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Abstract: The paper presents a new concept called P-Order (Union and Intersection) and R- Order
(Union and Intersection) of the Plithogenic Neutrosophic Cubic Sets (PNCS). We derived some of
the primary properties of the internal and external PNCS of P and R- Order. We also proved that
P-Union and P- intersection of Truth (T) (resp. falsity (F), indeterminacy(I)) external PNCS may not
be T (resp. F, I) external PNCS and R-Union and R-intersection of T (resp. F, I) internal PNCS may
not be T (resp. F, I) internal PNCS with the numerical examples. This principle is extremely
appropriate for analyzing problems that involve multi-attribute decision making since this PNCS is

defined by many values of attribute and the reliability of the data is also so accurate.
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1. Introduction

The definition of fuzzy sets, proposed by Zadeh [19] in 1965, paved the way for fuzzy
mathematics development. In many areas of mathematics, this concept has a wide range of
applications, such as reasoning, set theory, number theory, fuzzy set theory, real analysis, metric
theory, and topology. In 1975, Zadeh [19] developed the concepts of interval-valued fuzzy sets as an
extension of fuzzy sets, that is, fuzzy sets with interval-valued membership functions.

A notable concept has been developed by Jun et al. [3], namely the cubic sets theory. An
interval-valued fuzzy set and a fuzzy set constitute this structure. In addition, the definition of an
internal cubic set and an external cubic set was also implemented by Jun et al. [3].

Smarandache [9, 10] proposed Neutrosophic sets (NSs), a generalisation of FS and IFS, which is
highly helpful for dealing with inadequate, uncertain, and varying data that exists in the real life.
NSs are characterised by functions of truth (T), indeterminacy (I) and falsity (F) belonging functions.
This concept is very essential in several areas of application since indeterminacy is clearly
enumerated and the truth, indeterminacy and falsity membership functions are independent.

Wang, Smarandache, Zhang and Sunderraman[18] anticipated the definition of an interval
valued neutrosophic set (IVNS) as an extension of NS. The IVNS could reflect indeterminate,

inaccurate, inadequate and unreliable data that occurs in the reality.
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Plithogeny is the foundation, establishment, construction and development of new articles from
the combination of consistent or inconsistent multiple old articles. Smarandache[13] introduced the
plithogenic set as a generalisation of neutrosophy in 2017.

The elements of Plithogenic sets are denoted by one or many number of attributes and each of it
have several values. Each values of attribute has its respective (fuzzy, intuitionistic fuzzy or
neutrosophic) appurtenance degree for the component x (say) to the plithogenic set P (say) with
respect to certain constraints. For the first time, Smarandache[12] introduced the inconsistency
degree between each value of attribute and the dominant value of attribute which results in getting
the better accuracy for the plithogenic aggregation operators(fuzzy, intuitionistic fuzzy or
neutrosophic).

Priyadharshini et al [8] introduced the new concept called plithogenic cubic sets which has a
wide range of application in multi criteria decision making problems. In particular, the ideology of
Plithogenic neutrosophic cubic set helped in this paper to learn the P, R-union and the P,
R-intersection of PNCS and derived some of its core properties.

We proved that the P-union and the P-intersection of T (resp. F, I) internal PNCS are also T (resp.
F, I) internal PNCS. We provide examples to show that the P-union and the P-intersection of T (resp.
F, I) external PNCS may not be T (resp. F, I) external PNCS, and the R-union and the R intersection of
T (resp. F, I) internal PNCS may not be T (resp. F, I) internal PNCS. The conditions for the R-union
and R-intersection of two T (resp. F, I) internal PNCS to be a T (resp. F, I) internal PNCS.

We believe that the suggested theorems and examples will be effective in resolving
multi-attribute group decision-making concerns in a Plithogenic neutrosophic cubic set
environment.

The rest of the article is as follows. Section 2 is concerned with the preliminary concepts and
definitions that are absolutely vital for the proposed work. Section 3 provides a brief description of
the P and R order of Plithogenic neutrosophic Cubic sets along with numerical examples. Section 4

summarizes the conclusion and the scope of future work.
2. Preliminaries

Definition 2.1 [9, 10] Let N be a non-void set. The set A={<n,/1A,¢A,;/A>ne N} is called a

neutrosophic set (in short, NS) of N where the function 4, : N —=[01], ¢, : N = [01] and y,:N —[0]]
denotes the membership degree (say 4,(n) ), indeterminacy degree (say ¢,(n) ), and non-

membership degree (say y,(n))of each element ne N to the set A and satisfies the constraint that
0< 4, (N)+ 4, (M) + 74 (M <3,

Definition 2.2 [11] Let R be a non-void set. An interval valued neutrosophic set (INS) A in R is
described by the functions of the truth-value (A;) , the indeterminacy (A) and the falsity-value

(A:) for each point reR, A(r),A(r),A:(r) <[0]].
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Definition 2.3 [3] Let E be a non-void set. By a cubic set in E, we construct a set which has the

form ¥ ={<e,B(€),u(e) > e € E}in which B is an interval valued fuzzy set (IVFS)in E and x isa

fuzzy set in E.
Definition 2.4 [3] Let E be a non-void set. If B™(e) < u(e) <B*(e) for all e eE then the cubic

set W =<B,u> in E is called an internal cubic set (briefly IPS).

Definition 2.5 [3] Let E be a non-void set. If u(e) ¢ (B™(€),B*(e)) forall e e E then the cubic set
Y =< B, 4> in E is called an external cubic set (briefly ECS).

Definition 2.6 [8] Let Q2 be an universal set and Y be a non-void set. The structure
A={<y,B(y),A(y) >| y €Y} is said to be Plithogenic Neutrosophic cubic set (PNCS) in Y, where

B:{(BdiT(y),Bdi'(y),BdiF(y))} is an interval valued Plithogenic Neutrosophic set in Y and

A :{(J,IT (y),ﬂ,,I ). 4 F(y)} isa neutrosophic setin Y.

The pair A=<B,A1>is called plithogenic neutrosophic cubic set over Q where A is a
mapping given by A:B — NC(Q) .The set of all plithogenic neutrosophic cubic sets(PNCS) over 2

will be denoted by F’NQ

Definition 2.7 [8]  For a non-void set Y, the plithogenic neutrosophic cubic set A=<B,4> in
Y is called truth internal, indeterminacy internal, falsity internal respectively if the following

equations hold

i) By (MW<A (M<B, () (31
(i) By (N4 (N<B, () (32

(iii) By (<A (V)<B,"(y) (33)

Where for all yeY and di represents the dissimilarity measure and their respective value

of attributes.

If a PNCSin Y satisfies the above equations we conclude that A is an internal plithogenic

neutrosophic cubic set (IPNCS) in Y.

Definition 2.8 [8] For a non-void set Y, the PNCS A=<B,A1> in Y is called truth external,

indeterminacy external, falsity external respectively if the following equations hold

) A (e, (.B, T (¥) B4
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i) 4'(Y e, (¥).B, " (¥) (35

(i) A" (VB (¥).By (V) (36)

Where for all yeY and di represents the dissimilarity measure and their respective value of

attributes.

If a PNCS in Y satisfies the above equations, we conclude that A is an external plithogenic
neutrosophic cubic set (EPNCS) in Y.

3. P and R Order of PNCS

Definition 3.1 Let C=<K,®> and D=<M, Q> be a PNCS in a non-void set H where
K={<h:deT(h)’ del(h)'deF(h)>|he H},

o ={<h :¢djT (h)’ ¢dj I (h)’ ¢dj " (h)>| he H}’

M:{<h:MdjT(h)1Mdj ! (h)’MdJF(h)>|he H},

Q={<h:5djT (h).64," (h). 5, ° (h)>| heHY.

Then we define the equality, P-order and R-order as follows:

i) C=DeK=Mandd=Q. (Equality)
(i) Ccp DeKcMand o<Q. (P-Order)
(iii) Ccy DeKcMand ©>Q. (R-Order)

The P-Union, P-Intersection, R-Union, R-Intersection of PNCS are described as follows.

Definition 3.2 For any PNCS Cdj =< de ) CI)dj > in a non-void set H where

K ={<h5 deT (h), Ky '(h), Ky F(h)>| heH},
® ={(h:4y," (0.4, (), (W) In e HY,

For jeB and B isany index set, we define

0 Up Ky, =(U Kgj v/ @a;) (P-Union)
jeB jeB jeB

(ii) ﬂ = de =(ﬂ de A d)dj ) (P-Intersection)
jeB jeB jeB

(iif) UR Ke, = (UKo A P;) (R-Union)
jeB jeB jeB

(iv) ﬂ R de =( n de "\ (l)dj ) (R-Intersection)
jeB jeB jeB

Where
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_Ude —{<h: UdeT](h),(U Kyg,' J(h){u Kg," J(h)>|heH},

\/chj:

jeB

[ gn o
DBK(” _{<h: JOBdeT J(h),LDBde' J(h),[QdeF J(h)>|heH}
[ o _

/\Cde:

jeB

Remarks

M |UpCy |=MpCy
jeB jeB

G [(1pCy, |=UpCy
jeB jeB

(ii) URCdJ‘ :ﬂRC'dj
jeB jeB

@) [NgCy |=UgC;
jeB jeB

Proposition 3.3
For any PNCSC =<K, ®>,D=<M,Q>, X =< L,y >and Y =<N, A > in a non-void set H, we
have

(i) If Ccp D and Dcp Xthen Ccp X

(i) If CcpD then D <, C

(iii) If Ccp D and Ccp X then Ccp DM X

(iv) If CcpD and X <p D then CUp X <p D
(v) If CcpD and XcpYthen CUp, Xcp DUpYand CNp X<p DN Y
(vij If Ccyx D and Dcyg Xthen Cciz X

(vii) If Ccx D then D cxC

(viii) If Ccg D and Ccy X then Ccy D X
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(ix) f CcyrD and X cg D then CUg X<z D
(x) If CcyD and XcrYthen CUy Xcg DUgYand CNg X g DNRY

Proposition 3.4

Let {C,. =<K, ,®,. >| ] €B}be a family of F- IPNCS in a non-void set H, then the P-Order of
j i’

{Cdj =< de ,(de >| j € B} are F-IPNCS in H.

Proof

Since Cdj =< de \ Cde >is an F-IPNCS in a non-void set H, We have

(Kg, ) () <¢y," () <(Kyg,")" () for jeB

It follows that

(UKg; ")) < (v de; () < ((JKa; " (W)
jeB ieB jeB

and

(YK, 7)< (A ds;” () < ((VKg; )" (W)
jeB ieB jeB

Therefore

Upc,, =(JKaj v/ d;) and NpC, =(()Kaj A f; ) are FINPCS in H.
jeB jB JeB jeB iB jeB

Correspondingly the following propositions holds.

Proposition 3.5

Let {C,. =<K,.,®,. >| ] €B}be a family of T-IPNCS in a non-void set H, then the P-Order of
j j j

{Cdj =< de ,Cde >| j € B} are T-IPNCS in H.

Proposition 3.6

Let {C,. =<K,.,®,. >|]j€B}be a family of I-IPNCS in a non-void set H, then the P-Order of
j j j

Corollary 3.7

Let {C,. =<K,.,®,. >|]j€B}be a family of IPNCS in a non-void set H, then the P-Order of
j i’

{Cdj =< de ,<de >| j € B} are IPNCS in H.
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The subsequent illustration indicates that the P -Union and P- intersection of T, I -IPNCS may not be
T, I-IPNCS.

Example 3.8

Let us consider the attribute values National Electronic Fund Transfer (NEFT), Real Time Gross
Settlement (RTGS), Immediate Payment Service (IMPS), Unified Payment Interface (UPI) for
transferring money and C=<K,®> and D=<M, 2> be the PNCS in H with the Table values 1

& 2 correspondingly.
Table1l. C=<K, ®>
Dissimilarity Value of Appurtenance Measure K(h) d(h)
Measure attributes
0 NEFT ([0.35,0.41],[0.7,0.9], [0.2, 0.5]) (0.2, 0.65, 0.4)
0.5 RTGS ([0.6,0.81],10.5,0.7], [0.3, 0.7]) (0.2, 0.85, 0.6)
0.75 IMPS ([0.45,0.6 ], [0.2, 0.4], [0.1, 0.3]) (0.7, 0.6, 0.2)
1 UPI ([0.2,0.31],10.1, 0.3], [0.6, 0.9]) (0.1, 0.4, 0.95)
Table2. D=<M,Q >
Dissimilarity Value of Appurtenance Measure M (h) Q(h)
Measure attributes
0 NEFT ([0.1,0.3],10.7,0.8], [0.6, 0.9]) (0.7,0.92, 0.7)
0.5 RTGS ([0.6,0.7], 0.5, 0.6], [0.2, 0.4]) (0.9,0.2,0.3)
0.75 IMPS ([0.45,0.8],[0.2,0.5], [0.5, 0.7]) (0.35, 0.1, 0.6)
1 UPI ([0.5,0.6],[0.4, 0.5], [0.4,0.7]) (0.45, 0.3, 0.45)
Table3. CU, D=(KUM,® v Q)
Dissimilarity Value of Appurtenance Measure (CD \ Q) (h)
Measure attributes (K UM ) (h)
0 NEFT ([0.35,0.41,[0.7,0.9], [0.6, 0.9]) (0.7,0.92, 0.7)
0.5 RTGS ([0.6,0.8],10.5,0.7], [0.3, 0.7]) (0.9, 0.85, 0.6)
0.75 IMPS ([0.45,0.8],[0.2,0.5], [0.5, 0.7]) (0.7, 0.6, 0.6)
1 UPI ([0.5,0.61,[0.4,0.5], [0.6,0.9]) (0.45, 0.4, 0.95)
Table4. CNp D=(KNM,® A Q)
Dissimilarity Value of Appurtenance Measure (CD A Q)(h)
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Measure attributes (K nM ) (h)
0 NEFT ([0.1,0.3],[0.7,0.8], [0.2, 0.5]) (0.2,0.65, 0.4)
0.5 RTGS ([0.6,0.7],[0.5,0.6], [0.2, 0.4]) (0.2,0.2,0.3)
0.75 IMPS ([0.45,0.6 ], 0.2, 0.4], [0.1, 0.3]) (0.35,0.1, 0.2)
1 UPI ([0.2,0.3],[0.1,0.3], [0.4, 0.7]) (0.1, 0.3, 0.45)

Then C=<K,®> and D=<M,Q> are both T-external and I-external PNCS in H.
CUpD=(KUM,®vQ) and CN,D=(KNM,DAQ) are given by Tables 3 & 4
correspondingly.

Then CUp D=(KUM,® v Q) is neither an I-EPNCS nor T-EPNCS in H since
(@7 vQ")(IMPS)=0.7€(0.45,0.8) = ((C" UD") (IMPS),(C" UD")*(IMPS)))
And

(@' vQ')UPI)=0.4€(0.4,05) =(C"'UD") (UPI),(C' UD")* (UPI))

Also CNp D=(KNM,® A Q) is neither an I-EPNCS nor T-EPNCS in H since

(@" AQT)(NEFT)=0.2€(0.1,0.3)=((C" ND") (NEFT),(C" ND")*(NEFT))

(@' AQ")UPI1)=0.3€(0.1,0.3)=((C' ND") (UPI),(C' ND")* (UPI))

We provide conditions for the R-Union of two T-internal (resp. I- internal and F-Internal) PNCS to be

a T- internal (resp. I- internal and F-Internal) PNCS.

Proposition 3.9

If C=<K,®> and D=<M,Q> be T-IPNCS in a non-void set H such that
(VzeZ)(max{(K")"(h),(MT)"(}<(g" A5T) (h)). (3.1)

Then the R-Union of C=<K,®> and D=<M,Q > isa T-INPCSin H.
Proof
Let C=<K,®> and D=<M,Q> be T-IPNCS in a non-void set H which satisfies the

constraints (3.1). Then

(KT (h)<¢" ()< (KT)"(h) and (M) (N)<6T (N)<(MT)" (h),

andso (¢' A )(N)<(KTUMT)*(h).
It follows from (3.1) that
(KTUMT)™(h)= max{(K")~(h),(MT)"(N}< (4" A6") () <(KTUMT)*(h)

Hence CUgz D=(KUM,¢U?J)isaT-INPCS in Z.
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Correspondingly the following propositions hold.

Proposition 3.10
If C=<K,®> and D=<M,Q > be I-IPNCS in a non-void set H such that

(vhe H)(max{(K")"(h),(M ") (}< (4" A&") (). (32)

Then the R-Union of C=<K,®> and D=<M,Q> isal-INPCSin H.

Proposition 3.11
If C=<K,®> and D=<M, Q> be F-IPNCS in a non-void set H such that

(Vhe H) (max{(K")"(h),(M ")~ (h)}< (4" ~67) (). (33)

Then the R-Union of C=<K,®> and D=<M,Q > is aF-INPCS in H.

Corollary 3.12
If two INPCS C=<K,®> and D=<M,Q > satisfies the constraints (3.1), (3.2), (3.3), then the
R-Union of C=<K,®> and D=<M,Q > is an INPCS in H.

We provide conditions for the R-Intersection of two T-internal (resp. I- internal and

F-Internal) PNCS to be a T- internal (resp. I- internal and F-Internal) PNCS.

Proposition 3.13
If C=<K,®> and D=<M,Q> be T-IPNCS in a non-void set H such that

(VheH)((¢" v&™)(h)<min{(K")" (h),(MT)" ()}). (34)

Then the R-Intersection of C=<K,®> and D=<M, Q> isan T-INPCS in H.
Proof

Assume that the condition (4.4) is valid. Then

(K" " (h)<g" (h)<(K")*(h)and (MT) (h)<ST (h)<(MT)*(h) forall heH.

It follows from (4.4) that

(KTAMDMN) (@™ v )h) <min{(KT)",(MT)*(h)}=(A" NBT)"(h) forall heH.

ThereforeC (g D=(K M, ¢ v &)is a T-INPCS.

Correspondingly the subsequent propositions hold.

Proposition 3.14
If C=<K,®> and D=<M, Q> be I-IPNCS in a non-void set H such that
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(VheH)((¢' v 8" )(h)<min{(K")"(h),(M")" (N)3}). (3.5)

Then the R-Intersection of C=<K,®> and D=<M, Q> isan [-INPCS in H.

Proposition 3.15
If C=<K,®> and D=<M,Q > be F-IPNCS in a non-void set H such that

(Vhe H) (47 v &7 )(h) <min{(K™)* (h),(M")" (h)}). (3.6)

Then the R-Intersection of C=<K,®> and D=<M, Q> isan F-INPCS in H.

Corollary 3.16

If two INPCS C=<K,®> and D=<M,Q > satisfies the constraints (3.4), (3.5), (3.6), then the
R-Intersection of C=<K,®> and D=<M, Q> is an INPCSin H.

The subsequent illustration indicates that the R -Union and R- intersection of T, F -EPNCS may not
be T, F-EPNCS

Example 3.17
Let us consider the attribute values of life insurance policies “Whole life Insurance (WLI), Term
Life Insurance(TLI),Universal Life Insurance(ULI) and Variable Life Insurance (VLI) and
C=<K,®> and D=<M,Q> be the PNCS in H with the Table values 5 & 6 respectively.
Table5. C=<K, D>

Dissimilarity Value of Appurtenance Measure K(h) d(h)
Measure attributes
0 WLI (108,091, [0.2, 0.4], [0.3, 0.5]) (0.8,0.25, 0.5)
0.5 TLI (107,091, [0.3, 0.6], [0.7, 0.8]) (0.8,0.5, 0.75)
0.75 ULI ([0.5,0.81, [0.3,0.5], [0.1, 0.6]) (0.7,0.4,0.1)
1 VLI ([0.1,021, [0.1,0.6], [0-4, 0.8]) (0.2,0.7, 0.6)

Table 6. D=<M, Q>

Dissimilarity Value of Appurtenance Measure M (h) Q(h)
Measure attributes
0 WLI ([0.4, 0.7 ], [0.3, 0.6], [0.4, 0.6]) (0.6, 0.45, 0.6)
0.5 TLI ([0.1,0.5 ], [0.3, 0.4], [0.6, 0.8]) (03,03, 0.7)
0.75 ULI (0.6, 0.8 ], [0.6, 0.7], [0.2, 0.9]) (0.6,0.7,0.9)
1 VLI ([0.5,0.7 ], [0.1,0.3], [0.2, 0.5]) (0.65, 0.2, 0.4)

Table7. CUz D=(KUM,® A Q)
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Dissimilarity Value of Appurtenance Measure (D AQ)(h)
Measure attributes (K UM ) (h)
0 WLI ([0.8,0.9],[0.3,0.6], [0.4, 0.6]) (0.6, 0.25, 0.5)
0.5 TLI ([0.7,0.9],[0.3,0.6], [0.6, 0.8]) (0.3,0.3,0.7)
0.75 ULI ([0.6,0.81],[0.6,0.7], [0.2,0.9]) (0.6,0.4,0.1)
1 VLI ([0.5,0.71,10.1,0.6], [0.4,0.8]) (0.2,0.2,0.4)

Table8. CNg D=(KNM,®v Q)

Dissimilarity Value of Appurtenance Measure (@ v Q)h)
Measure attributes (K NM)(h)
0 WLI ([0.4,0.71],[0.2,04], [0.3,0.5]) (0.8, 0.45, 0.6)
0.5 TLI ([0.1,0.5],[0.3,0.4], [0.7, 0.8]) (0.8, 0.5, 0.75)
0.75 ULI ([0.5,0.8],[0.3,0.5], [0.1, 0.6]) (0.7,0.7,0.9)
1 VLI ([0.1,0.2],[0.1,0.3], [0.2, 0.5]) (0.65,0.7, 0.6)

Then C=<K,®> and D=<M,Q> are both T-internal and F-internal PNCS in
H CUgD=(KUM,®AQ) and CNyxD=(KNM,dvQ) are given by Tables 7 & 8
respectively.

Then CUx D :(K UM,D A Q) is neither an I-IPNCS nor T-IPNCS in H since
(@7 AQT)WLI)=0.6¢(0.8,0.9)=(C"UD") (WLI),(CTUD")" WLI));
(@7 AQT)(TLI)=0.3¢(0.7,0.9) =((C" UD") (TLI),(CT UDT)* (TLI));

(@ AQT)(VLI)=0.2¢(0.50.7)=((C" UD") (VLI),(CT UD")*(VLI)).
And

(@7 AQF)ULI)=0.1¢(0.2,0.9)=((CF UD") (ULI),(CF UDF)*(ULI)).
Also CNg D =(K NM, D v Q) is neither an I-IPNCS nor T-IPNCS in H since
(@7 vQT)WLI)=0.8¢(0.4,0.7)=(C" ND")"(WLI),(C" ND")*(WLI));
(@" vQT)TLI)=0.8¢(0.1,05)=(C" ND") (TLI),(CT ND")*(TLI));

(@7 v Q") VLI)=0.65¢(0.1,0.2)=((CT ND") (VLI),(CT ND")*(VLI)).

And
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(@F vQF)WLI)=0.6¢(0.30.5)=(C" NDF) (WLI),(CF ND")*(WLI));
(@F vQF)ULI)=0.9¢(0.1,0.6)=((C" NDF) (ULI),(CT NDF)* (ULI));
(@F vQF)VLI)=0.6¢(0.2,0.5)=(C" ND") (vLI),(CF ND")*(VLI)).

4. Conclusion and Future Work

In this paper we studied the P-Order and R- Order (Union and Intersection) of the PNCS. The
theorems and results we derived will be useful in the multi criteria decision making problems.
Applications in various engineering, technical, medical, and so on areas of learning P and R-Order
should be assessed. In future we can extend the concept to plithogenic neutrosophic soft sets which
may help abundantly in the areas related with decision making.
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