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Abstract: Number theory is concerned with properties of integers and Diophantine equations. The
objective of this paper is dedicated to introduce the basic concepts in refined neutrosophic number
theory such as division, divisors, congruencies, and Pell's equation in the refined neutrosophic ring
of integers Z(I;, I,). Also, algorithms to solve refined neutrosophic linear congruencies and refined

neutrosophic Pell's equation will be presented and discussed.
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1. Introduction

Neutrosophy is a new kind of generalized logic proposed by F.Smarandache [12,36]. It becomes a
useful tool in many areas of science such as number theory [16], solving equations [19], and medical
studies [11,15,21]. Also, we find many applications of neutrosophic structures in statistics [14],
optimization [8], and decision making [7].

On the other hand, the theory of neutrosophic rings began in [4], where Smarandache and
Kandasamy defined concepts such neutrosophic ideals and homomorphisms. These notions were
handled widely by Agboola, et.al in [5,6,10]. Where homomorphisms and AH-substructures were
studied [3,13,17]. More and more application of neutrosophic sets and their generalizations can be

found in [25-35].
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Recently, there is an arising interesting by the number theoretical concepts in neutrosophic ring of
integers, where Ceven et.al defined and studied division and primes in Z(I) [2], Sankari et.al solved
the linear Diophantine equations in Z(I) and Z(I,1;) [16]. Also, in [1], we find algorithms to solve
neutrosophic Pell's equation and neutrosophic linear congruencies. In addition, Euler's famous
theorem was proved in Z(I).

In this work, we extend the study to the case of refined neutrosophic ring of integers, where we
determine algorithms and conditions for division, congruencies, and Pell's equation. In addition, we
prove that there are no primes in Z(I;, I,).

2. Preliminaries

Definition 2.1: [4]

Let R be a ring, I be the indeterminacy with property I? = I , then the neutrosophic ring is defined
as follows:

R(I) ={a+bl;a,b €R}.

Definition 2.2: [4]

Let R(I) be a neutrosophic ring, it is called commutative if and only if xy = yxV x,y € R(I)..
Definition 2.3: [5]

The element I can be split into two indeterminacies I, ,I, with conditions:

L*=1,L =1,L1,=LI, =1,.

Definition 2.4: [5]

If X is a set then X(I3,1,) = {(a,bl;,cl;):a,b,c € X } is called the refined neutrosophic set generated
by X, I, 1,.

Definition 2.5: [5]

Let (R+,X) be aring, (R(I3, 1), +,X) is called a refined neutrosophic ring generated by R ,1;, I,.
Example 2.6: [6]

The refined neutrosophic ring of integers is Z(I;,1,)={(a, bl;,cl;);a,b,c € Z}.

Definition 2.7: [20]

Pell's equation is the Diophantine equation with form X? — DY? = N;D,N € Z.

Theorem 2.8: [20]
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If the equation X% — DY? =1 has a solution, then D > 0 and D is square free.
Theorem 2.9: [20]
Z [\/d_l] is an integral domain.
Theorem 2.10: [2]
Let Z(I)= {a + bl;a,b € Z} the neutrosophic ring of integers. Then primes in Z(I) have one of the
following forms:
x=1p+E1tp)lorx==x1+(xp+ 1)I;pisanyprimeinZ.
Definition 2.11: [16]
Let Z(I) ={a+bI; a,b € Z} be the neutrosophic ring of integers. The neutrosophic linear
Diophantine equation with two variables is defined as follows:
AX +BY =C;A,B,C € Z(I).
Theorem 2.12: [16]
Let Z(I) ={a+bl; a,b € Z} be the neutrosophic ring of integers. The neutrosophic linear
Diophantine equation AX + BY = C with two variables X = x; + x,1,Y = y; + y,I, where
A =a, +a,l,B =b; + b, is equivalent to the following two classical Diophantine equations:
1) ayx1 + b1y, = cy.
2)(a; + ay)(xy +x3) + (by + b)) (Y1 +y,) =1 + ¢y
Definition 2.13: [16]
Let Z(I,I;) = {(a,bly,cl,); a,b,c € Z} be the refined neutrosophic ring of integers. The refined
neutrosophic linear Diophantine equation with two variables is defined as follows:
AX +BY = C;A,B,C € Z(I,, I).
Theorem 2.14: [16]
Let Z(14,1,) = {(a,bl;,cl,); a,b,c € Z} be the refined neutrosophic ring of integers,
AX + BY = C;A,B,C € Z(1;,1,) be arefined neutrosophic linear Diophantine equation, where
X = (xg, %111, x,1,),Y = 0o, V111, y.15), A = (ag, a1 11, a, 1),
B = (by, b111,b,1,),C = (co, c111, c31,) . Then AX + BY = C is equivalent to the following three
Diophantine equations:

(1) agxo + boyo = ¢o-
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(2)(ag + az)(xo + x3) + (bg + b2)(¥o + ¥2) = ¢ + €3
(B)ao +a; + az)(xg + 21 +x3) + (bg + by + b)) (Vo +y1 +¥2) = ¢o + ¢4 + ¢
3. Refined neutrosophic number theory
Definition 3.1: (Division)
Let Z(1;,1,) = {(a,bl;, cly); a,b,c € Z} the refined neutrosophic ring of integers. For any x,y €
Z(Iy, 1), we say that x|y if thereis r € Z(I,1); r.x = y.
Theorem 3.2: (Form of division in Z(I;, 1))
Let Z(1;,1,) = {(a,bl;, cly); a,b,c € Z} the refined neutrosophic ring of integers, x =
(x0, %111, %21,),y = (Yo, y111, ¥ 1) be two arbitrary elements in Z(Iy, ;). Then x|y if and only if
XolYo, %o + X21¥0 + Y2, %0 + X1 + XY + Y1 + Vo
Proof:
Suppose that x|y in Z(ly, I,), then there is r = (ry, 1113, 121,) € Z(13, I;) such that r.x = y(¥).
By easy computing to equation (*) we get the following equivalent equations:
(@) ToXxo = Yo, 1.€.X0|Yo.
(b) 1ox, + 1pxy + X0 = Yy,
(c) roxqy + Xy +1yxg + 1y +1X, = Y.
By adding equation (a) to (b) we get (**) (1p + 12)(x¢ + x2) = Yo + Yo, 0. €. %9 + X3|¥o + V2.
Now, we add equation (**) to (c) to get (rp + 11 +12)(Xg + x4 + x2) = Yo + ¥y + V3, i.e.
Xo + X1 +2x2|¥0 + ¥1 + Y2
For the converse, we assume that x|y, xo + X5V + Yo, X0 + X1 + X2 |Yo + V1 + Yo
There are
a,b,c € Z; axy = yo,b(xg + x3) = ¥o + ¥2,c(x0 + X1 + X2) = yo + y1 + ¥a.
We put
rn=anr=b—anrn=c—>.
Now, we get v = (g, 111y, 121,) € Z(Iy, 1), andr.x =y,
hence x|y.

Definition 3.3: (Congruence)

Mohammad Abobala and Muritala Ibrahim, An Introduction to Refined Neutrosophic Number Theory



Neutrosophic Sets and Systems, Vol. 45, 2021 44

Let x = (xo, %111, %,15),y = Vo, Y111, ¥21,), 2 = (20, 2,11, 2,1,) be three elements in Z (I, I;). We say
that x = y(modz) if and only if z|x —y.
We say that z = ged(x,y) if and only if z|x and z|y, and for every c|x and c|y, we have c|z.
x,y are called relatively prime in Z(I) if and only if gcd(x,y) = (1,0,0).
Theorem 3.4: (Form of congruencies in Z (I, [,))
Let x = (xg, %111, x20),y = Vo, y111, V213), Z = (24, 2,11, 2,1;) be three elements in Z(I,1,). Then x =
y(modz) if and only if
Xo = Yo(modzy), xg + x5, = yo + yo(modzy + z,), %9 + X1 + %, = Yo + ¥1 + ¥, (modzy + z; + z,).
Proof:
We assume that x = y(modz), then z|x — y. By Theorem 3.2, we find that z,|x, — yo, (zo + 22)|(xo +
x2) = (Vo +¥2), (20 + 21 + 23)| (X0 + x1 + X2) — (Vo + ¥1 + ¥2), thus
Xo = yo(modzy), xg + x5, = yo + y,(modzy + z3), x9 + x1 + X, = Yo +y; + y,(modz, + 2z, + z,).

The converse is trivial.
Example 3.5:

(1,1, 21,) = (3, —1;,0)(mod (2, —1;, 1)), that is because
1=3(mod2),1+2=3=3+0)(mod3),1+1+2=4=(3—1+0)(mod2).

Theorem 3.6: (Form of GCD)

Let x = (xg,x111,x,1,),y = (¥, ¥111, ¥2I2)be two elements in Z(I;, ;). Then

r=gcd(x,y) = (m,nl, tl);m = gcd(xg, o), m+n+t =gcd(xg +x, + %3, ¥0 + Y1 +y2), m+t =

ged(xo + x2,¥0 + ¥2)-

Proof:

Itis clear that r|x and r|y. Let z = (2, 2111, z,1,) be a common divisor of x and y, then

(@) zolxo,2olYo, hence zy|m.

(b) zy + z,|xg + xyandzy + z,|yy + y,, hence zy + z,|m + t.

(¢) zg + 24 + z3|x0 + x; + x,andzy + z; + 2,|yy + Y1 + Yo, hence zy + z; + z,|m + n+t.
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According to the previous discussion, we get z|r. Thus r = gcd(x,y) = (m, nly, tl,).

Example 3.7:

Let x = (2,—1;,30,),y = (1,31, 1), then gcd(x,y) = (1,0,0).
Theorem 3.8: (Euclidian division theorem in Z(I;, [,))
Let x = (xg, %111, x,1,),y = (¥, ¥111, ¥2I5)be two elements in Z(I3, I,).
There are two corresponding elements q = (qo, q111, 425), 7 = (ro, 111y, 121,) € Z(I;, L); x = qy + 7.
Proof:
By classical division in Z, we can find sy, py, S1, 1, Sz, Posuch that
Xo = YoSo + Po, (X0 + x2) = $2(Vo + ¥2) + P2, (X0 + X1 + x2) = 5:(Vo + y1 +¥2) + 1
By putting qo = So,q1 = 51 — 52,42 = S — S0, To = Do, 1 = P1 — P2, T2 = P2 — Do, We get
x=qy+r.
Example 3.9:
Consider x = (2,1}, —1;),y = (1,21, 21,), then we have q = (2,0, —21;),r = (0,1, 1,), where
xX=qy+r.
Remark 3.10: (Solvability of a linear congruence in Z(I;,1,)
To solve a linear congruence x = y(modz). We should take its corresponding equivalent linear
congruencies according to Theorem 3.4. Then we can find its solution easily.
Example 3.11:
Consider the following refined neutrosophic linear congruence
x = (2,31, 1,)(mod (1, 1, 41,)).
The equivalent system of congruencies is
Xo = 2(mod 1)(I), xy + x, = 3(mod 5)(II), xy + x; + x, = 6(mod 6)(III).
The congruence (I) has a solution x, = 1. (I) has a solution x, + x, = 3, hencex, = 2.
(III) has a solution x, + x; + x, = 6, hencex; = 3. Thus the solution of the refined neutrosophic
linear congruence is x = (1,31, 21;). It is easy to check that (1,1,41,)|[(1,31;, 21;) — (2,313, 1,)].

Definition 3.12:
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We define p = (a, bly, cl;) to be a refined neutrosophic prime integer if and only if p is not divided
by any other neutrosophic integer different from (1,0,0) and p.
Remark 3.13:
Definition 3.12 is different from the definition of prime elements in a ring, where p is called prime
element if it has the following property:
If p =rq , then r or gmust be a unit.
Theorem 3.14:
Z(I1, 1) has no refined neutrosophic primes.
Proof:
Let p = (a, bly, cl;) be any refined neutrosophic integer different from (1,21;, —2I,), we have:
r = (1,213, —21,)is a divisor of p, that is because 1|a,1— 2|a +c¢,1+ 2 — 2|a + b + ¢, which is
different from (1,0,0) and p. Hence p can not be a refined neutrosophic prime.
If p=(1,21;, —21,), we have (1,—-21;,0) as a divisor different from p and (1,0,0), thus there are no
refined neutrosophic primes.
The question about the structure of prime elements in the refined neutrosophic ring of integers is
still open. It depends on the structure of the group of units in the refined neutrosophic ring of
integers.
Definition 3.16. (Linear Combinationin Z(I 1,12))
Let u,v be non-zero refined neutrosophic integers. Then any refined neutrosophic integer that
can be written in the form ux + vy where x,y € Z(I 1,1 2) is called a linear combination of u
and v.
Example 3.17:

Let (2,21; ,81, ),(8,31; ,71,) € Z(I11,12), we can find refined neutrosophic
integersin Z(I 1,1 2) that can be written as a linear combination of (2,21; ,81, ), and (8,31, ,71;).
To see this, Let A(I 1,1 2) be the set of all linear combinations of (2,21, ,81, ), and (8,31, ,71,).
Then
AI1,12)=,2L; 81, )xg X1y %0, )+ (8,31 ,7L) (Yo ,y1ili ,¥y.1, )}

where (xo , %11 ,%1)(Yo y1lh ,y212 )€ Z(11,12).
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Now, let (my ,mil; ,myl,) =221, 8L)(x¢ ,x11; ,x;1, )+ (831, ,7L,) ¥y ,y111 ,¥,1;) for some
(X %11y %20 ) and (yo yily ,Yalz ).

Since

ged((2,21, ,8L,),(831; ,7L,))=(2, 1,3 L,).

Then

(mo mly myl, )=(2,211,812)(xg , 114 %205 )+ (8311,712)(yy y1L1 ,¥215)

=(2, 1,3 L)[(L,0L I, )(x¢ ,x11; ,x,1) + (4,0 ~L)( Yo ,yili ,y.15)]-

We see that (2, 1,,3 I,)I(m, ,m;I; ,m,l;), whatever the values of (x, ,x;I; ,x;I;) and

o Y1l ,ya2l2).

Hence, (2, 11,3 1) (my ,myl; ;m,l,) for all (mq ,myl; ,m,l,) € A(I 1,1 2). Thus, every member
of A(I11,12) isamultiple of (2, [,,3 ).

This observation is recorded in the following theorem.

Theorem 3.15:

Letu=(ay ,a11; ,a,1, ),v=(by ,biI; ,b,I,)and w= (g, ,911; ,9.1;) be non-

zero refined neutrosophic integers and let w = gcd(u, v). Then every linear combination of u
and v is a multiple of w. That is,

wlup + vgq,

forall p=(po 21l p212),9=(q0 9111 921> ) € Z(I1,12).

Proof:

The proof is similar to the classical case.

4. Refined neutrosophic Pell's equation

Definition 4.1:

Let Z(I},1,) = {(a, bl;, cl,); a, b, c € Z} be the refined neutrosophic ring of integers. Refined
Neutrosophic Pell's equation is defined as follows:

X2 =DY? =C; X = (xg, 6111, %:15), Y = (o, 111, ¥212), D = (dy, dq 11, d5 1), C = (o, 114, ¢315).
Where c¢;,d;, x;,y; € Z.

Theorem 4.2:
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Let Z(Iy, 1) = {(a, b}, cL,); a,b,c € Z} be the refined neutrosophic ring of integers, X? — DY? = C
be a refined neutrosophic Pell's equation. Then it is equivalent to the following three classical Pell's
equations:

(@) xo° — doYo® = co.

(b) (xp +x2)% — (do + d2) (Vo + ¥2)? = ¢o + 5.

(€ (xo+x, +x)2—(do+dy+d)Yo+y1 +¥2)> =co+ ¢ +cy.

Proof:

We compute:

X% = (0% [x0%; + X120 + X127 + %3%5 + X1%5] 14, [X025 + X505 + x5%0]15)=

(%02, [212 + 2x0%1 + 221251, [x,% + 2x0x,]15),

DY? = (do, dyly, d215). (0%, [y1? + 2y0y1 + 2y1¥2111, [y27 + 25012 112)=

(doyo® [doys® + 2doyoys + 2doy1ys + diYo® + diyi? + 2d1yoys + 2d1 1y, + diy,” + 2d1 Y0y, +

dyyi? + 2dyy0y1 + 2dyy1 Y211, [doy.? 4 2doyoys + dayo? + dyy,® + 2d,y0y,11).

Now we have:

xo% — doYo® = ¢o. (Equation (a)).

()22 4+ 2x9x, — (doy2% + 2d Yoy, + doVo? + doyv,? + 2d,y0Y2) = .
(*)x1? + 22021 + 2212 — (doys? + 2doyoys + 2doy1y, + diyo® + diyi? + 2d1yoys + 2diy1y, +
d1y,? + 2d1yoy, + doyi? + 2dyyoy1 + 2dy1Y) = ¢

By adding (a) to (*) we get:

(X0 + %)% = (do + d2) (Vo + ¥2)? = ¢ + ¢, (Equation (b)).

By adding (b) to (**) we get:

(X +2x1+x)2—(dy+dy +d) Yo+ Y1 +¥2)2 =co+ ¢, + ¢y

The converse is clear.

Remark 4.3:

To solve a refined neutrosophic Pell's equation, follow these steps:
(1) Write the equivalent system of classical Pell's equations.

(2) Solve equation (a).

(3) Solve (b).
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(4) Solve (c).

(5) Compute x,,y,, and then xi,y;.

Example 4.5:

Consider the following refined neutrosophic Pell's equation X? — (2,0,1,)Y? = (1, -6y, 31;).

The equivalent system is:

(@) %92 —2y,2 = 1.

(b)(xo + x2)% = 3(yo +¥2)* = 4.

(©) (o +x;1 +22)* =3 +y1 +¥2)* = —2.

Equation (a) has a solution x, = 3,y, = 2. Equation (b) has a solution y, +y, = 2,x5 + x, = 4.
Equation (c) has a solution xy +x; +x, =5,y + ¥, +y, = 3. Thus y, =0,x, = 1,y;, = 1,x; =1, s0
X=G1,L),Y =(21,0).

5. Open questions

There are many open problems come to light according to this research. This section is devoted to
present some important questions in the refined neutrosophic number theory.

Problem 1: Determine the form of prime elements in Z(I;,I,).

Problem 2: Define Euler's function in Z(I;, I,). Is Euler's Theorem still true in the case of refined
neutrosophic integers.

Problem 3: Find an easy algorithm to solve a refined neutrosophic non linear congruence in a similar
way to refined neutrosophic Pell's equation.

Problem 4: Find the form of the fundamental theorem in arithmeticin Z (I3, I,).
4. Conclusions

In this article, we have established the basic theory of refined neutrosophic integers. Many important
concepts and conditions about division, ged, and congruencies in Z (13, I,). Also, refined
neutrosophic Pell's equation was studied and we gave an algorithm to solve this kind of non linear
Diophantine equations.

We have listed four open new problems concerning the refined neutrosophic number theory, their
solution may lead to a big progression in neutrosophic number theory.
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