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Abstract. In this study, a neutrosophic N —subalgebra and a level set of a neutrosophic N —structure are
defined on Sheffer stroke Hilbert algebras. By determining a subalgebra on Sheffer stroke Hilbert algebras, it is
proved that the level set of neutrosophic A'—subalgebras on this algebra is its subalgebra and vice versa. It is
stated that the family of all neutrosophic N'—subalgebras of a Sheffer stroke Hilbert algebra forms a complete
distributive lattice. Finally, a neutrosophic A'—ideal of a Sheffer stroke Hilbert algebra is described and some
of properties are given. Also, it is shown that every neutrosophic N'—ideal of a Sheffer stroke Hilbert algebra

is its neutrosophic A/ —subalgebra but the inverse is generally not valid.
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1. Introduction

The Sheffer operation (or, Sheffer stroke) was originally introduced by H. M. Sheffer |29].
Because Sheffer stroke, which is also called NAND operator, is one of the two operators that
can be used by itself without any other logical operators, to construct a logical system, any
axiom of the system is restated by only this operation.. Thus, it is easy to control some
properties of the new constructed system. Since the axioms of Boolean algebra, which is an
algebraic counterpart of the well-known classical propositional calculi, can be written by only
using the Sheffer operation [21], it causes that the Sheffer stroke is applied to many algebraic
structures such as orthoimplication algebras [1], ortholattices [§], Sheffer stroke non-associative
MV-algebras 9] and its filters [24], Sheffer stroke BL-algebras and (fuzzy) filters [25], Sheffer
stroke UP-algebras [26] and Sheffer stroke BG-algebras [27]. Besides, Hilbert algebras, which

were introduced by Henkin and Skolem [12], are algebraic parts of the propositional logic
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including the implication operator and the constant element 1 [28]. Also,these algebras are
dual to positive implicative BCK-algebras [10], [13,/14]. Specially, Busneag and Diego widely
studied on Hilbert algebras and the related notions [4-6] and [11]. Recently, Oner et al.
presented Hilbert algebras with Sheffer operation and its (fuzzy) filters [22]- [23].

On the other side, Atanassov introduced the degree of nonmembership(or falsehood (f)) and
intuitionistic fuzzy sets [2] which are generalizations of fuzzy sets [33] with the degree of mem-
bership (or truth (t)). Then Smarandache introduced the degree of indeteminacy/neutrality
and neutrosophic sets which are generalizations of intuitionistic fuzzy sets with the degrees of
membership and nonmembership [30,31]. In a sence, there exist three functions called member-
ship (t), indeteminacy (i) and nonmembership (f) functions in neutrosophic sets. Particularly,
Jun et al. applied neutrospohic sets to BCK/BCI-algebras and semigroups [3,(7,/15-20432434].

We give general definitions and notions of Sheffer stroke Hilbert algebras, A/'—functions and
neutrosophic N —structures defined by these functions on a nonempty universe X. Then a
neutrosophic A/ —subalgebra and a («, 3,v)—level set are defined by means of N —functions
on Sheffer stroke Hilbert algebras. After describing a subalgebra of Sheffer stroke Hilbert
algebras, we show that the (a, 3,7)—level set of a neutrosophic N —subalgebra defined by its
N —functions on this algebra is its subalgebra and the inverse is also valid. Also, it is proved
that the family of all neutrosophic A/'—subalgebras of a Sheffer stroke Hilbert algebra forms
a complete distributive lattice. Some properties of neutrosophic A'—subalgebras of a Sheffer
stroke Hilbert algebra are investigated. Moreover, a neutrosophic AN'—ideal of a Sheffer stroke
Hilbert algebra is defined by means of N'—functions and it is demonstrated that A/—functions
which define a neutrosophic N —ideal of a Sheffer stroke Hilbert algebra are order-preserving. It
is stated that («, 3,v)—level set of a neutrosophic N'—ideal of a Sheffer stroke Hilbert algebra
is its ideal and the inverse holds. Besides, some features of a neutrosophic N —ideal of a
Sheffer stroke Hilbert algebra are presented and it is shown that every neutrosophic N —ideal
of a Sheffer stroke Hilbert algebra is its neutrosophic N —subalgebra but the inverse is not
valid in general. Finally, new subsets of a Sheffer stroke Hilbert algebra are determined by
N —functions on the algebra and it is shown that these subsets are ideals of a Sheffer stroke
Hilbert algebra for its neutrosophic N —ideal. However, the validity of the inverse is satisfied

under the special conditions.

2. Preliminaries

In this section, basic definitions and notions about Sheffer stroke Hilbert algebras and

neutrosophic N —structures.

Definition 2.1. [§] Let # = (H,|) be a groupoid. The operation | is said to be a Sheffer

stroke operation if it satisfies the following conditions:
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(S1) zly = yla,

(52) (z]2)|(zy) = =,

(53) 2|((y|2)|(yl2)) = (=y)|(z|y))]=,
(54) (z|((=]2)|(yly)))I(=|((z]2)[(yly))) =

Definition 2.2. [22] A Sheffer stroke Hilbert algebra is a structure (H, |) of type (2), in which

H is a non-empty set and | is a Sheffer stroke operation on H such that the following identities

are satisfied for all x,y,z € H:

(SHar) (@l((wl(z12) |l (1)) (@ @)@l z12) @l L)) (@ ) (@ 2]2)] 2l (2
2))))) = xl(xlx),

(SHas) If z|(yly) = y|(z]z) = x|(z|z) then x = y.

Lemma 2.3. [22] Let (H,|) be a Sheffer Stroke Hilbert algebra. Then the following identities
hold for all x € H:

(1) z[(z|z) =1,

(i) x[(1]1) =1,
Lemma 2.4. [22] Let (H,|) be a Sheffer stroke Hilbert algebra. Then the relation v <y iff

x|(yly) =1 is a partial order on H, that will be called natural ordering on H. With respect to
this ordering, 1 is the largest element of H.

If a Sheffer stroke Hilbert algebra (H, |) has the least element 0, then a unary operation *
can be defined by z* = z/(0|0), for all z in H [22].

Lemma 2.5. [22] Let (H,|) be a Sheffer stroke Hilbert algebra with 0. Then the followings
hold, for all x € H

(i) 0[0 =1 and 1|1 = 0,

(11 1* =0 and 0* =

Definition 2.6. [22] A non-empty subset I of H is called an ideal if
(SSHI1) 0 € I,
(SSHI2) (z|(y|ly))|(x|(y|y)) € I and y € I imply x € I for all x,y € H.

Theorem 2.7. [22] Let I be a subset of H such that 0 € I. Then I is an ideal of H if and
only ift <y andy €l implyx € I for allx € H.
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Definition 2.8. [15] F(X,[—1,0]) denotes the collection of functions from a set X to [—1,0]
and a element of F(X,[—1,0]) is called a negative-valued function from X to [—1,0] (briefly,
N —function on X). An N —structure refers to an ordered pair (X, f) of X and N —function
fon X.

Definition 2.9. [20] A neutrosophic A/ —structure over a nonempty universe X is defined by

X T
AN o T Fy) - @@ (@) Fv@) "

where T, Iy and Fy are N —function on X, called the negative truth membership function,
the negative indeterminacy membership function and the negative falsity membership function,
respectively.

Every neutrosophic N —structure Xy over X satisfies the condition
(Vo € X)(=3 <Tn(z)+ In(z) + Fn(z) <0).

Definition 2.10. [16] Let Xy be a neutrosophic N'—structure on a set X and «, 3,7 be any
elements of [—1, 0] such that —3 < o + 4 v < 0. Consider the following sets:

TN ={z e X : Tn(z) < a},

Iy = {z € X : In(z) > 8}
and
Fl:={z € X : Fy(z) <~}
The set
Xn(a,8,7) ={r € X : Tn(z) < a,In(z) > S and Tn(z) <~}
is called the (a, 3,7)—level set of Xx. Moreover, Xn(a, 8,7) =T N Iﬁ, NFy.
Consider sets
Xyt={z € X : Tn(x) < Tn(w),
Xy ={z € X :In(z) > In(w;)
and
X}”\l;f ={x e X : Fy(z) < Fy(wy),

for any wy, w;, wy € X. Obviously, wy € Xy, w; € X' and wy € X}\l;f [16].
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3. Neutrosophic N —structures

In this section, we present neutrosophic N —subalgebras and neutrosophic N —ideals on
Sheffer stroke Hilbert algebras. Unless otherwise specified, H states a Sheffer stroke Hilbert
algebra.

Definition 3.1. A neutrosophic N —subalgebra Hy on a Sheffer stroke Hilbert algebra H is

called a neutrosophic N —structure of H satisfying the conditions
T ((@(yly) (= (y]y))) < \{Tn (), Tn(y)},
In((2(yl)|(@(yly)) = N{In(2), In(y)}

and

Fx((2(yly)|(z(yly))) < \{En(2), Fn(y)},
for all x,y € H.

Example 3.2. Consider a Sheffer stroke Hilbert algebra (H, |), where the set H = {0,p, ¢, 1}
and the Sheffer operation | on H has the Cayley table as below [22]:

TABLE 1

iS]

—_ e Q3
— 8 i)
I = et

o B = |—
ke O

0 P

A neutrosophic N —structure Hy = {(—O ST,-0.13,—0.47)" (—0.69, —0.32, —0.35)’

q 1
(—0.69, —0.32, —0.35) (—0.56, —0.99, —0.42)

} on H is a neutrosophic N/'—subalgebra of H.

Definition 3.3. Let Hy be a neutrosophic A/—structure on a Sheffer stroke Hilbert algebra
H and «, 3,7 be any elements of [—1,0] such that —3 < o+ 8+ v < 0. For the sets

Ty ={x € H:Tn(x) < a},

Iy ={z € H:Iy(z) > B}
and
Fy:={x e H: Fy(z) <7},
the set
Hy(a,B,v) :={z € H:Tn(z) < a,In(z) >  and Fy(z) <~}
is called the («, 8, v)—level set of Hy. Also, Hy(c,8,7) =Ty N I]% N Fy.
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Definition 3.4. A nonempty subset G of a Sheffer stroke Hilbert algebra H is called a sub-
algebra of H if (z|(yly))|(z|(y|ly)) € G, for all z,y € G.

Example 3.5. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. Then {0, 1} is
a subalgebra of H.

Theorem 3.6. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H
and o, 3,7 be any elements of [—1,0] such that =3 < a+ 4+~ < 0. If Hy is a neutrosophic
N —subalgebra of H, then the nonempty («, 3,v)—level set of Hy is a subalgebra of H.

Proof. Let Hy be a neutrosophic N'—subalgebra of H and z,y be any elements of Hy («, 3,7).
Then Ty (z) < o, In(x) > B, Fn(z) < v and Tn(y) < o, In(y) > B, Fn(y) < . Thus, it is
obtained that

TN((w(yly))!( wly) < \V{In(@), ITny)} < o,
I

N (@) (ly) = N{In(@), In(y)}
and
Fxn((2(yly)|(=(yly) < V{Fn (@), Fn(y)} <7,
for all x,y € H. So, (m|(y\y))|(a:\(y]y)) € HN(a,B,’y) which means that Hy(a, 5,7) is a

subalgebra of H.

Theorem 3.7. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H
and T]‘\",,Iﬁ, and FY; be subalgebras of H, for all o, 8,y € [—1,0] with =3 < a+ +~ < 0.
Then Hy is a neutrosophic N —subalgebra of H.

Proof. Let TJC\“,,I]% and Fy be subalgebras of H, for all o, 8,7 € [—-1,0] with =3 < a+  +
~v < 0. Suppose that = and y be any elements of H such that a = Tn((z(y|y))|(z(y|y))) >
V{Tn(z),Tn(y)} = b. Then b < aq < a where o = %(a+b) € [-1,0). Thus, z,y €
TN but (z(yly))|(xz(y|ly)) ¢ Tx' which is a contradiction. Hence, Tn((z(y|y))|(z(y|y))) <
VA{Tn(z), Tn(y)}, for all z,y € H.

Assume that x and y be any elements of H such that v = In((z(y|y))|[(z(yly))) <
NIn(z),In(y)} = v. Then u < 1 < v in which 8 = %(u +wv) € [-1,0). So,
x,y € Iﬁ,l while (z(yly))|(z(y|y)) ¢ Iﬁ,l which is a contradiction. Thus, In((z(y|y))|(z(y|y))) >
NIn(z), In(y)}, for all x,y € H.

Suppose that z and y be any elements of H such that m = Fn((z(y|y))|(z(yly))) >
V{Fn(x),Fn(y)} = n. Then n < v < m where v; = %(m+ n) € [—1,0). Hence, z,y € F!
but (z(yly))|(z(yly)) ¢ Fy' which is a contradiction. Therefore, Fn((z(y|y))|(z(yly))) <

V{FN($)7FN(y)}7 for all T,y € H.
Thereby, Hy is a neutrosophic N/'—subalgebra of H.
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Theorem 3.8. Let {Hp, : i € N} be a family of all neutrosophic N —subalgebras of a Sheffer
stroke Hilbert algebra H. Then {H;, : i € N} forms a complete distributive lattice.

Proof. Let G be a nonempty subset of {Hy, : ¢ € N}. Since Hy, is a neutrosophic
N —subalgebra of H, for all Hy, € G, it satisfies

Tn ((x(yl)(z(yly))) < \H{Tn (), Tn ()},
In((@l)|@ly) > NIn (@), Iny)}

and

Fy((x(yly)(z(yly) < \/{Fn(2), Fn(y)},
for all x,y € H. Then [ G satisfies these inequalities, which means that (| G is a neutrosophic
N —subalgebra of H.
Let P be a family of all neutrosophic A/ —subalgebras of H containing (J{Hx, : ¢ € N}.
Then () P is a neutrosophic N —subalgebra of H.
If NjenHn, = ien Hn, and /ey Hy, = (P, then ({Hy, : i € N}, \/,/\) is a complete
lattice. Also, it is distibutive by the definitions of \/ and A.

Proposition 3.9. If a neutrosophic N —structure Hy on a Sheffer stroke Hilbert algebra H is
a neutrosophic N —subalgebra of H, then T (0) < Tn(z), In(0) > In(z) and Fy(0) < Fn(z),
forallx € H.

Proof. By substituting [y := 0] in the inequalities in Definition 3.1, we have from Lemma 2.3
(i) and Lemma 2.5 (i) that

T (0) = Tn(11) = Tn((a(|2))|(2(z|2)) < \/{Tn (@), Tn(2)} = Tn(2),

In(0) = In(1]1) = In((z(x|x))|(z(z|x))) > /\{]N x)} = Iy(x)
and
Fy(0) = Fn(1]1) = Fy((z(2]2))|(z(z]))) < \/{Fn(z), Fy(z)} = Fy(x),

forall x € H.

The inverse of Proposition 3.9 is generally not true.

Example 3.10. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. Then a
neutrosophic N —structure

— D 4 ! }
(—1,0,—1)" (=0.2,-0.2,—0.2)" (—0.3,—-0.3, —0.3)" (—0.4, —0.4, —0.4)

on H is not a neutrosophic N —subalgebra of H since

Tn((1(qlg))|(1(qlq)) = Tn(p) = 0.2 > —0.3 = \/{-0.3, -0.4} = \/{Tw (1), T (¢)}-
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Lemma 3.11. Let Hy be a neutrosophic N'—subalgebra of a Sheffer stroke Hilbert algebra H.
If there exists a sequence {ay} in H such that lim, o Tn(ay) = —1 = lim,—, Fn(ay) and
lim,,— o0 In(ayn) =0, then T(0) = —1 = Fn(0) and In(0) = 0.

Proof. Let Hy be a neutrosophic N —subalgebra of a Sheffer stroke Hilbert algebra H. Assume
that there exists a sequence {a,} in H such that lim,, o T (a,) = —1 = lim,,—, Fn(ay)
and lim,,— o In(ay) = 0. Since Tn(0) < Tn(an), IN(0) > In(ayn) and Fn(0) < Fn(ay), for

every n € ZT from Proposition 3.9, it follows that

—1= lim —1< lim Tn(0) =Tn(0) < lim Tn(a,) = —1,

n—aoo n—aoo n—aoQ

0= lim 0> lim In(0)=1In(0)> lim Iy(ap,)=0
n—aoo n—-ao0 n—aoo
and
—1= lim —1< lim Fy(0)=Fn(0) < lim Fn(a,) = —1.
n—oo n—

n—aoo [e.9]

Hence, Tn(0) = —1 = Fx(0) and In(0) = 0.

Proposition 3.12. Every neutrosophic N —subalgebra Hy of a Sheffer stroke Hilbert algebra
H satisfies

Tn((x(yly)|(z(yly))) < Tn(y),

In((z(yly)(z(yly))) = In(y)
and
Fn((z(yly)(z(yly)) < Fn(y),

for all x,y € H if and only if Ty, Iy and Fn are constant.

Proof. (=) Since

In(z) = Tn((z|z)[(z|z))
= TIn(([((z]x)|[(z|2))](1]((z]2)[(z|2))))
= Tn((z[1)|(z[1))
= Tn((2((0]0))[(z[(0]0)))
< Tn(0),

and similarly, In(0) < Iy(z), Fn(z) < Fy(0) from (S1), (S2), Lemma 2.3 (iii) and Lemma 2.5
(i), we have from Proposition 3.9 that Ty (x) = Tn(0), In(z) = In(0) and Fy(z) = Fn(0),
for all z € X.

(<) It is obvious by the fact that Hy is a neutrosophic N'—subalgebra of H and T, Iy

and Fy are constant.
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Definition 3.13. A neutrosophic N —structure Hy on H is called a neutrosophic A'—ideal of
H if
Tn(0) < Twv(w) < \/{Tw (=] (yly) (=] (yly))), Tn (9)},

In(0) > In(z) = A{In (2] (wly) @l (ylv))), In(y)}

and

Fn(0) < Fi(z) < \/{Fn((|(ylw)|(=[(wly))), Fx (1)},

for all x,y € H.

Example 3.14. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. Then a

neutrosophic N —structure

0 P q 1
}

Hy =
N {(—1,0, —0.21)" (—=1,0,—0.21)" (—=0.71, —0.55, —0.11) " (—0.71, —0.55, —0.11)

on H is a neutrosophic N —ideal of H.

Proposition 3.15. Let Hy be a neutrosophic N'—ideal of a Sheffer stroke Hilbert algebra H.
Then x <y implies Tn(x) < Tn(y), In(x) > In(y) and Fy(x) < Fn(y), for all z,y € H.

Proof. Let Hy be a neutrosophic N —ideal of a Sheffer stroke Hilbert algebra H and x < y.
Then z|(y|ly) = 1 from Lemma 2.4, and so, (z|(y|y))|(z|(y|ly)) = 1|1 = 0 from Lemma 2.5 (i).
Thus,

T () < \/{Tw (| ()| (=] (wly), Tw (1)} = \/{Tw(0), Tw (y)} = T (v)
In(@) = NIn (@) WI) In @)} = AN (0), In)} = In(y)

and

Fy(z) < \AEN (@l @) (y19), Ex (1)} = \AEN(0), Fx (1)} = Fx(y).

The inverse of Proposition 3.15 does not hold in general.

Example 3.16. Consider the neutrosophic N'—ideal of H in Example 3.14. Then p £ ¢ when
Tn(p) = =1 < =0.71 = Tn(q).

Lemma 3.17. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H
and a, 5,7 be any elements of [—1,0] such that —3 < a+ 4+ v < 0. If Hy is a neutrosophic
N—ideal of H, then the nonempty set Hy(«, 3,7) is an ideal of H.
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Proof. Let Hy be a neutrosophic N —ideal of a Sheffer stroke Hilbert algebra H and
Hy(a,8,7v) # 0, for any «,8,7 € [-1,0] with —3 < a+ 8+ < 0. Since Ty(0) <
Tn(x) < a,In(0) > In(z) > S and Fn(0) < Fy(x) < 7, for any © € Hy(o, 8,7), we have
0 € Hy(a, B8,7)- Let (z|(y[y)I(=|(yly)),y € Hn(e,B,7). Then T ((=|(yly)|(z|(yly))) <

In(([(yly)l(2l(yly)) = B, Fn((2l(yly)|(=(yly)) < v Tn(y) < a, In(y) = B and
Fyn(y) <. Since

T () < VTN (@)@l (yl9), Tn ()} < \{a,a} =,
) = NIn (@I ly) =] l)), In ()} = N8, 8} = 8

and

Fy(x) < \{EN (@l i)l y1v), Fx )} < Vv =1,
for all z,y € H, we get x € Hy(«, 3,7) which means that Hy(«, 3,7) is an ideal of H.

Lemma 3.18. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H
and TK‘,,I]%,FX, be ideals of H, for all ., 8,y € [-1,0] with =3 < a+ B+ <0. Then Hy is
a neutrosophic N'—ideal of H.

Proof. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H and
T]‘Q‘,,I]%,FX, be ideals of H, for all o, 3,7 € [—1,0] with —3 < a4+ 8+ < 0. Suppose that
x0,yo and zg be any elements of H such that Tx(0) > Tn(x9), In(0) < In(yo) and Fn(0) >
Fi(z0). Tf a = %(TN(O) + T(wo)), B = 1( ¥ (0) + In(y0)) and = %(FN(O) + Fy(z0)), for
a, B,y € [-1,0), then Tx(0) > a > TN(:CO), In(0) < B < IN(yo) and Fn(0) > v > Fn(20)
which imply that 0 ¢ T5,0 ¢ I f, and 0 ¢ FY}, respectively. This contradicts with (SSHI1).
So, Tn(0) < Tn(x), InN(0) > In(z) and Fn(0) < Fn(z), for all x € H. Assume that

xr1,T2,T3,Y1,y2 and y3 be any elements of H such that
ar = T (z1) > \/{Tn (21| (naly2) [ (1) (w1 ly2))), Twv (1)} = b,

az = In(za) < \{IN((w2l(yaly2)) (22 (yaly2))), In (y2)} = ba
and
a3 = Fn(x3) > \/{Fn((x3](yslys))| (@3l (yslys))), Fiv(ys)} = bs.
If o' = %(a1 +b), B = (a2 +by) and 4 = %(ag +b3), then by < o' < ay, ag < § < by and

b <7 < ag. Thus, (:ﬂll(yllyl))l(wll(yl!yl)) y € T]%, (22| (y2ly2))|(22[(y2]y2)), y2 € 15 and
(x3|(yslys)) [(x3|(yslys)), ys € F7 , and so, x1 € TN , Ty € IN and z3 € F7 which contradicts

with the assumption. Therefore,

T (x) < \{Tn (=] (y[)|(|(yly)), Tn (9)},
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In(z) = NIn((l(yly) 1l (yly)), In (v)}

and

Fy(x) < \/{FEN (@l lv)|@l(ly), Fx ()},
for all z,y € H. Thereby, Hy is a neutrosophic AN'—ideal of H.

Lemma 3.19. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H.
Then Hy is a neutrosophic N —ideal of H if and only if (z|(y|y))|(z|(y|y)) < z implies

and

forall x,y,z € H.

Proof. (=) Let Hy be a neutrosophic N'—ideal of H and (z|(y|y))|(z|(yly)) < z. Then

([l @l DI Gl (l)))I(2]2)) = 11 = 0 from Lemma 2.4 and Lemma
2.5 (i). Since

In((z|(yly)l(z[(yly)) < VTN (((=|(yly)I(z](yly))](z]2))]
([ (ly)I([(yly)))I(z]2))), Tn(2)}
= V{Tn(0),Tn(2)}
= Tn(2),

In((z|(yly)(z|(yly) = AN ((@yly)[(z|(yly)](z]2))]
(@[ Wly)I([(yly))I(z]2))), In(2)}
= A{In(0),In(2)}
= In(2)
and
En(([(yly)l(z|(yly) < V{EN((((](yly)](](y]y))[(z]2))]
(@[ (Wly)I([(yly)I(z]2))), Fn(2)}
= V{Fn(0), Fn(2)}
= Fn(2),

we have

T () < \/{TW () (] (wly), T ()} < \V{Tw (), Tn(2)},
In(z) = A{In (@l @) @l@y). Inw)} = A{n @), In(2)}

and

Fy(a) < \/{FN (@l lv) @l lv), Fx )} < \{Fn ), Fn(2)},
for all x,y,z € H.
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(<) Let Hy be a neutrosophic N'—structure on H such that (z|(y|y))|(x|(y|y)) < z implies

and

Fx(z) < \/{Fn(y), Fn(2)},
for all 2,y,z € H. Since (0[(z[2))[(0|(z|z)) = ((z[z)[(1[1)[((z[2)[(1]1)) = 11 =0 < =z
from (S1), Lemma 2.3 (ii) and Lemma 2.5 (i), we get Tn(0) < Tn(x), In(0) > In(z) and
Fn(0) < Fy(x), for all z € H. Since

(@[ ([ ly)DI| I YIDIYly) = @Iyl (Yl l(yly)) =1

from (S1), (S3) and Lemma 2.3 (i), it follows from Lemma 2.4 that (z|(z|(y|y)))|(z|(z|(y|y))) <

y. Since (z|(((=](yly)| (YN (@Il @ Gl D)@ (@l @@l ) (@] (yly) (@
[(yly))))) = ([(z[(yly))(z](z|(yly))) <y from (S2), it is obtained that

T (x) < \{Tn (=] (y)|(|(yly)), Tn (9)},
In(@) > A {In((l(y[v)) (] (y]9))), In(y)}

and

Fy(x) < \{Fn((|(yl9))|(](y19))), Fn (y)},

for all z,y,z € H. Thus, Hy is a neutrosophic N'—ideal of H.

Theorem 3.20. Every neutrosophic N —ideal of a Sheffer stroke Hilbert algebra H is a neu-
trosophic N —subalgebra of H.

Proof. Let Hy be a neutrosophic N'—ideal of H. Then it follows from (S1), (S3), Lemma 2.3
(i)-(ii), Lemma 2.5 (i) and Definition 3.13 that

Tn((z(yly)l(zl(yly) < VATN(((=|yly)I(](yly)[(z]|2))]
((([ly)I (] (yly)[(z]z))), Tn(2) }
= V{Tn(((yl)((z|(x|z))] |
(= ](z|z))[(z](z|z
= V{Tn(((y[y)I(1]1))I(
V{Tn(1[1), TN (2)}
= V{In(0),Tn(2)}
Tn(z)
V{Tn(z), Tn(y)},

8]

(z[(z]x))))
), T ()}
ylyI(L1))), T ()}

IA

and similarly,

In (2| ()] (wly) = N\{In(x)
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En((z](yl9))I(z](y19))) < \/{Ew (@), Fx(y)},

for all z,y € H. Hence, Hy is a neutrosophic N'—subalgebra of H.

The inverse of Theorem 3.20 is mostly not true.

Example 3.21. The neutrosophic N —subalgebra Hy of H in Example 3.2 is not a neu-
trosophic N'—ideal of H since Tn(1) = —0.56 > —0.69 = Tn(p) = V{In(p),Tn(q)} =

VA{Tn((11(al9)|(11(qlg))), Tn(q)}-
Definition 3.22. Let H be a Sheffer stroke Hilbert algebra. We define
H]a\:}f = {.’I) cH: TN(w) < TN(.CL‘t)},

Hy :={zx e H:Iy(z) > In(z;)}
and
H]wvf ={x e H:Fy(z) < Fn(xy)},

for all a;,x;, 2y € H. Obviously, 2, € Hyf,z; € Hy and zy € H]f,f.

Example 3.23. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. Let Tx(0) =
—0.11,Tn(p) = —0.14,Tn(q) = —0.17, Tn(1) = —0.2, I5(0) = —0.12, In(p) = —0.15, In(q) =
—0.13,In(1) = —0.21, Fn(0) = —0.22, Fn(p) = —0.19, Fn(q) = —0.2, Fy(1) = —0.23,2; =
1,2; = p and zy = q. Then

Hﬁ = {x € H: TN(a;) < TN(l)} = {1},

Hy ={z e H:Iy(z) > In(p)} =1{0,p, ¢}
and

Hy ={x€ H:Fn(z) < Fn(g)} ={0,q,1}.

Theorem 3.24. Let x4, x; and xy be any elements of a Sheffer stroke Hilbert algebra H. If
Hy is a neutrosophic N'—ideal of H, then Hyf, Hyj and H]gi,f are ideals of H.

Proof. Let Hy be a neutrosophic N —ideal of a Sheffer stroke Hilbert algebra H. Since
Tn(0) < Tn(xt), In(0) > In(x;) and Fn(0) < Fy(xy), for any x;, 25,2y € H, it fol-
lows that 0 € Hy, 0 € Hy and 0 € Hy. Let (z1|(yilyi)|(@1](niln1)),yn € H,
(2] (y2ly2))|(z2](y2]y2)), 2 € Hy and (w3|(y3y3))| (3| (yslys)), ys € Hy/. Then T ((z1](y1]
y)l(@il(mly))) < In(xe), Tn(n) < In(ze), In((22f(y2ly2))l(22](y2ly2)) = In(wi),
IN(y2) > In(zi) and Fn((z3|(yslys))|(zsl(yslys))) < Fn(zg), Fn(ys) < Fn(zy). Since

T (x1) < \/ATn (@1 @rly))l (@1 (i lv1), T (1)} < Te(e),

In(w2) = N ((22l(y2ly2)) (22| (92]y2)))s In (y2)} = In(2:)
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and
Fy(ws) < \/{Fwn((xs](yslys))l(xsl(yslys))), F(ys)} < F(y),

we get x1 € Hyt, 20 € Hyt and w3 € Hy/. Therefore, Hyt, Hyi and H)/ are ideals of H. g

Example 3.25. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. For a neutro-
sophic N —ideal

Hy = { 0 P
(—0.69, 0.1, —0.41)" (—0.57, —0.27, —0.38)’

q 1
}

(—0.69, —0.1,—0.41)" (—0.57, —0.27, —0.38)

of H, 2y = p and x; = vy = q € H, the subsets
Hy ={zre€ H:Tn(z) <Tn(p)} =H,

Hy ={x e H:In(z) > In(q)} ={0,q}
and

Hy ={z € H:Fn(z) < Fyn(q)} = {0,q}
of H are ideals of H.

Theorem 3.26. Let x4, z; and xy be any elements of a Sheffer stroke Hilbert algebra H and

Hy be a neutrosophic N —structure on H.

(1) If Hyt, Hy and H;\?,f are ideals of H, then the following condition is satisfied:

Tn(z) = VTN ((wl(z12))(yl(2]2))), Tn (2)} = T (2) = T (y),
In(z) < A{In((l(2[2))(wl(2]2))), In(2)} = In(2) < In(y)  and (1)

Fi(z) = V{IEN((yl(2]2))(yl(2]2))), Fn(2)} = Fn(2) > Fn(y),
forallx,y,z € H.
(2) If Hy satisfies the condition (1) and

Tn(0) <Tn(z), In(0) > In(z) and Fy(0) < Fn(x), for all x € H, (2)
then Hyt, Hy and H]a\:/f are ideals of H, for all z, € Ty, x; € Ig,l and x5 € F]Ql.
Proof. Let Hy be a neutrosophic N —structure on a Sheffer stroke Hilbert algebra H.
(1) Hy,Hy and H]f[f are ideals of H, for any x,z;,vy € H, and z,y,z be

any elements of H such that Tny(z) > V{In((y|(z]2)(y|(z]2))), Tn(2)}, In(x) <

VAN ((yl(2]2))(y|(2]2))), In(2)} and EFn(z) > V{En((yl(2]2))(yl(2|2))), Fn(2)}.  Then
(y(212))(y|(22))), 2 € Hyt N Hyxi N Hy{ where 2; = ; = 25 = z. So, it is obtained from
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(SSHI2) that y € Hif N Hy N Hy where 7y = 2; = xp = x. Thus, Ty(z) > Tn(y),
In(z) < In(y) and Fn(x) > Fn(y).

(2) Let z; € T, =z € Ig,l and zy € F&l and Hy be a neutrosophic N —structure
on H satisfying the conditions (1) and (2). Then 0 € Hjf, 0 € Hy and 0 € Hy/
from the condition (2). Let (z1|(y1ly1))|(z1|(y1ly1)), 91 € HY, (w2](y2ly2))|(w2](y2ly2)), y2 €
Hy and (ws/(yslys)|(2sl(yslys)),ys € Hy.  Thus, Tn((1l(yaly)l(@l(nly) <
Tn(xe), Tn(y) < Tn(xe), In((22f(y2ly2)|(z2l(y2ly2))) = In(zi), In(y2) = In(zi) and
Fn((w3](yslys))|(23|(yslys))) < Fn(xy), Fn(ys) < Fn(xy). Since

VATN (@1 (waly)) (1] (waly1))), T (1)} < T (),

NN (@2l (y2ly2)) | (22l (2ly2)), In (y2)} > In ()
and

\/{Fn ((sl(yslys)) (sl (yslys))), Fiv (ys)} < Fiv(zy),

we have from the condition (1) that Tn(x1) < Tn(x¢), In(z2) > In(2;) and Fy(x3) < Fn(xy)
which imply that 21 € Hyf, v2 € Hy and x3 € Hy/. Thereby, Hx!, Hy and H,/ are ideals
of H. 0

Example 3.27. Consider the Sheffer stroke Hilbert algebra H in Example 3.2. Let Tx(0) =
Tn(q) = —0.997,Tn(p) = Tn(1) = 0,In(0) = In(q) = —0.08,In(p) = In(1) = =1, Fn(0) =
Fn(q) = —0.8, Fx(p) = Fy(1) = —0.7. Then the ideals Hyf = {0,¢}, Hx' = {0} and Hy/ = H
of H satisfy the condition (1), for z; = ¢,x; =0 and zy =p € H.
Also, let

0 p
(-0.7,-0.13,-0.6)" (—=0.7,—0.13,-0.6)

q 1 )
(—0.41,-0.87,-0.52) " (—0.41, —0.87, —0.52)
be a neutrosophic N —structure on H satisfyinh the conditions (1) and (2). For z; = p,z; = 1

Hy ={

and xy = q € H, the subsets
Hy ={z € H:Ty(z) <Tn(p)} ={0,p},

Hﬁ; = {x € H: IN(QJ‘) > IN(l)} =H
and
Hy ={r € H:Fn(z)<Fn(q)} =H

of H are ideals of H.
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4. Conclusion

In this study, we have studied neutrosophic N —structures defined by N —functions on Shef-
fer stroke Hilbert algebras. By giving basic definitions and notions about Sheffer stroke Hilbert
algebras and neutrosophic N —structures defined by N —functions on a nonempty universe
X, a neutrosophic A —subalgebra and a (a, 3,7)—level set of a neutrosophic N —structure
are described by A —functions on Sheffer stroke Hilbert algebras. It is proved that the
(a, B,v)—level set of a neutrosophic N'—subalgebra defined by the A/—functions on this alge-
bra is its subalgebra and also the inverse is valid. We show that the family of all neutrosophic
N —subalgebras of a Sheffer stroke Hilbert algebra forms a complete distributive lattice. Be-
sides, it is demonstrated that every neutrosophic AN'—subalgebra of a Sheffer stroke Hilbert
algebra satisfies Tv(0) < Tn(z), In(0) > In(z) and Fn(0) < Fn(z), for all z € H but a neu-
trosophic N —structure of a Sheffer stroke Hilbert algebra satisfying the property is mostly not
its neutrosophic A'—subalgebra. Also, it is comprehensively examined the statement which
N —functions defining a neutrosophic N '—subalgebra of a Sheffer stroke Hilbert algebra are
constant. After describing a neutrosophic A —ideal of a Sheffer stroke Hilbert algebra by
means of N'—functions, we demonstrate that A/'—functions defining a neutrosophic N —ideal
of the algebra are order-preserving whereas the inverse does not hold in general. In fact,
(a, B,v)—level set of a neutrosophic N —ideal of a Sheffer stroke Hilbert algebra is its ideal
and vice versa. we present that a lemma is equivalent to the definition of the neutrosophic
N —ideal of a Sheffer stroke Hilbert algebra, and that every neutrosophic A —ideal of a Shef-
fer stroke Hilbert algebra is its neutrosophic N —subalgebra but the inverse does not usually
hold. Moreover, new three subsets Hyf, Hy' and H]f,f of a Sheffer stroke Hilbert algebra are
described by N —functions and certain elements x;,z; and xy of the algebra. It is proved
that these subsets are ideals of a Sheffer stroke Hilbert algebra for its neutrosophic N —ideal
defined by the A/'—functions. A neutrosophic A/ —structure on a Sheffer stroke Hilbert algebra
is generally not the A'—ideal in the case which these subsets are its ideals.

In the future works, we wish to study on plithogenic sets of Sheffer stroke Hilbert algebras
and neutrosophic structures of other Sheffer stroke algebras.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Abbott, J. C. Implicational algebras. Bulletin Mathématique de la Société des Sciences Mathématiques de
la République Socialiste de Roumanie 1967, 11(1), pp. 3-23.

2. Atanassov, K. T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, pp. 87-96.

3. Borumand Saeid, A.; Jun, Y. B. Neutrosophic subalgebras of BCK/BCI-algebras based on neutrosophic
points. Ann. Fuzzy Math. Inform. 2017, 14, pp. 87-97.

4. Busneag, D. A note on deductive systems of a Hilbert algebra. Kobe J. Math. 1985, 2, pp. 29-35.

Tahsin Oner, Tugce Katican and Arsham Borumand Saeid, Neutrosophic N —structures on
Sheffer stroke Hilbert algebras



Neutrosophic Sets and Systems, Vol. 42, 2021

5.

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Busneag, D. Hilbert algebras of fractions and maximal Hilbert algebras of quotients. Kobe J. Math. 1988,
5, pp. 161-172.

Busneag, D. Hertz algebras of fractions and maximal Hertz algebras of quotients. Math. Japon. 1993, 39,
pp. 461-469.

Borzooei, R. A.; Zhang, X.; Smarandache, F.; Jun, Y. B. Commutative generalized neutrosophic ideals in
BCK-algebras. Symmetry 2018, 10(350).

. Chajda, I. Sheffer operation in ortholattices. Acta Universitatis Palackianae Olomucensis, Facultas Rerum

Naturalium. Mathematica 2005, 44(1), pp. 19-23.

Chajda, I.; Halas, R.; Langer, H. Operations and structures derived from non-associative MV-algebras. Soft
Computing 2019, 23(12), pp. 3935-3944.

Cornish, W. H. On positive implicative BCK-algebras. Mathematics Seminar Notes 1980, 8, pp. 455-468.
Diego, A. Sur les algebras de Hilbert. Gauthier-Villars: Paris, Collection de Logique Math. 1966; Série A,
No. 21, 56 pages.

Henkin, L. An algebraic characterization of quantifiers. Fundam. Math. 1950, 37, pp. 63-74.

Torgulescu, A. Algebras of logic as BCK algebras. Editura ASE: Bucharest, 2008.

Iséki, K.; Tanaka, S. An introduction to the theory of BCK-algebras. Math. Japonica 1978, 23(1), pp. 1-26.
Jun, Y. B.; Lee, K. J.; Song, S. Z. N'—ideals of BCK/BCl-algebras. J. Chungcheong Math. Soc. 2009, 22,
pp. 417-437.

Jun, Y. B.; Smarandache, F.; Bordbar, H. Neutrosophic N —structures applied to BCK/BCI-algebras.
Information 2017, 8(128), pp. 1-12.

Jun, Y. B. Neutrosophic subalgebras of several types in BCK/BClI-algebras. Ann. Fuzzy Math. Inform.
2017, 14, pp. 75-86.

Jun, Y. B.; Kim, S. J.; Smarandache, F. Interval neutrosophic sets with applications in BCK/BClI-algebras.
Axioms 2018, 7(23), pp. 1-13.

Jun, Y. B.; Smarandache, F.; Song, S. Z.; Khan, M., Neutrosophic positive implicative N —ideals in BCK-
algebras. Axioms 2018, 7(3), pp. 1-13.

Khan, M.; Anis, S.; Smarandache, F.; Jun, Y. B. Neutrosophic N —structures and their applications in
semigroups. Infinite Study 2017.

McCune, W.; Veroff, R.; Fitelson, B.,; Harris, K.; Feist, A.; Wos, L. Short single axioms for Boolean algebra.
Journal of Automated Reasoning 2002, 29(1), pp. 1-16 (2002).

Oner, T.; Katican, T.; Borumand Saeid, A. Relation between Sheffer Stroke and Hilbert Algebras. Cate-
gories and General Algebraic Structures with Applications 2021, 14(1), pp. 245-268.

Oner, T.; Katican T.; Borumand Saeid, A. Fuzzy filters of Sheffer stroke Hilbert algebras. Journal of
Intelligent and Fuzzy Systems 2021, 40(1), pp. 759-772.

Oner, T.; Katican, T.; Borumand Saeid, A.; Terziler, M. Filters of strong Sheffer stroke non-associative
MV-algebras. Analele Stiintifice ale Universitatii Ovidius Constanta 2021, 29(1), pp. 143-164.

Oner, T.; Katican T.; Borumand Saeid, A. (Fuzzy) filters of Sheffer stroke BL-algebras. Kragujevac Journal
of Mathematics 2023, 47(1), pp. 39-55.

Oner, T.; Katican T.; Borumand Saeid, A. On Sheffer stroke UP-algebras. Discussione Mathematicae
General Algebra and Applications (in press).

Oner, T.; Kalkan, T.; Kircali Gursoy, N. Sheffer stroke BG-algebras. International Journal of Maps in
Mathematics 2021, 4(1), pp. 27-30.

Rasiowa, H. An algebraic approach to non-classical logics. Studies in Logic and the Foundations of Mathe-
matics: North-Holland and PWN, 1974; Volume 78.

Sheffer, H. M. A set of five independent postulates for Boolean algebras, with application to logical constants.
Transactions of the American Mathematical Society 1913, 14(4), pp. 481-488.

Tahsin Oner, Tugce Katican and Arsham Borumand Saeid, Neutrosophic N —structures on
Sheffer stroke Hilbert algebras



Neutrosophic Sets and Systems, Vol. 42, 2021 @

30.

31.

32.

33.
34.

Smarandache, F. A unifying field in logic. Neutrosophy: neutrosophic probability, set and logic. American
Research Press: Rehoboth, NM, USA, 1999.

Smarandache, F. Neutrosophic set-a generalization of the intuitionistic fuzzy set. Int. J. Pure Appl. Math.
2005, 24, pp. 287-297.

Song, S. Z.; Smarandache, F.; Jun, Y. B. Neutrosophic commutative N'—ideals in BCK-algebras. Informa-
tion 2017, 8(130).

Zadeh L. A. Fuzzy sets. Inf. Control 1965, 8, pp. 338-353.

Oztﬁrk, M. A.; Jun, Y. B. Neutrosophic ideals in BCK/BCl-algebras based on neutrosophic points. J. Int.
Math. Virtual Inst. 2018, 8, pp. 1-17.

Received: Jan. 5, 2021. Accepted: April 1, 2021.

Tahsin Oner, Tugce Katican and Arsham Borumand Saeid, Neutrosophic N —structures on
Sheffer stroke Hilbert algebras



	1. Introduction
	2. Preliminaries
	3. Neutrosophic N-structures
	4. Conclusion
	References

