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Abstract:

In this paper, we introduce the ultra neutrosophic set, and define some operations and establish a
few properties of the ultra neutrosophic sets. Using the notion of topology on ultra neutrosophic
sets, we introduce the concept of ultra neutrosophic topology. Further, we define the notion of ultra

neutrosophic interior and ultra neutrosophic closure via ultra neutrosophic topological space.
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1. Introduction:

The fundamental concept of Neutrosophic Set (NS) was introduced by Smarandache [1], which is
the generalization of the Fuzzy Set (FS) [2] and the Intuitionistic Fuzzy Set (IFS) [3]. The concept of
Neutrosophic Crisp Set (NCS) was grounded by Alblowi et al. [4] in 2014. Afterwards, Neutrosophic
Crisp Topological Space (NCTS) was studied by Salama et al. [5]. In 2015, Salama et al. [6] further
studied NCS theory. Later on, the Ultra Neutrosophic Crisp Set (UNCS) was presented by El
Ghawably and Salama [7] in 2015.

Research Gap: The Ultra Neutrosophic Set (UNS) and the Ultra Neutrosophic Topology (UNT)
on UNSs have not yet been introduced in the literature.

Motivation: To address the research gap, we introduce the Ultra Neutrosophic Set (UNS) and
present a few basic properties of UNSs. Also, we present the Ultra Neutrosophic Topology
(UNT) on UNSs.
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The rest of the paper has been divided into the following sections. Section 2 presents the
preliminaries and definitions on NS, NCS, UNCS. In section 3, we introduce the concept of ultra
neutrosophic set and ultra neutrosophic topology. Besides, we formulate several results on them.

Finally, in section 4, we conclude the paper by stating some future direction of research.

2. Preliminaries & Definitions:

In this section, we present some definitions on neutrosophic crisp set, neutrosophic set and ultra
neutrosophic crisp set those are relevant for developing the main results of this article.
Definition 2.1. Suppose that Z be a non-empty fixed set. Then Bn, an NCS [4] is a triplet defined by
Bn=(B1, B2, Bs), where Bi (i=1, 2, 3) be any subset of Z.
Definition 2.2. Assume that Bn=(B1, Bz, Bs) is an NCS. Then, the complement [4] of Bn=(B1, B2, Bs) is
defined by By“=(B;¢, B,¢, B3°).
Definition 2.3. Suppose that Bx=(B1, B2, Bs) and An=(A1, Az, As) are any two NCSs [4]. Then,
(i) Bng Aniff Bic A1, Boc A2, Bso As;
(ii) B\UAN = (BiUA1, B2UA2, BanAs);
(iii) BNnAN = (BinA1, B2nA2, BsUAS).
Definition 2.4. Assume that Z is a fixed set. Then, an UNCS [7] By is defined as follows:
Br=(B1, Bz, B3, Ms), where Ms=(U3_, B))".
Definition 2.5. Suppose that By=(B1, B2, Bs, Ms) be an UNCS. Then, the complement [7] of By=(B1, Bz,
Bs, M) is defined by By‘=(B;, B,S, B;¢, Mg®).
Definition 2.6. Suppose that By=(B1, B2, Bs, Ms) and Ay=(A1, A2, As, Ma) are two UNCSs. Then [7],
(i) By c Ay iff Bic A1, Boc Az, Bso As, MsD Ma;
(ii) By U Ay =(B1U A1, B2U Az, Bsn As, M Ma);
(iii) By N Ay =(Bi1n A1, B2 Az, BsU Az, MsU Ma).
Definition 2.7. Assume that Z is a fixed set. Then, an NS [1] U over Z is defined as follows:
U ={(8, Tu(d), Iu(d), Fu(d)) : e Z, and Tu(3), Lu(d), Fu(8) €] 0, 1*[}, where -0<Tu(3) + Iu(8) + Fu(3)<3*.
Definition 2.8. Suppose that U = {(5, Tu(3), Iu(d), Fu(d)) : 5€Z, and Tu(d), Iu(3), Fu(d) € [0, 1]} be an NS
over a fixed set Z. Then, complement [1] of U is U= {(5, 1-Tu(d), 1-Iu(d), 1-Fu(3)) : 6€Z}.
Definition 2.9. Suppose that U = {(5, Tu(3), Iu(3), Fu()) : 6€Z, and Tu(d), Iu(d), Fu(d) € [0, 1]} and Y =
{(8, T¥(3), Iv(3), F¥(d)) : 8€Z, and Tx(3), Ix(3), F¥(3) € [0, 1]} be two NSs [1] over Z. Then,

i.  UEY iff Tu(8)<Ty(8), u(8)=Iv(8), Fu(8)=Fx(3), for each 5eZ.

ii.  UUY={(6, Ty(8)VTy(8), Iy(8)Aly(8), Fy(8)AFy(8)): deZ};
iii.  UNY={(8, Ty(8)ATy(8), Iy(8)VIy(8), Fy(8)VFy(d)): 8eZ}.

Definition 2.11. The null NS (On) [1] and the whole NS (1n) [1] over a fixed set Z are defined as
follows:

(i)On={(5,0,0,1):5€Z};
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(ii) In={(5,1,0,0) : 8eZ}.
Clearly, On € U ElN, for any NS U over a fixed set Z.

3. Ultra Neutrosophic Set and Ultra Neutrosophic Topology:

In this section, we procure the notion of ultra neutrosophic set and ultra neutrosophic topology.
Besides, we establish several results on them.
Definition 3.1. An ultra neutrosophic set R over a non-empty set Z is defined by
R={(8, Tr(3), Ir(3), Fr(8), Mr(3)) : €Z}, where Mr(3) = Tr(8)AIR(3)AFr(8), V6&Z or Mr(3) = Tr(8)VIr(3)v
Fr(3), VdeZ.
Example 3.1. Consider a fixed set Z = {p, q, r}. Then, R = {(p, 0.3, 0.2, 0.5, 0.2), (q, 0.5, 0.7, 0.6, 0.5), (r,
0.6, 0.4, 0.2, 0.2)} is an UNS over Z.

Remark 3.1. The notion of ultra neutrosophic set is fully different from the notion of ultra
neutrosophic crisp set. In an Ultra Neutrosophic Crisp Set By=(Bi, B2, Bs, Ms), the crisp set Ms is
defined by Ms =(UZ_; B;)°. But in the case of Ultra Neutrosophic Set R={(3, Tr(5), Ir(5), Fr(5), Mr(3)) :
de€Z} over Z, where Tr(5), Ir(d), and Fr(8) denote respectively the truth, indeterminacy and false
membership values of each §€Z, another membership function Mr : Z—[0, 1] is defined by Mr(8) =
Tr(S)AIR(S)AFR(S), VE€Z or Mr(8) = Tr(3)VIR(S)V Fr(8), VéeZ, which is totally different from the point

of view of ultra neutrosophic crisp set.
Definition 3.2. The complement of an UNS R = {(5, Tr(3), Ir(3), Fr(d), Mr(3)) : 8€Z} is defined by Re=

{(8, 1-Tr(3), 1-Ir(8), 1-Fr(8), 1-Mr(8)) : 8Z}.
Definition 3.3. Consider any two UNSs R = {(3, Tr(5), Ir(3), Fr(3), Mr(3)) : 6€Z} and S = {(3, Ts(d), Is(d),
Fs(3), Ms(3)) : 6Z} over a fixed set Z. Then,
i.  RcS < Tr(8)<Ts(8), Ir(8)=Is(8), Fr(8)=Fs(8), Mr(8)<Ms(8), for each 6eZ;
ii. R=S if and if RcS and ScR;
iii.  RUS={(8, Tr(8)vTs(8) , Ir(8)Als(8), Fr(8)AFs(8), Mr(8)vMs(d)) : 6eZ };
iv.  RNS={(3, Tr(8)ATs(8) , Ir(8)VvIs(d), Fr(8)vFs(8), Mr(8)AMs(8)) : 6€Z }.
Definition 3.4. The null UNS 0y and whole UNS Ty over a fixed set Z is defined as follows:
i.  0n=((5,0,1,1,0):8eZ};
ii.  1y={(5,1,0,0,1):8eZ}.
Clearly, Oy cUc 1y, for any UNS U over Z.
Theorem 3.1. Let N, R and C be three UNSs over a fixed set Z. Then, the following results hold:
i NuU[RUC] = [NUR]UC;
ii. NN[RNC] = [NNR]NC;
iii. NUR = RUN and NNR = RNN;
iv. NUN =N and NnN =N;
v. NU[RNC] = [NUR]N[NULC];
Vi. NN[RUM] = [NNR]JU[NNC];
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vii.

[N<]e = N.

Proof. Suppose that N={(5, Tn(3), IN(8), En(8), Mn(8)) : deZ}, R={(5, Tr(3), Ir(d), Fr(d), Mr(3)) : $€Z} and
C={(3, Tc(3), Ic(8), Fc(d), Mc(3)) : 6€Z} be three UNSs over a fixed set Z.

i

ii.

ii.

We have, NU[RUC]

={(8, Tn(8), In(3), Fn(8), MN(B)) : 6€Z} U [{(8, Tr(3), Ir(8), Fr(8), Mr(8)) : 6Z} L {(8, Tc(8), Ic(d),
Fc(8), Mc(3)) : 6eZ}]

={(8, Tn(8), In(8), En(3), Mn(8)) : 6Z} L {(S, Tr(8)vTc(8), Ir(8)ALc(8), Fr(8)AFc(8), Mr(8)vMc(8))
:8e”Z}

= {(3, TN(B)V(Tr(B)VTc(8)), IN(B)A(IR(S)AIC(B)), EN(S)A(FR(S)AF(B)), Mn(8)v(Mr(8)vMc(d))) :
deZ}

= {(3, (TnB)VTRr(®))vTc(8), (IN(B)AIR(S))AL(S), (FN(8)AFR(S))AFc(8), (MN(3)VMR(8))vMc(d)) :
deZ}

={(8, TN(B)VTR(S), IN(B)AIR(S), FN(S)AFR(S), MN(S)VMER(D)) : 6€Z} U {(§, Tc(5), Ic(d), Fc(8), Mc(d))
:8e”Z}

=[{(3, Tn(5), In(3), Fn(8), MN(3)) : deZ} U {(J, Tr(3), Ir(d), Fr(8), Mr(d)) : € Z}] U {(8, Tc(5), Ic(d),
Fc(8), Mc(3)) : 6eZ}

= [NUR]JUC

Therefore, NU[RUC] = [NUR]UC.

We have, NN[RNC]

={(3, Tn(3), In(3), Fn(8), MN(D)) : 6€Z} N [{(8, Tr(3), Ir(d), Fr(8), Mr(d)) : 6€Z} N {(8, Tc(8), Ic(d),
Fc(8), Mc(3)) : 8eZ}]

={(5, Tn(3), In(8), En(3), MN(8)) : 6€Z} N {(S, Tr(S)ATc(S), Ir(8)vIc(8), Fr(8)VEc(8), Mr(8)AMc(3))
:8e”Z}

= {(3, TN(O)A(TR(S)ATC(S)), IN(B)Vv(Ir(S)VvIc(d)), FN(S)V(Fr(S)VFc(d)), Mn(S)A(Mr(8)AMc(3))) :
deZ}

= {(3, (Tn(B)ATR(3))ATc(8), (IN(B)VIR(S))VIc(S8), (Fn(8)VEr(S))VvFc(8), (Mn(8)AMR(8))AMCc(d)) :
deZ}

={(3, TN(8)ATR(S), In(8)VIR(S), FN(8)VFr(8), MN(8)AMR()) : deZ} N {(8, Tc(8), Ic(8), Fc(8), Mc(8))
:0e”Z}

=[{(3, Tn(8), In(3), Fn(8), Mn(3)) : 8eZ} N {(8, Tr(3), Ir(d), Fr(8), Mr(d)) : 8€Z}] N {(8, Tc(8), Ic(d),
Fc(8), Mc(3)) : 6€Z}

= [NNR]NC

Therefore, NN[RNC] = [NNR]NC.

We have, NUR

= {(3, Tn(d), IN(8), En(3), Mn(8)) : 8€Z} L {(5, Tr(3), Ir(3), Fr(8), Mr(d)) : 6Z}

={(3, Tn(8)VTr(3), IN(B)AIR(S), FN(8)AFR(8), MN(8)VMR()) : 67}
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iv.

= {(3, Tr(8)VIN(3), Ir(8)AIN(S), Fr(8)AFN(8), Mr(S)VMN(D)) : 67}

= {(3, Tr(3), Ir(8), Fr(8), Mr(3)) : 8eZ} U {(8, Tn(8), In(8), Fn(8), Mn(d)) : 62}
=RUN

Therefore, NUR = RUN.

Further, we have NNR

={(3, Tn(d), IN(8), En(3), Mn(8)) : 8eZ} m {(S, Tr(d), Ir(3), Fr(8), Mr(d)) : 62}
= {(3, TN(3)ATR(S), IN(8)VIr(S), FN(8)VFr(8), MN(8)AMR(D)) : 67}

= {(3, Tr(S)ATN(S), Ir(8)VIN(S), Fr(3)VEN(8), Mr(S)AMN(D)) : 67}

= {(3, Tr(3), Ir(8), Fr(3), Mr(8)) : 8€Z} N {(8, Tn(3), In(3), En(8), MN(J)) : 2}
=RNN

Therefore, NNR = RnN.

We have, NUN

= {(8, Tn(8), In(8), Fn(8), MnN(8)) : 8eZ} U {(8, TN(8), IN(8), Ex(8), Mn(8)) : 8€Z}
= {(8, Tn(8)vTn(8), IN(8)AIN(S), EN(8)AFN(S), MN(8)VMN(S)) : 8€Z}

= {(3, Tn(d), IN(8), Fn(3), Mn(9)) : 8eZ}

=N

Therefore, NUN = N.

Further, we have NNN

={(3, Tn(d), In(8), En(3), Mn(8)) : 8eZ} M {(8, Tn(8), In(3), En(8), Mn(d)) : 62}
={(3, TN(B)ATN(S), In(3)VIN(S), Fn(8)VEN(8), Mn(8)AMN(D)) : 62}

= {(3, Tn(3), IN(8), En(3), MN(9)) : deZ}

=N

Therefore, NN = N.

We have NU[RNC]

= {(8, Tn(8), In(3), Fn(8), Mn(8)) : 5€Z} U [{(5, Tr(3), Ix(8), Fr(3), M(8)) : 52} M {(8, Tc(8), Ic(§),

Fc(3), Mc(8)) : 5€Z}]

= {(8, Tn(), IN(S), Fn(8), Mn(3)) : 82} U [{(8, TR(B)ATC(S), Ir(B)VIc(8), Fr(3)VFc(8), Mr(3)A

Mc(3)) : 8eZ}]

= [{(8, TNE)V(TRE)AT(S)), InB)ARG)IVIC(S)), Fn(S)AFRS)VEC(S)), Mn(8)v(Mr(§)A Mc(3))) :

deZ}]
Now, we have [NUR]N[NUC]

= [{(8, Tn(3), In(8), Fn(8), Mn(3)) : 8eZ} U {(8, Tr(3), Ix(3), Fr(8), Mr(8)) : 8€Z}]  [{(5, Tn(3),

IN(3), Fn(3), MN(3)) : 8€Z} U {(3, Te(3), Ic(8), Fe(8), Mc(5)) : 8eZ}]

= {(5, TN(3)VTR(S), In(8)AIR(S), Fn(8)AFR(S), Mn(8)VMr(3)) : 8€Z} M {(5, Tn(B)VTC(S), In(8)Alc(d),

FN(3)AFc(3), MN(S)VMC(3)) : 5eZ}

Suman Das, Rakhal Das, Surapati Pramanik, Topology on Ultra Neutrosophic Set.



Neutrosophic Sets and Systems, Vol. 47, 2021 98

= {(3, (TN(8)VTR(3)) A (TN(B)VT(B)), (IN(B)AIR(S)) v (IN(B)AIC(S)), (FN(S)AFR(S)) v (En(S)AFc(3)),
(Mn(8)VME(8)) A (MN(8)vMc(3))) : deZ}
= {8, Tn(B)V(Tr(B)AT(8)), IN(B)A(IR(E)VIC(S)), Fn(S)A(Fr(8)VFEc(8)), Mn(8)v(Mr(8)AMc())) :
de”Z}
= NU[RNC]
Therefore, NU[RNC] = [NUR]N[NUC].
Vi. We have NN[RuUC]
={(8, Tn(3), In(8), Fx(3), Mn(8)) : 8€Z} n [{(8, Tr(S), Ir(8), Fr(8), Mr(8)) : 8€Z} U {(8, Tc(8), Ic(d),
Fc(8), Mc(9)) : 6eZ}]
= {(8, Tn(38), In(8), Ex(3), Mn(3)) : 8€Z} N [{(S, Tr(8)vTc(d), Ir(S)ALc(B), Fr(8)AFc(8), Mr(8)v
Mc(3)) : 8eZ}]
= [{(8, TNEE)A(Tr(B)VTc(S)), In(8)V(IrR(S)AIc(3)), Fn(8)V(Fr(8)AFc(8)), Mn(S)A(MR(8)vMc(8))) :
deZ}]
Now, we have [NNR]JU[NNC]
= [{(8, Tn(8), In(8), Fn(8), Mn(3)) : 8€Z} m {(§, Tr(8), Ir(8), Fr(3), Mr(8)) : 8Z}] u [{(8, Tn(5),
IN(3), Fn(8), Mn(8)) : §€Z} N {(8, Tc(8), Ie(3), Fe(8), Mc(8)) : 6€Z}]
={(8, Tn(S)ATR(S), INn(8)VIR(S), FN(8)VER(8), MN(8)AMR(S)) : 8€Z} L {(8, TN(§)ATc(B), In(8)VvIc(d),
Fx(8)VEc(8), MN(8)AMc()) : deZ}
= {8, (TN)ATr())V (TN(B)AT(3)), (IN(B)VIR(E))A (IN(B)VIC(S)), (FN(S)VFr(S))A (En(8)VEc(d)),
(MN(3)AMER(S))Vv (MN(8)AMc(8))) : 8€Z}
= {(8, Tn()A(Tr(B)VT<(8)), IN(B)V(IR(B)AIC(S)), Fn(8)V(Fr(8)AFc(8)), Mn(8)AMER(8)vMc(8))) :
deZ)
= NN[RuUC]
Therefore, NN[RUC] = [NNR]JU[NNC].
vii. ~ We have, Ne={(3, 1-Tn(3), 1-In(8), 1-Fn(3), 1-Mn(3)) : 6€Z}.

Therefore, (N¢)
={(3, 1-(1-Tn(8)), 1-(1-In(8)), 1-(1-En(8)), 1-(1-Mn(3))) : 8eZ}
={(8, Tn(d), In(8), Fn(8), Mn(3)) : 8€Z}
=N
Hence, (N¢)c=N.

Definition 3.5. Consider a universe of discourse Z and t be any collection of UNSs over Z. Then, T is

called an Ultra Neutrosophic Topology (Ultra-N-T) on Z if it satisfies the following three axioms:

i. Oy Iy €7
ii. C,CG er=CNCeT

iii. {Ci:ieAlct= UG er.
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In that case, (Z, 1) is called an Ultra Neutrosophic Topological Space (Ultra-N-T-S). If K is an
element of 1, then K is said to be an Ultra Neutrosophic Open Set (Ultra-N-O-S) and the complement
of K is said to be an Ultra Neutrosophic Closed Set (Ultra-N-C-S).

Example 3.2. Assume that Z={c, d} and L={(c, 0.5, 0.3, 0.7, 0.7), (d, 0.4, 0.5, 0.3, 0.5)}, M={(c, 0.4, 0.5, 0.7,
0.4), (d, 0.2, 0.6, 0.5, 0.2)}, N={(c, 0.8, 0.2, 0.5, 0.8), (d, 0.5, 0.4, 0.3, 0.5)} are three UNSs over Z. Then, the
collection t={0y, Iy, L, M, N} is an Ultra-N-T on Z.
Definition 3.6. Assume that (Z, 1) is an Ultra-N-T-S and K be an UNS over Z. Then, Ultra
Neutrosophic Interior (Ultra-Nint) and Ultra Neutrosophic Closure (Ultra-N«) of U are defined by
Ultra-Nint (K) = U{L : L is an Ultra-N-O-S in Z and LEK},
Ultra-Na (K) = n{H : H is an Ultra-N-C-S in Z and KE€H}.

It is clear that, Ultra-Nin(K) is the largest Ultra-N-O-S over Z which is contained in K and
Ultra-Na(K) is the smallest Ultra-N-C-S over Z which contains K.
Theorem 3.2. Let (Z, 1) be an Ultra-N-T-S. Assume that A and B are any two UNSs over Z. Then, the
following properties hold:

i.  Ultra-Nint(A) € A € Ultra-Na(A);

ii. A € B = Ultra-Nint(A) S Ultra-Nint(B);
iii. =~ A € B = Ultra-Na(A) S Ultra-Na(B);
iv. Ultra-Na(0n) = On & Ultra-Na(1n) = 1n;
v.  Ultra-Nint(On) = On & Ultra-Nint(In) = 1n;
vi.  Ultra-Na(A U B) = Ultra-Na(A) U Ultra-Na(B);
vii.  Ultra-Nint(A) U Ultra-Nint(B) < Ultra-Nint((AUB);

N

viii.  Ultra-Nint(A n B) = Ultra-Nint(A) N Ultra-Nint(B);
ix.  Ultra-Nda(A n B) < Ultra-Nda(A) n Ultra-Na(B).
Proof.
i. By Definition 3.6, we have Ultra-Nint(A) = U{R : R is an Ultra-N-O-S in (Z, t) and RcA}. Since,
each RcA, so U{R : Ris an Ultra-N-O-S in (Z, 1) and RcA} c A, i.e., Ultra-Nint(A)CA.
Again, Ultra-Na(A) = n{W : W is an Ultra-N-C-S in (Z, 1) and AcW}. Since, each WDA,
so N{W : W is an Ultra-N-C-S in (Z, 1) and AcW} o A, i.e.,, Ultra-Na(A)2A. Therefore,
Ultra-Nint( A)cAcUltra-Na(A).
Hence, Ultra-Nint(A) € A € Ultra-Na(A), for any ultra neutrosophic set A over Z.
ii.  Suppose that (Z, 1) is an Ultra-N-T-S. Let A and B be any two UNSs over Z such that AcB.
Now, we have
Ultra-Nint(A) = U{W : W is an Ultra-N-O-S in (Z, 1) and WcA}
c U{W : W is an Ultra-N-O-S in (Z, t) and WcB} [Since AcB]
= Ultra-Nint(B)
= Ultra-Nint(A) < Ultra-Nint(B).
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iii.

iv.

vi.

Therefore, AcB = Ultra-Nint(A)cUltra-Nint(B).
Assume that (Z, 1) is an Ultra-N-T-S. Let A and B be any two UNSs over Z such that AcB.
Now, we have
Ultra-Na(A) = n{W : W is an Ultra-N-C-S in (Z, 1) and AcW}
< N{W : W is an Ultra-N-C-S in (Z, t) and BcW} [Since AcB]

= Ultra-Na(B)
= Ultra-Na(A) < Ultra-Na(B).
Therefore, AcB = Ultra-Na(A)cUItra-Na(B).
It is known that, Ultra-Na(A) = N {W : W is an Ultra-N-C-S in (Z, 1) and AcW}.
We have, Ultra-Na(On)
=N {W: Wis an Ultra-N-C-S in (Z, 1) and OncW}
=0n N {W: Wis an Ultra-N-C-S in (Z, 1) and ONncW}
=0n N M, where M = n[{W: W is an Ultra-N-C-S in (Z, ) and ONcW} is a neutrosophic sub-set
of (Z, 7).
=0n
Therefore, Ultra-Na(On) = On.
Further, we have
Ultra-Na(1n)
=N {W: Wis an Ultra-N-C-S in (Z, 1) and IncW}
=1In [since there exists no Ultra-N-C-S W in (Z, 1) such that InNcW]
Therefore, Ultra-Na(1n) = 1n.
It is known that, Ultra-Nint(A) = U {W : W is an Ultra-N-O-S in (Z, 1) and WcA}.
We have,
Ultra-Nint(On)
=uU {W: Wis an Ultra-N-O-S in (Z, 1) and WcOn}
=0n [since there exists no Ultra-N-O-S W in (Z, 1) such that WcOn]
Therefore, Ultra-Nint(On) = On.
Further, we have Ultra-Nint(1x)
=uU {W: Wis an Ultra-N-O-S in (Z, 1) and Wc1n}
=uU {W: Wis an Ultra-N-O-S in (Z, 1) and Wc1n} U In
=M U In, where M = U{W : W is an Ultra-N-O-S in (Z, 1) and Wc1n} is a neutrosophic subset
of (Z, 7).
=1n
Therefore, Ultra-Nint(1n) = 1n.
Let A and B be any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 7). It is known that,
AcAUB and BcAUB.
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vii.

viii.

ix.

Now, A c AUB

= Ultra-Na(A) c Ultra-Na(AUB);
and B ¢ AUB

= Ultra-Na(B) c Ultra-Na(AUB).
Therefore, Ultra-Na(A)uUltra-Na(B) < Ultra-Na(AUB) (1)
We have, AcUltra-Na(A), BcUltra-Na(B). Therefore, AUB < Ultra-Na(A)uUItra-Na(B).
Further, it is known that Ultra-Na(A)uUltra-Na(B) is an Ultra-N-C-S in (Z, 7). It is clear that,
Ultra-Na(A)uUltra-Na(B) is an Ultra-N-C-S in (Z, 1), which contains AUB. But it is known
that Ultra-Na(AUB) is the smallest Ultra-N-C-S in (Z, 1), which contains AUB. Therefore,
Ultra-Na(AuUB) < Ultra-Na(A)uUltra-Na(B) (2)
From egs. (1) and (2), we have Ultra-Na(AuUB) = Ultra-Na(A)uUItra-Na(B).
Suppose that A and B are two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 7). It is
known that AcAUB and BcAUB.
Thus, we obtain
AcAUB
= Ultra-Nint(A) < Ultra-Nint( AUB);
and BcAUB
= Ultra-Nin((B) < Ultra-Nin(AUB).
Therefore, Ultra-Nint(A)UUltra-Nin(B) < Ultra-Nint(AUB).
Assume that A and B are any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 7). It is
known that AMBcA and A~BcB.
Now, we have
ANBcA
= Ultra-Nin(AnB) c Ultra-Nint(A);
and AnBcB
= Ultra-Nint( AnB) < Ultra-Nine(B).
Therefore, Ultra-Nint((AnB) < Ultra-Nin(A)Ultra-Nin(B).
For any two ultra neutrosophic sets A and B, we have Ultra-Nint(A) < A & Ultra-Nint(B) = B.
This implies, Ultra-Nint(A) N Ultra-Nine(B) = ANB. It is known that, Ultra-Nint(A)NUltra-Nint
(B) is an Ultra-N-O-S in (Z, 1). Therefore, Ultra-Nint(A)NUltra-Nint(B) is an Ultra-N-O-S in (Z,
1), which is contained in AnB. We know that Ultra-Nint((AnB) is the largest Ultra-N-O-S in
(Z, 7), which is contained in AnB. Therefore, Ultra-Nint(A)NUltra-Nint(B)= ANB.
Hence, Ultra-Nint(AnB) < Ultra-Nint(A)NUltra-Nint(B) and Ultra-Nint(A)NUIltra-Nint(B)= AMB.
Therefore, Ultra-Nint( ANB) = Ultra-Nint(A)NUItra-Nint(B).
Suppose that A and B be any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 7). It is
known that ANBcA, AnNBcB.
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Now, AnBCA

= Ultra-Na(AnB) < Ultra-Na(A);

and AnBcB

= Ultra-Na(AnB) < Ultra-Na(B).

Therefore, Ultra-Na(AnB) c Ultra-Na(A)nUltra-Na(B).

Theorem 3.3. Let (Z, 1) be an Ultra-N-T-S.

i
ii.

Proof.

ii.

If K is an Ultra-N-C-S in (Z, 7), then Ultra-Na(K)=K;
If K is an Ultra-N-O-S in (Z, 1), then Ultra-Nin(K)=K.

Let (Z, 1) be an Ultra-N-T-S, and S be an Ultra-N-C-S in (Z, 7).

Now, Ultra-Na(S) = n{W: W is an Ultra-N-C-S in (Z, 1) and ScW}. Since, S is an Ultra-N-C-S
in (Z, 1), so S is the smallest Ultra-N-C-S, which contains S. This implies, "{W: W is an Ultra-
N-C-Sin (Z, t) and ScW} =S. Therefore, Ultra-N«(S) = S.

Ley (Z, 1) be an Ultra-N-T-S , and S be an Ultra-N-C-S in (Z, 7).

Now, Ultra-Nint(S) = U{W: W is an Ultra-N-O-S in (Z, 1) and WcS}. Since, S is an Ultra-N-O-S
in (Z, 1), so S is the largest Ultra-N-O-S, which is contained in S. This implies, U{W: W is an
Ultra-N-O-S in (Z, 1) and WcS} = S. Therefore, Ultra-Nine(S) = S.

Theorem 3.4. Assume that N is an Ultra neutrosophic sub-set of an Ultra-N-T-5 (Z, t). Then,

i
ii.

Proof.

i.

(Ultra-Nine(N))< = Ultra-Na(No);
(Ultra-Na(N))< = Ultra-Nin(Ne).

Let (Z, 1) be an Ultra-N-T-S, and N={(5, Tn(d), In(3), Fn(3), Mn(3)) : deZ} be an Ultra
neutrosophic sub-set of (Z, 7).

Now, we have

Ultra-Nint(N)

=U{Wi:ieA and Wi is an Ultra-N-O-S in (Z, 1) such that Wic N}

={(5, VTw;(0), VIw,(8), AFw,(8), VM, (3)) : 3€Z}, where for all ieA and Wi is an Ultra-N-O-S in
(Z, t) such that Wic N.

= (Ultra-Nint(N))<= {(5, ATw; (8), VIw,(3), VFw,(8), AMy,(3)) : 6€Z}.

Since, ATy, (8) < Ty(3), VIw,(8) < IN(8), VFw,(8) = Fy(8), AMw,(8) = My(3), for each ieA and
deZ, so Ultra-Na(N¢) = {(5, ATw,(3), VIw,(3), VFw,(8), AM,(3)) : 3€Z}} = n{Wi:ieA and Wiis
an Ultra-N-C-S in (Z, 1) such that NeccWi}.

Therefore, (Ultra-Nint(N))e= Ultra-Na(N¢).

Assume that (Z, 1) be an Ultra-N-T-S, and N={(, Tn(3), In(3), Fn(8), MN(8)) : € Z} be an Ultra
neutrosophic sub-set of (Z, 7).

Now, we have
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Ultra-Na(N)
=N{Wi:ieA and Wi is an Ultra-N-C-S in (Z, 1) such that Wio N}
={(8, ATw; (6), V1w, (8), VFw,(8), AMy; (9)) : 3€Z}, where for all ieA and Wi is an Ultra-N-C-S in
(Z, 7) such that Wio N.
= (Ultra-Na(N))= {(5, VTw, (3), Alw;(8), AFw;(8), vMyy;,(3)) : 3eQ}.
Since, VTw, (8) > Tn(3), Alw,(8) = In(5), AFw,(8) < Fy(8), vMy,(8) < My(3), for each ieA and
deZ, so Ultra-Nint(N¢) = {(, VTw,(3), Alw,(8), AFw;(8), vMw;,(9)) : 8€Z} = U{Wi:ieA and Wiis
an Ultra-N-O-S in (Z, 1) such that Wi N¢}. Therefore, (Ultra-Na(N))c= Ultra-Nint(N¢).
Definition 3.7. Assume that (Z,t) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an
Ultra Neutrosophic Semi Open (Ultra-N-S-O) Set if and only if
KcUltra-Na(Ultra-Nint(K)).
Definition 3.8. Assume that (Z,1) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an
Ultra Neutrosophic Pre Open (Ultra-N-P-O) Set if and only if KE Ultra-Nint(Ultra-Na(K)).
Definition 3.9. Assume that (Z,1) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an
Ultra Neutrosophic b-Open (Ultra-N-b-O) Set if and only if
K ¢ Ultra-Na(Ultra-Ning(K)) W Ultra-Niny(Ultra-Na(K)).
An UNS H is said to be an Ultra Neutrosophic b-Closed (Ultra-N-b-C) Set iff Hc is an Ultra
Neutrosophic b-Open Set.
Theorem 3.5. Assume that (Z, t) be an Ultra-N-T-S. Then
i. Every Ultra-N-O-S is an Ultra-N-5-O set;
ii. Every Ultra-N-O-S is an Ultra-N-P-O set;
iii. Every Ultra-N-5-O set is an Ultra-N-b-O set;
iv. Every Ultra-N-P-O set is an Ultra-N-b-O set.

Proof.

i.  Assume that (Z, 1) is an Ultra-N-T-S, and K is an Ultra-N-O-S in (Z,t). So Ultra-Nint(K)=K. It
is known that KcUltra-Na(K). This implies, KcUItra-Ne(Ultra-Nint(K)). Therefore, K is an
Ultra-N-S-O set in (Z, 7).

ii.  Suppose that (Z, 1) is an Ultra-N-T-S. Assume that K is an Ultra-N-O-S in (Z,1). Therefore,
Ultra-Nint(K)=K. It is known that, Kc Ultra-Na(K).
Now, K ¢ Ultra-Na(K)
= Ultra-Nint((K) < Ultra-Nint(Ultra-Na(K))
= K= Ultra-Nin((K) < Ultra-Nint(Ultra-Na(K))
= K ¢ Ultra-Nint(Ultra-Na(K))
Therefore, K is an Ultra-N-P-O set in (Z, 7).
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iii.

iv.

Suppose that (Z, 1) is an Ultra-N-T-S, and K is an Ultra-N-5-O set in (Z, t). Therefore, Kc
Ultra-Na(Ultra-Nin(K)). This implies, K < Ultra-Na(Ultra-Nint(K)) U Ultra-Niny(Ultra-Na(K)).
Therefore, K is an Ultra-N-b-O set in (Z, 7).

Assume that (Z, 1) is an Ultra-N-T-S. Suppose that K is an Ultra-N-P-O set in (Z, t). So Kc
Ultra-Nint(Ultra-Na(K)). This implies, K < Ultra-Na(Ultra-Nint(K)) U Ultra-Nint(Ultra-Na(K)).
Therefore, K is an Ultra-N-b-O set in (Z, 7).

4. Conclusions:

In this paper, we introduce the ultra neutrosophic sets and investigate some of their basic

properties. Also, we introduce the ultra neutrosophic topology, Ultra Neutrosophic interior, Ultra

Neutrosophic closure. By defining Ultra Neutrosophic Set, Ultra Neutrosophic Topology, Ultra

Neutrosophic interior and Ultra Neutrosophic closure, we formulate and prove some theorems on

Ultra-N-T-Ss and few illustrative examples are provided. We hope that based on these notions in

Ultra-N-T-Ss, many new investigations can be carried out in future.
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