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Abstract: In the current paper, particular acheivments of single-valued neutrosophic continuity on a single-

valued neutrosophic topological space (�̃�, �̃��̃�, �̃��̃� , �̃��̃�) are introduced. Some necessary implications between 

them are illustrated. The theories of r-single-valued neutrosophic compact, r-single-valued neutrosophic ideal 

compact, r-single-valued neutrosophic quasi H-closed and r-single-valued neutrosophic compact modulo an 

single-valued neutrosophic ideal ℐ̃ are presented and investigated. 

Keywords: single-valued neutrosophic (almost; weakly) continuous mapping; single-valued neutrosophic 

ideal (compact; quasi H-closed) and r-single-valued neutrosophic compact modulo. 

 

1. Introduction 

Using a fuzzy ideal ℐ̃ defined on a fuzzy topological space (FTS) (�̃�, �̃�), a fuzzy ideal topological space 

(FITS) (�̃�, �̃�, ℐ̃) is generated. It is a way of generalizing so many notions and results in (�̃�, �̃�). The main definition 

of fuzzy topology that is related to the results in this article was established by �̆�ostak in [1]. The notion of fuzzy 

ideal was created in [2]. Tripathy et al. in [3 - 6] introduced different valuble research studies on (FITS) and gave 

several forms of fuzzy continuities. Saber and others [7 - 11] have considered several r-fuzzy compactnesses in 

(FITS) (�̃�, �̃�, ℐ̃) and several types of fuzzy continuity. 

     Smarandache established the idea of the neutrosophic sets [12] in 1998. In terms of neutrosophic sets, there 

are a membership score (�̃�), an indeterminacy score (𝜂) and a non-membership score (𝜇) and a neutrosophic 

value is in the form (�̃�, 𝜂,𝜇). In other meaning, in explaining an event or finding of a solution to a problem, a 

condition is handled according to its truth, not truth and resolution. Hence, the study of neutrosophic sets and 

neutrosophic logic are useful for decision-making applications in neutrosophic theories and led to too many 

researches and studies in the field as in [12-25]. It also gives the opportunity to others to establish some 

approaches in decision-making for neutrosophic theory as in [26-31]. Wang et al, [32] and Kim et al, [33] 

presented the theory of the neutrosophoic equivalence relation single-valued. Single-valued neutrosophic 
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ideal (𝒮𝒱𝒩ℐ) aspects in single-valued neutrosophic topological spaces (𝒮𝒱𝒩𝒯𝒮), have been introduced and 

considered by several authors from diverse viewpoints such as in [34-37].  

In this research, we foreground the idea of r-single-valued neutrosophic (compact, ideal compact and quasi 

H-closed) in (𝒮𝒱𝒩𝒯𝒮) in the sense of S̆ostak. We are working on getting some of its important characteristics 

and results. Moreover, we investigate some properties of single-valued neutrosophic continuous 

mappings. Finally, some fascinating application of neutrosophic topology in reverse logistics arises 

could be found as in Abdel-Baset paper articles and others [38-41]. 

2. Preliminaries 

Definition 2.1 [22] Suppose that �̃� is a non-empty set. We mean by a neutrosophic set (briefly, 𝒩𝒮) 𝐴 the objects 

having the form 

𝒮 = {〈𝜔, �̃�𝒮 , 𝜂𝒮 , 𝜇𝒮〉: 𝜔 ∈ �̃�}. 

 

Anywhere 𝜇𝒮 , 𝜂𝒮  𝑎𝑛𝑑 �̃�𝒮  indicate the degree of non-membership, the degree of indeterminacy, and the degree 

of membership, respectively of any element 𝜔 ∈ �̃� to the set 𝒮. 

 

Definition 2.2 [32] Suppose that �̃� is a universal set. For ∀𝜔 ∈ �̃�, 0 ≤ �̃�𝒮(𝜔) + 𝜂𝒮(𝜔) + 𝜇𝒮(𝜔) ≤ 3 , by the 

meanings �̃�𝒮: 𝒮 → [0.1], 𝜂𝒮 : 𝒮 → [0.1] and 𝜇𝒮: 𝒮 → [0.1], a single-valued neutrosophic set (briefly, 𝒮𝒱𝒩𝒮) on 

�̃� is defined by 

𝒮 = {〈𝜔, �̃�𝒮 , 𝜂𝒮 , 𝜇𝒮〉: 𝜔 ∈ �̃�}. 

 

Now, 𝜇𝒮  , 𝜂𝒮  and �̃�𝒮  are the degrees of falsity, indeterminacy and trueness of 𝜔 ∈ �̃�, respectively. We will 

convey the set of all 𝒮𝒱𝒩𝒮s  in 𝒮 as 𝐼�̃�.  

 

Definition 2.3 [32] The accompaniment of a 𝒮𝒱𝒩𝒮 𝒮 is indicated by 𝒮𝑐 and is cleared by  

 

 �̃�𝒮𝑐(𝜔) = 𝜇𝒮(𝜔),    𝜂𝒮𝑐(𝜔) = 1 − 𝜂𝒮(𝜔) 𝑎𝑛𝑑  𝜇𝒮𝑐(𝜔) = �̃�𝒮(𝜔). 

for any 𝜔 ∈ �̃�, 

 

Definition 2.4 [41] Let 𝒮, ℰ ∈ 𝐼�̃�. Then,   

1. 𝒮 ⊆ ℰ, if, for every 𝜔 ∈ �̃�, 

�̃�𝒮(𝜔) ≤ �̃�ℰ(𝜔), 𝜂𝒮(𝜔) ≥ 𝜂ℰ(𝜔), 𝜇𝒮(𝜔) ≥ 𝜇ℰ(𝜔)   

2. 𝒮 = ℰ if 𝒮 ⊆ ℰ and 𝒮 ⊇ ℰ.  

3. 0̃ = 〈0,1,1〉 and 1̃ = 〈1,0,0〉 

 

Definition 2.5 [42] Let 𝒮, ℰ ∈ 𝐼�̃�. Then,   

1. 𝒮 ∩ ℰ is a 𝒮𝒱𝒩𝒮 in �̃� defined as:  

𝒮 ∩ ℰ = (�̃�𝒮 ∩ �̃�ℰ ,  𝜂𝒮 ∪ 𝜂ℰ , 𝜇𝒮 ∪ 𝜇ℰ). 

 Where, (𝜇𝒮 ∪ 𝜇ℰ)(𝜔) = 𝜇𝒮(𝜔) ∪ 𝜇ℰ(𝜔) and (�̃�𝒮 ∩ �̃�ℰ)(𝜔) = �̃�𝒮(𝜔) ∩ �̃�ℰ(𝜔), for all 𝜔 ∈ �̃�, 

 

1. 𝒮 ∪ ℰ is an 𝒮𝒱𝒩𝒮 on �̃� defined as:  
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𝒮 ∪ ℰ = (�̃�𝒮 ∪ �̃�ℰ , 𝜂𝒮 ∩ 𝜂ℰ , 𝜇𝒮 ∩ 𝜇ℰ). 

 

Definition 2.6 [21]  Suppose that �̃� is a nonempty set and 𝒮 ∈ 𝐼�̃� is having the form 𝒮 = {〈𝜔, �̃�𝒮 , 𝜂𝒮 , 𝜇𝒮〉: 𝜔 ∈ �̃�} 

on �̃�. Then,   

1. (⋂𝐽∈△ 𝒮𝑗)(𝜔) = (⋂𝑗∈△ �̃�𝒮𝑗(𝜔),    ⋃𝑗∈△ 𝜂𝒮𝑗(𝜔),    ⋃𝑗∈△ 𝜇𝒮𝑗(𝜔)), 

2. (⋃𝑗∈△ 𝒮𝑗)(𝜔) = (⋃𝑗∈△ �̃�𝒮𝑗(𝜔), ⋂𝑗∈△ 𝜂𝒮𝑗(𝜔), ⋂𝑗∈△ 𝜇𝒮𝑗(𝜔)). 

 

Definition 2.7 [34] Let 𝑠, 𝑡, 𝑘 ∈ 𝐼0 and 𝑠 + 𝑡 + 𝑘 ≤ 3. A single-valued neutrosophic point (𝒮𝒱𝒩𝒫) 𝑥𝑠,𝑡,𝑘 of �̃� is 

the 𝒮𝒱𝒩𝒮 in 𝐼�̃� for every 𝜔 ∈ 𝒮, defined by  

𝑥𝑠,𝑡,𝑘(𝜔) = {
(𝑠, 𝑡, 𝑘),    𝑖𝑓  𝑥 = 𝜔,
(0,1,1),    𝑖𝑓  𝑥 = 𝜔.

 

  A 𝒮𝒱𝒩𝒫 𝑥𝑠,𝑡,𝑘 is supposed to belong to a 𝒮𝒱𝒩𝒮 𝒮 = {〈𝜔, �̃�𝒮 , 𝜂𝒮 , 𝜇𝒮〉: 𝜔 ∈ �̃�} ∈ 𝐼
�̃�, (notion: 𝑥𝑠.𝑡.𝑝 ∈ 𝒮 iff 𝑠 <

�̃�𝒮 , 𝑡 ≥ 𝜂𝒮  and 𝑘 ≥ 𝜇𝒮 ), and the set off all 𝒮𝒱𝒩𝒫  in �̃� indicated by 𝒮𝒱𝒩𝒫(�̃�).  𝑥𝑠,𝑡,𝑘 ∈ 𝒮𝒱𝒩𝒫(�̃�) quasi-

coincident with a 𝒮𝒱𝒩S 𝒮 ∈ 𝐼�̃� denoted by 𝑥𝑠,𝑡,𝑘𝑞𝒮, if 

𝑠 + �̃�𝒮 > 1, 𝑡 + 𝜂𝒮 ≤ 1 , 𝑘 + 𝜇𝒮 ≤ 1. 

 For every 𝒮, ℰ ∈ 𝐼�̃� 𝒮 is quasi-coincident with ℰ indicated by 𝒮qℰ, if there exists 𝑥𝑠,𝑡,𝑘 ∈ 𝐼
�̃� s.t  

�̃�ℰ + �̃�𝒮 > 1, 𝜂 ℰ + 𝜂𝒮 ≤ 1 and 𝜇 ℰ + 𝜇𝒮 ≤ 1. 

 

Definition 2.8 [25] Let �̃��̃�, �̃��̃� , �̃��̃�: 𝐼�̃� → 𝐼 be mappings satisfying the following conditions:   

1. �̃��̃�(0) = �̃��̃�(1) = 1 and �̃��̃�(0) = �̃��̃�(1) = �̃��̃�(0) = �̃��̃�(1) = 0,  

2. 𝜏�̃�(𝒮 ∩ ℰ) ≥ �̃��̃�(𝒮) ∩ �̃��̃�(ℰ),  �̃��̃�(𝒮 ∩ ℰ) ≤ 𝜏�̃�(𝒮) ∪ �̃��̃�(ℰ) and  �̃��̃�(𝒮 ∩ ℰ) ≤ �̃��̃�(𝒮) ∪ �̃��̃�(ℰ), for every 

𝒮, ℰ ∈ 𝐼�̃�,  

3. �̃��̃�(∪𝑗∈Γ 𝒮𝑗) ≥∩𝑗∈Γ �̃�
�̃�(𝒮𝑗),  �̃��̃�(∪𝑖∈Γ 𝒮𝑗) ≤∪𝑗∈Γ 𝜏

�̃�(𝒮𝑗) and �̃��̃�(∪𝑗∈Γ 𝒮𝑗) ≤∪𝑗∈Γ �̃�
�̃�(𝒮𝑗), for every {𝒮𝑗 , 𝑗 ∈

Γ} ∈ 𝐼�̃�.  

Then (�̃��̃�, �̃��̃� , �̃��̃�)  is called single valued neutrosophic topology 𝒮𝒱𝒩𝒯 . Usually, we will write �̃��̃��̃��̃�  for 

(�̃��̃�, �̃��̃� , �̃��̃�) and it will cause no indistinctness. 

 

Definition 2.9 [34] Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮. Then, for all 𝒮 ∈ 𝐼�̃� and 𝑟 ∈ 𝐼0, the single valued neutrosophic 

)closure and interior( of 𝒮 are define by:  

𝐶�̃��̃��̃��̃�(𝒮. 𝑟) =⋂{ℰ ∈ 𝐼�̃�:  𝒮 ≤ ℰ , �̃��̃�(ℰ𝑐) ≥ 𝑟, �̃��̃�(ℰ𝑐) ≤ 1 − 𝑟, �̃��̃�(ℰ𝑐) ≤ 1 − 𝑟} 

𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮. 𝑟) =⋃{ℰ ∈ 𝐼�̃�:  𝒮 ≥ ℰ , �̃��̃�(ℰ) ≥ 𝑟, �̃��̃�(ℰ) ≤ 1 − 𝑟, �̃��̃�(ℰ) ≤ 1 − 𝑟}. 

 

Definition 2.10 [34] A mapping ℐ̃�̃�, ℐ̃�̃� , ℐ̃�̃�: 𝐼�̃� → 𝐼 is said to be 𝒮𝒱𝒩ℐ on �̃� if it satisfies the next three conditions 

for 𝒮, ℰ ∈ 𝐼�̃�: 

1. ℐ̃�̃�(0̃) = ℐ̃�̃�(0̃) = 0, ℐ̃�̃�(0̃) = 1, 

2. If 𝒮 ≤ ℰ then ℐ̃�̃�(ℰ) ≥ ℐ̃�̃�(𝒮), ℐ̃�̃�(ℰ) ≥ ℐ̃�̃�(𝒮) and ℐ̃�̃�(ℰ) ≤ ℐ̃�̃�(𝒮). 

3. ℐ̃�̃�(𝒮 ∪ ℰ) ≤ ℐ̃�̃�(ℰ) ∪ ℐ̃�̃�(ℰ), ℐ̃�̃�(𝒮 ∪ ℰ) ≤ ℐ̃�̃�(𝒮) ∪ ℐ̃�̃�(ℰ) and ℐ̃�̃�(𝒮 ∪ ℰ) ≥ ℐ̃�̃�(𝒮) ∩ ℐ̃�̃�(ℰ).  

Then, (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is said to be a single-valued neutrosophic ideal topological space (𝒮𝒱𝒩ℐ𝒯𝒮). 



Neutrosophic Sets and Systems, Vol. 41, 2021     130  

 

 

F. Alsharari et. al.; Compactness on Single-Valued Neutrosophic Ideal Topological Spaces  

 

 

Definition 2.12 [36] A mapping 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

) from an 𝒮𝒱𝒩𝒯𝒮 (�̃�1, �̃�1
�̃��̃��̃�

) into another 𝒮𝒱𝒩𝒯𝒮  

(�̃�2, �̃�2
�̃��̃��̃�

)  is said to be single-valued neutrosophic continuous (briefly, 𝒮𝒱𝒩 -continuous) if and only if    

�̃�2
�̃�
(𝒮) ≤ �̃�1

�̃�
(𝑓−1(𝒮)), �̃�2

�̃�
(𝒮) ≥ �̃�1

�̃�
(𝑓−1(𝒮)) and �̃�2

�̃�
(𝒮) ≥ �̃�1

�̃�
(𝑓−1(𝒮)), for every 𝒮 ∈ 𝐼�̃�2. 

3. Single-Valued Neutrosophic (almost , weakly) Continuous Mappings  

This section is dedicated to present the concepts of the single-valued neutrosophic (almost and weakly) 

mappings (briefly 𝒮𝒱𝒩 −  almost continuous, 𝒮𝒱𝒩 −  𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 ) mappings, respectively. It is also 

devoted to mark out the concepts of single-valued neutrosophic ( preopen , regular-open ) sets (briefly, 𝑟 −

𝑆𝑉𝑁𝑃𝑂, 𝑟 − 𝑆𝑉𝑁𝑅𝑂) sets, respectively.  

 

Definition 3.1. Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮 and 𝑟 ∈ 𝐼0. Then, 𝒮 ∈ 𝐼�̃� is said to be: 

1. 𝑟 − 𝑆𝑉𝑁𝑃𝑂 𝑠𝑒𝑡 iff 𝒮 ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮, 𝑟), 𝑟),  

2. 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set if 𝒮 = 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮, 𝑟), 𝑟).  

The complement of 𝑟 − 𝑆𝑉𝑁𝑃𝑂 (resp, 𝑟 − 𝑆𝑉𝑁𝑅𝑂) are said to be 𝑟 − 𝑆𝑉𝑁𝑃𝐶 (resp, 𝑟 − 𝑆𝑉𝑁𝑅𝐶), respectively. 

 

Remark 3.2. Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮 and 𝑟 ∈ 𝐼0, if 𝒮 is an 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set, then 𝒮 is 𝑟 − 𝑆𝑉𝑁𝑃𝑂.  

 

Example 3.3. Let �̃� = {𝑎, 𝑏}. Define ℰ1, ℰ2 ∈ 𝐼
�̃� as follows:  

ℰ1 = 〈(0 ∙ 5, 0.4,0 ∙ 5), (0 ∙ 5,0.4, 0 ∙ 5), (0 ∙ 5,0.5, 0 ∙ 5)〉, ℰ2 = 〈(0 ∙ 4, 0 ∙ 4,0.4), (0 ∙ 5, 0 ∙ 4,0.4), (0 ∙ 5. 0 ∙ 5, .4)〉. 

Define �̃��̃��̃��̃� ∶  𝐼�̃� → 𝐼 as follows:  

�̃��̃�(𝒮) =

{
 
 

 
 
1,   𝑖𝑓 𝒮 = 0̃,                 

1,   𝑖𝑓 𝒮 = 1̃,                 
1

2
,   𝑖𝑓 𝒮 = ℰ1,              

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒              

  �̃��̃�(𝒮) =

{
 
 

 
 
0,   𝑖𝑓 𝒮 = 0̃,                           

0,   𝑖𝑓 𝒮 = 1̃,                          
1

2
,   𝑖𝑓 𝒮 = {ℰ1, ℰ2},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                     

 

�̃��̃�(𝒮) =

{
 
 

 
 
0,   𝑖𝑓 𝒮 = 0̃,                           

0,   𝑖𝑓 𝒮 = 1̃,                          
1

2
,   𝑖𝑓 𝒮 = {ℰ1, ℰ2},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                     

        

Let, ℰ3 = {〈𝜔, (0 ∙ 5,0.5, 0 ∙ 1), (0 ∙ 6,0.3, 0 ∙ 1), (0 ∙ 6,0.3, 0 ∙ 1)〉: 𝜔 ∈ �̃�} . Then, ℰ3  is 
1

2
− 𝑆𝑉𝑁𝑃𝑂  set but it is not 

1

2
− 𝑆𝑉𝑁𝑅𝑂 set because, ℰ3 ≠ 𝑖𝑛𝑡�̃��̃��̃��̃� (𝐶�̃��̃��̃��̃� (ℰ3,

1

2
) ,

1

2
) = 1̃.   

 

Lemma 3.4. Let 𝒮 be an 𝒮𝒱𝒩𝒮 in an 𝒮𝒱𝒩𝒯𝒮  (�̃�, �̃��̃��̃��̃�). Then, for each 𝑟 ∈ 𝐼0.   

1. If 𝒮 is 𝑟 −  𝑆𝑉𝑁𝑅𝑂 set (resp, 𝑟 − 𝑆𝑉𝑁𝑅𝐶 𝑠𝑒𝑡), then [�̃��̃�(𝒮) ≥ 𝑟, �̃��̃�(𝒮) ≤ 1 − 𝑟 , �̃��̃�(𝒮) ≤ 1 − 𝑟] (resp, 

[�̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟]),  

2. 𝒮 is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set if and only if 𝒮𝑐 is 𝑟 − 𝑆𝑉𝑁𝑅𝐶 set.   

 

 Proof. Follows directly from Definition 3.1.    

     

 Lemma 3.5. Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮. Then,   

1. the union of two 𝑟 − 𝑆𝑉𝑁𝑅𝐶 sets is 𝑟 − 𝑆𝑉𝑁𝑅𝐶, 

2. the intersection of two 𝑟 − 𝑆𝑉𝑁𝑅𝑂 sets, is 𝑟 − 𝑆𝑉𝑁𝑅𝑂.  
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Proof. (1) Let 𝒮, ℰ be any two 𝑟 − 𝑆𝑉𝑁𝑅𝐶 sets. By Lemma 3.4, [�̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟] and 

[�̃��̃�(ℰ𝑐) ≥ 𝑟,�̃��̃�(ℰ𝑐) ≤ 1 − 𝑟,   �̃��̃�(ℰ𝑐) ≤ 1 − 𝑟]. Then,  

�̃�∗�̃�(𝒮 ∪ ℰ ) ≥ �̃�∗�̃�(𝒮) ∩ �̃�∗�̃�(ℰ ), �̃�∗�̃�(𝒮 ∪ ℰ ) ≤ �̃�∗�̃�(𝒮) ∪ �̃�∗�̃�(ℰ ),  �̃�∗�̃�(𝒮 ∪ ℰ ) ≤ �̃�∗�̃�(𝒮) ∪ �̃�∗�̃�(ℰ ), 

 but 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r) ≤ 𝒮 ∪ ℰ, this suggests that 

𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r), r) ≤ 𝐶�̃��̃��̃��̃�(𝒮 ∪ ℰ, 𝑟) = 𝒮 ∪ ℰ. 

Now,  

𝒮 = 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r), r) ≤ 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r), r), 

and  

ℰ = 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ, r), r) ≤ 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r), r). 

Thus, 𝒮 ∪ ℰ ≤ 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r), r). So, 𝒮 ∪ ℰ = 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 ∪ ℰ , r), r). Hence, 𝒮 ∪ ℰ 𝑟 − 𝑆𝑉𝑁𝑅𝐶 set.  

  (2) It can be ascertained by the same method. 

 

Theorem 3.6. Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮, Then, 

1. If 𝒮 ∈ 𝐼�̃� s.t, �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, then, 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮 , r) is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set, 

2. If 𝒮 ∈ 𝐼�̃� s.t, �̃��̃�(𝒮) ≥ 𝑟, �̃��̃�(𝒮) ≤ 1 − 𝑟 and �̃��̃�(𝒮) ≤ 1 − 𝑟 , then, 𝐶�̃��̃��̃��̃�(𝒮 , r) is 𝑟 − 𝑆𝑉𝑁𝑅𝐶 set. 

 

Proof. (1) Suppose that 𝒮 ∈ 𝐼�̃� such that, �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟. Clearly,  

𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r) ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮, r), r), 

this denotes that, 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r) ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r), r), 𝑟). Now, since, 

�̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, 

 then 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r), r) ≤ 𝒮; therefore,  

𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r) ≥ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r), r), 𝑟). 

Then, 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r) = 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r), r), 𝑟). Hence, 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮, r) is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set. 

  (2) Similar to the proof of (1). 

 

Definition 3.7. A mapping 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

)  from an 𝒮𝒱𝒩𝒯𝒮 (�̃�1, �̃�1
�̃��̃��̃�

)  into another 𝒮𝒱𝒩𝒯𝒮      

(�̃�2, �̃�2
�̃��̃��̃�

) is called: 

1. 𝑆𝑉𝑁 −  𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 iff �̃�1
�̃�
(𝑓−1(𝒮)) ≥ r, �̃�1

�̃�
(𝑓−1(𝒮)) ≤ 1 − 𝑟, �̃�1

�̃�
(𝑓−1(𝒮)) ≤ 1 − r, for each 𝑟 −

𝑆𝑉𝑁𝑅𝑂 set 𝒮 of �̃�2, 

2. 𝑆𝑉𝑁 −  𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  iff �̃�2
�̃�(𝒮) ≥ r , �̃�2

�̃�(𝒮) ≤ 1 − 𝑟  and �̃�2
�̃�(𝒮) ≤ 1 − r , implies �̃�1

�̃�
(𝑓−1(𝒮)) ≥ r , 

�̃�1
�̃�
(𝑓−1(𝒮)) ≤ 1 − 𝑟, �̃�1

�̃�
(𝑓−1(𝒮)) ≤ 1 − r, , for each 𝒮 ∈ 𝐼�̃�2. 

 

Remark 3.8. From Definition 3.7, it is clear that the next implications are correct for 𝑟 ∈ 𝐼0:  

 

𝑆𝑉𝑁 −  𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

⇑ 

𝑆𝑉𝑁 −  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

⇓ 

𝑆𝑉𝑁 −  𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

However, the one-sided suggestions are not correct in general, as presented by the next example. 



Neutrosophic Sets and Systems, Vol. 41, 2021     132  

 

 

F. Alsharari et. al.; Compactness on Single-Valued Neutrosophic Ideal Topological Spaces  

 

 

Example 3.9. Suppose that �̃� = {𝑎, 𝑏, 𝑐}. Define ℰ1, ℰ2 ∈ 𝐼
�̃� as follows:  

ℰ1 = 〈(0 ∙ 5, 0.4,0 ∙ 5), (0 ∙ 5,0.4, 0 ∙ 5), (0 ∙ 5,0.5, 0 ∙ 5)〉, ℰ2 = 〈(0 ∙ 5, 0 ∙ 4,0.4), (0 ∙ 5, 0 ∙ 4,0.4), (0 ∙ 5, 0 ∙ 5, .4)〉, 

ℰ3 = 〈(0 ∙ 3, 0.6,0 ∙ 5), (0 ∙ 3, 0.6,0 ∙ 5), 0 ∙ 3, 0.6,0 ∙ 5〉,   ℰ4 = 〈(0 ∙ 4, 0 ∙ 4,0.4), (0 ∙ 5, 0 ∙ 4,0.4), (0 ∙ 5. 0 ∙ 5, .4)〉. 

We difine an �̃�1
�̃��̃��̃�

, �̃�2
�̃��̃��̃�

∶  𝐼�̃� → 𝐼 as follows:  

�̃�1
�̃�(𝒮) =

{
 
 

 
 1,   𝑖𝑓 𝒮 = 0̃,                 

1,   𝑖𝑓 𝒮 = 1̃,                 
1

2
,   𝑖𝑓 𝒮 = ℰ2,              

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒              

               �̃�2
�̃�(𝒮) =

{
 
 

 
 1,   𝑖𝑓 𝒮 = 0̃,                          

1,   𝑖𝑓 𝒮 = 1̃,                           
1

2
,   𝑖𝑓 𝒮 = {ℰ2, ℰ4},              

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

      

�̃�1
�̃�(𝒮) =

{
 
 

 
 
0,   𝑖𝑓 𝒮 = 0̃,                          

0,   𝑖𝑓 𝒮 = 1̃,                            
1

2
,   𝑖𝑓 𝒮 = {ℰ1, ℰ2},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

       �̃�2
�̃�(𝒮) =

{
 
 

 
 
0,   𝑖𝑓 𝒮 = 0̃,                          

0,   𝑖𝑓 𝒮 = 1̃,                           
1

2
,   𝑖𝑓 𝒮 = {ℰ2, ℰ4},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

 

  �̃�1
�̃�(𝒮) =

{
 
 

 
 0,   𝑖𝑓 𝒮 = 0̃,                          

0,   𝑖𝑓 𝒮 = 1̃,                           
1

2
,   𝑖𝑓 𝒮 = {ℰ2, ℰ3},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

       �̃�2
�̃�(𝒮) =

{
 
 

 
 0,   𝑖𝑓 𝒮 = 0̃,                          

0,   𝑖𝑓 𝒮 = 1̃,                           
1

2
,   𝑖𝑓 𝒮 = {ℰ2, ℰ4},              

1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

        

Then, the identity mapping, 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

)  is 𝒮𝒱𝒩 −  almost continuous , but it is not 𝒮𝒱𝒩 −

 continuou. Since, �̃�2
�̃�(ℰ4) =

1

2
 and ℰ4 is not 

1

2
− 𝑆𝑉𝑁𝑂 set in �̃�1, because, �̃�1

�̃�
(𝑓−1(ℰ4)) = 0 ≱

1

2
, �̃�1

�̃�
(𝑓−1(ℰ4)) =

1 ≰
1

2
 and �̃�1

�̃�
(𝑓−1(ℰ4)) = 1 ≱

1

2
. Hence, [ �̃�2

�̃�(ℰ4) =
1

2
≰ 0 = �̃�1

�̃�
(𝑓−1(ℰ4)) , �̃�2

�̃�(ℰ4) =
1

2
≱ 1 = �̃�1

�̃�
(𝑓−1(ℰ4)) , 

�̃�2
�̃�(ℰ4)

1

2
≱ 1 = �̃�1

�̃�
(𝑓−1(ℰ4))].  

Theorem 3.10. Let 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

) be a mapping from an 𝒮𝒱𝒩𝒯𝒮 (�̃�1, �̃�1
�̃��̃��̃�

) into another 𝒮𝒱𝒩𝒯𝒮 

(�̃�2, �̃�2
�̃��̃��̃�

). Then the next statements are equivalent: 

1. 𝑓 is 𝒮𝒱𝒩 −  almost continuous, 

2. �̃�1
�̃�
((𝑓−1(𝒮))

𝑐
) ≥ r, �̃�1

�̃�
((𝑓−1(𝒮))

𝑐
) ≤ 1 − 𝑟, �̃�1

�̃�
((𝑓−1(𝒮))

𝑐
) ≤ 1 − r, for any 𝑟 − 𝑆𝑉𝑁𝑅𝐶 set 𝒮 of �̃�2, 

3. 𝑓−1(𝒮) ≤ 𝑖𝑛𝑡
�̃�1
�̃��̃��̃�(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝒮, r), r)), 𝑟) , for any 𝒮  of �̃�2  such that �̃�2

�̃�(𝒮) ≥ r , �̃�2
�̃�(𝒮) ≤ 1 − 𝑟 

and �̃�2
�̃�(𝒮) ≤ 1 − r,  

4. 𝐶
�̃�1
�̃��̃��̃�(𝑓−1(𝐶

�̃�2
�̃��̃��̃�(𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝒮, r), r)), 𝑟) ≤ 𝑓−1(𝒮), for any 𝒮 of �̃�2 such that �̃�2

�̃�(𝒮) ≥ r, �̃�2
�̃�(𝒮) ≤ 1 − 𝑟 and 

�̃�2
�̃�(𝒮) ≤ 1 − r. 

 

Proof. (1)⇒(2). Let 𝒮 be an 𝑟 − 𝑆𝑉𝑁𝑅𝐶 set of �̃�2 Then by Lemma 3.4, 𝒮c is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set in �̃�2. By (1), 

we obtain 

�̃�1
�̃�(𝑓−1(𝒮𝑐)) = �̃�1

�̃�((𝑓−1(𝒮))𝑐) ≥ 𝑟,    �̃�1
�̃�(𝑓−1(𝒮𝑐)) = �̃�1

�̃�((𝑓−1(𝒮))𝑐) ≤ 1 − 𝑟, 

�̃�1
�̃�(𝑓−1(𝒮𝑐)) = �̃�1

�̃�((𝑓−1(𝒮))𝑐) ≤ 1 − 𝑟. 

(2)⇒(1). It is analogous to the proof of (1)⇒(2).    

(1)⇒(3). Since, [ �̃�2
�̃�(𝒮) ≥ 𝑟 , �̃�2

�̃�(𝒮) ≤ 1 − 𝑟 , �̃�2
�̃�(𝒮) ≤ 1 − 𝑟], then, 𝒮 = 𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝒮, 𝑟) ≤ 𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝒮, 𝑟), 𝑟) , 

and hence, f−1(𝒮) = f−1(int
τ̃2
γ̃η̃μ̃(C

τ̃2
γ̃η̃μ̃(𝒮, r), r)), since 
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�̃�2
�̃�
([𝐶

�̃�2
�̃�(𝒮, 𝑟)]𝑐) ≥ 𝑟 ,   �̃�2

�̃�
([𝐶

�̃�2
�̃�(𝒮, 𝑟)]𝑐) ≤ 1 − 𝑟 ,   �̃�2

�̃�
([𝐶

�̃�2
�̃�(𝒮, 𝑟)]𝑐) ≤ 1 − 𝑟 , 

then by Theorem 3.6 𝑖𝑛𝑡
�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝒮, 𝑟), 𝑟) is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set. So, 

�̃�1
�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(𝒮, 𝑟), 𝑟))) ≥ 𝑟, �̃�1

�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(𝒮, 𝑟), 𝑟))) ≤ 1 − 𝑟, �̃�1

�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(𝒮, 𝑟), 𝑟))) ≤ 1 − 𝑟. 

Therefore, 𝑓−1(𝒮) ≤  𝑓−1(𝑖𝑛𝑡
�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃�(𝒮, 𝑟), 𝑟)) = 𝑖𝑛𝑡

�̃�1
�̃��̃��̃�(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝒮, 𝑟), 𝑟)).  

(3)⇒(1). Let 𝒮 be an 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set of �̃�2. Then, we get  

 

𝑓−1(𝒮) ≤ 𝑖𝑛𝑡
�̃�1
�̃��̃��̃�(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝒮, r), r)), 𝑟) = 𝑖𝑛𝑡

�̃�1
�̃��̃��̃�(𝑓−1(𝒮), r); 

 

this suggests that, 𝑓−1(𝒮) = 𝑖𝑛𝑡
�̃�1
�̃��̃��̃�(𝑓−1(𝒮), r), then  

�̃�1
�̃�(𝑓−1(𝒮)) = �̃�1

�̃�
(𝑖𝑛𝑡

�̃�1
�̃�(𝑓−1(𝒮), r)) ≥ 𝑟,    �̃�1

�̃�(𝑓−1(𝒮)) = �̃�1
�̃�
(𝑖𝑛𝑡

�̃�1
�̃�(𝑓−1(𝒮), r)) ≤ 1 − 𝑟, 

�̃�1
�̃�(𝑓−1(𝒮)) = �̃�1

�̃�
(𝑖𝑛𝑡

�̃�1
�̃�(𝑓−1(𝒮), r)) ≤ 1 − 𝑟. 

Therefore, 𝑓 is 𝒮𝒱𝒩 −  𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 

 (2)⇔(4). Can be proved similarly. 

 

Theorem 3.11. Let 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

) be a map from an 𝒮𝒱𝒩𝒯𝒮 (�̃�1, �̃�1
�̃��̃��̃�

) into another 𝒮𝒱𝒩𝒯𝒮 (�̃�2,

�̃�2
�̃��̃��̃�

). Then the following are equivalent: 

1. 𝑓 is 𝒮𝒱𝒩 −  𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 

2. 𝑓(𝐶
�̃�1
�̃��̃� �̃�(𝒮, r)) ≤  𝐶

�̃�2
�̃��̃��̃�(𝑓(𝒮), r) for each 𝒮 ∈ 𝐼�̃�1 

Proof. (1) ⇒ (2). : Let 𝒮 ∈ 𝐼�̃�1. Then,  

𝑓−1(𝐶
�̃�2
�̃��̃��̃�(𝑓(𝒮), r))) = 𝑓−1 [⋂{ℰ ∈ 𝐼�̃�2: �̃�2

�̃�(ℰ𝑐) ≥ 𝑟, �̃�2
�̃�(ℰ𝑐) ≤ 1 − 𝑟, �̃�2

�̃�(ℰ𝑐) ≤ 1 − 𝑟, ℰ ≥ 𝑓(𝒮)}] 

≥ 𝑓−1 [⋂{ℰ ∈ 𝐼�̃�2: �̃�1
�̃�
(𝑓−1(ℰ𝑐)) ≥ 𝑟, �̃�1

�̃�(𝑓−1(ℰ𝑐)) ≤ 1 − 𝑟, �̃�1
�̃�(𝑓−1(ℰ𝑐)) ≤ 1 − 𝑟, ℰ ≥ 𝑓(𝒮)}]                    

≥ 𝑓−1 [⋂{ℰ ∈ 𝐼�̃�2: �̃�1
�̃�
((𝑓−1(ℰ))

𝑐
) ≥ 𝑟, �̃�1

�̃�
((𝑓−1(ℰ))

𝑐
) ≤ 1 − 𝑟, �̃�1

�̃�
((𝑓−1(ℰ))

𝑐
) ≤ 1 − 𝑟, ℰ ≥ 𝑓(𝒮)}]     

 ≥⋂{𝑓−1(ℰ) ∈ 𝐼�̃�1: �̃�1
�̃�
((𝑓−1(ℰ))

𝑐
) ≥ 𝑟, �̃�1

�̃�
((𝑓−1(ℰ))

𝑐
) ≤ 1 − 𝑟, �̃�1

�̃�
((𝑓−1(ℰ))

𝑐
) ≤ 1 − 𝑟, 𝑓−1(ℰ) ≥ 𝒮}

≥⋂{𝒟 ∈ 𝐼�̃�1: �̃�1
�̃�(𝒟𝑐) ≥ 𝑟, �̃�1

�̃�(𝒟𝑐) ≤ 1 − 𝑟, �̃�1
�̃�(𝒟𝑐) ≤ 1 − 𝑟,    𝒟 ≥ 𝒮} = 𝐶

�̃�1
�̃��̃��̃�(𝒮, r).    

Hence, 𝑓(𝐶
�̃�1
�̃��̃��̃�(𝒮, r)) ≤ 𝑓(𝑓−1(𝐶

�̃�2
�̃�𝜂 ̃�̃�(𝑓(𝒮), r))) ≤ 𝐶

�̃�2
�̃��̃� �̃�(𝑓(𝒮), r). 

(2)⇒(1). It is similar to that of (1)⇒(2). 

 

Corollary 3.12. Let 𝑓: �̃�1 → �̃�2 be an 𝒮𝒱𝒩 −  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 mapping with respect to the 𝒮𝒱𝒩𝒯s �̃�1
�̃��̃��̃�

 and �̃�2
�̃��̃��̃�

 

respectively. Then , for each 𝒮 ∈ 𝐼�̃�1, 𝑓(𝐶
�̃�1
�̃��̃� �̃�(𝒮, r)) ≤  𝐶

�̃�2
𝛾 ̃�̃� �̃�(𝑓(𝒮), r). 

 

Theorem 3.13. Let 𝑓: �̃�1 → �̃�2 be an 𝒮𝒱𝒩 −  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 mapping with respect to the 𝒮𝒱𝒩𝒯 �̃�1
�̃��̃��̃�

 and �̃�2
�̃��̃��̃�

, 

respectively. Then , for any 𝒮 ∈ 𝐼�̃�2, 𝐶
�̃�1
𝛾 ̃ �̃��̃�(𝑓−1(𝒮), r)) ≤  𝑓−1(𝐶

�̃�2
�̃�𝜂 ̃�̃�(𝒮), r)). 

 

Proof. Let 𝒮 ∈ 𝐼�̃�2. We get from Theorem 3.12, 𝐶
�̃�1
�̃��̃� �̃�(𝑓−1(𝒮), r)) ≤ 𝑓−1(𝑓(𝐶

�̃�1
�̃�𝜂 ̃�̃�(𝑓−1(𝒮), r)) ≤   𝑓−1(𝐶

�̃�2
�̃�𝜂 ̃�̃�(𝒮, r)). 
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Hence, 𝐶
�̃�1
�̃��̃��̃�(𝑓−1(𝒮), r)) ≤   𝑓−1(𝐶

�̃�2
�̃� �̃��̃�(𝒮, r)), for every 𝒮 ∈ 𝐼�̃�2. 

4. Compactness on Single-Valued Neutrosophic Ideal Topological Spaces  

This section aims to establish new notions of r-single-valued neutrosophic aspects called (compact, ideal 

compact, ideal quasi H-closed, compact modulo an single-valued neutrosophic ideal) (briefly, 𝑟 − 𝒮𝒱𝒩 −

𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑟 − 𝒮𝒱𝒩ℐ −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡) in 𝒮𝒱𝒩ℐ𝒯𝒮.  

 

Definition 4.1. Let (�̃�, �̃��̃��̃��̃�, ) be an 𝒮𝒱𝒩𝒯𝒮  and 𝑟 ∈ 𝐼0 . Then �̃� is called 𝑟 − 𝒮𝒱𝒩 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 iff for every 

family {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ , there exists a finite 

subset Γ0 ⊆ Γ such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ0 .  

 

Definition 4.2. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 and 𝑟 ∈ 𝐼0. Then,  

(1)  �̃�  is called 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡  (resp., 𝑟 − 𝒮𝒱𝒩ℐ −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑 ) iff every family,         

{𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ , there exists a finite 

subse Γ0 ⊆ Γ  such that ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟,   ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 (resp., 

ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟). 

(2) �̃� is called 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − compact if for any  �̃��̃�(𝒮𝑐) ≥ 𝑟,  �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 and every 

family {ℰ𝑗 ∈ 𝐼
�̃�: �̃� �̃�(ℰ𝑗) ≥ 𝑟,  �̃�

�̃�(ℰ𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(ℰ𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} such that 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ , there exists a 

finite subse Γ0 ⊆ Γ  such that ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟 , ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 ,  

ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗𝑗∈Γ0 , 𝑟)]
𝑐
) ≤ 1 − 𝑟. 

 

Definition 4.3. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 and 𝒮 ∈ 𝐼�̃�. Then 𝒮 is called 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 iff every 

family {ℰ𝑗 ∈ 𝐼
�̃�: �̃��̃�(ℰ𝑗) ≥ 𝑟,  �̃��̃�(ℰ𝑗) ≤ 1 − 𝑟 , �̃�

�̃�(ℰ𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  such that 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ , there exists a finite 

subse Γ0 ⊆ Γ such that ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟,  ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. 

 

Theorem 4.4. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 and 𝑟 ∈ 𝐼0. Then,   

(1) 𝑟 − 𝒮𝒱𝒩 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡  ⇒ 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 

(2) 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 ⇒ 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 

(3) 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 ⇒ 𝑟 − 𝑆𝑉𝑁𝐼 −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑.  

 

Proof. (1) For every family {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . 

By r − 𝒮𝒱𝒩 − compactness  of �̃� , there exists a finite subse Γ0 ⊆ Γ  such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ0 . Now, since 

[⋃ 𝒮𝑗𝑗∈Γ0 ]
𝑐
= 0̃, we have ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. 

  

(2) For every �̃��̃�(𝒮𝑐) ≥ 𝑟,  �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 and evrey family {ℰ𝑗 ∈ 𝐼
�̃�:  �̃��̃�(ℰ𝑗) ≥ 𝑟, �̃�

�̃�(ℰ𝑗) ≤ 1 −

𝑟 , �̃��̃�(ℰ𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} such that 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ . By r − 𝒮𝒱𝒩ℐ − compactness of 𝒮 , there exists a finite subse 

Γ0 ⊆ Γ  such that ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟 , ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 , ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 . Since,     

𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]
𝑐
≥ 𝒮 ∩ [⋃ 𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
, we have  

ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟 , ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟 
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Hence, �̃� is 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

 

(3) Let {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟: 𝑗 ∈ Γ}  be a family such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . By       

𝑟 − 𝒮𝒱𝒩ℐ − compactness  of (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)̃ , there exists a finite subfamily Γ0 ⊆ Γ such that ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, 

 ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]
𝑐
) ≤ 1 − 𝑟, ℐ̃�̃̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. Since, [⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
≥ [⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
,  we have 

ℐ̃�̃� ([⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗
𝑗∈Γ0

, 𝑟)]

𝑐

) ≥ 𝑟,  ℐ̃�̃� ([⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗
𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃̃� ([⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗
𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟 

Hence, �̃� is 𝑟 − 𝑆𝑉𝑁𝐼 −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑. 

 

Theorem 4.5. The next statements are equivalent in an 𝒮𝒱𝒩ℐ𝒯𝒮 (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�):  

(1) �̃� is r − 𝒮𝒱𝒩ℐ − compact,  

(2) For any family {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  with ⋂ 𝒮𝑗𝑗∈Γ = 0̃, there 

exists a finite subset Γ0 ⊆ Γ with ℐ̃�̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≥ 𝑟,  ℐ̃�̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≤ 1 − 𝑟,  ℐ̃�̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≤ 1 − 𝑟. 

 

Proof. (1)⇒(2). For each family {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟, 𝑗 ∈ Γ} with ⋂ 𝒮𝑗𝑗∈Γ = 0̃. 

Then, ⋃ 𝒮𝑗
𝑐

𝑗∈Γ = 1̃. By 𝑟 − 𝒮𝒱𝒩ℐ − compactness  of (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) , there exists a finite subse Γ0 ⊆ Γ such that 

ℐ̃�̃�([⋃ 𝒮𝑗
𝑐

𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝒮𝑗

𝑐
𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃̃�([⋃ 𝒮𝑗

𝑐
𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, this implies that, 

ℐ̃�̃� (⋂ 𝒮𝑗
𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (⋂ 𝒮𝑗
𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃̃� (⋂ 𝒮𝑗
𝑗∈Γ0

) ≤ 1 − 𝑟. 

(2)⇒(1). Let {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} be a family such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . Then, 

⋂ 𝒮𝑗
𝑐

𝑗∈Γ = 0̃ , by (2), there exists a finite subse Γ0 ⊆ Γ  such that ℐ̃�̃�(⋂ 𝒮𝑗
𝑐

𝑗∈Γ0 ) ≥ 𝑟 , ℐ̃�̃�(⋂ 𝒮𝑗
𝑐

𝑗∈Γ0 ) ≤ 1 − 𝑟 , 

ℐ̃�̃�(⋂ 𝒮𝑗
𝑐

𝑗∈Γ0 ) ≤ 1 − 𝑟  this implies that ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟 , ℐ̃�̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 ,  ℐ̃�̃̃�([⋃ 𝒮𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 . 

Therefore (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  is 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

Remark 4.6. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  be an 𝒮𝒱𝒩ℐ𝒯𝒮. The simplest 𝒮𝒱𝒩ℐ on �̃� is ℐ̃0
�̃��̃��̃�

: 𝐼�̃� ⟶ 𝐼, where  

ℐ̃0
�̃�(𝒮) = {

1, 𝑖𝑓  𝒮 = 0̃      
0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

      ℐ̃0
�̃�(𝒮) = {

0, 𝑖𝑓  𝒮 = 0̃      
1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

         ℐ̃0
�̃�(𝒮) = {

0, 𝑖𝑓  𝒮 = 0̃      
1,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

If ℐ̃�̃��̃��̃� = ℐ̃0
�̃��̃��̃�

 then 𝑟 − 𝒮𝒱𝒩 − compact and 𝑟 − 𝒮𝒱𝒩ℐ − compact are equivalent 

 

Definition 4.7. An 𝒮𝒱𝒩𝒯𝒮 (�̃�, �̃��̃��̃��̃�) is said to be r-single-valued neutrosophic regular (𝑟 − 𝒮𝒱𝒩 − regular) iff 

for every �̃��̃�(𝒮) ≥ 𝑟, �̃��̃�(𝒮) ≤ 1 − 𝑟 , �̃��̃�(𝒮) ≤ 1 − 𝑟 and 𝑟 ∈ 𝐼0, 

𝒮 =⋃{ℰ ∈  𝐼�̃�: �̃��̃�(ℰ) ≥ 𝑟,  �̃��̃�(ℰ) ≤ 1 − 𝑟 , �̃��̃�(ℰ) ≤ 1 − 𝑟, 𝐶�̃��̃��̃��̃�(ℰ, r) = 𝒮}. 

 

Theorem 4.8. Let (�̃�, �̃� �̃��̃��̃�, ℐ̃�̃��̃��̃�)  be an 𝑟 − 𝒮𝒱𝒩ℐ −  quasi H − closed  and 𝑟 − 𝒮𝒱𝒩 − regular . Then 

(�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ − compact. 

 

Proof.  For every family {𝒮 ∈ 𝐼�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . By 

𝑟 − 𝒮𝒱𝒩 − regularity of (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�),  for any �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑗) ≤ 1 − 𝑟, we have 
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𝒮𝑗 = ⋃ {𝒮𝑗∆:   �̃�
�̃�(𝒮𝑗∆) ≥ 𝑟,  �̃��̃�(𝒮𝑗∆) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗∆) ≤ 1 − 𝑟, 𝐶�̃��̃��̃��̃�(𝒮𝑗∆ , r) ≤ 𝒮𝑗}

𝑗∆∈∆𝑗

. 

Thus, ⋃ (⋃ 𝒮𝑗∆𝑗∆∈∆𝑗 ) = 1̃𝑗∈Γ . Since (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ- quasi H-closed, there exists a finite subset 𝐾 × ∆𝐾 

such that  

ℐ̃�̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≥ 𝑟,  ℐ̃�̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≤ 1 − 𝑟.   

For each 𝑘 ∈ 𝐾, since ⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑘∆ , 𝑟𝑘∆∈∆𝑘 ) ≤ 𝒮𝑘. It implies that [⋃ (⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑘∆ , 𝑟𝑘∆∈∆𝑘 ))𝑘∈𝐾 ]
𝑐
≥ [⋃  𝒮𝑘𝑘∈𝐾 ]𝑐 . Thus, 

ℐ̃�̃� ([⋃  𝒮𝑘
𝑘∈𝐾

]

𝑐

) ≥ ℐ̃�̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≥ 𝑟, ℐ̃�̃� ([⋃  𝒮𝑘
𝑘∈𝐾

]

𝑐

) ≤ ℐ̃�̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≤ 1 − 𝑟 

  

ℐ̃�̃̃� ([⋃  𝒮𝑘
𝑘∈𝐾

]

𝑐

) ≤ ℐ̃�̃̃� ([⋃( ⋃ 𝐶�̃��̃�(𝒮𝑘∆ , 𝑟

𝑘∆∈∆𝑘

))

𝑘∈𝐾

]

𝑐

) ≤ 1 − 𝑟. 

Hence, (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ − compact. 

 

Definition 4.9. A family {𝒮𝑗}𝒋∈Γ in �̃� has the finite intersection property (𝑰 − 𝑭𝑰𝑷) iff the intersection of no 

finite sub-family Γ0 ⊆ Γ s.t ℐ̃�̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≥ 𝑟, ℐ̃�̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≤ 1 − 𝑟, ℐ̃�̃̃�(⋂ 𝒮𝑗𝑗∈Γ0 ) ≤ 1 − 𝑟. 

 

Theorem 4.10. An 𝒮𝒱𝒩ℐ𝒯𝒮  (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  is r − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 , iff every family {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,

 �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  having the finite intersection property (𝑰 − 𝑭𝑰𝑷)  has a non-empty 

intersection.  

 

Proof.  Obvious. 

  

Theorem 4.11. Suppose that (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  is an 𝒮𝒱𝒩ℐ𝒯𝒮 , 𝒮  is 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 . Then for every 

collection {ℰ𝑗 ∈ 𝐼
�̃�:  ℰ𝑗 ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟), 𝑗 ∈ Γ} with 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ , there exists a finite subset Γ0 ⊆ Γ s.t, 

ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟 

ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Proof. Let {ℰ𝑗 ∈ 𝐼
�̃�:  ℰ𝑗 ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟), 𝑗 ∈ Γ} with 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ .Then, 𝒮 ≤ ⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)𝑗∈Γ ,  

[�̃��̃� (𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)) ≥ 𝑟,  �̃��̃� (𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)) ≤ 1 − 𝑟 , �̃��̃� (𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)) ≤ 1 − 𝑟] . By r − 𝒮𝒱𝒩ℐ 

−𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 of 𝒮, there exists a finite subset Γ0 ⊆ Γ s.t,  

ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟 
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ℐ̃�̃� (𝒮 ∩ [⋃ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1− 𝑟. 

Definition 4.12. Let (�̃�, �̃��̃��̃��̃�) be an 𝒮𝒱𝒩𝒯𝒮 and 𝒮 ∈ 𝐼�̃�. Then 𝒮 is called r-single-valued neutrosophic locally 

closed iff 𝒮 = ℰ ∩ 𝒟 where [�̃��̃�(ℰ) ≥ 𝑟,  �̃��̃�(ℰ) ≤ 1 − 𝑟 , �̃��̃�(ℰ) ≤ 1 − 𝑟], [�̃��̃�(𝒟𝑐) ≥ 𝑟,  �̃��̃�(𝒟𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒟𝑐) ≤

1 − 𝑟].  

 

Lemma 4.13. Let (�̃�, �̃��̃��̃��̃�)  be an 𝒮𝒱𝒩𝒯𝒮  and 𝒮 ∈ 𝐼�̃� . Then �̃��̃�(𝒮) ≥ 𝑟, �̃��̃�(𝒮) ≤ 1 − 𝑟 , �̃��̃�(𝒮) ≤ 1 − 𝑟  iff 𝒮 

both r-single-valued neutrosophic locally closed and 𝑟 − 𝑆𝑉𝑁𝑃𝑂 set.  

 

Proof.  It is trivial. 

 

Lemma 4.14. If 𝒮  is 𝑟 − 𝒮𝒱𝒩ℐ − compact, then for every collection {ℰ𝑗 ∈ 𝐼
�̃�:  ℰ𝑗 𝑖𝑠  𝑏𝑜𝑡ℎ 𝑟 − 𝑆𝑉𝑁𝑃𝑂 𝑎𝑛𝑑 𝑟 −

𝑠𝑖𝑛𝑔𝑙𝑒 − 𝑣𝑎𝑙𝑢𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑙𝑜𝑐𝑎𝑙𝑙𝑦 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠, 𝑗 ∈ Γ}  with  𝒮 ≤ ⋃ (ℰ𝑗)𝑗∈Γ , there exists a finite subfamily  

Γ0 ⊆ Γ such that ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. 

 

Proof. Follows from Lemma 4.13.  

 

Theorem 4.15. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 , 𝒮1  and 𝒮2  are r − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 . Then, 𝒮 ∪ ℰ  is r −

𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 subset relative to �̃�. 

 

Proof. Let {ℰ𝑗 ∈ 𝐼
�̃�: �̃��̃�(ℰ𝑗) ≥ 𝑟,  �̃�

�̃�(ℰ𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(ℰ𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} be a family such that 𝒮1 ∪ 𝒮2 ≤ ⋃ ℰ𝑗𝑗∈Γ . 

Then 𝒮1 ≤ ⋃ ℰ𝑗𝑗∈Γ  and  𝒮2 ≤ ⋃ ℰ𝑗𝑗∈Γ . Since 𝒮1  and 𝒮2  are 𝑟 − 𝒮𝒱𝒩ℐ − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 , there exists a finite subset 

Γ0 ⊆ Γ such that  

ℐ̃�̃� (𝒮𝑘 ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮𝑘 ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� (𝒮𝑘 ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟,  

for 𝑘 = 1,2, since (𝒮1 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]
𝑐
) ∪ (𝒮2 ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) = (𝒮1 ∪ 𝒮2) ∩ [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
. Then,  

ℐ̃�̃� ((𝒮1 ∪ 𝒮2) ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≥ 𝑟,         ℐ̃�̃�((𝒮1 ∪ 𝒮2) ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� ((𝒮1 ∪ 𝒮2) ∩ [⋃ ℰ𝑗
𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

This shown that (𝒮1 ∪ 𝒮2) is 𝑟 − 𝒮𝒱𝒩ℐ − compact. 

Theorem 4.16. Suppose (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮, 𝑟 ∈ 𝐼0. Then the next statements are equivalent:   

(1) (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑, 

(2) For every collection {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} with ⋂ 𝒮𝑗𝑗∈Γ = 0̃, 

there exists Γ0 ⊆ Γ  such that ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≥ 𝑟 , ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟 , 

ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟, 

(3) ⋂ 𝒮𝑗𝑗∈Γ ≠ 0̃ , holds for any collection {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} 

such that {𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗 , 𝑟): �̃�
�̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} has the 𝑰 − 𝑭𝑰𝑷, 

(4) For any collection {𝒮𝑗 ∈ 𝐼
�̃�: 𝒮𝑗  is 𝑟 − 𝑆𝑉𝑁𝑅𝑂 𝑠𝑒𝑡𝑠,   𝑗 ∈ Γ} such taht ⋃ 𝒮𝑗 = 1̃𝑗∈Γ , there exists Γ0 ⊆ Γ 

such that ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟,  ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟,  ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟, 



Neutrosophic Sets and Systems, Vol. 41, 2021     138  

 

 

F. Alsharari et. al.; Compactness on Single-Valued Neutrosophic Ideal Topological Spaces  

 

(5) For every collection {𝒮𝑗 ∈ 𝐼
�̃�: 𝒮𝑗 is 𝑟 − 𝑆𝑉𝑁𝑅𝐶 𝑠𝑒𝑡,   𝑗 ∈ Γ}  such taht ⋂ 𝒮𝑗𝑗∈Γ = 0̃ , there exists Γ0 ⊆ Γ 

such that ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≥ 𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟, 

(6) ⋂ 𝒮𝑗𝑗∈Γ ≠ 0̃ , holds for every collection {𝒮𝑗 ∈ 𝐼
�̃�:  𝒮𝑗 is 𝑟 − 𝑆𝑉𝑁𝑅𝐶 𝑠𝑒𝑡,   𝑗 ∈ Γ}  such taht 

{𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗 , 𝑟):  𝒮𝑗 is 𝑟 − 𝑆𝑉𝑁𝑅𝐶 𝑠𝑒𝑡,   𝑗 ∈ Γ} has the 𝑰 − 𝑭𝑰𝑷.  

 

Proof. (1)⇒(2). Let {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} be a family with ⋂ 𝒮𝑗𝑗∈Γ = 0̃. 

Then, ⋃ 𝒮𝑗
𝑐

𝑗∈Γ = 1̃ . Since, (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  is 𝑟 − 𝒮𝒱𝒩ℐ −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑 , there exists Γ0 ⊆ Γ  such that 

ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≥ 𝑟 , ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗

𝑐
𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 , ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗

𝑐
𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 . Since, 

[⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ]

𝑐
= ⋂ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 , we have  

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟. 

  (2)⇒(1). Let {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟,  �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  be a family s.t ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . Then, 

⋂ 𝒮𝑗
𝑐

𝑗∈Γ = 0̃ and by hypothesis, there exists Γ0 ⊆ Γ s.t, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ) ≥ 𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗

𝑐 , 𝑟)𝑗∈Γ0 ) ≤ 1 −

𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟. Since, ⋂ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗

𝑐 , 𝑟)𝑗∈Γ0 = [⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
, 

ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Thus, (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ- quasi H-closed, 

  (1) ⇒ (3). For any family {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  such that 

{𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗 , 𝑟):  �̃�
�̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  has the 𝑰 − 𝑭𝑰𝑷 . If ⋂ 𝒮𝑗𝑗∈Γ = 0̃ , then 

⋃ 𝒮𝑗
𝑐 = 1̃𝑗∈Γ . Since (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ- quasi H-closed, there exists a finite subset Γ0 ⊆ Γ such that  

ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗
𝑐 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗
𝑐 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝒮𝑗
𝑐 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Since, [⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ]

𝑐
= ⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 , we have   

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟. 

Which is a contradiction. 

  (3)⇒ (1). For any family {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟, �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ}  such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ , 

with the property that for no finite Γ0 ⊆ Γ such that ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟,  

  ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≤ 1 − 𝑟.  Since, 

[⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

= ⋂ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟)

𝑗∈Γ0

. 

The family {𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟): �̃��̃�(𝒮𝑗) ≥ 𝑟,   �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 ,    �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  has the 𝑰 − 𝑭𝑰𝑷 .By (3). 

⋂ 𝒮𝑗
𝑐

𝑗∈Γ ≠ 0̃, Then, ⋃ 𝒮𝑗 ≠ 1̃𝑗∈Γ . It is a contradiction. 

  (1)⇒(4). Let {𝒮𝑗} 𝑗∈Γ be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝑂 set such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . Then, ⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟), r) = 1̃𝑗∈Γ , 

since, �̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r)) ≥ 𝑟,  �̃�
�̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r)) ≤ 1 − 𝑟 , �̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r)) ≤ 1 − 𝑟  and �̃�  is 𝑟 −

𝒮𝒱𝒩ℐ- quasi H-closed, there exists a finite subset Γ0 ⊆ Γ such that  
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ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r), 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� ([⋃ 𝐶�̃��̃� (𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r))

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, 

ℐ̃�̃� ([⋃ 𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝒮𝑗 , 𝑟), r), 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Since, for �̃��̃�(𝒮𝑗) ≥ 𝑟, �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟  we have 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟), r), 𝑟) = 𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟) . 

Hence, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. 

  (4)⇒(5). Let {𝒮𝑗 ∈ 𝐼
�̃�:   𝑗 ∈ Γ} be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝐶 sets such that ⋂ 𝒮𝑗𝑗∈Γ = 0̃. Then, ⋃ 𝒮𝑗

𝑐
𝑗∈Γ = 1̃, and 

{𝒮𝑗
𝑐 ∈ 𝐼�̃�:   𝑗 ∈ Γ}  is a family of 𝑟 − 𝑆𝑉𝑁𝑅𝑂 sets . By (4), there will be a finite subset Γ0 ⊆ Γ  such that 

ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗
𝑐 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗

𝑐
𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗

𝑐
𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟, Thus,  

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟. 

  (5)⇒(1). Let {𝒮𝑗 ∈ 𝐼
�̃�: �̃��̃�(𝒮𝑗) ≥ 𝑟, �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  be a family such that ⋃ 𝒮𝑗 = 1̃𝑗∈Γ . 

Then, ⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟), r)𝑗∈Γ = 1̃ . Thus, ⋂ 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟), r)𝑗∈Γ = 0̃  and 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗

𝑐 , 𝑟), r)  is   

𝑟 − 𝑆𝑉𝑁𝑅𝐶. For the hypothesis, there exists Γ0 ⊆ Γ such that 

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝒮𝑗
𝑐 , 𝑟), r), 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝒮𝑗
𝑐 , 𝑟), r), 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, 

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝒮𝑗
𝑐 , 𝑟), r), 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟 

Since, for �̃��̃�(𝒮𝑗) ≥ 𝑟, �̃�
�̃�(𝒮𝑗) ≤ 1 − 𝑟 , �̃�

�̃�(𝒮𝑗) ≤ 1 − 𝑟  we have 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟), r), 𝑟) = 𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟) , 

and hence, ⋂ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝒮𝑗
𝑐 , 𝑟), r), 𝑟)𝑗∈Γ0 = [⋃ 𝐶�̃��̃��̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]𝑐 . Therefore, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≥ 𝑟, 

ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]
𝑐
) ≤ 1 − 𝑟 , ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 ). Hence, (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�)  is 𝑟 − 𝒮𝒱𝒩ℐ −

 𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑, 

  (6)⇔(4) is proved similarly like (3)⇔(1). 

 

Theorem 4.17.  Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 and 𝑟 ∈ 𝐼0, Then the next statements are equivalent:   

(1) (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩ℐ −  𝑞𝑢𝑎𝑠𝑖 𝐻 − 𝑐𝑙𝑜𝑠𝑒𝑑, 

(2) For any family {𝒮𝑗 ∈ 𝐼
�̃�: 𝒮𝑗 ≤ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(𝒮𝑗 , r), r)} with ⋃ 𝒮𝑗𝑗∈Γ = 1̃, there exists a finite subset Γ0 ⊆ Γ 

such that ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 ,  ℐ̃�̃�([⋃ 𝐶�̃��̃�(𝒮𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟), 

(3) For any family {𝒮𝑗 ∈ 𝐼
�̃�:  �̃��̃�(𝒮𝑗

𝑐) ≥ 𝑟,   �̃��̃�(𝒮𝑗
𝑐) ≤ 1 − 𝑟 ,    �̃��̃�(𝒮𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} such that ⋂ 𝒮𝑗𝑗∈Γ = 0̃, 

there exists a finite subset Γ0 ⊆ Γ such that ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≥ 𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡 �̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟 , 

 ℐ̃�̃�(⋂ 𝑖𝑛𝑡 �̃��̃�(𝒮𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟). 

 

Proof. Obvious. 

 

 

Theorem 4.18. Let (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) be an 𝒮𝒱𝒩ℐ𝒯𝒮 and 𝑟 ∈ 𝐼0, Then the next statements are equivalent:    
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(1) (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) is 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 

(2) For each family {ℰ𝑗 ∈ 𝐼
�̃�: �̃��̃�(ℰ𝑗

𝑐) ≥ 𝑟, �̃��̃�(ℰ𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(ℰ𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ} and every  �̃��̃�(𝒮𝑐) ≥ 𝑟,  

�̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟  with ⋂ ℰ𝑗𝑗∈Γ �̅�𝒮 , there exists a finite subset Γ0 ⊆ Γ  such that      

ℐ̃�̃�(𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ) ≥ 𝑟,   ℐ̃�̃�(𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟, ℐ̃�̃�(𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ) ≤ 1 − 𝑟. 

(3) ⋂ ℰ𝑗𝑗∈Γ 𝑞𝒮  holds for each family {ℰ𝑗 ∈ 𝐼
�̃�:  �̃��̃�(ℰ𝑗

𝑐) ≥ 𝑟, �̃��̃�(ℰ𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(ℰ𝑗

𝑐) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  and 

any  �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 , �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 with {𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗 , 𝑟) q𝒮,  𝑗 ∈ Γ} has the 𝑰 − 𝑭𝑰𝑷, 

(4) For each family {ℰ𝑗 ∈ 𝐼
�̃�: ℰ𝑗 𝑖𝑠 𝑟 − 𝑆𝑉𝑁𝑅𝑂 , 𝑗 ∈ Γ} and any �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟. �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 

with 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ , there exists a finite subset Γ0 ⊆ Γ such that,  

ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟. 

(5) For each family {ℰ𝑗 ∈ 𝐼
�̃�: ℰ𝑗 is r − 𝑆𝑉𝑁𝑅𝐶,   𝑗 ∈ Γ} and any  �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 , 

with ⋂ ℰ𝑗𝑗∈Γ �̅�𝒮, there exists Γ0 ⊆ Γ such that, 

ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

∩ 𝒮) ≥ 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮

𝑗∈Γ0

) ≤ 1 − 𝑟, 

(6) ⋂ ℰ𝑗𝑗∈Γ 𝑞𝒮 holds for each family {ℰ𝑗 ∈ 𝐼
�̃�: ℰ𝑗 𝑖𝑠 𝑟 − 𝑆𝑉𝑁𝑅𝐶,   𝑗 ∈ Γ} and any �̃� �̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, 

�̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 such taht {𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮:  𝑗 ∈ Γ} has the  𝑰 − 𝑭𝑰𝑷.  

  

Proof. (1)⇒(2). Let {ℰ𝑗 ∈ 𝐼
�̃�: �̃��̃�(ℰ𝑗

𝑐) ≥ 𝑟, �̃��̃�(ℰ𝑗
𝑐) ≤ 1 − 𝑟 , �̃��̃�(ℰ𝑗

𝑐) ≤ 1 − 𝑟, 𝑗 ∈ Γ}and �̃� �̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 

with ⋂ ℰ𝑗𝑗∈Γ �̅�𝒮 . Then, �̃�⋂ ℰ𝑗𝑗∈Γ
+ �̃�𝒮 ≤ 1 , 𝜂⋂ ℰ𝑗𝑗∈Γ

+ 𝜂𝒮 ≥ 1 , 𝜇⋂ ℰ𝑗𝑗∈Γ
+ 𝜇𝒮 ≥ 1 . It implies that 𝒮 ≤ ⋃ ℰ𝑗

𝑐
𝑗∈Γ . By    

𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠  of (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�), there exists a finite subset Γ0 ⊆ Γ such that, 

ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐

𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐

𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟. 

 Since, 𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐

𝑗∈Γ0 , 𝑟)]
𝑐
= 𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 . Then  

ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟. 

  (2)⇒(3). It is trivial. 

  (3) ⇒ (1). Let {ℰ𝑗 ∈ 𝐼
�̃�: �̃��̃�(ℰ𝑗) ≥ 𝑟, �̃�

�̃�(ℰ𝑗) ≤ 1 − 𝑟 , �̃�
�̃�(ℰ𝑗) ≤ 1 − 𝑟,   𝑗 ∈ Γ}  be a family and �̃��̃�(𝒮𝑐) ≥ 𝑟 , 

 �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 ,  �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟  such that 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ  with property that for no finite subfamily Γ0  of Γ      

one has, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 . 

Since, 𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
= ⋂ {𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗

𝑐 , 𝑟)𝑗∈Γ0 ∩ 𝒮 , the family {⋂ {𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗
𝑐 , 𝑟)𝑗∈Γ ∩ 𝒮 ,  𝑗 ∈ Γ}  has the   

𝑰 − 𝑭𝑰𝑷, By (3), ⋂ ℰ𝑗
𝑐

𝑗∈Γ 𝑞𝒮 implies that ⋃ ℰ𝑗𝑗∈Γ ≤ 𝒮. It is a contradiction. 

  (1)⇒(4). Let {ℰ𝑗 ∈ 𝐼
�̃�:   𝑗 ∈ Γ} be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝑂 𝑠𝑒𝑡𝑠 and  �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 

with 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ . Then, 𝒮 ≤ ⋃ 𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)𝑗∈Γ . By 𝑟 − 𝒮𝒱𝒩𝐶(ℐ) − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠  of (�̃�, �̃��̃��̃��̃�, ℐ̃�̃��̃��̃�) , 

there exists a finite subset Γ0 ⊆ Γ such that,  

ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟), 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟, 
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ℐ̃�̃� (𝒮 ∩ [⋃ 𝐶�̃��̃�(𝑖𝑛𝑡�̃��̃�(𝐶�̃��̃�(ℰ𝑗 , 𝑟), 𝑟)

𝑗∈Γ0

, 𝑟)]

𝑐

) ≤ 1 − 𝑟 

Since, for �̃��̃�(ℰ𝑗) ≥ 𝑟, �̃�
�̃�(ℰ𝑗) ≤ 1 − 𝑟 , �̃�

�̃�(ℰ𝑗) ≤ 1 − 𝑟, 𝐶�̃��̃��̃��̃�(𝑖𝑛𝑡�̃��̃��̃��̃�(𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟), r), 𝑟) = 𝐶�̃��̃��̃��̃�(ℰ𝑗 , 𝑟). Therefore, 

ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]
𝑐
) ≥ 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗 ,𝑗∈Γ0 𝑟)]

𝑐
) ≤ 1 − 𝑟. 

  (4)⇒(1). It is trivial. 

  (4)⇒(5). Let {ℰ𝑗}𝑗∈Γ be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝐶 sets and every �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 such 

that ⋂ ℰ𝑗𝑗∈Γ �̅�𝒮. Then, 𝒮 ≤ ⋃ ℰ𝑗
𝑐

𝑗∈Γ  and {ℰ𝑗
𝑐 ∈ 𝐼�̃�:  𝑗 ∈ Γ} be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝑂 sets. By (4), there exists a 

finite subset Γ0 ⊆ Γ  such that ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐 , 𝑟)𝑗∈Γ0 ]

𝑐
) ≥ 𝑟, ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗

𝑐
𝑗∈Γ0 , 𝑟)]

𝑐
) ≤ 1 − 𝑟 ,       

 ℐ̃�̃�(𝒮 ∩ [⋃ 𝐶�̃��̃�(ℰ𝑗
𝑐

𝑗∈Γ0 , 𝑟)]
𝑐
) ≤ 1 − 𝑟 implies that  

ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≥ 𝑟, ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟, ℐ̃�̃� (𝒮 ∩ ⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

) ≤ 1 − 𝑟. 

  (5)⇒(6). Let {ℰ𝑗}𝑗∈Γ   be a family of 𝑟 − 𝑆𝑉𝑁𝑅𝐶 𝑠𝑒𝑡𝑠 and every �̃��̃�(𝒮𝑐) ≥ 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟, �̃��̃�(𝒮𝑐) ≤ 1 − 𝑟 

such taht {𝑖𝑛𝑡�̃��̃��̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮:  𝑗 ∈ Γ} has the  𝑰 − 𝑭𝑰𝑷. If ⋂ ℰ𝑗𝑗∈Γ �̅�𝒮 . By (5), there exists a finite subset Γ0 ⊆ Γ 

such that ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ∩ 𝒮) ≥ 𝑟, ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮𝑗∈Γ0 ) ≤ 1 − 𝑟,  ℐ̃�̃�(⋂ 𝑖𝑛𝑡�̃��̃�(ℰ𝑗 , 𝑟) ∩ 𝒮𝑗∈Γ0 ) ≤ 1 − 𝑟. It 

is a contradiction. 

  (6)⇒(4). It is trivial.  

 

Theorem 4.19. Let (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

) , (�̃�2, �̃�2
�̃��̃��̃�

, ℐ̃2
�̃��̃��̃�

)  be two 𝒮𝒱𝒩ℐ𝒯𝒮′𝑠  and 𝑓: �̃�1 ⟶ �̃�2  a surjective  𝒮𝒱𝒩 - 

continuous. If (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

)  is 𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 and ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)) , ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)) , ℐ̃1

�̃�
(𝒮) ≥

ℐ̃2
�̃�
(𝑓(𝒮)). Then, (�̃�2, �̃�2

�̃��̃��̃�
, ℐ̃2
�̃��̃��̃�

) is 𝑟 − 𝒮𝒱𝒩ℐ2 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

   

Proof. Let {ℰ𝑗 ∈ 𝐼
�̃�: �̃�2

�̃�
(ℰ𝑗) ≥ 𝑟, �̃�2

�̃�
(ℰ𝑗) ≤ 1 − 𝑟 , �̃�2

�̃�
(ℰ𝑗) ≤ 1 − 𝑟, 𝑗 ∈ Γ} be a family such that ⋃ ℰ𝑗 = 1̃𝑗∈Γ . Then, 

⋃ 𝑓−1(ℰ𝑗) = 1̃𝑗∈Γ . Since, 𝑓  is 𝒮𝒱𝒩 −  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 , for each 𝑗 ∈ Γ , �̃�1
�̃�
(𝑓−1(ℰ𝑗)) ≥ 𝑟, �̃�1

�̃�
(𝑓−1(ℰ𝑗)) ≤ 1 − 𝑟 , 

�̃�1
�̃�
(𝑓−1(ℰ𝑗)) ≤ 1 − 𝑟 . By 𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠  of (�̃�1, �̃�1

�̃��̃��̃�
, ℐ̃1
�̃��̃��̃�

), there exists a finite Γ0 ⊆ Γ such that 

ℐ̃1
�̃�
([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
) ≥ 𝑟 , ℐ̃1

�̃�
([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 , ℐ̃1

�̃�
([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟 . Since ℐ̃1

�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)) , 

ℐ̃1
�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), for 𝑗 ∈ Γ0 , ℐ̃2

�̃�
(𝑓([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
)) ≥ 𝑟 , ℐ̃2

�̃�
(𝑓([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
)) ≤ 1 − 𝑟 , 

ℐ̃2
�̃�
(𝑓([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
)) ≤ 1 − 𝑟. From the surjectively of 𝑓 we obtain 𝑓([⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ0 ]

𝑐
) = [⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
. Hence, 

ℐ̃2
�̃�
([⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≥ 𝑟, ℐ̃2

�̃�
([⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟, ℐ̃2

�̃�
([⋃ ℰ𝑗𝑗∈Γ0 ]

𝑐
) ≤ 1 − 𝑟. Thus, (�̃�2, �̃�2

�̃��̃��̃�
, ℐ̃2
�̃��̃��̃�

)  is 𝑟 − 𝒮𝒱𝒩ℐ2 −

𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

Theorem 4.20. Let (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

) , (�̃�2, �̃�2
�̃��̃��̃�

, ℐ̃2
�̃��̃��̃�

)  be two 𝒮𝒱𝒩ℐ𝒯𝒮′𝑠  and 𝑓: �̃�1 ⟶ �̃�2  a surjective  𝒮𝒱𝒩 - 

continuous. If (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

) is 𝑟 − 𝒮𝒱𝒩𝐶(ℐ)1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 and ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥

ℐ̃2
�̃�
(𝑓(𝒮)). Then, (�̃�2, �̃�2

�̃��̃��̃�
, ℐ̃2
�̃��̃��̃�

) is 𝑟 − 𝒮𝒱𝒩𝐶(ℐ)2 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

 

Proof. Let �̃�2
�̃�(𝒮) ≥ 𝑟, �̃�2

�̃�(𝒮) ≤ 1 − 𝑟 , �̃�2
�̃�(𝒮) ≤ 1 − 𝑟  and every family {ℰ𝑗 ∈ 𝐼

�̃�: �̃�2
�̃�
(ℰ𝑗) ≥ 𝑟 ,  �̃�2

�̃�
(ℰ𝑗) ≤ 1 − 𝑟} 

with 𝒮 ≤ ⋃ ℰ𝑗𝑗∈Γ . Then, 𝑓−1(𝒮) ≤ ⋃ 𝑓−1(ℰ𝑗)𝑗∈Γ . Since, 𝑓 is 𝒮𝒱𝒩- continuous for each 𝑗 ∈ Γ, �̃�1
�̃�
(𝑓−1(ℰ𝑗)) ≥ 𝑟,

�̃�1
�̃�
(𝑓−1(ℰ𝑗)) ≤ 1 − 𝑟, �̃�1

�̃�
(𝑓−1(ℰ𝑗)) ≤ 1 − 𝑟. By 𝑟 − 𝒮𝒱𝒩𝐶(ℐ)1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 of (�̃�1, �̃�1

�̃��̃��̃�
, ℐ̃1
�̃��̃��̃�

), there exists a 

finite Γ0 ⊆ Γ such that 
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ℐ̃1
�̃�
(𝑓−1(𝒮) ∩ [⋃ 𝐶

�̃�1
�̃�(𝑓−1(ℰ𝑗), r)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃1
�̃�
(𝑓−1(𝒮) ∩ [⋃ 𝐶

�̃�1
�̃�(𝑓−1(ℰ𝑗), r)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, 

ℐ̃1
�̃�
(𝑓−1(𝒮) ∩ [⋃ 𝐶

�̃�1
�̃�(𝑓−1(ℰ𝑗), r)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Since, 𝑓  is 𝒮𝒱𝒩 - continuous mapping, 𝐶
�̃�1
�̃��̃��̃�(𝑓−1(𝒮𝑗 , r) ≤ 𝑓

−1(𝐶
�̃�2
�̃��̃��̃�(𝒮𝑗 , r))  for every 𝒮 ∈ 𝐼�̃�2 . Therefore, 

𝑓−1(𝒮) ∩ [⋃ 𝐶
�̃�1
�̃��̃��̃�(𝑓−1(ℰ𝑗 , r)𝑗∈Γ0 ]

𝑐
= 𝑓−1(𝒮) ∩ [⋃ 𝑓−1(𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , r))𝑗∈Γ0 ]

𝑐
. Hence, 

ℐ̃1
�̃�
(𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1(𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃1
�̃�
(𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1(𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, 

ℐ̃1
�̃�
(𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1(𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Since, ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), for each 𝑗 ∈ Γ0 we have,  

ℐ̃2
�̃�
(𝑓[𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1 (𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

]) ≥ 𝑟, ℐ̃2
�̃�
(𝑓[𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1 (𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

]) ≤ 1 − 𝑟, 

ℐ̃2
�̃�
(𝑓[𝑓−1(𝒮𝑗) ∩ [⋃ 𝑓−1 (𝐶

�̃�2
�̃�(𝒮, r))

𝑗∈Γ0

]

𝑐

]) ≤ 1 − 𝑟. 

Since, 𝑓 is surjective,  

ℐ̃2
�̃�
(𝒮𝑗 ∩ [⋃ 𝐶

�̃�2
�̃�(𝒮, r)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃2
�̃�
(𝒮𝑗 ∩ [⋃ 𝐶

�̃�2
�̃�(𝒮, r)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, ℐ̃2
�̃�
(𝒮𝑗 ∩ [⋃ 𝐶

�̃�2
�̃�(𝒮, r)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Thus, (�̃�2, �̃�2
�̃��̃��̃�

, ℐ̃2
�̃��̃��̃�

) is 𝑟 − 𝒮𝒱𝒩(ℐ)2 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

Theorem 4.21. The image of an 𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 under a surjective 𝒮𝒱𝒩 − 𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 mapping 

and ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)) is  𝑟 − 𝒮𝒱𝒩𝐶(ℐ)2 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

Proof. Let 𝒮 ∈ I�̃�1 be an 𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡  in (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

)  and 𝑓: (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

) → (�̃�2, �̃�2
�̃��̃��̃�

, ℐ̃2
�̃��̃��̃�

)     

a surjective 𝒮𝒱𝒩 − 𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. If �̃�2
�̃�(𝒮𝑐) ≥ 𝑟, �̃�2

�̃�(𝒮𝑐) ≤ 1 − 𝑟 , �̃�2
�̃�(𝒮𝑐) ≤ 1 − 𝑟 and each family {ℰ𝑗 ∈ 𝐼

�̃�:  

�̃�2
�̃�
(ℰ𝑗) ≥ 𝑟, �̃�2

�̃�
(ℰ𝑗) ≤ 1 − 𝑟 , �̃�2

�̃�
(ℰ𝑗) ≤ 1 − 𝑟}  with 𝑓(𝒮) ≤ ⋃ ℰ𝑗𝑗∈Γ , then 𝑓(𝒮) ≤ ⋃ 𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)𝑗∈Γ  and 

since for 𝑗 ∈ Γ,  

𝑖𝑛𝑡
�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(𝑖𝑛𝑡

�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟), 𝑟), r) = 𝑖𝑛𝑡�̃�2

�̃��̃��̃�(𝐶
�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟). 

 

By 𝒮𝒱𝒩 − 𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 of 𝑓 we have 𝒮 ≤ ⋃ 𝑓−1(𝑖𝑛𝑡
�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟)𝑗∈Γ ) and  

�̃�1
�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))) ≥ 𝑟, �̃�2

�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))) ≤ 1 − 𝑟, 
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 �̃�1
�̃�
(𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))) ≤ 1 − 𝑟.  

By  𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 of 𝒮 in (�̃�1, �̃�1
�̃��̃��̃�

, ℐ̃1
�̃��̃��̃�

), there exists a finite Γ0 ⊆ Γ such that 

ℐ̃1
�̃�
(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃1
�̃�
(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, 

ℐ̃1
�̃�
(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

Since ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), we have  

ℐ̃2
�̃�
(𝑓(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

)) ≥ 𝑟, ℐ̃2
�̃�
(𝑓(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

)) ≤ 1 − 𝑟, 

ℐ̃2
�̃�
(𝑓(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡

�̃�2
�̃�(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟), 𝑟))

𝑗∈Γ0

]

𝑐

)) ≤ 1 − 𝑟. 

By surjectively of 𝑓, 𝑓(𝒮𝑗 ∩ [⋃ 𝑓−1(𝑖𝑛𝑡
�̃�2
�̃��̃��̃�(𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟), 𝑟))𝑗∈Γ0 ]

𝑐
) = 𝑓(𝒮𝑗) ∩ [⋃ (𝐶

�̃�2
�̃��̃��̃�(ℰ𝑗 , 𝑟)𝑗∈Γ0 ]

𝑐
. Thus,  

ℐ̃2
�̃�
(𝑓(𝒮𝑗) ∩ [⋃(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≥ 𝑟, ℐ̃2
�̃�
(𝑓(𝒮𝑗) ∩ [⋃(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟, 

ℐ̃2
�̃�
(𝑓(𝒮𝑗) ∩ [⋃(𝐶

�̃�2
�̃�(ℰ𝑗 , 𝑟)

𝑗∈Γ0

]

𝑐

) ≤ 1 − 𝑟. 

and hence, 𝑓(𝒮) is  r − 𝒮𝒱𝒩𝐶(ℐ)2 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

Theorem 4.22. The image of an 𝑟 − 𝒮𝒱𝒩ℐ1 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 under a surjective 𝒮𝒱𝒩 −𝑤𝑒𝑎𝑘𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 mapping 

and ℐ̃1
�̃�
(𝒮) ≤ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), ℐ̃1

�̃�
(𝒮) ≥ ℐ̃2

�̃�
(𝑓(𝒮)), is  𝑟 − 𝒮𝒱𝒩ℐ2 −quasi H-closed. 

 

Proof. Similar to proof of Theorem 4.21. 

 

5.  Conclusions 

    In the current research paper, we found some results of single-valued neutrosophic continuous mappings 

called almost continuous and weakly continuous. These instances are kinds of some generalizations of fuzzy 

continuity in view of the definition of �̃�ostak. We brought counterexamples whenever such properties fail to be 

preserved. We also introduced and studied several kinds of r-single-valued neutrosophic compactness defined 

on the single-valued neutrosophic ideal topological spaces. 
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