), Av(0)}= Av(0)

= Av(h * e) > Av(0) 2)
From (1) and (2), we get

Av(h = e) = Av(0).

This implies, h * e W(A). Therefore, the set W(A)={ce W: Av(c)=Ax(0)} is a Q-ideal of W.

Similarly, it can be shown that, the sets W(C)={ceW: Cx(c)= Cx(0)}, W(E)={ceW: Ex(c)= Ex(0)},
W(D)={ceW: Dy(c)= Dv(0)} and W(U)={ceW: Ux(c)= Uv(0)} are Q-ideals of W.

Theorem 3.8. Assume that Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} be a PN-Q-ideal of
Q-algebra W. Then, the fuzzy sets {(c, Av(c)): ceW}, {(c, Cx(c)): ceW}, {(c,1- Ex(c)): ceW}, {(c,1- Dx(c)):
ceW}, {(c,1- Ux(c)): ceW} are fuzzy Q-ideals of W.

Proof. Let Y = {(c, Av(c), Cx(c), Ex(c), Dx(c), Ux(c)) : ¢ eW} be a PN-Q-ideal of a Q-algebra W.

Therefore,

(i) Av(0) > Av(c) & Ax(c * d) = min{Av((c * h) * d), Av(h)}, for all ¢, d, heW;
(i) Cx(0) = Cx(c) & Cx(c * d) > min{Cx((c * h) * d), Cx(h)}, for all ¢, d, heW;
(iii) Ex(0) < Ex(c) & Ev(c * d) < max {Exv((c * h) * d), Ex(h)}, for all ¢, d, heW;
(iv)  Dy(0) < Dx(c) & Dy(c * d) < max {Dy((c * h) * d), Dy(h)}, for all ¢, d, heW;
v) Uv(0) < Uyx(c) & Ux(c * d) < max {Ux((c * h) = d), Uv(h)}, for all ¢, d, heW.
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It is clear that, Av(0) > Av(c) & Ax(c * d) > min{Av((c * h) * d), Av(h)}, for all ¢, d, heW. Therefore, the
fuzzy set {(c, Av(0)): ceW}is a fuzzy Q-ideal of W.

It is clear that, Cx(0) > Cy(c) & Cy(c * d) > min{Cx((c * h) * d), Cxy(h)}, for all ¢, d, he W. Therefore, the
fuzzy set {(c, Cy(c)): ceW}is a fuzzy Q-ideal of W.

Now, forall ¢, d, heW,

Ev(c * d) <max {Ex((c * h) * d), Ex(h)} = 1- Ev(c) > min{1- Ev((c * h) * d), 1-Ev(h)}

and Ex(0) < Ex(c) = 1- Ex(0) > 1- Ex(c).

Therefore, the fuzzy set {(c,1-Ev(c)): ceW} is a fuzzy Q-ideal of W.

Now, forall ¢, d, heW,

Dy(c * d) < max {Dv((c * h) * d), Dy(h)} = 1- Dy(c) = min{1- Dy((c * h) * d), 1-Dv(h)}

and Dv(0) < Dy(c) = 1- Dy(0) > 1- Dx(c).

Therefore, the fuzzy set {(¢,1-Dyv(c)): ceW} is a fuzzy Q-ideal of W.

Further, for all ¢, d, heW,

Uy(c * d) < max { Ux((c * h) * d), Ux(h)} = 1-Ux(c) > min {1- Ux((c * h) * d), 1-Ux(h)}

and Uv(0) < Ux(c) = 1- Ux(0) > 1- Ux(c).

Therefore, the fuzzy set {(c, 1- Ux(c)): ceW} is a fuzzy Q-ideal of W.

4. Conclusions:

In this paper, we have established the notion of PN-Q-ideals of PN-Q-algebra. By defining
PN-Q-ideals, we have formulated some results on PN-Q-algebra from the point of view of
neutrosophic set. It is just the beginning of the concept of PN-Q-algebra. In the future, we hope that

based on the notions of PN-Q-ideals many new investigations can be done.
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