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Abstract: In this article, a new concept of the Complex Neutrosophic Matrix is introduced
to solve different problems related to uncertainties. Based on the proposed matrix, we
have provided various algebraic operations like addition, subtraction, union many others
which will be of great help in estabalishing the fundamental concepts. The results
obtained through the above operations will be consequently utilized in solving the
higher-dimensional problems due to their matrix properties. This novel concept lays the
foundation of various research solutions in the field of the complex neutrosophic matrix,
which are yet to be considered by researchers.The matrix norm convergence of the
proposed matrix has also beenstudied for the necessary foundation of the complex
neutrosophic matrix. Also, the future studies of the proposed concept have been
proposed.
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1. Introduction

Zadeh [1] in 1965 introduced the concept of the fuzzy set to deal with the problems
created by the uncertainty components. Atanassov [2] in 1993 further extended the theory
of the fuzzy set to the intuitionistic fuzzy set (IFS) in which the non-membership function
was added to the membership function. IFS played a significant role in solving the
unsolved problems, but the indeterminacy/neutrality function was the dependent concept
in this case which started creating the problem andwas later resolved by Samarandache in
1995 by introducing the theory of neutrosophic set. Neutrosophic set is the branch of philosophy
that deals with neutrality and its interaction with the different philosophical spectra. Samarandache
[3] defined the concept of neutrosophic set in the form of degree of truth, indeterminacy
and falsity membership functions. Further, the notion of the neutrosophic set has been
extended to a single-valued neutrosophic set [4], complex neutrosophic set [5],
neutrosophic hypergraph [6] etc. Wang et al. [4] extended the theory of single valued
neutrosophic sets by introducing the various properties and set-theoretic operators. Many
difficulties related to the various fields of medicine [7-9], decision-making[10-12] and
pattern recognition in the range [0,1] have been solved using these theories. Later, Ramot et
al. [13] presented the novel theory of a complex fuzzy set (CFS) in 2010, which extended the
range of fuzzy set to the unit circle in the complex plane. “A complex fuzzy set preserves the
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concept of uncertainty through amplitude in [0,1] with the addition of the phase term in [0,2].
Further, the properties of union, intersection and complement with its application in the case of solar
activity and signals have been defined. Alkouri and Salleh [14] introduced the concept of a complex
intuitionistic fuzzy set (CIFS), which added the complex non-membership function to the complex
membership function. Along with the various properties related to its complement, union, T-norm
and S-norm have been described. Later, Ali and Samarandache [5] proposed the concept of a complex
neutrosophic set (CNS) which added the degree of complex neutrality function to membership and
non-membership functions followed by various properties like union, intersection, a product with
their application.”

Further, the concept was extended in direction of matrices. Thomson [15] initiated by
introducing the concept of the fuzzy matrix in 1977 and defined the convergence of fuzzy
matrix. Kim and Roush [16] contributed by defining the fuzzy matrices concept as an
extension of Boolean algebra. Later, the determinant of the intuitionistic fuzzy matrix was
proposed by Pal [17] and interval-valued intuitionistic fuzzy matrices were introduced by
Khan and Pal [18]. In 2014, Dhar et al. [19] gave the concept of neutrosophic fuzzy matrices,
which was extended by Kandasamy et al. [20] who proposed the concept of neutrosophic

interval matrices with its application.
Various researchers have extended their study in the direction of extension of fuzzy
theories, which later turned to complex fuzzy matrices by Zhao and Ma [21] in 2016. They

defined the complex fuzzy matrices in the form of C = (Aij(x) +iBl-j(x)) and also

explained the norm convergence. Khan et al. [22] extended the concept of complex fuzzy

matrices to complex fuzzy soft matrices in 2020 and also proposed some theorems, which

have been explained with the help of its application in DMP (Decision-Making Problems).
Various extensions have been done in the theory of the neutrosophic sets and

information in literature. This has been explained with the help of the following figure:
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Fig 1: Literature Survey of Neutrosophic Theory.
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Now, after considering the importance of matrix form in solving a large number as well as
higher dimension problems in a single interval of time motivated us to extend these
advantages of the matrix form from the real plane to the complex pane of unit range. Thus,
we extended the theory of neutrosophic matrices to the complex plane and introduced the
novel concept of a complex neutrosophic matrix. In this article, we have defined the
concept of complex neutrosophic matrices and explained it with the help of algebraic
operations. In continuation, the concepts like union, intersection have been also explained
for a better understanding of the concept. Also, the concept of matrix norm and power
convergence have been provided along with various results.

The manuscript has been organized as follows. Section 2 provides the basic and
fundamental preliminaries related to the proposed concept. The formal notion of the
complex neutrosophic matrix has been detailed and studied in Section 3. Different
algebraic operations and properties related to the proposed matrix along with norm
convergence have been included in Sections 4 and 5. Finally, the conclusion and scope for

future work have been presented in Section 6.

2. Preliminaries

In this section, we briefly discuss the basic preliminaries and definitions related to the
complex neutrosophic matrix present in the literature.

Definition 2.1. (Neutrosophic set) [4] “Let U be a space of points and xeU. A neutrosophic
set S in U is characterized by a truth membership function Is(x), an indeterminacy
membership function Ig(x) and falsity membership function Ig(x).Is(x), Is(x) andIls(x)
are a real-valued subset of ]07,17[. The neutrosophic set can be represented as

S ={(xTs(x) = ar,Is(x) = a;, s(x) = ap): xeU}
where 70 < Tg(x) + Ig(x) + Mg(x) < 3%

Definition 2.2. (Complex fuzzy set) [13] “A complex fuzzy set S, defined on a universe of
discourse U, is characterized by a membership function ug(x) that assigns any element
xeU a complex-valued grade of membership in S. By definition, the values pus(x) may
receive all values lie within in the unit circle in the complex plane, and are thus of form
Rs(x)elVs®) where i = v=1,Rg¢(x) and ys(x) are both real-valued, and Rs(x)e[0,1] .
The complex fuzzy set S may be represented as the set of the ordered pairs

§ = {(x, us(x)): xeU}”
Definition 2.3. (Complex Neutrosophic set) [5] “A complex neutrosophic set S defined on
the universe of discourse U, which is characterized by a truth membership function I's(x),
an indeterminacy membership function Is(x) and falsity membership function Ig(x) that
assigns a complex-valued grade of Is(x), Is(x) andllg(x) in S for any xeU. The values
Is(x),Is(x), Is(x) and their sum may all lie within the unit circle in the complex plane and
so is of the following form,
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Is(x) = Ps(x)e' ™), Ig(x) = Qg(x)e™s™and My(x) = Rg(x)e¥sC)
where Pg(x), Qs(x), Rs(x) and ag(x), Bs(x), ys(x) are respectively, real-valued and
Pg(x), Qs(x), Rs(x)€[0,1] such that ~0 < Pg + Qg + Rg < 3™.
S ={(xTs(x) = ar,Is(x) = a;, s(x) = ap): xeU},
where |ar| < 1,|a| < 1,lag| <1 &lar + a; + ag| < 3.

Example 1: Let U = {uy,u,,uz}be the universe of discourse. Then, consider a complex
neutrosophic set Sin U which is denoted by:
3 jog 2 iZ1 3% 3 o1 2 iZ o1 if 1 o7 1 %2 iZ
(_610.8,_614,_614) (—610'1,—614,—814) (_610.7,_814’_314)
_\s 5. 72 10 5 10 5 10 5
S +
Uq Uz Uz

Definition 2.4. (Complex fuzzy matrix) [21] “SupposeS = (Fij(x) +il'[l-j(x)) is the
mxn

matrix, all of the Tj;(x) +ill;;(x) is a complex fuzzy number for i,j(1<i<n,1<j<mn),

then called S is a complex fuzzy matrix.”

3. Notion of Complex Neutrosophic Matrix

In this segment of the current article, we proposed a new kind of a complex neutrosophic
matrix. The formal definition and an example of the complex neutrosophic matrix have
been provided along with the operation of union and intersection for a better

understanding of the concept.

Definition 3.1. “A complex neutrosophic fuzzy matrixS,,, defined on a universe of
discourse U, which can be characterized by a truth membership function Is(x;;), an
indeterminacy membership function Is(x;;) and a falsity membership function Mg(x;;)

that assign complex value functions of the form,

s(xij) = Ps(xij)eiesC0),

IS(xij) = Qg(xl-j)eiﬁs(xij)
and
Mg (x;;) = Rs(xi]-)eiYS(xij)

in Syxn for any x;;eU, where Pg,Qs,Rs € [0,1] s.t. ~0 < P+ Qs + Rg < 3*. The values
and the sum of I, Is and IIg may always lie within the unit circle in the complex plane.”

Then, the complex neutrosophic fuzzy matrix S;,x,is represented as
Smon = {[Ts(xig). 15 (), s ()], 5 € U

where |I5| <1,|5] <1,|Ig| < 1&|Ts+ I+ Ig| < 3.
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Example 2. We could represent example 1 in matrix form or order 3 X 1 i.e.
i (3 o2 ol 3_n) T
i0.8 I I

5 5 2

3 2 3t 1 .
S =, i01 — 1~ _— —)
3x1 (10 '5¢ Y 10¢"

Definition 3.2. (Complement)

The complement of the complex neutrosophic matrix can be written in the form of
Smxn)® = ([T (i), 15 (xiy), “s(xij)]mxn)c = [ (i) B (o), T (i) e
= [(Ps(xij)ei“S(xij))c , (Qs(xij)eiBS(xtj))c ) (Rs(xij)eivs(xij))clmxn
where (Ps(x;;)) = Rs(xi;)and (e!9s(:6))" = giCzmes(ey),
Similarly, (Ry(x17))” = Py(xyy) and (e"s639))" = e1Cnvs(r)) and
Finally, (Qs(xij))c =1—Qs(x;;) and (eiBS("U))C = el@m=Bs(xij))

Example3. Suppose S3.ibe a complex neutrosophic matrix. Then, the complement of

(S3x1)¢ will be given by

. 5T 7T
3 2 3¢ i c 7 1(271-——7r ) 3 i=— 9 i—
S = (_ 10.1 2,17 n S =|{=e 1800/ — g 4 —e 4
3x1 10e Jse ) Oe 7 ( 3)(1) 10 'o 10
.51 T
1 407 1 222 iC 4 i(2m-"" i3 3 &
[(Se ’1oe 4,564 J Se( 1800)’—3 4,§e4

Definition 3.3. (Union of the complex neutrosophic matrix) Consider two complex
neutrosophic matrices Spxn = [I§ (xij), 15 (x;), 115 (x;5)] and
SZn = [T& (xi;), 12 (x;;), 13 (x; j)]mxn respectively. Then the union of these two matrices
will be given by

Smxn U Sixn = {max{[§ (xi;), I (x;;)}, min{I§ (x;;), 18 (xi;)}, min{11g (o), 03 Ceip)}}
where

max{T¢ (x;), T (x;7)} = max{P} (x;;), P ()} et maxles Cupdas (o))

min{Id (xi)), 12 (i)} = min{Q} (x;)), Q% (x;j)}e' ™5 )5 ()} and
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min{T¢ (x;)), 1Z (x;;)} = min{R} (), R () Jetminlrs (e vs (i)

Example 4. Consider two complex neutrosophic matrices

_ (geio-g.zelgée%n) - -<1106102 130 o lei">-
St = (1—10eio'7,%ei%,%e %) , S2.,= (%ei —e oy —e Z)
_ (%eio.7’%ei%§eig) | (2610.7 i %)
i)
S3x1U S5xq = (1—10 105 %elz 13—0611)
| (%eif” 1loeZ iei%) |

Definition 3.4. (Intersection of the complex neutrosophic matrix) Consider two complex

matrices [ (XU) 1§ (xU) I3 (xu)]mxn

neutrosophic

2
Smxn = and Smxn =

[T (i), 18 (i), TG ()]
will be given by
Smxn N Siscn = {min{I§ (xy;), IF (xij)} max{1§ (xi;), 13 ()}, max{ig (x;), 10 ()3}

where,

respectively. Then, the intersection of these two matrices

min{Td (x;), T (x;7)} = min{P} (x;)), PZ ()} e mintes ades Gl
max{1} (), 12 (i)} = max{Q} (), Q2 (xyj) e ™65 ()85 (<4} and

max{T¢ (x;), 12 (x;;)} = max{R¥ (x;;), R (x;;) et maxlvs (ri)vs (xip)

Example 5. Consider two complex neutrosophic matrices

_ (geio'aéei%’%ei%ﬂ) ] (1_10 i0.2’13_0ei%” 1106_%)
Six1 = (1—10610'7,%82,%31%) , S2., = (%eio.séeif’%eig)
(5007, 2o, o) (enr Lot o)
(% i0.2 f_Oei%'%ei%)_
S:}xl n Ssgx1 = (%eioj,%eiz,lioei%n)
[
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4. Algebraic Operations On Complex Neutrosophic Matrices
In this segment of the current article, we have discussed the theoretical operations on the
complex neutrosophic matrices. This section begins with the basic definition related to the

concept and is followed by the theorem, multiplication and additive identity.

Definition 4.1. A be a m X nneutrosophic matrix. If all of its entries are (0,0,1€%), then Ais
called zero complex neutrosophic matrices and denoted by 0.

If all of its entries are (1e™,1e,0), then A is called universal complex neutrosophic matrix
and denoted by J.

Theorem 1. The matrix Sy, are a complex neutrosophic fuzzy algebra under the

component-wise addition and multiplication operations (+,0O) represented as:
For §y = [T, (xi;). Is, (i), Ts, (xi5)],,,pand Sz = [T, (x35). Is, (235), Ths, (335, 0 St

S+ S, = (sup{Sy, S}
= (sup{Ts, (xij), Ts, (xi)}, sup{ls, (xi), Is, (xi) }, inf{s, (i), T, (i) P)
510 S, = (inf{S;, $,3) = (inf{Ts, (x;;), Ts, (xij) } inf{ls, (xi), I, (i)} sup{Is, (x;5), M, (x5) )

where §; = [Fgl (xij): Isl(xij)'HSl (xij)] or

mxn

S1= [P51 (x;j)elos:(*0), Qg (xij)eissl(x”)'Rsl(xij)eiysl(x”)] and

mxn

S2 = [Ps, (i) 200, Qg (i )ePs2 (440, R, (1 )e Vs (k) |

mxn

Proof. Every matrix in complex neutrosophic algebra should also satisfy the properties of
fuzzy algebra. Therefore, S; + 0 =S; and S; ©J = 51V $1€Sxn, hence in this case the
addition and multiplication identities are denoted by the zero matrix O and the universal
matrix J respectively. Thus, the identity element relative to the operations (+,0) exist.
Further, S; +/ =] and S; © O = 0. This proves that Universal bound holds.

Similarly, we can prove for Idempotence, Commutativity, Associative and Absorption
properties.

Now, in the case of Distributivity property, we have to prove

S10(S2+53) = (510 S82) + (51O S53)
where §; = [Psl(xij)ei“51(xij),Qsl(xij)eiBS1(xij),R51 (xij)eiYSi(xij)] )

mxn

S, = [PSz (xiy)eles2 (51, Qs (x; ) e P2 (310), R, (i) Vs (xij)] and

mxn
S5 = [Py, Gry e 9526), Qs () 85400, R, () ()
mxn
Next, if S; < S,(0r)S; ie. Fsl(xij) <T, (xij) or I, (xij) ,ISl(xl-j) <
g, (xl-j) orlg, (xl-j), I, (xl-j) > I, (xl-j) or Ilg, (xij) then in both cases
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inf{Sy, sup{S,, S3}} = S; and sup {inf{S;, S,}, inf{S;, S3}} = S;.
In a similar manner,
S1+ (52O S3) = (51 +S52) O (S1+S3)
Next, if S; = S,(0or)S; then in both cases
sup{S;,inf{S,,S3}} = S; and inf{sup{S;,S,},sup{S;,S3}} = S;.
Hence, all the properties are proved.
Definition 4.2. Multiplication of two complex neutrosophic matrices
Consider two complex neutrosophic matrices given by S3, and S3y; on the unit circle in
complex plane i.e.
(0,691, a,ei%2, aze1% ) (ase®, asel®s, agel%s)
Sixz = | (b1€'91, bye'92, bse1%) (bye'®, bsels, bsel%) |,
(cre'P1,c ez, c3e1P3) (cue'P4, cse'Ps, coelPs)
(pre'®, pe'@z, pyei®s)
Six1 = (‘helﬁl qze'P2, qze'Ps ]

Now the product of two matrices is given by

dqq
S%xz-szle = |dy
dsq

where,
"dy; = (sup{inf(a,e'®, p,e'®), inf(a,e'®, q,e1)}, supfinf(a,e'®?, p,e'®), inf(ase’®s, g,€'2)},
inf{sup(ase'®, p;e'®3), sup(age'®, gse'f+)})
dy = (sup{inf(blei"l, plei"‘l) , inf(b4,ei"4, qleiﬁl)}, sup{inf(bzeif’z, pzei“Z), inf(bse'’s, q, eiﬁz)},
inf{sup(bse'%, p;ei®3), sup(bgse'%, qze'#3)})
d3, = (sup{inf(cleipl.Pleial) , inf(C4€ip4» CI13131)}' sup{inf(czeipz»lozeiaz)r inf(cse's, Clzeiﬁz)}'
inf{sup(cze'P3, pse'®3), sup(cse'?s, gze'f3)}).”

Example 6. Let us consider two matrices given below

r /3 .. 2 1l 3= 1 .. 1 32 1 ;5m\7
(e zetze™) (ze45e™ e

1 .1 9 5smv/7 . 1 321 =
he =| (e 1ge " ige ™ ape 2 )| i <1 0s 1

(1610.7 i i%" EQ%) (leim iei%,lei%n)

5¢ '10° '3 10° '10°"5
(o e on e 37
Sixa-Six1 = (sup {%Oeio'z,%eio'3},sup {%eig,l—loein} lnf{lioe sf,% e-z})
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1 1 =1 .=
1 2 — i0.3 1— 1—
S3x2:-Sox1 = (—e yTe4, - e 4)

Definition 4.3. The identity element for addition
Consider two neutrosophic matrices S,x, and I,x, respectively, where I, is an identity

matrix. Then,

(ieiog leig,lei%”) (leiOA Eei%n’iei%)

Syip = 10 10 5 10 '5 10
X - T .37 . .37
Beorotlor)  (Zowr i)
5 '5 "2 5 27’5

L (0,0,1e'°) (0,0,1¢1?)
227 1(0,0,1¢°)  (0,0,1¢©)

d d
Soxz + Ihxy = [di d;z] = S2x2

where,
dyy = (sup (10 03 ),Sup (Eelz, 0>,inf<%ei%”’1)) _ (1_10 1031%61%%6 %,,)
dip = (sup (17—0 el04 O),sup (ge‘% 0)’1nf(1_10€i§’ 1)) _ (170 ei0'4%els_n,1l0e %)
dy1 = (sup (%elo 2’0),sup (geisf’ 0)’mf(%ei%”’ 1)) _ (%eio'z,gei%n, 1 ei%n)
dyp = (sup (—elo 7 0) ,sup (%e 7, 0)’ mf(gei%”' 1)) _ (geiw%eigée%)

5. Norm Convergence for Complex Neutrosophic Matrix
This section includes the norm convergence of the complex neutrosophic matrix, followed

by some basic properties, definitions and theorem.

Definition 5.1. [35] “Suppose F = R or C,V in linear space over F. If the real vector
function ||¥|| on Vverify the properties given below:

a) For arbitrary u € V,[|u|| = 0,and [[u|| =0 e u=0.

b) For arbitrary a € F,u € V get ||aul| = |[all||lull,

c) For arbitrary u,v €V, get [[u +v|| < [[u]l + ||v]],

Then ||u]| is called the vector norm of X in V.”

Definition 5.2. Consider [|#|| is a non-negative real function on F™", if
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Jescar (ts)) | = flear (rsCGe)| [l ear (15|
Jescer () | = fleae (s flear (5|

where R (FS (x; ])) &t (FS (x; J)) is the real and imaginary part of the complex neutrosophic
matrix.

Similarly, for Ig (xl- j)&HS (xl- j).Then, this known as ||*|| is CNFM(n, m).

Definition 5.3. “Suppose (V,||*]|) is a n-dimensional normed linear space, pi,py, ..., Pk, ---

is a vector sequence of V, 4§ is a fixed vector V, if
lim [|p, — &l = 0
k—oo
Then called vector sequence convergence in the norm, M is a limit of a sequence, note as:
lim p, =6 or p, = 6
k—oo

The vector sequence does not converge called divergence.”

Definition 5.4. “Suppose (V,||*]|) is a n-dimensional normed linear space, pi,py, ..., Pk, ---
where p; = (Fz} (i), 15 (i), T, (xl-j)>,p2 = (Fg (i), 12 (x), 113 (xij)>, .. is a complex
neurotrophic matrix sequence of V, p(k) = (F{,‘ (xi j), 1’5 (xi j), l'[’zﬁ (xi ])> constitutes a

complex neutrosophic function § = (l"5 (xij), 15 (x;;), Mg (xij)) is a fixed complex

neutrosophic matrix of V, if

lim ||pR (F{,‘ (xij)) — 8R (Ts (x;7))|| = 0. Jim ||p (in‘ (m)) =8 (T ()| = 0

k—oo k—o0

where R (FI’,‘ (xi J)) ,R (Fa (xl- ])) &t (Fz’f (xl- ])) ,T (F5 (xl- 1)) is the real and imaginary part of

the complex neutrosophic matrix and function respectively.”

Similarly, for the case of indeterminacy and falsity components of the matrix i.e.

lim ||pR (1',; (xij)> — 8R (15 (x))|| = 0, Jim |z (1’,;’- (xij)> A (xl-j))H =0

k—oo k—oo

lim |[pR (l'[’;(xij)) —6R (H(g(xij)) =0, lim |[pt (H';(xij)) — o1 (H5 (xl-j))” =0

k—oo k—oo

Then, it is known as complex neutrosophic matrix sequence, p;,p,, ..., Pk, ... converges in

the norm, § = (F5 (xij) 15 (i), Mg (xi]-)) is the limit of the sequence.
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5.1. The Convergence of Power of Complex Neutrosophic Matrix

Definition 5.1.1. Consider M (FM (xl-j), I (xl-j), HM(xl-j)) € CNFM(n,n) power K of M
is defined as Mk, among them M =m, Mk =Mk Ip.

Theorem. Consider M (F iy (xi ]-), Iy (xi ]-), ar (xi ])) € CNFM(n,n), there exists a positive

integer a and K, such that Vk > K has M**% = Mk,
Proof. Suppose Vk > 1,

2 (Tae G ) e (o). Mae (i)

= (R (FM(xij), IM(xij), HM(xij)) +i (T (FM(XU), I]v[(xij)f HM("ij))) )

nxn

Mk = (R (FM(xij)' Ine (xi7), HM(xi,-)) i (T (FM(x"f)’ L (x), HM(X”)» )k

nxn

= (R" (FM(xij), Ine (xi5), HM(xij)) +i (‘L’k (FJ\/[(xij)' Ine (%)), nM(xij))) )

R (FM(xij), Ine (1), n]v[(xij))

- v (R (Coe (i, ) Tne (i, ), o (i) ) A

1<Pq,ewPg—1SN

AR (FM (xi,pk_l)' Iae (xi,pk_l)' H]V[(xirpk—l)))
T (FM (xij). Tne (), Tag (xif))

= A (T (Cne Ceipy ). Ine (xipy ) Tlae (i )) V -

1=pq,esP-15N

vt (FM (tippe_s)- Ine (Xipy_, ), HM(xi,pk_l)))-

It is known that V & A are closed, therefore, the number of the elements of {M¥, k > 1}
will not be greater than (n*™)™.

Then there exists a positive integer a and K, s.t. M*** = M¥ thus k > K has
Mk+a — M(k—k)+k+a — Mk—kMk+a — Mk—kMk — Mk.

6. Conclusions & Future Work

In the current study, a novel concept of complex neutrosophic matrices is presented and
explained with the help of a few algebraic operations and properties, which will be of great
help for the researchers to understand the basics of the concept. The outcomes of these
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operations will lay the foundation of the fundamental rules to solve or design methodology
to solve a complex problem. The numerical examples presented in the current manuscript
will be of great help to understand the process more clearly. This could be the initial
research in the direction of the novel concept. Further, the matrix norm convergence and
power convergence of the complex neutrosophic matrix is discussed thoroughly. These
results can be applied in further study of the complex neutrosophic theory. In future, the
complex neutrosophic matrices concept may be applied to various applications related to

pattern recognition, decision-making, medical diagnosis etc.
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