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Abstract: We have considered a deterministic inventory model with time-dependent demand and
holding cost and time varying deterioration where shortages are allowed and partially backlogged.
To reduce deterioration we have considered here a preservation condition. In the presence
uncertainty we have taken cost parameters as generalized trapezoidal fuzzy number. The proposed
model has been solved by neutrosophic hesitant fuzzy programming approach, fuzzy nonlinear
programming approach and fuzzy additive goal programming technique. The model is illustrated

with numerical example and we presented sensitivity analysis finally.

Keywords: Inventory model, Multi-item, Preservation condition, demand, holding cost,
deterioration, generalized trapezoidal fuzzy number, Neutrosophic Hesitant Fuzzy programming

approach.

1. Introduction: In inventory models the effect of deterioration plays a very important role but in
traditional inventory model the most popular assumptions was that the products kept their
characteristic and physical structure while they were stored in the storage of inventory. But this types
of assumptions are not be true always for all types of products. Deterioration is defined as erosion,
change or spoilage that prevents the item from being used for its original purpose. Food products,
drugs, radioactive substances, photograph, electronic components are a few examples of products in
which decay may occur during the normal storage period of the units, and that is why this loss we
have to consider into account while developing the inventory model. But with the help of some
electronic devices like freeze, Micro-oven, etc. or some other type of devices it is possible to reduce

the effect of deterioration.
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Formulating an inventory model most of the researchers take deteriorating cost, inventory set-
up cost ,holding cost as constant but in reality they may not constant always ,so if we take those cost
parameters in fuzzy variable then it will be most realistic and interesting.

F. Harris (1915) developed first inventory model. Lotfi A. Zadeh in 1965 introduced the concept of
fuzzy set theory in inventory modeling. L. A. Zadeh and R. E. Bellman in 1970 considered an
inventory model on decision making in fuzzy environment. In 1934, Wilson gave a formula to obtain
EOQ. In 1996, M. Vujosevic, D. Petrovic and R. Petrovic developed an EOQ formula by assuming
inventory cost as a fuzzy number. M. Lee developed a fuzzy inventory model by considering
backorder as a trapezoidal fuzzy number in 1999. In 1999, Chang and Dye developed an inventory
model with time —varying demand and partial backlogging.

Deterioration of a product is the most realistic thing to be considered. Ghare and Schrader
developed an inventory model where they took demand rate and deterioration rate as a constant. T.K
Roy and M.Maity presented an inventory fuzzy EOQ model with demand-dependent unit cost under
limited storage capacity. Vinod Kumar Mishra, Lal Sahab Singh and Rakesh Kumar developed an
inventory model for deteriorating items with time-dependent demand and time-varying holding cost
under partial backlogging. Zaid T, Balkhi, Lakdere Benkherouf represent an inventory model for
deterioration items with stock dependent and time-varying demand rates. In 2001, Horng-Jinh Chang
and Chung-Yuan Dye developed an inventory model for deterioration items with partial backlogging
and permissible delay in payment. Misra and Singh gave an inventory model for ramp —type
demand, time-dependent deterioration items with salvage value and shortages and deteriorating
inventory model for time-dependent demand and holding cost with partial backlogging. Sumana
Saha and Tripti Chakrabarty in 2012 considered a fuzzy EOQ model with time varying demand and
shortages. D. Dutta and Pawan Kumar studied a fuzzy inventory model without shortages using a
trapezoidal fuzzy number. In 2013, D. Dutta and Pawan Kumar considered an optimal replenishment
for an inventory model without shortages by assuming fuzziness in demand, holding cost and
ordering cost.

Smarandache. F introduced the neutrosophic set. Smarandache. F developed a generalization of
the intuitionistic fuzzy set and gave geometric interpretation of the Neutrosophic set which is the
generalization of the intuitionistic fuzzy set. Ye. J studied on multiple-attribute decision-making
method under a single-valued neutrosophic hesitant fuzzy environment. Abdel-Basset et al.
proposed a novel approach to solving fully neutrosophic linear programming problem and applied
to production planning problem. Ye et.al. formulated neutrosophic number nonlinear programming
problem (NN-NPP) and proposed an effective method to solve the problem under neutrosophic
number environments. Firoz Ahmad, Ahmad Yusuf Adhami, Florentin Smarandache developed
Single valued Neutrosophic Hesitant Fuzzy Computational Algorithm for Multi objective Nonlinear
Optimization Problem. C. kar, B. Mondal and T.K Roy developed an Inventory Model under Space
Constraint in Neutrosophic Environment by Geometric Programming Approach. T. Garai and T.K.
Roy studied on optimization of EOQ Model with Limited Storage Capacity by neutrosophic
geometric programming.P. Biswas, S.Pramanik and B.C. Giri presented multi-attribute group

decision making based on expected value of neutrosophic trapezoidal numbers. In 2018, 1. Ali, S.
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Gupta, A. Ahmed represented Multi-objective bi-level supply chain network order allocation
problem under fuzziness. V. Charles, G. Gupta and I. Ali developed A Supply Chain Network model in Fuzzy
Goal Programming Approach with Pareto-Distributed Random Variables in 2019. In 2021, P. Gautam; S.
Maheshwari, A. Kausar and C.K. Jaggi described an inventory Models for Imperfect Quality Items
a Two-Decade Review. S. Gupta, A. Haq, I. Ali. And B. Sarkar described the Significance of multi-
objective optimization in logistics problem for multi-product supply chain network under the
intuitionistic fuzzy environment in 2021.

Research Motivation: In the present scenario in every situation of inventory storage it is very
much obvious that there must be some kind of deterioration occur in every product sometimes it
could be less or sometimes it could be more. Looking at this types of situation many authors takes
many types of deteriorating function while developing their inventory models, sometimes they took
constant deterioration, sometimes time depending linear type deterioration or sometimes stock
dependent linear or quadratic type deteriorating function ect.But a few authors think about how to
control these type of problems that is what should be the necessary step to be taken to reduce the
very much effect of deterioration in inventory. In this paper we developed a method to reduce the
effect of deterioration, here we introduced a constant “k” in the differential equation which gives
some reduction on deterioration. In real life it is very often where many companies use freezer, Micro-
oven or some other type of device to reduce the effect of deterioration. After getting the total average
cost we have discussed several methodology to find the minimum average cost and what should be

the timing to get minimum average cost.

AUTHORS CONTRIBUTION:

Names of authors Papers title Contribution

Ghare and Schrader An EOQ Model for | Demand rate deterioration
Deteriorating Items with | rate as a constant rate
Linear Demand, Variable
Deterioration and Partial
Backlogging.

T.K Roy and M.Maity A fuzzy EOQ model with Demand dependent unit
demand-dependent unit cost

. cost under limited storage
under limited storage

capacity capacity

Vinod Kumar Mishra, Lal Sahab | An Inventory Model for Inventory ~ model  for
Deteriorating Items with

Singh and Rakesh Kumar Time Dependent Demand deteriorating items with
and Holding Cost under time dependent demand
Partial Backlogging and time varying holding
cost under partial
backlogging
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Sahidul Islam and Kausik Das Multi-objective inventory Inventory model with time
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fuzzy programming

approach.

In this present paper we have taken a deterministic inventory model with time-dependent
demand and holding cost and time varying deterioration. Shortages are allowed and partially
backlogged. In this proposed model we have taken deterioration of item as linearity increasing
function of time. We have considered here a preservation condition. In the presence of uncertainty
the cost parameters are considered as generalized trapezoidal fuzzy number. This model has been
solved by neutrosophic hesitant fuzzy programming approach, fuzzy nonlinear programming

approach and fuzzy additive goal programming technique. Numerical examples have been finally.

2. Mathematical Model:

The following notations and assumptions are considered to formulate the model for i’th item.
2.1 Notations For i’th item (i=1, 2, 3,...., n):

Ai: Ordering cost per unit item for i’th item..

Hi: Holding cost per unit time for i’th item..

0i: Deterioration rate is time proportional for i'th item.

k;:The preservation constant for i'th item

Di : Demand rate is time proportional for i'th item.

Cii : the purchase cost per unit time for i’'th item.

Czi : Deterioration cost per unit time for i’th item.

Csi: Shortage cost per unit time for i'th item.

Cui : Opportunity cost(lost sale cost) per unit time for i'th item.

Bi: The backlogging rate , 0<Bi <1 for i’th item.

T;
toi

: The length of cycle time for i'th item, Ti=0.

: The time when the inventory level starts to reduce due to demand only ,t0i=0.

t

: The time when the inventory level starts to reduce due to both demand and deterioration for i'th
item, t1i=0.

Li : the level of positive inventory for i'th item when deterioration is not occurring in time [0, toi].
Li: the level of positive inventory for i'th item when deterioration starts to occur in time [to;, tii].
L : the level of negative inventory due to shortages for i'th item in the time interval [tu;, Ti].

Imax: the maximum inventory at time t=0 for i'th item.

S: the maximum back order quantity during stock-out period for i'th item.

Qi(Imax + S): the order quantity for the duration of a cycle of length Ti for i’th item.

TACi(toi.t1;, Ti): total average cost per unit for i'th item.

wi: storage space per unit time for i'th item.

W: total area space.

A,: Fuzzy ordering cost for i'th item.

C,, Fuzzy purchase cost for i'th item.

C,,: Fuzzy Deterioration cost per unit time for i’th item.
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Cs,: Fuzzy Shortage cost per unit time for i’th item.

Cy:Fuzzy Opportunity cost (lost sale cost) per unit time for i'th item.
H,:Fuzzy Holding cost per unit time for i'th item.

TAC,:Total average cost per unit for i'th item.

w;:Fuzzy storage space per unit time for i'th item.

2.2 Assumptions:

i. The inventory model involves multi-item.

ii. The replenishment occurs instantaneously at infinite rate.

iii. The lead time is negligible.

iv. Demand rate is constant for t € [0, ty;] and demand rate is time dependent for t € [ty;, t;;].That is

_ a; lf t€e [05 tOi]
Demand(D) = {bie_“it if t € [tos, ti]

v. The deterioration rate fori'thitem is 6;(t) = 6;t. 0<6; < 1.

vi. The backlogging rate is  Bi(t)= #T__t) , wheret,;; <t < T;.6; is the positive back logging

parameter.

vii. The constant preservation constant is k; .

viii. The inventory holding cost Hi(t)=hit is a linear function.

2.3. Mathematical formulation

Inventory level | 4
A [N T AT
!
1
|
1
1
I
|
1
}
Due to pregervation !
Imax Q :
:
1
|
1
|
|
|
1
1
|
1
}
O | to L1i !
< y .
< S ;
1 -
Lost sale ! Time
|
|
1
«— - - - - ———— = v
Figure-1: Representation of Inventory model
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The initial inventory level is Imax unit at time t=0.From t=0 to t=to, the inventory reduces just for
demand. In time t=toi to t=tii the inventory level reduces for both demand as well as deterioration. At
this time, shortage is accrued which is partially backlogged at rate Bi(t) for the time [ti;, Ti]. At the end
of the cycle, the inventory reaches a maximum shortage level so as to clear the backlogged and again
the inventory level to Imax (Figure 1).

The rate of change of inventory during the positive stock period [0, ty;], [to;, t1;]and negative stock

period (i.e shortage period) [ti;, Ti] is governed by the following differential equation for i'th item.

L= _p =g, 0<t<ty 2.1)
dly; —a
d—i = —D;(t) — (6;(t) — k)L (t) = —be™%" — (6;t — k) (1), to St <ty (2.2)
Asi _ _ B(t) = —_ % ) :
7 = alBl(t) = 140,(T-0) ti; <t< Tl (23)

Thus the boundary condition are as follows:

L1i(0)=Imax ; Li(t1)=0;  Isi(t1)=0;

From (2.1) we get, using the initial condition (2.4)

Li(t)= Imax-ait, 0 < ¢ < ty;

From (2.2) we get using initial condition and neglecting the higher power of 6;multiplication

of 6; with k; and a;also neglecting higher power of k; we get.

Ei(t)=bil(ty; — ) — 2 (8], — £3) + =5t — D]t St <ty (2.5)
Since, Tii(to)=, I2i(to) ,s0 we have

Tovax = it + (61 — to) — 2 (£, — £3)) + "2 (¢, — £3)] (26)

Hence we have from (2.4)

ki—a;
2

9i
Lii(t)= ai(to —¢)+ bi[(t1; — to)) — 5 (¢ — ) + (¢ —t5)], 0 <t <ty 2.7)

Now solving (2.3) with the boundary condition we get

b= =2 flog(1 + 8, - t,)}] , tySE<T, 28)

The maximum backordered unit is

§= —Iyi(T;) = 3 [log{1 + 6,(T; — t2)}] (29)

Hence, the order size during [0,Ti] is Qi for i’th item is given by,
Qi: Imax+S.
9i ki—a; i
= aitor + byt — tor) = 3 (¢ — t5) + =57 (tf; — 5] + 5 [log{1 + 8,(T; — :)}] (210)

Now,

1. The ordering cost per cycle for i'th item.
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OC=Ai (2.11)
2. The inventory holding cost per cycle for i'th item.

IHC = [[° hy.t.L;(¢) dt + f:o?" h.t. L (D)dt

ki—
2

hit3. bihit2, 9; .
= A0 PO (1 — 1) — 5 (= ) + M5 (e — 65| +

Db (6 — £2) — (63 — €3 — L (6 — 63) — L (e5, — £8)) + FE% (i (2 — ¢2) — L (¢ — ¢
il (81 — to) — 5 (83 — t5) — {5 (61 — tou) — o (&0 — toy)} + =5 {5 (&5 — t5,) — 5 (83 — t5)}]

(2.12)

3. The deterioration cost for the time interval [ty;, t;;]-

ki—a; bia; i
DCi=cy;[ Za (5 — t5) + Ta (tfi — t5) — 5 (6 — t5) — ki(tri — to)] (2.13)

4. Shortage due to accumulation in the system during the time interval [ty;, T;]
The optimum level of the shortage is present at t = Ti ; Therefore the total shortage cost during this

time period is as follows:

SCi=

(T, ~ ) log{1 + 6,(T; — t1)} (2.14)

5. Due to stock out during [t,;, T;] shortage is accumulated, but not all customers are willing to wait
for the next lot size arrive. Hence, this results in some loss of sale which accounts to loss in profit.

Opportunity cost (Lost sale cost) calculated for the i’th item as follows

1 {1+5i(Ti—t L)}
OCi= C4ial- [TL - tli - Ogé,—ll] (215)

6. Purchase cost for i’th item is as follows:

PCi=Cuifaitor + bi{(ty — tor) — 5 (¢5i — t3) + = (t7; — t5)}

+5: [log{1 + 8(T; — t1)}]] (216)

So, the total average cost for i'th item is as follows

ki—ai
2

1 aghitd; | bihit; 6; t1i
TAC(to b T~ [ Ak 22504 200 (1 — 1)) = 5 (85 — 65 + 57 (e = 68| + biluf 2 (e — 68 -

ki

1.3 3 0 (t3i (p2 2 1.5 5 ki—a; (3 o 2 1.4 4 Q.2
5 (@ = to) — {5 (8 — &5, — g(tu’ — o))+ R - gD — L W — D) ) el (-

bia; 8i i%i
£5:) + "o (eF; — 6, — 5 (65 — €3 — ki(tas — to))) +Cis—ia (T; = t1).log{l + 6;(T; — t1))}  +Cuiay [Ti -
1 8i(Ti—ty; i ki—a; i
by — BTN 4 Cu [aytor + by{(tys — tor) = 5 (¢ — €30 + 557 (6F — 68D} +5-{log{L + 8,(T; -
t.) 331 (2.17)
From above we have a multi-objective (MOIM) inventory model given below
Minimize { TACi(to1.t11,T1), TAC2(to2.t12, T2),.eeueueneneninnnnnnen, , TAChn(ton.tin, Tn)}
Subject to: Y-, w;Q; < W fori=1,2,34,.......... n

Sahidul Islam,Kausik Das ,A Fuzzy Multi- Objective Deteriorating Inventory Model With Time Dependent Demand And
Holding Cost Unvolved Preservation Condition Under Space Constraints:Neutrosophic Hesitant Fuzzy Programming
Approach.



Neutrosophic Sets and Systems, Vol. 47, 2021 132

2
bihitoi
2

1 aihitd; 0i .3 3 ki—a;i .2 2
Where TAC(to. i, T) = At “7208 4 [t — to) = 285, — 8 + 2% — 3] +

b.h.{ﬁ (tz- — tz.) - 3(t3. — t3.) - ﬁ{t_fl (tz- — tz.) - l(tS, — t5,)} + M{t_fl (tz- — tz.) — l(t‘l'. — t4.)} }
UL, 1i 0l 3 1i 0i 3Ly 1i 0t 5 1i 0i 2 2 1i 0i 4 1i 0i

bia; 0;
o (= t6) — 5 (6 — t6) — ki(ta; — o)} +

C3ia;
8;

(tf —t5) + (T; — ty;).1og{1 + 6;(T; — t1)}

ki—a;
+caif 2

_ log{1+6i(Ti—t1i)}

+Caa; {Ti —ty; 5,

i ki—a;
} +Cuifator + bi{(ta — to)) — 5 (¢ — t5) + Ta (tf — 50}
+5+ (log{1 + 6,(T; — t1)}}]]

9i ki—a; i
And Q; = ajto; + bi{(ty; — to) — 5 (85 — tr) + = (8 — t5,)} +§—i{10g{1 +6(Ti — t1)3} (2.18)

3. Prerequisite mathematics:
3.1 Fuzzy set:
Let S be the collection of substance called universe of discourse. A fuzzy set is a subset of S denoted
by A and is defined by a set of ordered pairs A= {(x,ta(x) ): XE S}.
Where pa: S—[0,1] is a membership function of the fuzzy set A and pai(x) is called the grade of
membership of X€ S in the fuzzy set A.
3.2 Equality of fuzzy two sets: Two fuzzy sets A and B are called equal iff pa(x)=pz(x),V x€S.It is
usually denoted by A=B.
3.3 Union of two fuzzy sets: Let A and B be two fuzzy sets. The union of A and B is a fuzzy set in S
is denoted by A U B and is defined by

1iug(X)= HA(X) V pp(x) =max{ pA(X), pup(x)} V xES.
3.4 Intersection of two fuzzy sets: Let A and B be two fuzzy sets. The intersection of A and B is a
fuzzy set in S is denoted by A N B and is defined by

Hing(X)= HAC)A pp(x) =min{ pa(x), up(x)} V x€S.
3.5 Trapezoidal fuzzy number (TtFN): Let F (R) be the set of all TrEN in the line R .A trapezoidal
fuzzy number A€ F (R) is parameterized by (a, b, ¢, d) with the membership function pa: R —[0,1]

which is defined as

X—a
!—b_a fora<x<b
o)1 forb<x<c
HAG) =1 a-x forc<x<d
d-c .
0 otherwise

Where a< b < ¢ < d.Here a and d represent the lower and upper limits of sustains of a fuzzy set A.
3.6 Generalized Trapezoidal fuzzy number (GTrFN):A generalized TrFN A can be represented as
A=(a, b, ¢, d; w) 0<sw< 1 and a,b,c,de R.Here Aisa fuzzy subset of R,with the membership function

pa: R —»[0,w] is defined as
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{wg fora<x<b
MA(K) = ‘:1v—x forb<x<c

w— forc<x<d

L o otherwise

Where a< b < ¢ < d.Here a and d represent the lower and upper limits of sustains of a fuzzy set A
and w €[0, 1].If w=1 then GTrFN A is called TrFN.
3.7 Neutrosophic set: Let S be a universe of discourse. A neutrosophic set A7 in S is defined by
AT = {(x,Ta(x), Ia(x), Fa(x) )| X€S }
Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, Fa(x)
is falsity membership function.
Where,
Ta(x):5-]0,1*[
[a(x):5-10- 17
Fa(x):5-]0-11
So we can say 0- <supTa(x) + supla(x) + supFa(x) <3*
3.7.1 Single valued neutrosophic set: Let S be a universe of discourse. A single valued
neutrosophic set A7 in S is defined by
A= {(x, Ta(x), Ia(x), Fa(x) )| x€S}
Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, Fa(x)
is falsity membership function.
Together with,
Ta(x): 5= [0, 1]
Ia(x): S= [0, 1]
Fa(x): S— [0, 1]
So we can say 0<Ta(x) +Ia(x) +Fa(x) <3 V x€S.
3.8 Hesitant Fuzzy set (HFS):Let S be a non-empty reference set, a hesitant fuzzy set A" of S is defined
by a function An(x) which is applied to S returns a finite subset of [0,1]. Whose mathematical
representation I given by
Al={(x, An(x) | x€ S}
Here ha(x)€ [0, 1], representing the possible membership degree of the elements x€ S to A".The set
ha(x) is known as hesitant fuzzy element (HFE).
e.g.Let S={x1, x2, x31be a reference set. An (x1)=(0.1,0.2,0.3), An (x2)=(0.2,0.3,0.4), An (x3)=(0.1,0.2,0.5) be
hesitant elements of x1, x2, X3 to a set A". Therefore the hesitant fuzzy set A" is given by
A"={(x1,{ 0.1,0.2,0.3}),(x2,{0.2,0.3,0.4})( x3,{ 0.1,0.2,0.5})}
3.9 Single valued neutrosophic Hesitant Fuzzy Set (NVNHFS):
We take S be non-empty reference set, then a single valued neutrosophic hesitant fuzzy set A on S
is defined as
A= {( Ty(x), (%), Fa(3)) | €S}
Here T,(x)={ul u € T,(x) : x€S } is known as possible truth membership hesitant degree , [;(x

)={p!{p € I,(x) : x€S } is known as possible indeterminacy membership hesitant degree
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and F;(x)={c 10 € F,(x) : x€S } is known as possible falsity membership hesitant degree. These sets
takes the different values in [0, 1].Which satisfies the following conditions

u,p,o €[0,1] and 0 <suppu*+ sup p* + supo* <3
Where p=U,cr; omax {u}, p=U,er, max {p}, 0=Uger; max { g} for x€S.
3.10 Union of two SVNS sets: Let S be a universe of discourse and A" and B™ are any two subsets of
S.

Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function,
Fa(x) is falsity membership function of respectively. The union of A7 and B is denoted by A" U B"
and defined by

A" U B™ = {(x, max (Ta(x), Ts(x)), max (Ia(x), Is(x)), min (Fa(x), Fs(x)))| x€S}

3.11 Intersection of two SVNs sets: Let S be a universe of discourse and A" and B" are any two
subsets of S.

Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function,
Fa(x) is falsity membership function of respectively. The union of A" and B is denoted by A™ n B™
and defined by
A™ N B™ = {(x, min (Ta(x), Ts(x)),min (Ia(x), Is(x)),max(Fa(x), Fs(x)))| x€S}

4. Fuzzy model for i'th item
For the presence of uncertainty we take some cost parameters as generalized trapezoidal fuzzy
number which are already mentioned above.

Let us take the following fuzzy cost parameters
= (a},af,a?,af’;wal) 0<w, <1
= (b}, b7, b}, bt wp,) 0 < wp, < 1;
= (A}, A7, A3, At;wy) 0 <w,, <1;
= (€ €L CHL Clwe,,) 0 S wg, <

1
CZl - (CZU CZU CZL'CZL' Wey; ) 0= We,, <L
1
1

ﬁg = 5 ;Y

= (€3, €3, C3,, C3; Wc3l) 0<we, <1;

= (C4—l' C4—U C4u C4u We,, ) 0 < we, =1

_(H1 H? HE HEwy,) 0 < wy, < 1;
w, = (Wi,Wl-,Wi , Wi ;Wwi) ,0 < Wy, < 1;

The fuzzy total average cost is given by:

— 1,5+ | Ghtd; | bt 6; ki-a;
TAC ko, t, Ti)= {4, + T8 4 200 (1 — 1) = 5 (85 — 65 + "5 (eh = 63| +
~~ ty 1 6; t3; 1 ki—a; t2 1
b (St = t5) — S (6 — 18D — {2 efi — 8 — o (th — to )} + LTal{f (¢fi — to) — 5 (t; — to)} }
“L bl“l 2 0i .3 3 ~ a
+C21{ (tf — t5) + =+ (tf — t§;) — 5 (& = t5) = ki(ty; — to)} +C5 S_i(Ti —ty)-log{1 +
— ~ log{1+6;(T;—t1;)} o~ (~ ~ 0;
8;(Ty — t1)} +Co@{T; — ty; — #u} +Cu @t + by[(ty; —to)) =5 (¢ —to) +

SR — 5] + 5 {10g{1 +6;(T; — t1)3}] (4.1)
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And our Multi-objective inventory model (MOIM) become fuzzy model as
Min { TAC; (to1, t11, T1), TAC, (to, ti2, To), e cee v e e wee o, TAC, (tom, tiny T)}
Subject to: Y7, w;Q; < W fori=1,2,3,4,.......... n

— ~  a@hitd. D Rt2 9: s
Where, TAC, (to tii, Ti )= Tii[Al o+ TR0 20 (g — ;) — 2 (65 — £3) + S (e — 2] +

~~ t; 1 —a; 2 1
bzhz{f (t12i - tgi) - g(tu tOL) - _l{ (tu - tm) (tll t()l)} + l{f (tlzi - tgi) s (tfi - tgi)} }

bya;

(tf; — t5) + =

aj

~ ¢ki- 6; ~
+C{=5 (e = t6) = 5 (e — £80) — kuCtay — o)} +C3, 5 (Th — 7). log{1 +

— log{1+6;(T;—t1)} 6;
ai(Ti - tli)} +C4Lal{Ti =ty — Ogilu} +C11 {a toi + b [(tll tOi) - ;L (tfi - tgi) +

S

ki—a;

(i — tol)]‘l' {log{1+5(T t1)3}]

And Q; = @yto; + b,[(ty; — to) — %(tfi —t3) + 5 aL (t3 — 2]+ {log{l +68:(T; — t1)}} (4.2)

Now we have to defuzzify all the fuzzy number we have considered earlier. In this model we have
considered GTrFN. Now for defuzzification we have considered here the following technique.

LetA = (a, b, c,d; w) be any GTrFN fuzzy number, then the total A-integer value of Ais
1Y (4) = Aw (”d) +(1-Dw (““’)

For simplification we have considered 4 =% , therefore we get the approximate value of A =

btctd
(a,b,c,d,w) as w (%)

On the basis of this method all the GTrFN fuzzy number (&, b,, Cy, , Cy,, Cs,, Cy, , H,, A, W;) converted

~ — — — e~~~

So the above model (4.2) becomes a crisp model as

Min {TAC; (tor ,t11,T1), TAC,(to2 112, T2), e , TAC,,(ton ,tin , Tn)}
4.3)

Subject to, Subject to:};;-, w;Q; < W fori=1, 2, 3, 4,.......... n
Where,

. 73 g2, 0 o
TAC,(toi, tri, Ti)= Tli[Al + % + % [(fu' —to) — 5 (5 — t5) + klzal (¢fi — tgi)] +

~~ by 1 5 5 ki—a; (t2; 1
bt — 68) — S (65 — t6) — —l{ L(td - o) — (tu‘ —t5)} + T (e — t8) — L (e — 6 )

al.

bl D&y 9; A~ o
+C21{ (tll - tOl) +— 0‘ (tll - tOl) -z (tll - tOl) ki(tli - tOi)} +C3l' Z_l_(Ti - tli)' lOg{l +
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_ log{1+6;(Ti—t4)}

8;(Ty — ty)} + Co@{T; — ty 5

— —~ 0;
} G @t + bl(ty — to) =5 (65 — t3) +
ki-a; a
= (e — 65D] + 5 {log{1 + 8,(T; — 610}

ki—a; @ :
o (e = 5] ++ 5 {log{1 + 8,(T; — t,)}} fori=1,2,

~ I 0;
And Q; = Gt + b [(ty; — to) — 5 (% —t5) +

N
5. Fuzzy programming technique (FNLP AND FAGP):
To solve the above MOIM (4.3) problem we take one objective at a time and we ignore the others.
Using this we find out the value of every objective function and from this we formulate the pay-of-

matrix as follows.

TAC,(to1,t11,T1) TAC,(toz, t12,T2)  cevee TAC, (ton tin, Tn)
(to1, ti, T [TAC (651, t1, TE) - TAC (Lo, i, T e TAG(E51, t11, T ]
(o2 t12, T | TAC, (to, t, T3)  TACT (td ti, ) e TAC, (t, tf,, T5)
(ot TIHITAC, (tFu t1 T)  TAC,(t5 t1 Th) v e - TAC (30t T

Now we assume that U¥ = max{TACk(téi, t{'i, Tii),i =123, ....,n}fork=1,2,3, ....,n
And L¥ = {TAC;(t&, th, TE), k = 1,23, .....,n}
Here L¥ < TAC,(tb;, tL, T}) < U* fori=123,....,n;and k=1,2,3, ..., 1; (5.1)
Now we take the linear fuzzy membership function pirsc, (TACk(to, t1x, Ti)) for the k’'th objective

function TAC, (tok, tix, Tx) as follows.

. 1 for  TACy(tox, trp Ty) < LK
Urac, (TACk (tor, tri Ti)) = W for L¥ < TAC,(tow ti, Te) < UK (5.2)
0 for TACy(tok, t1, Ti) = UK

Fork=1,2,3,...., n;
After getting the membership function we formulate the fuzzy non-linear programming problems
(FNLP) based on max-min operator as follow:

Max p

Subject to,

p(U¥ — L¥) + TAC, (tox, tix, ) < U*  Fork=1,2,3,......,n
0<p=1, tox = 0,814 =0,T, = 0; (5.3)

And the same constraints and restriction as the problem (4.3)
Now based on max-additive operator we formulate Fuzzy additive goal programming (FAGP) as
follows:

vk-TaCK(tort1iTr)
Uk_ Lk

Max Y3-; (5-4)

Subject t0,0 < pirac, (TACk (tor t1s Ti)) < 1, for k=1,2,3,....... n
And the same constraints and restrictions as in the problem (4.3)
Solving the above reduced problem (5.3) and (5.4) by using the above FNLP and FAGP method we

shall find the optimal solutions.
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6. Weighted Fuzzy programming technique (WFENLP AND WFAGP):

Here we take a positive weight for w,for each of the objective (TA Cr (torr t1ks Tk))
(Where k=1, 2, 3,.....,n) and }}_; w, = 1.

Having the membership function (5.2) WFNLP technique becomes

Max p
Subject to,
Wi rac, (TAC (bopr 1o T)) = p - Fork=1,2,3,.....,n
0<p<1  t=20t;,, 20T, =0andYP ,w,=1 (6.1)

And the same constraints and restriction as the problem (4.3)
Having the membership function (5.2) WFAGP technique becomes
Max Xk-1 Wk Hracy (TACK(to t1x Ti))
Subject t0,0 < prac, (TACk (tor tr Ti)) < 1, for k=1,2,3,....... nand YP, w, =1 (6.2)
And the same constraints and restrictions as in the problem (4.3)
Solving the problem by using the above WFENLP and WFAGP method we shall find the optimal

solution.

7. Neutrosophic Hesitant Fuzzy Non-Linear Programming (NHFNLP) technique:

Using (5.1) we can defined now the different hesitant membership function under neutrosophic
hesitant fuzzy environment as follows.

For minimization type objective function

The truth hesitant-membership function:

et 1 . if TACi(to tue Tee) < L
URYE (T ACK(tok b1 Th)) .
T:}(TACk(tORv ti Ti)) = (1( ) Euk)tk_ (()Li)ik ) if L¥ < TAC(to, ty, Tx) < UK
0 if TACy(tok, tyx, Ty) > UK
it 1 . if  TACc(tox tue Tie) < L
URYE (T ACK(tok b1 TE)) .
T:-Z (TAC (top t1g, Ty)) = (2( ) Euk)tk_ (()Li)ik ) if L¥ < TAC,(top, tyy, Ti) < UK
0 if TAC(toy tyy, Ty) > UK
o1 . if TAC(tor ti, Ti) < L¥
En WURE—(TACk (Lo t11TE)) .
Ty (TACk (to tuk Ti)) =) Gt Euk)t"_ ot 2 if L¥ < TAC(to, trs, Tie) < UK
0 if TACi(to tue Tie) > UK
The indeterminacy hesitant-membership function:
- 1 . if TAC,(tow ti, T) < LK —sk
URYE—(TACK (tok 1T .
I3 (TACy (b, tyy, Ty)) =4 my 2=k St if U* = s* < TAC,(top tys Te) < U
0 if TAC(toy, tyy, Ty) > UK
Kt 1 ¢ lf TACk(tOI(' tlk' Tk) < Lk - Sk
U —(TACk(tort11:TK)) .
2 (TACy (to i Ti)) =) 22— . L if U*—s* < TAC(top tue Tie) < UK
0 if TAC,(tok ti Tx) > UX
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- 1 . if TACk(tok tip Tye) < LXK —sk
En ) wht-mack(tortinTr)) .
L2(TAC, (toks tigs Tie)) =\ (:'k)?k ek if UK —s* < TAC,(tok, tag, T) < UK
0 if TAC(tor trir T) > UK

The falsity hesitant-membership function:
0 ,
E (TACK (tort1rTI0)E ~(LF) —(rF)* f TAG o, by Ti) <L 41"
F,2 (TAC (tok trr, Ti)) = 10— (gi’),}f‘ (L"k)t_(rk)t if ¥ 41K < TAC(tok tr, Tie) < UK
if TAC(tow tix, Tp) > UK

1
TACk(tok.t TO) t_ (k) (k) if TACk(top b Ti) < L+ 7"
FE (TAC (to by Ti)) =4 & TAk otk T =@7) ~(7) if L¥+ 7% < TAC(tog tyyer Te) < U

ukyt— (Lkyt—(rk ¢
(U= (%) (T ) lf TACk(tOI{’ tllek) > Uk

1
TAC(topt TO) t_ bk if TACy(tor, tx Tie) < L+ 7
EEn (TAC, (tokr tryes Tie) =4 & eaCiokot1eTi0) =) ~(7) if L¥+ 1% < TAC(tor trr Te) < UK

(Uk)t_ (Lk)t_(rk)t
1

Here t>0 is a parameter and s¥r* € (0,1))Vk =123, ..... ,n are the indeterminacy and falsity

if TACy(tor tri, Ti) > UX

tolerance values. They are assigned by decision making and h™ represents the minimization type
hesitant objective function.

TP (TACk (toks tre i), P (TAC, (torr trie Ti)), Fr2 (TACk (tok, tyr, Te)) are the truth, indeterminacy
and falsity hesitant membership degree assigned by 1° expert.

T,f_z (TAC, (tors tix, T)), I;f% (TAC, (tor, t1k, Ti)), F:_z (TACy (tok, t1x, Ty)) are the truth, indeterminacy
and falsity hesitant membership degree assigned by 25 expert.

T (TACK (towr tre Ti)), 2 (TAC, (torer i Ti)), 2 (TACk (torr trx Ty)) are the truth, indeterminacy
and falsity hesitant membership degree assigned by n* expert.
With the help of above membership function our multi-objective inventory model transforms into

the following form

n
Max 214
n
Max Timi
n

Max ITé
n

s.t,
Ty (TAC ok tri Ti)) = G 5 I (TACk (toks tr Ti)) = 1 5 Bl (TACK (bopor tasen Ti)) < &
rowiQ W Fori=l, 2, 3,4,.......... ,n

= P~ b ki—a; @
Where Q; = @to; + b[(tn; — to) — 3 (65 — £3) + =S (¢ — £3)] +g_i{108{1 +6,(T; — t1)3}
torr b Te 2 05 Gy My, §i € (O1); G+ M+ 63,21 (=28 Vi=123,....,m

(7.1)

Using the linear membership function our multi-item inventory model can be written as follows:
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Max {1+ 0o+ +ln n N1+N2+ e +1n n E1HEQ+ +&n

Subject to,

Ty 2 (TACk (tors tries Te)) = G, Ty2 (TACk (tores tries Tie)) = oy Ty (TACk (bores ties Tie)) = s
A(TAC, (o tre Ti)) = M1, 122 (TACk (borer i Te)) = Mzpeeeeene , P (TAC (oo tr Ti)) = s
F2(TACk(tors trie Te)) < &1, B2 (TACk (toks trie Ti)) < Eayev By (TAC (toges tai Ti)) ) < s

rowiQ W Fori=1,2,3,4,.......... ,n

ki— a,

Zai (tf; = t§)] +Z_:{10g{1 + 8:(T; — t1)}}

~ 7~ 6
Where Q; = @,to; + b,[(ty; — tor) =5 (65, — t5) +

0<0, G i (n<L0<N,02 e e e, Ny S 1,086,856, < 15
towtio T =0;¢,n, & €01); G+ m+ & <3;(;=n; =&; Vi=123,.... n (7.2)
From this we get the optimal solution for our multi-item inventory model.
8. NUMERICAL EXAMPLE:
Let us take our inventory model which consists of two items only. And the several parameter’s values
are taken at form of generalized fuzzy number and some values are in crisp. Here we take total
storage area W=3500m?.
Minimize { m(top ty1, Ty, m(t(]z: ti2, To)}
Subject to:}; ;- w;Q; < W fori=1,2

_ 1
_Ti

~ @htd | bkt 0; Ki—a:
[4, + % + % [(tu' — toi) — j 5 —3) + == (tf - tgi)] +

Where, TAC,(ta ,ti ,Ti ) 5

B (02— £2) — (63— 63) — L (e — e2) — 2 (65, — £3)) + KN i (12— 02) — L(eh — ¢} )
2 1{2 1i 0i FREY 0i 3 {2 1i 0i 5 \"1i 0i } 2 {2 1i 0i PRANEY 0i

bya;

7 cki—ai i ~ @
+C21{Ta (tf — 6D + = (¢fi — t5) — ;(tfi —t50) — kit —to)}  +Cy, z_i(Ti — t1;).log{1 + 6;(T; —

_ log{1+6;(T;—t1))}

— — ~ 9; Ki—at;
ti)} 0@ {T; -ty 3 G (@t + bul(ty — to) — 5 (5 — to) + = (¢ — to)] +

S-{log(1 + 8(T; — )]

ki—
2

~ T i i a; .
And Q; = @to; + b [(ty; — toy) — ;(tfi —t3) + (e - )] +§—i{10g{1 +6;(T; — t1)}}  fori=1,2

(8.1)

The values of those parameters which are taken as generalized trapezoidal fuzzy number are given
in table-1.
Table-1
Input data

Parameters Item
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Item1 Item?2
a, (45,43,39,33 ;0.9) (39,41,44,46 ;0.8)
b, (50,45,41,39 ;0.8) (49,53,57,61 ;0.6)
Cy, (17,15,13,10;0.8) (16,19,22,23 ;0.6)
Co (15,16,18,19 ;0.5) (9.3,11.2,13.1,13.9 ;0.8)
Cy, (7,6/4,3,0.8) (7,911,13 ,0.5)
Cy, (2.8,2.6,2.5,2.1,,0.8) (2,3,4,6 ,0.8)
H, (3.54.3,5.5,6.7 ,0.5) (3.2,3.3,4.7,5.8 ;0.6)
A, (113,101,97,89 ;0.5) (99,105,101,111 ;0.5)
w, (2.7,2.5,2.6,2.2 ,0.8) (2.5,2.6,2.8,2.1,;0.8)
The values of those parameters which are taken as crisp are given below.
a, =.017,8, = .216,k, = .001,0, = .004,ty, = 0.12
a, =.018,8, = .216,k, =.001,6, = .004, ¢y, = 0.12

We take the weights wi=.5, w2>=.5 for WENLP and weights wi=.5, w2=.5 for WFAGP.

Table-2
Optimal solution by FNLP, WFNLP, FAGP, WFAGP, NHFNLP
Methods tu T TACu(tgy, t11, T1) ti2 T2 TAC2(tsz 12, T5)
FNLP 1.199857 | 1.420192 442.6481 1.244292 | 1.421455 455.2850
WENLP | 1.199205 | 1.419957 422.6481 1.244292 | 1.421455 455.2850
FAGP 1.200245 | 1.420618 442.6481 1.244230 | 1.421975 455.2850
WFAGP | 1.199774 | 1.419792 442.6481 1.244322 | 1.421549 455.2850
NHFNLP | 1.99023 | 1.420511 442.6482 1.244454 | 1.421594 455.2850
FIGURE-2 We can see from the figure-2 that total average
cost of two items is almost same. FNLP,
WENLP, FAGP, WFAGP all are giving the
460 same average cost but NHFNLP gives slide
455 different value of total average cost. So we can
450 say all the methodology applied here are
445 NHENLP . . .
WFAGP almost identical for this proposed model.
440 FAGP
WFNLP
435 FNLP
TAC1 TAC2
B FNLP = WFNLP FAGP WFAGP = NHFNLP

Figure-2: GRAPH OF TOTAL AVERAGE COST WITH DIFERENT METHODS.
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9. Sensitivity analysis:

Here we have discussed the optimal solution of multi-item (two-item) inventory model with different
weights by WENLP technique.

TABLE-3
Different weight TAC(tg1,t11, T1) TAC(tg, t12,T5)
wi=.1, w2=9 442.6481 455.4970
wi=.2, w2=.8 442.4681 455.4639
wi=.3, wa=.7 442.4681 455.4213
wi=.4, w2=.6 442.4681 455.3645
wi=.5, w2=.5 442 4681 455.2850
wi=.6, wa=4 442.7164 455.2850
wi=.7, w2=.3 442.7652 455.2850
wi=.8, wx=.2 442.8018 455.2850
wi=.9, w=.1 442.8302 455.2850

Here we can see that if wiincreases total average cost TAC1 (tg4, t{1, Ty) increases and total average

cost TAC2 (tg,,t,, T5) decreases. If w2 increases total average cost TAC: (tg,,t1;, Ty) decreases and

total average cost TACz2(tg,, t1,, T;) increases.

Here we have discussed the optimal solution of multi-item (two-item) inventory model with different

weight by WFAGP technique.

TABLE-4
Different weight TACu(tg1,t11, T1) TAC(tg, t12,T5)
wi=.1, w2=9 442.6481 455.2850
wi=2, w2=.8 442 4681 455.2850
wi=.3, wa=.7 442 4681 455.2850
wi=4, w2=.6 442 4681 455.2850
wi=.5, w2=.5 442 4681 455.2850
wi=.6, wa=4 442 .6481 455.2850
wi=7, w2=.3 442 .6481 455.2850
wi=.8, w2=.2 442.6481 455.2850
wi=.9, wa=.1 442.6481 455.2850

Here we can see that total average cost of TAC1 (tg,,t11, T1) and TACz(tg,, t1,, T>) are constant.it does

not depend on different values of weight w1 and wo.

Now we focus on the change of total average cost depending on various holding cost by FNLP,
WENLP, FAGP, WFAGP and NHFNLP techniques are represented in table -5. Here we take the

weights (wi=w2=.5) for both WFNLP and WFAGP technique.

TABLE-5

Method | HOLDI
S NG

TAC(

tor t11, T1)

tis Ty

TACx( t;,

toz tiz, T2)
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COST[h:
(1=
item)=h2
(2nd

item=h]
FNLP 2.75 444.3175 1.156815 1.385719 456.7003 1.210349 1.392935
2.5 442.6481 1.200486 1.421524 454.9165 1.253672 1.429418
2.0 438.8166 1.307034 1.509127 450.8424 1.365131 1.524196
WENLP 2.75 444.3175 1.156815 1.385719 456.7003 1.208066 1.390538
2.5 442.6481 1.199541 1.420801 454.9165 1.253672 1.429418
2.0 438.8166 1.307034 1.509127 450.8424 1.366006 1.525305
FAGP 2.75 444.3175 1.156815 1.385719 456.7003 1.209225 1.392011
2.5 442.6481 1.200144 1.420725 454.9125 1.253672 1.429418
2.0 438.8166 1.307012 1.508977 450.8423 1.364764 1.525177
WFAGP 2.75 444.3175 1.156815 1.385719 456.7003 1.209045 1.391500
2.5 442.6481 1.199810 1.420557 454.9165 1.253672 1.429418
2.0 438.8166 1.307034 1.509127 450.8423 1.364750 1.525606
NHENL 2.75 444.3177 1.154959 1.384276 456.7004 1.210351 1.393492
p 2.5 442.6481 1.199795 1.420212 454.9165 1.253362 1.429104
2.0 438.8166 1.307033 1.509126 450.8423 1.364590 1.523901

FIGURE-3 FIGURE-4
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FNLP ®m WFNLP m FAGP m WFAGP ™ NHFNLP FNLP ®m WFNLP ®m FAGP B WFAGP ™ NHFNLP

Total average cost of first item in different Total average cost of second item in different

technique and different values of holding cost. technique and different values of holding cost.

In above figures (figue-3 and figure-4) we can see that when we increase the value of
holding cost (h) corresponding average cost value also increases. And it is true for all methodology

we are dealing with.
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Now we focused on the change of total average cost depending on various ordering cost by FNLP,
WENLP, FAGP, WFAGP and NHFNLP techniques are represented in table-6. Here we take the
weights (wi=w2=.5) for both WFNLP and WFAGP technique.

Table-6
Method | Orderin TAC( ti1 Ty Orderin TAC( t1, T,
s g cost to tin T1) g cost tontinT5)
for first for
item(A1) second
item(Az)

FNLP 50 442.6481 1.199857 | 1.420192 52 455.2850 1.244292 | 1.421455
60 449.4415 1.268755 | 1.522320 62 462.0886 1.314198 | 1.517613

65 452.6740 1.299211 1.569278 67 465.3352 1.346345 | 1.562357

WENLP 50 442.6481 1.199205 | 1.419957 52 455.2850 1.244292 | 1.421455
60 449.4415 1.269526 | 1.523659 62 462.0886 1.314198 | 1.517613

65 452.6740 1.300564 | 1.569681 67 465.3352 1.346345 | 1.562357

FAGP 50 442.6481 1.200245 1.420618 52 455.2850 1.244230 | 1.421975
60 449.4415 1.268980 | 1.521919 62 462.0886 1.313272 | 1.516051

65 452.6740 1.301278 | 1.571637 67 465.3352 1.346345 | 1.562357

WEFAGP 50 442.6481 1.199774 1.419792 52 455.2850 1.244322 | 1.421549
60 449.4415 1.270147 | 1.524057 62 462.0886 1.313251 | 1.516190

65 452.6740 1.300205 | 1.569592 67 465.3352 1.346344 | 1.562291

NHFNL 50 442.6482 1.99023 1.420511 52 455.2850 1.244454 | 1.421594
P 60 449.4415 1.267611 1.522379 62 462.0886 1.314243 | 1.5185587

65 452.6740 1.300222 | 1.569239 67 465.3353 1.348005 | 1.563531

FIGURE-5 FIGURE-6

NHFNLP
FAGP
FNLP

(50,52]60,62]65,67) (50,52(60,62(65,67)

FNLP ®m WFNLP mFAGP m WFAGP NHENLP FNLP ®m WFNLP ®mFAGP ® WFAGP NHFENLP

Total average cost of first item in different  Total average cost of second item in different

technique and different values of ordering Cost. technique and different values of ordering Cost.
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In above figures (figue-5 and figure-6) we can see that when we increase the value of ordering cost
(A) corresponding average cost value also increases. And it is true for all methodology we are

dealing with.

9. CONCLUSION:

This paper presents a multi-objective inventory model in fuzzy environment. Here the model is
directly connected with the real life business enterprises which consider the fact that storage space is limited
and storage item is deteriorated during storage period and here the demand rate, deterioration and holding cost
depend upon time. The model is developed in deterministic manner in which we use a preservation constant to
reduce deterioration. After getting the result we have seen that the effect of deterioration can be controlled
slightly by using a preservation condition. The model allows for shortages and in the shortage period the demand
is partially backlogging. For the presence of uncertainty some cost parameters are considered as generalized
trapezoidal fuzzy number. Finally the proposed model has been verified in several techniques as FNLP,
WEFNLP, FAGP, WFAGP and NHFNLP Techniques. The acquired results assure us the stability and validity
of this model.

The proposed model can be implemented by taking more realistic assumptions such as probabilistic
demand, power demand, finite replenishment etc. Instead of taking generalized trapezoidal fuzzy number we
may also take triangular fuzzy number, pentagonal fuzzy number, parabolic flat fuzzy number etc. for all cost
parameters we have considered to develop our multi-item inventory model. It will be also very interesting if we
can develop a model where deterioration is depending with preservation condition w.r.t time. Instead of taking
preservation condition as a constant function it would be more realistic and interesting if it would be taken as
some function of time that means preservation power should be decrease with the increasing of time.

Highlights of the manuscript:

i) An inventory model with time dependent deterioration and time-dependent holding cost.

ii) Storage space is limited for this proposed model

iii) Preservation constant is used for controlling the effect of deterioration.

iv) Different methodologies are used for solving this model that is for finding the minimum total average cost.
v) All the methods gives us more or less same optimum values of total average cost.

vi) Neutrosophic hesitant technique gives us almost same optimum value as FNLP and FAGP methods give.
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