&
m Nbb Neutrosophic Sets and Systems, Vol. 42, 2021

University of New Mexico

....n

I,
I

Some New Structures in Neutrosophic Metric Spaces

M. Jeyaraman!, V. Jeyanthi?, A.N. Mangayarkkarasi? and Florentin Smarandache#*
P.G. and Research Department of Mathematics,

Raja Doraisingam Government Arts College, Sivagangai.
Affiliated to Alagappa University, Karaikudi, Tamilnadu, India.
E-mail:jeyaraman.maths@rdgacollege.in
ORCID: https://otcid.org/0000-0002-0364-1845
2Government Arts College for Women, Sivagangai.
Affiliated to Alagappa University, Karaikudi, Tamilnadu, India.
E-mail: jeykaliappa@gmail.com.
3Department of Mathematics,

Nachiappa Swamigal Arts & Science College, Karaikudi.
Affiliated to Alagappa University, Karaikudi, Tamilnadu, India.
E-mail: murugappan.mangai@gmail.com
“Department of Mathematics,

University of New Mexico,

705 Gutley Avenue, Gallup, NM 87301, USA.

Abstract: Neutrosophic sets deals with inconsistent, indeterminate and imprecise datas. The concept
of Neutrosophic Metric Space (NMS) uses the idea of continuous t- norm and continuous t - conorm
in intuitionistic fuzzy metric spaces. In this paper, we introduce the definition of subcompatible
maps of types (J-1 and J-2). We extend the structure of weak non-Archimedian with the help of
subcompatible maps of types (J-1 and J-2) in NMS. Finally, we obtain common fixed point theorems
for four subcompatible maps of type (J-1) in weak non-Archimedean NMS.
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1. Introduction

Fuzzy set was presented by Zadeh [22] as a class of elements with a grade of membership.
Kramosil and Michalek [8] defined new notion called Fuzzy Metric Space (FMS). Later, many
authors have examined the concept of fuzzy metric in various aspects. In 2013, Muthuraj and
Pandiselvi [17] introduced the concept of compatible mappings of type (P-1) andtype (P-2) in
generalized fuzzy metric spaces and obtains common fixed point theorems are obtained
forcompatible maps of type (P-1) and type (P- 2). Since then, many authors have obtained fixed
point results in fuzzy metric space using these compatible notions.

Atanassov [1] introduced and studied the notion of intuitionistic fuzzy set by generalizing
the notion of fuzzy set. Park [9] defined the notion of intuitionistic fuzzy metric space as a
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generalization of fuzzy metric space. In 1998, Smarandache [14-16] characterized the new concept
called neutrosophic logic and neutrosophic set and explored many results in it. In the idea of
neutrosophic sets, there is T degree of membership, I degree of indeterminacy and F degree of non-
membership. Baset et al. [2] Explored the neutrosophic applications in dif and only iferent fields
such as model for sustainable supply chain risk management, resource levelling problem in
construction projects, Decision Making.

In 2019, Kirisci et al [9] defined NMS as a generalization of IFMS and brings about fixed
point theorems in complete NMS. Erduran et.al.[13] introduced the concept of weak non-
Archimedean intuitionistic fuzzy metric space and proved a common fixed point theorem for a pair
of generalized (¢, W) — contractive mappings. Later Jeyaraman at el [19,20] proved Fixed point
results in non-Archimedean generalized intuitionistic fuzzy metric spaces. In 2020, Sowndrarajan
Jeyaraman and Florentin Smarandache [18] proved some fixed point results for contraction theorems
in neutrosophic metric spaces.

In this paper, we introduce the definition of sub compatible maps and sub compatible maps
of types (J-1) and (J-2) in weak non-Archimedean NMS and give some examples and relationship
between these definitions. We extend the structure of weak non-Archimedian with the help of
subcompatible maps of types (J-1 and J-2) in NMS. Thereafter, we prove common fixed point
theorems for four subcompatible maps of type (J-1) in weak non-Archimedean NMS.

2. Preliminaries
Definition: 2.1

A binary operation * : [0, 1] x [0, 1] = [0, 1] is a continuous t-norm [CTN] if it satisfies the
following conditions :

(1) * is commutative and associative,

(ii) * is continuous,

(iii) e1*1 = g1 for all €€ [0, 1],

(iv) e1* €2 < e5*ea whenever e1<esand €2 <es, for each €1, &, €3, €4€ [0, 1].
Definition: 2.2

A binary operation ¢ : [0, 1] x [0, 1] = [0, 1] is a continuous t-conorm [CTC] if it satisfies the
following conditions:

(i) o is commutative and associative,

(ii) ¢ is continuous,

(iii) e10 0= g1 for all e1€ [0, 1],

(iv) €10 £2 < €30 €4 whenever 1< esand &2 < &4, for each €1, €2, esand &1 € [0, 1].

Definition: 2.3

A 6-tuple (L, E, ©, Y,*,0) is said to be an NMS (shortly NMS), if X is an arbitrary non empty
set, * is a neutrosophic CTN, ¢ is a neutrosophic CTC and =, ® and Y are neutrosophic on X3 x R*
satisfying the following conditions:
Forall{,n, §,w € X, 1 € R

1. 0<E({n6,1)<1,0<0(7,n6,)<1,0<Y({,n61)<1;

E(Gn6,)+0(4n,6)+Y({,n624)<3;
(¢,n,6,4)=1ifandonlyif { = n= §;
(¢,n,6,2)=E(p({ n, b, 1), when p is the permutation function;
E(nwN)xE(w, 6,6 u)<E({n 6 1+u),forall A,u>0;

11 [1 [1

2
3.
4.
5
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6. E(¢,n,6,.):[0,0)—][0,1]isneutrosophic continuous ;
7. ™ E({m8A)=1 foral 1>0;
8. ©®(¢n6,1)=0ifandonlyif { = n=4;
9. ©({,n,6,1)=0(p({ 1,6, ), when p is the permutation function;

10. ®({,n w, )@ (w, 6,6, u)20({,n, 8, 1+p),forall A,u>0;

11. ®({,n,6,.):[0,e)—[0, 1] is neutrosophic continuous;

12. ™ ©(¢,n,821)=0 forall 1>0;

13. Y ({,n,6,4)=0 ifandonlyif { = n = §;

14. Y ({,n,6,1)=Y (p({ n 6, 1)), when p is the permutation function;

15. Y({,nw )oY (w,6,6 1))=Y ({,n,6 A+p),forall A,u>0;

16. Y(¢,n,6,.):[0,)—>[0,1]is neutrosophic continuous;

17. ™Y (¢,1,6,2)=0 forall 1> 0;

18. IfA>0thenE({,n,6,1)=0;, ®({,n,61)=1 7Y ({,n,6,1)=1.
Then, (E,0,7) is called an NMS on X. The functions E,® and Y denote degree of closedness,
neturalness and non-closedness between ¢, n and § with respect to A respectively.

Example: 2.4
Let (X, D) be a metric space. Define w * T=min { w, 7} and w ¢ 7 =max{ w, 7} and
E,0,7: I3 xR—[ 0, 1] defined by, we define
p)

- D (¢n.6 D (mn.8)
E({,n, 68 1) zm@((’”"”)ZW%;T((’”"S'A)ZTW for all{,n, 6 € Zand

A > 0. Then (X, 5,0, Y,*,0) is called NMS induced by a metric D the standard neutrosophic metric.
Remark: 2.5
In NMSE (¢, 7, 6, 4, .) is non-decreasing, © ({, n, §, .) is non-increasing and Y ({, 1, 8, .) is
decreasing forall {,n, 6 € L.
In the above definition, if the triangular inequality (v), (x) and (xv) are replaced by the
following:
E(¢n 6 max{ A uh)2E({,n w 1) *E( w6, 6, un),
© (¢, 1,6, min{4u)<O({,nw 1)°0(wd,é6 u,
Y (4 n, 6, min{Adu)<Y({nw )Y (wb b u
or equivalently
E(Ln6,0)2E({nw l)«E( w0, 624,
O({,n6, 1)O({,nw )0 ( w34, A1),
Y({,n6, A)Y({,nwA)Y(wd, 6, A).
Then (%, B, ®, Y,*,0) is called non-Archimedean NMS. It is easy to check that the triangle inequality
(NA) implies (5), (10) and (15), that is, every non-Archimedean NMS is itself an NMS.

Example:2.6

Let £ be a non-empty set with at least two elements. Define E ( {, 1, §, 1) by: If we define
the neutrosophic set (£, E,0,Y) by E({,{,{,1)=10({,{{,2) =0and Y ({,{,{,1) =0 forall{ €
Yand 1>0,and 2({,7n,6,1)=0,0({,n,6, A)=1andY ({,n,6, A)=1,for{#n#§ and 0 <A< 1,
and E((,n,6,1)=1,0(,n,6, 1)=0andY ({,7n,6, 1)=0,for{#n#5 and 1>1. Then (%, E,0,Y,*
,0) is a non-Archimedean NMS with arbitrary * is a neutrosophic CTN, ¢ is a neutrosophic CTC.
Clearly (%, &, 0, Y,%,0) is also an NMS.

Definition:2.7

M. Jeyaraman, V. Jeyanthi, A.N. Mangayarkkarasi and Florentin Smarandache ; Some New Structures in Neutrosophic
Metric Spaces



Neutrosophic Sets and Systems, Vol. 42, 2021 52

In Definition 2.3, if the triangular inequality (v), (x) and (xv) are replaced by the following:
E(¢n, 6, )2max{E({,n w, ) *E(w, b, 6,,A/2),E({,nw, 1/2)*E(w,F,6,1)},
0(¢,n 6,4 <min{0O({,n, w, )0 (w,6,6,,1/2),0 ({,nw,1/2)0(w,d,65 1)},
Y((,n624) <mn{Y({,nwl)eY (w6 ,1/2)Y ({,nw, A/2)Y(w,b,35 1)},
forall 5,0,Y € £ and 4> 0, then (%, E, 0,Y,*,0)is said to be a Weak Non- Archimedean (WNA) NMS.
Obviously, every non-Archimedean NMS is itself a weak non-Archimedean NMS.
The inequality (WNA) does not imply that 2 (¢, 1, 6, 4, .) is non-decreasing , ® (¢, , 5, .) is non-
increasing and Y({, 1, 6, .) is decreasing. Thus, a weak non-Archimedean NMS is not necessarily an
NMS.

Example: 2.8
Let 2= [0, =) and define 2 (¢, 1,6, 4); ©({,n,6,4) and Y ({,n, 5, 1) by

1, {(=n=4§

2(¢,n6,)=4 2 ,
T (;’57] #=6
0, (=n=6

0(¢,n6,4)=41 ,
/1+(1)’ C(in i;

_ , =T]=
Y((/nlé‘rl)_ A+1, cini&l

forall 1>0. (T, E, 0,Y,*,0)is a weak non-Archimedean NMS with w * 7= wtand wot={ w + 7 — w7}
for every w,7 € [0, 1].

Definition: 2.9
Let I' and Q be maps from an NMS (Z%,E,0,Y,x0). Then the mappings are said to be
compatible if
lim & (TQn, QTn, Qo A) =1,
n—-oo
1im © (TQw, OTZn, QT A) = 0, and
n—-oo
limY (TQ¢n, Qo QTCn, 1) =0,
n—-oo

for all >0, whenever {{x} is a sequence in X such that lim I'{n= lim O~ = { for some (€ Z.
n—oo n—oo

Definition: 2.10
Let I' and Q be self mappings of an NMS (%,E,0,Y,x0 ). Then the mappings are
said to be compatible of type (J-1), if
lim £ (QT¢n, T, [T¢n, A) =1,
n—-oo
lim © (s, Tn, TT{n, 1) =0, and
n—-oo
limY (QI¢n,TT¢n, TTCn, 1) =0,
n—-oo

for all 1 >0, whenever {{n} is a sequence in X such that lim I'{n = lim Q{n = { for some { € X.
n—-oo n—-oo

Definition: 2.11
Let I' and Q be self mappings of an NMS (%,E,0,Y,x0). Then the mappings are
said to be compatible of type (J-2), if
lim £ (TQ¢n, Qs Q0n, A) =1,
n—-oo
lim © (TQ%x QQ%n Qs 1) =0, and
n—-oo
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limY (TQ{n, QOn, QQln, 1) =0,
n—-oo
for all 1 >0, whenever {{n} is a sequence in X such that lim I'{n = lim Q{n = { for some { € X.
n—-oo n—-oo
Definition:2.12
Let I' and Q be maps from an NMS (Z%,E,0,Y,x,0) into itself. The maps I' and Q are
said to be Occasionally Weakly Compatible (OWC) if and only if there is a point { € £ which

is a coincidence point of I' and Qat which I' and O commute i.e., there is a point { X such that
I = Q¢ and FQ{ = QI¢.

Definition:2.13
Let I' and Q be maps from an NMS (%, 5, 0,Y,x,0). The maps I' and Q are said to be
reciprocally continuous if lim'Qdn =I'{, lim QI'{n, =Q, whenever {{n} is a sequence in X such that
n—-oo n—-oo

lim I'{n = lim Q{n = { for some { € X.
n—oo n—oo

3. Types Of Subcompatible Maps In Weak Non-Archimedean NMS.

Definition:3.1

Let (%, E,0,Y,%,0 ) be a weak non-Archimedean NMS. Self- maps I' and 1 on X are said to be
subsequently continuous if there exists a sequence {{x} in X such that limI'{n = lim Q{n={, {€ X and

n—-oo n—-oo

satisfy 1imS¢n=I¢, lim QI ¢n, =04,

n—oo n—oo

Clearly, if I and Qare continuous or reciprocally continuous, then they are subsequentially
continuous, but converse is not true in general.

Example: 3.2
Let X = [0, =) and define, forallA>0, E({,n,6,1); ©({,n,6,4) andY ({,n, 8, 1) by

2(¢ 51){1'(=n=&
= /n/ 7 = A

ml (inidy

04,16 ) {O' cTn=o
/n/ 7 = L

A+1’ (;#11;&6,

{=n=56,

01
Y(("7’5”1)={/1+1, { #£n #6.

Then (%, E, 0,Y,*,0) is a weak non-Archimedean NMS with w * 7= wtand wet={w+ 71—
wt} forevery w,t € [0, 1]. Define I' and Qas follows:

(2, (<3 . (20—4 (<3,

FZ‘&,( S5 %= {; (>3
Clearly I" and Q are discontinuous at { = 3. Let { {n} be a sequence in X defined by {n=3 - % forn=1,
2...,then limI'{n=1imQ{n=2,2 € £ and limI'Q{n=2=T(2), lim QI'{n=0 = Q(2). Therefore, I' and Q

n—-oo n—-oo n—-oo n—-oo

are subsequentially continuous. Now, let { {n} be a sequence in X defined by {n =3+ % forn=1,2,...,
then limI'{n = limQ{n = 3, 3€ ¥ and limQI'{n =3 # 2 = Q(3). Hence I' and ) are not reciprocally

n—-oo n—-oo n—-oo

continuous.
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Definition: 3.3
Let (X%,E,0,Y,%0)be a weak non-Archimedean NMS. Self- maps I' and Q on X are
said to be subcompatible if and only if there exist a sequence { { n} in X such that limI'{n = lim Q{n =

n—oo n—-oo

{,{ e X and satisfies

lim E (TQ¢n, QLTn, QLT 1) =1,

n—oo

lim © (TQZx, Qs Qs A) =0, and
n—oo

lim Y(TQx, QT'¢n, QI Tn, A) = 0.

n—-oo

It is easy to see that two owc maps are subcompatible, however the converse is not true in
general. It is also interesting to see the following one-way implication:

Commuting = Weakly commuting = Compatibility = Weak compatibility = OWC= Sub
compatibility.

Definition:3.4
Let (%, E, 0,Y,,0)be a weak non-Archimedean NMS. Self- maps I and Qon X are said to be
subcompatible of type (J-1) if there exists a sequence {{x} in X such that limI'{n= lim Q{n={, {€ X and
n—-oo n—-oo

satisfies
ll_)rg)E (TQLn, QQLn, QQLn, A) =1,
leg)@ (TQgn, QOLn, QO 1)=0,
1llin°10Y (TQn, QQLn, QOn, 1) =0,
7Il:r:roloE (QL'¢n, IT{n, TTn, A)=1,
qgrg@ (QI'¢n, TT¢n, IT{n, A) =0, and,
EL%Y (QI'¢n, TT¢n, IT{n, A)=0.

Clearly, if I and § are compatible of type (J-1), then they are subcompatible of type (J-1), but
converse is not true in general.

Example: 3.5
Let £ =[0, ). Define & (¢, n,8,4); © (¢, n,8,4) and Y ({, 7,8, 2) by

- _ A _ K-nl+in-sl+15¢| _ E=nl+In=81+15=¢
BN 8,2 = e mmmerey © (61 8 ) = e m-ateia—q 204 Y ($ 1,8, 2) 2

for all A > 0. Then, (Z%,E,0,Y,x0) is a weak non-Archimedean NMS with w *7 = w7 and
woT={w+ 71— wrt}forevery w,t € [0, 1].
Define I' and Q as follows:

1_X={<'2+1, (<1 (={{+1, (<1

20—-1, (=1’ 3¢ -2, (>1"

Let { {n} be a sequence in X defined by {n=1 +%, forn=1, 2..., then limI'{n = limQ{n =1,
n—-oo n—-oco

leX and
rag=r(1+2)=2(1+3)1-1+ (%),
g =0 (1 + %) = 3(1 + 3)-2 -1+ (%),
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ITgn=T (1+2)=2(1+2)1=1+(3),
00¢n=0(1+2)=3(1+2)2=1+ (3).

Therefore,
lim & (TG, 00, 008G, 4) =1,
7{1}30 0 (F'Qn, QOCn, A0y, 1)=0, and
qi_r){)lo Y (FQn, Q0% QO 1) =0.
And, i

lim E(QI{n, T, IT{n, A)=1,
7{1}3:@ (Ql¢n, IT¢n, I'T¢n, 1) =0, and
Ei_r){)loY(QFCn, IT{n, TT{n, A) =0.
That is, I' and Q are subcompatible of type (J-1) but if we consider a sequence {n = 1- % for
n=12,..., then limI'{n=1imQ{x =2,2 € Tand

n—oco n—oo

rag.=r(z-:3) 22(2 ~2)15-(2), ara=0 ((1 - %): + 1>= 3((1 - %)2 + 1)-2,
rrzn=r((1 -9+ 1)=r(1 2 D) -(1-2+ 3)
00¢.=0(2-2)=3(2-3)2=4- ().

lim & (FQgn, 20Zn, QOGn, 1) #1,
Ti_)rg) 0 (TQn, QOn, Q0L 1) %0,
Ti_)rg) Y (TQ¢n, QQ%n, QOn, A) #0,
1llirr°10 E (QI{n [T, T, A) # 1,
71}010 ® (AL{n, TTn, TTEn, A) # 0, and
rflrg Y (QI'¢n, TTn, TTZn, A) #0.
That is, I and Q are not Compatil;le of type (J-1).

Therefore,

Definition: 3.6
Let (X5 0,Y,%0 )be a weak non-Archimedean NMS. Self- maps I' and Q on X
are said to be subcompatible of type (J-1) if and only if there exist a sequence { {x} in X such that
lim'{n= 1im Q{n= {,{ € X and satisfies
n—-oo n—-oo
lim £ (ITZs, Q0gn, QOn, A) =1,
n—-oo
1im © (TT¢n, QQs, Q0T 1)=0,
n—-oo
limY (TTZs, QQ¢n, Q0 ) =0.
n—-oo
Clearly, if I and Q are compatible of type (J-2), then they are subcompatible of type (J-2), but
converse is not true in general.

Example: 3.7
Let X =[0, ) and define £ ({,n,48,4); ®({,n,6,4) andY ({,n,4,4) by
1, (=n=4,
:((,U,5,/1)={L (;tn__/__é"

A+1’
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0, {(=n=4,
9(5/’7/&’1):{L
A+1’ ; i q;é“
_ ’ = n = )
Y((/U/(S,/D—{A_'_L ( ¢77 =+ 6.
Then, ( %,%,0,Y,%0 ) is a weak non-Archimedean NMS with w*t = wt and
woT={w+ 17— wt} forevery w,t € [0, 1]. Define I and Qas follows:
{+2, (€[04]U(5»)
=2 =
re=¢ &K {(+12, {e5].
Let { {n} be a sequence in X defined by {n = 2+% for n = 1,2..., then limI'{n= lim Q{x= 4,
n—-oo

A
and rr(n=r((2 +%)2) = (2 +%)4, 007n = n(4+%) —4+2412=16+1,
Therefore,
lim £ ([T, 00¢s, 00y, 1) =1,
Tllrg) © (IT¢n, QOCn, QQEn A)=0, and
Em Y (IT¢n, QQ7n, QOCn, A) = 0.

That is, I' and Q are subcompatible of type (J-2) but if we consider a sequence {n = 2- % for

, . 1\2 1\* 1 1
n=1,2,., then iml ¢ lim Q¢ 4 and IT¢ = r((z —;) >= (2 —;) , Q00 =0 (4 - ;) —4-242
1
—6-1.
n
Therefore,
lim & (T¢n Q0 n, Q00 s, 1) # 1,
n—-oo
lim © (IT{n, Q0% QO n, A) #0, and
n—oo
lm Y (TT¢n, Q000 QQC n, A) # 0.
n—oo

That is, I and Q are not compatible of type (J-2).

Preposition: 3.8
Let (%,5,0,Y,x0) be a weak non-Archimedean NMS and I, Q: £ — X are subsequentially
continuous mappings. I' and Q are subcompatible maps if and only if they are not subcompatible of
type (-1).
Proof:
Suppose I' and () are subcompatible, then there exists a sequence { { n} in X such that
lim I'{n= lim Q{n={, { € X and satisfying
n—-oo n—-oo
limE (T s, QT Qs A) =1,
n—-oo
lim ©( TQ¢n, QT'n, QT's, A) =0, and
n—-oo
lim Y(TQ{ n, QT QT 1) = 0.
n—-oo
Since I' and Qare subsequentially continuous, we have
lim [Q¢ = T¢= limT¢n, lim Q[{e= Q= lim QQn.
n—-oo n—-oo n—-oo n—-oo
Thus, from the inequality (WNA), for all 1> 0,
£ (TQ%n, QOCn, QOn ) = E (TQL v, QT s, QTEn, A) * E (ATCn, QA0 n, QQLn, 1/2),
O(I'Qn, QO QOn, A) < O(TQL v, QTTn, QTEn, 1) © O(QAL T, QOLs, OOy, 1/2),
Y(TQZn, QOCn, OO0, A) < Y(TQL v, QTCn, QTn, 1) o Y (QTEn, QOCn, QQn, A/2),
and it follows that
E (TO¢n, QOn QQ%n, A) 21 1=1,
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O(r'Qen, QQLn, QQLn, 1) <00 0=0,

Y([Qn, QQ¢n, QQn, 1) <00 0=0.
That is, for all >0,

lim E (TQ¢n, QQn, QQLn, A1) =1,

n—oo

lim O(TQ{n, QAN QQLn, A) =0,

n—-oo

lim Y(TQn, QO¢n, Q0T A) =0.

n—-oo

By the same way,
lim E(Q¢n,ITgn, TTGn, 2) =1,
1111n°10 O(QI {0, TT¢n, TT¢n, 1) =0,
7{1}30 Y(QI{o,TT s, TT s, A) = 0.
Consequently, I' and Q a;le subcompatible of type (J-1).

Conversely, suppose that I' and Qare subcompatible of type (J-1), then there exists a
sequence {{xn} in X such that Tlll_rgo [{n= rlll_rgo Q¢n={, (e X and satisfying
li_r)lgo Z (TQdn, QOfn, QO 1) =1, lm@(rﬂ(n, Q0O QQn, 1) =0 and
?Lrg Y(I'Q¢n, QQ%, QQ¢n, A) =0, ﬁl?o E(QT¢n,ITln, TTn A) =1,
Eilf}o O(Qrn T¢n, TT¢ s, A) =0 and 1im Y(Q@T'¢n, IT¢n, TT¢ r, 2)=0.

Since I and () are subsequentially continuous, we have
lim Q%= T¢= ImTIT¢n, LimQI¢e= Q7= lim QQCn.
n—oo n—-oo n—oo n—»oo
Now, from the inequality (WNA), for all 1> 0,

E(TQn, QLo QT ) 2 E (T v, QQL 0,000, ) * E (AL v, QTn, AT, 1 /2),

0 (TQLn, QTn, QTn, 1) < O(TAL v, QQL 0, QQn 1) © O (QQL v, QLT ATCs, 1 /2),

Y (P, QTn, QTn, 1) < YT 1, Q0L 0,000, A) 0 Y (QQ n, OTn, O, A /2),

and, it follows that,
lim & (TQ¢n, QL'{n, QI'{n, 1) 211 =1,
n—-oo
lim © (TQ¢ n, QT{n, QT¢n, A)<000=0,
n—-oo
limY (TQ{ n, QT ¢n, QTn, ) <00 0=0,
n—-oo
which implies that

lim E (TQ¢n, QTn, QLT 1) =1,
n—-oo
lim © (FQ¢n, Q{n, QTn, 1) =0,
n—-oo
limY (TQ n, QT ¢n, QT ) = 0.
n—-oo

Therefore, I and £ are subcompatible.

Preposition: 3.9

Let (%, 5,0,Y,%0) be a weak non-Archimedean NMS and I',Q: ¥ — ¥ are subsequentially
continuous mappings. I' and Q are subcompatible maps if and only if they are not subcompatible
of type (J-2).
Proof:

Suppose I' and Q are subcompatible, then there exists a sequence { {n} in X such that
limI'{n = lim Q{n =6, § € X and satisfy

n—-oo n—-oo
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lim £ (FQ¢s, QIs, ATGs, 2) =1, lim ® (MG, AIGs, ATGn, 2)=0, and lim Y (M4 », QIEn, ATEr, 2) =0.
Since I' and Q are subsequentially continuous, we have
lim TO¢ = [¢= lim IT¢n, lim QM¢w=0¢ = lim Q0¢n.
Thus, from the inequality (WNA),
E (IT¢n, QOn, QQ%n, ) = E (TT¢n, TQn, TQCn, A) * E (TQLn, QOn, OOy, 1/2)
> E (IT{n, TQn, TQE v, A)* E (TQn, QLTn, QTn, A /2)
E(Q s, Q0Tn, QOEn, 1/4),
(TT¢s, TQZn, TQLn, 1) © O (TQ%n, QQLn, QQLn, 1/2)
(TT¢n, TQCn, TQCn, A) 0 © (TQCn, QTn, QLTn, A /2) 0
0 (Ar¢n, QOLs, QOC +, A/4) and
(TT¢n, TQCn, TQCn, A) o Y (TS0, QOCn, QQLn, 1/2)
(TT¢n, TQZn, TQLn, A) 0 Y (TQGn, QTS QTTn, A /2) 0
Y (Q¢n, QQCn, QOEn, A/4),

0 (IT¢n, QOLn, QOLn, A)

(ol ©]

<
<

Y (IT¢n, QOn, QQn, A) <
<

< =

for all A> 0, and, it follows that, for all 1> 0,

lim 2 (I'T¢n, QQ¢n, QQ{n, A1) 21 x1=1,

n—-oo

lim © (IT¢n, QO¢n, Q0Qn, 1) <00 0=0,

limY (I'T{xn, Q0{n, QQfn, A)<000=0,
which implies that,

lim E (TT¢n, QO Q% A) =1,

n—-oo

1im © (TT¢n, QQn, QQ%n, A) =0,

n—-oo

limY (TTZs, QQEn, QO o, A) =0.
Consequently, I' and Q are subcompatible of type (J-2). Conversely, suppose that I' and Q are
subcompatible of type (J-2), then there exists a sequence {{n} in X such that limI'{n=lim Q{n=(, (€ X

n—-oo n—-oo

and satisfying

lim £ (IT¢n, QQ%n, QOCn, A) =1,

n—-oo

lim © (IT¢n, QO¢n, Q0n 1) =0,

n—-oo

lim Y (TT¢n, QQO¢n, OOy, A) = 0.

n—-oo
Now, from the inequality (WNA), we have

E (TQn, QT n, O Tn, A)

> E (T, [Tn, TT{n, A) * E (T, QT'n, QLTn, 1 /2)
>E (

TQZn, QL QT A) * E (TTCn, QO¢n, QCn, A /2)
*E (QQO¢n, QT QTCn, A /4),
0 (TQ¢n, QTTn, QT¢n, A) < O (TQLn, TTn, TTn, A) © O(TT s, QTn, QLTn, A /2)
<0 (T, QTEn, QTCn, 1) o O ([T, QOLn QTCn, 1 /2)
0 ® (QO¢n, QT'n, Oy, A /4) and
Y (T, QT¢n, QTCn, A) <Y (TQn, TTZn, TTEn, A) © Y(TTCn, QTCn, QTCn, 1 /2)
<Y (T, QTn, QT A) 0 Y (TTZn, QQCn QTEn, A /2)
oY (QQn, QTn, QTTn, A /4),
and, it follows that, for all 1> 0,
lim & (TQGs, Ql¢n, QL¢n, )21 % 1 1=1,
1im © (F2Gn, AT¢n, G, 2) <0000 0=0,
limY (TG, Q' QI 2) <0000 0=0,

M. Jeyaraman, V. Jeyanthi, A.N. Mangayarkkarasi and Florentin Smarandache ; Some New Structures in Neutrosophic
Metric Spaces



Neutrosophic Sets and Systems, Vol. 42, 2021 59

which implies that
lim & (TQ¢n, QT¢n, QF¢n, A) =1,
111i_r)£1°® (F'Q¢n, QL ¢n, QI'{n, 1) =0,
:ll)rgY (F'Q¢n, OQI'¢n, QI'¢n, 4) =0.

Therefore, I' and Q are subcompatible.

Preposition: 3.10
Let (%,5,0,Y,x0) be a weak non-Archimedean NMS and I, Q: £ — X are subsequentially
continuous mappings. I' and Q are subcompatible maps of type (J-1) if and only if they are
subcompatible of type (J-2).
Proof:
Suppose I' and Qare subcompatible of type (J-1), then there exists a sequence { {»} in X such
that li_l;l(’)lor(n = li_l;l(;loﬂfn =(, { € X and satisfy
i i lim & (IT¢n, Q0¢n, 00Gn, ) =1,
T‘E‘L‘o © (T, QOn, Q0En, A) =0, and,
qi_)rg) Y (TT¢n, QQn, QO¢n, A) =0,
Ti_)rg) Z (QT¢n, TTqn, TTn, ) =1,
1llirr°10 © (QT¢n, IT¢n, TTn, A) = 0, and,
T‘E‘L’o Y (QI¢w, TTZn, TT s, A) = 0.
Since I and Q are subseqtentially continuous, we have
lim Mg w=T¢= lim [T¢r, lim QM¢r= 0¢= lim Q.

n—oo

Thus, from the inequality (WNA),
E (IT¢n, QQ%n, QOn, A) = E (TT¢n, TQn, TQACn, A) * E (TQLn, Q0n, QQLn, 1/2),
® (IT¢n, QO¢n, Q0n ) <O (TT¢n, TQALn, TQLn, A) 0 O (TQAn, QQLs, QO n, A/2),
Y ('Tqn, Q0% QO%n ) <Y (TT¢n, TQCn, TQAn, 1) 0 Y (T, QOEn, QO 1/2),
and, it follows that
lim & (FT¢n, 00Gs, Q0Gn, 2) 215 1=1,

1im © (IT¢n, QO¢n, Q0n, 1) <00 0=0,
n—-oo

lim Y (TTZx, QQ%n, Qs ) <00 0=0,
n—-oo

which implies that
lim £ (TT¢n, QQ%n, QOn, A) =1,
n—-oo

1im © (IT¢n Qs QOEn, 1) =0,
n—-oo
limY (TTZx,Q0¢n, QQ%x, A) =0.
n—-oo

Therefore, I' and lare subcompatible of type (J-2).
Conversely, suppose that I' and Qare subcompatible of type (J-2), then there exists a
sequence { {n} in X such that limI'{n= lim Q{n={, {€ £ and satisfying
n—oo n—oo

lim & (TT¢n, QQ¢n, QQn, ) =1,
rlll—)r:G) (FT¢n, QOLn, OO0, A) =0,
1111:n§:Y (TT¢n, O, A)=0.

Now, from the inequalit;I1 (WNA), we have
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E (TQn, QOn, QQ8n, A) 2 E (TQn, [T{n, [Tn, 1) * E (TT{n, QL {n, QL'{n, 4/2),

0 (TQ%n, OO, Q0Tn, ) <O (TQLw, TTEn, TTn, A) 0 © (TT¢n, QTn, QLTn, 1/2),

Y (TQ%n, QOGn, QOn, A) <Y (TQ%w, TTEn, TTEn, A) o Y (TT¢n, QTn, QTCn, 1/2),
and, it follows that

lim (FQGn, QO¢n, Q0Gn, )2 1x 1 =1,
7{1}30 0 (FQn, QOCn, Q0n, ) <00 0=0,
qi_r){)lo Y (TQ¢n, Qs QQn, A) < 000=0,

which implies that, for all 1> 0, "
lim (FQGx, QO 008, 2) =1,
7{1}30 0 (FQn, QOn, Q0L 1) =0,
qi_r){)lo Y (TQ¢n, Qs QO ) = 0.
By the same way, we oth;in that
lim (QT¢n, TTGn, TT¢n, 1) =1,
1llirr°10 © (QI'¢n, TTn, TTn, 1) =0,
T‘E‘L’o Y (QI¢w, TT s, TT s, A) = 0.
Therefore, I and § are stcompatible of type (J-1).

4. Main Theorems
Theorem: 4.1
Let I', A, Q and H be self-maps of a weak non-Archimedean NMS (%, , 0, Y,*,0) and let the
pairs (I, Q) and (A, H) are subcompatible maps of type(J-1) and subsequentially continuous.
E ['C An, An, A) 2y (min {E (QC, Hn, Hn, A), E (I'C, QC, QC, A), E (An, Hn, Hn, A),
1[E (An, QC, QC, A) + E (TC, Hn, Hn, A)])) (4.1.1)
¢(max {©(QC, Hn, Hn, A), O, QC, QC, A), © (An, Hn, Hn, A),
=10 (An, QC, QC, A) + © (T, Hn, Hn, A)]) (4.12)
Y(I'C, An, An, A) < ¢ (max {Y (QC, Hn, Hn, A), Y(I'C, QC, QC, A), Y (An, Hn, Hn, A),
Y (An, QC, QC, A) + Y (I, Hn, Hn, A)]) (4.1.3)
for all (, n€X, A>0, where ¢, ¢, ¢ :[0,1] — [0,1] are continuous functions such that y(s) > s,
¢(s) <s and ¢(s) <s for each s € (0,1). ThenI, A, (3 and H have a unique common fixed point in X.
Proof
Since the pairs (I, Q) and (A, H) are subcompatible maps of type (J-1) and subsequentially
continuous, then there exist two sequences {Cn} and {nn} in X such that limI'Ca= lim Qla= O, O€ X

n—-oo n-oo

OIC An, An, A)

IN

A

and satisfy
lim & (I'QCn, QQCn, OO0y, A) =E(T'D, 0, ), A) =1,

7lll_;;l.: O (FQL, QQC, QO A) =00, Qd, Qd, A) =0,
7111?210 Y (FQCy, QQCn, QQCA, A) =Y(T'0, Q0, Q0, A) =0,
71112210 2 (QT'Co, ITTCn, ITCn, A) = E(Q0, T0, T, A) =1,
1111_1)‘{)10 O (QI'Cn, ITCn, ITC, A)=0 (Q0, T, Td,A)=0,
Tlll_r)rolo Y (QT'Co, ITCn, TTCn, A) =Y(€20, T, I'd, A) =0.

112210 Aln= 1111_{130 HC:= w, WE X, and

lim Z (AHns, HHns, HHns, A) = E(Aw, Ho, Hw, A) =1,
n—-oo
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lim © (AHn», HHno, HHn, A) = © (Aw, Hw, Hw, A) =0,
n—-oo
limY (AHnn, HHno, HHN, A) = Y(Aw, How, How, A) =0,

n—-oo

lim & (HAn, AAns, AAT, A) = E(Hw, Aw, Aw, A) =1,
n—-oo

lim ® (HANn, AAT, AAT, A) = O (Ho, Aw, Aw, A) =0,
n—-oo

lim Y (HAnNw, AAns, AAns, A) =Y (Hw, Aw, Aw, A)=0.

n—-oo

Therefore, I'0 = (20 and Aw=Huw), thatis d is a coincidence point of I' and Q, w is a coincidence
point of A and H.Now, we prove that o = w. By using (3.1) for { = &n and 1 = 1)n, we get
E('Cy, A, AN, A) 23 (min {E(QCy, Hnn, Hnn, A), E(TG, Qln, Qln, A), E (Ann, Hnn, Hnpn, A),
%[E (Ann, QGn, Qln, A) + E (TG, Hnn, Hipn, A)]),

O (Tl Ann, A, A) < ¢ (max {© (Qln, Hnn, Hnn, A) , O(T'Cr, Qln, QG A), © (AN, Hrpn, Hnpn, A),
%[@ (Ann, QGn, QCn, A) + O (TG, Hrn, Hp, A)).

Y(T'Cr, Ann, A, A) < @(max {Y(QG, Hnn, Hin, A) |, YTGo, QCn, QCh, A), Y (A, Hin, Hrpn, A),
“[Y (AT, Qr, Qln, A) + Y (T, Hnp, Hie, A)]).

Taking the limit n — o, we have
E0 ww,AN)2Y (min{E O, w, w,A),E®,0,0,A), E (v, w, w,A), % [ (w, 0,0,A)+E (D, w, w, A)]}),
O® w w A)<P (Mmax{OO, w, w, A),B(®,0,0,A),0 (v w w, A), % [O®(w,d,0,A)+0 (0, w, w, A)]}),
Y(©®, w, w, A) L@ (max { Y(O, w, w, A), Y(O,d, 0, A), Y(w, w, w, A), % [Y(w, d, 0, A) +Y(O, w, w, A)]}),
that is,

20, 0,0,A0)2Y E B 0w A)>E O w w A),
OO, wwA)<P OO w w A)<O (D, w, w, A),
YO, wwo,AN)<o (YO w w A)<Y O w, w, A),
which yield 0 = w.
Again using (3.1) for C =0 and 1 = 1)n, we obtain
E (I'd, AN, A, A) 21 (min {E (Qd, Hpo, Hpn, A), & (I'd, Q5, Q0, A), E (Ans, Hij, Hipw, A),
~[E (AN, QB, OB, A) + E (I, Hipo, Hips, A)1}),
O {I'd, Ann, Ann, A) £ ¢ (max {© (Qd, Hnn, Hipn, A), © (I'D, Q29, 020, A), © (Ann, Hnn, Hnpn, A),
~[© (Ans, Q5, O, A) +© (I'd, Hno, Hin, A)]).
Y{I'S, Ann, Ann, A) < @(max {Y(Q0, Hnn, Hn, A), Y(I'S, 20, Q0, A), Y(Ann, Hnn, Hrpn, A),
“IY(An, Q3, 3, A) + Y (I, Hnpo, Hips, A)]Y).
Taking the limit as n — o, we have,
ETD, w, w, A) =Y (min {E(QD, w, w, A), E(I'd, Qd, Qd, A), E (w, w, w, A),
1B (@, 0, 00, A) + E (I, , @, A)]}),
OI'd, w, w, A) < ¢ (max {O(QD, w, w, A), O('d, 5, A, A), O (w, W, w, A),
21O (w, O, Qd, A) +© (Id, @, w, )]},
YD, w, w, A) <@ (max {Y(Q, w, w, A), Y(I'd, 5, Qd, A), Y (w, w, w, A),
Y (@, 0, 5, A) + Y (IS, w, @, A)])).
That is,
BT, w, w, A) 2y (EID, w, w, A) > E(D, w, w, A),
(0, w, w, A) L ¢ (O(D, w, w, A)) <O(I'D, w, w, A),
YT, w, w,A)< ¢ (YIS, w, w, A) <Y(I'D, w, w, A).
which yield I'd = w = .
Therefore d = w is a common fixed point of I, A, ) and H.
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For uniqueness, suppose that there exist another fixed point u of I, A, Q and H.
Then from (3.1), we have
E(I'd, Au, Au, A) 2y(min {E(Q0, Hu, Hu, A), E(I'd, Q2, 9, A), E (Au, Hu, Hu, A),
%[E (Au, Qd, 5, A) + E (I'd, Hu, Hu, A)]})
=Y (min {Z(I'd, Au, Au, A), 1, E (D, Au, Au, A),
%[E (Au, T, Td, A) + E (T, Au, Au, A)]})
=1 (E(I'd, Au, Au, A)
>E (I'd, Au, Au, A),

O (I'd, Au, Au, A) £ ¢ (max {©(Q0, Hu, Hu, A), O(I'd, Q2d, Qd, A), ® (Au, Hu, Hu, A),
é[@ (Au, Qd, Qd, A) +© (I'd, Hu, Hu, A)]})
= ¢ (max {O([d, Au, Au, A), 0, ® (T, Au, Au, A),
2[@ (Au, Td, Td, A) + O (I, Au, Au, A)]})
= ¢ (O, Au, Ay, A)
<O (I'd, Ay, Ay, A),

Y (T, Au, Au, A) < @ (max {Y(Qd, Hu, Hu, A), Y(I', Qd, Qd, A), Y (Au, Hu, Hu, A),
Y (Au, Q5, Qd, A) + Y (I, Hu, Hu, A)]})
=@ (max {Y(T'd, Au, Au, A), 0, Y (I'd, Au, Ay, A),
Y (Au, T3, T5, \) + Y (Id, Au, A, A)]})
= ¢ (Y(Td, Au, Au, A)
<Y([T9, Au, Ay, A),
which yield d = u. Therefore, uniqueness follows.

If we put Q) = H in Theorem 3.1, we get the following result.

Corollary: 4.2
LetT, A, and Q be self-maps of a weak non-Archimedean NMS (%, E, 0, Y,*,0) and let the pairs

(I', Q) and (A, Q) are subcompatible maps of type (J-1) and subsequentially continuous. If

E(I'C, An, An, A) 29 (min {E(QC, On, On, A), E(I'C, QC QC, A), E (An, On, On, A),

i[E (An, QC, QC, A) + B (T, Qn, On, A]H) (4.2.1)
O(I'C, An, An, A) < ¢ (max {©(QC, On, On, A), O(TC, QL QL A), © (An, On, On, A),

%[@ (An, QC, QC, A) +© (T'C, OQn, On, A1) (4.2.2)
Y(I'C, An, An, A) < @ (max {Y(QC, On, On, A), YI'C, QC, QC, A), Y (An, Qn, Qn, A),

Y (An, QC, QC, A) + Y (TZ, Qn, Qn, A1) (4.2.3)

for all , n€X, A>0, where ¥, ¢, ¢ : [0,1] — [0,1] are continuous functions such that (s) > s,
@(s) <s and ¢(s) <s foreachs € (0,1). ThenI’, A and Q have a unique common fixed point in X.

If we putI' = A and QO = H in Theorem 4.1, we get the following result.

Corollary: 4.3
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Let T'and Q be self-maps of a weak non-Archimedean NMS (Z, &, 0, Y,*,0) and let the pairs

(I', Q) is subcompatible maps of type (J-1) and subsequentially continuous. If
E(I'C I'm, I'm, A) 29 (min {E(QC, Qn, On, A), ET'C, QC, QC, A), E (I'n, Qn, On, A),

Y2 (T, QC, QC, )+ E (I, On, Qn, A1), (43.1)

O, I, I, A) < ¢ (max {©(QL, Qn, Qn, A), OIC, QL Q, A), © (I'n, Qn, Qn, A),

3© (', QC, QL A)+© (I, Qn, On, A1), (432)

Y(IC, I, T, A) < @ (max {Y(QZ, Qn, On, A), YT, QC, QL A), Y (I, Qn, Qn, A),

3y (M, QC, QL A) +Y (IT, Qn, Qn, A, 43.3)

for all {, n€ZX, A>0, where ¥, ¢, ¢ :[0,1] — [0,1] are continuous functions such that i (s) > s,
@(s) <s and ¢ (s) <s for eachs € (0,1). ThenI and () have a unique common fixed point in X.

5. Conclusion

In this work, we obtained new structure of weak non-Archimedian with the help of

subcompatible maps of types (J-1) and (J-2) in NMS. Also, we proved common fixed point theorems
for four subcompatible maps of type (J-1) in weak non-Archimedean NMS.
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