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Abstract: In 2019, Jansi et al. present the notion of the Pythagorean neutrosophic set (PNS) as an extension of

a neutrosophic set with dependent neutrosophic components
2 2 2 . . .

whenever 0< 11, (X)"+¢,(X) +7,(X) <2 . But due to the more complexity involved in a

decision-making problem, there is a serious need to generalize the PNS for dealing with indeterminate,
incomplete, and inconsistent data present in the belief system. The main objective of this paper is to elicit the

notion of (e, 3, 0) -Pythagorean neutrosophic set as a generalization of PNS. The (&, £3,0) -PNS provides
a more powerful tool to model the various types of uncertainty with high precision and accuracy. Concerning to
the idea of (e, f3,0) -PNS, we propose a new (ct, 3, 9) -Pythagorean neutrosophic subgroup (PNSG) and
thus investigate some properties based on the proposed subgroup. Moreover, we discuss the impact of
(a, 8, 0) -Pythagorean neutrosophic subgroups in solving real-world problems with an aid of a suitable
example.

Keywords: Pythagorean neutrosophic set; («,5,0) -Pythagorean neutrosophic set; Pythagorean

neutrosophic  subgroup, (e, 3,0) -Pythagorean neutrosophic subgroup, (&, f3,8) -Pythagorean

neutrosophic normal subgroup.

1. Introduction

Before the invention of the fuzzy set (FS), suggested by Zadeh[1], we deal with uncertainty in an unorganized
manner. The FS provides a general framework to handle uncertainty systematically. It makes a huge impact on
real decision-making problems. Later, Zimmermann [2] elaborately studied the FS theory and discussed its
practical applications. Every FS is a set of couples in which for every member of the set of discourse there exists
a membership value, belongs to [0, 1]. So, we need to assign a membership function to design the uncertainty.
Thus, the FS is useful in modeling vagueness with a proper methodology. It grows rapidly over the decades and
it has huge applications in different disciplines such as medicine, economics, social science, computer science,
engineering, etc. Relying on the need and the importance of FS theory in the advancement of modern
technologies and researches, by embedding this idea, many new theories such as fuzzy logic [3], fuzzy graph
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[4], fuzzy topology [5], fuzzy optimization [6], fuzzy image processing [7], fuzzy neural network [8], fuzzy sets
in artificial intelligence [9], fuzzy Boolean algebra [10], linguistic fuzzy logic game theory [11], etc. have been
developed and they have huge applications in decision-making. The fuzzy set theory has been extended to the
intuitionistic fuzzy set(IFS) proposed by Atanassov [12], which incorporates the concept of non-membership as
well as membership. Some other extensions of fuzzy sets are given in [13-16].

Nowadays the concept of two-valued logic does not justify the concept of imprecision in various situations.
Smarandache[17] established the neutrosophic set(NS) as a result of this. There are three independent
components in the neutrosophic set. It is a recent topic to handle uncertainty, incompleteness, and
indeterminacy. Wang et al. [18] defined the single-valued neutrosophic set for research purposes. Also, [19-24]
discusses some more aspects of the neutrosophic set.

Group theory is the study of groups where several sets are equipped with an operation. It is the building block of
abstract algebra and it has been used in nearly all branches of mathematics such as cryptography, number
theory, harmonic analysis, algebraic geometry, crystallography, etc. In the study of combinatory, we use
a symmetric group. We also use the concept of group theory in physics, Chemistry, Molecular biology, Material
science, etc. Rosenfeld proposed fuzzy groups [25] in 1971, introducing the notion of degree in the fuzzy set.
Anthony et al. [26] redefined fuzzy groups. Das [27], in 1981, gave the idea of fuzzy level subgroup, Ajmal et
al. [28] introduced fuzzy coset and fuzzy normal subgroup, Zhan and Tan [29] studied intuitionistic fuzzy
subgroup, complex intuitionistic fuzzy groups were proposed by Husban et al. [30]. In a different way, Agboola
et al. [31] defined neutrosophic groups and subgroups.

As an extension of fuzzy set, Atanassov developed the notion of intuitionistic fuzzy set in [12], where

1(X)+7(X) <Lland u(X), y(Xx) €[0, 1]. But, there are some situations under which ££(X) + 7(X) >1. To

put it another way, neither the fuzzy set nor the intuitionistic fuzzy set can resolve such uncertainty. Yager[32]
proposed the Pythagorean fuzzy set(PFS) as a result of this. It is the latest tool developed to deal with
imprecision with a wider scope of applications. It is a generalization of the fuzzy set and intuitionistic fuzzy set.
The Pythagorean fuzzy set has a close connection with the intuitionistic fuzzy set. Ejegwa [33] gave an
application of PFS in career placement, Liang et al. [34] investigated the use of PFS to extend TOPSIS to
multi-criteria decision making. Lin et al.[35] studied the Pythagorean TOPSIS method and its application,
which is based on unique correlation measurements. Garg[36] presented the generalized Pythagorean fuzzy
geometric aggregation operator using Einstein t-norm and t-co-norm for multi-criteria decision-making. In
2018, Garg [37] defined the linguistic Pythagorean fuzzy sets and their applications, Naz et al.[38] used a novel
approach to decision-making with Pythagorean fuzzy information. The complex Pythagorean fuzzy
environment for decision-making was proposed by Akram and Naz[39]. The generalized interval-valued
Pythagorean fuzzy aggregation operators were discovered by Rahman et al. [40]. The Pythagorean neutrosophic
fuzzy graph was proposed by Ajay et al.[41]. To deal with indeterminacy along with incompleteness, in 2019,
Jansi et al.[42] introduced the PNS withT and F as dependent components where the truth-membership, falsity

-membership, and indeterminate-membership satisfy the criteria 0 < (,u(x))2 + (;/(X))2 + (g(x))2 <2,

with 2£(X),7(x) and ¢(x) e [0, 1].
The primary objective for writing this study is to present a novel strategy for generalizing the PNS concept

described in [42]. When the PNS condition fails, i.e., (,u(X))Z +(7/(X))2 + (g(X))2 >2, we have to figure
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out what to do. For example, information about an object in a neutrosophic environment is delivered to the

decision-maker in the form (0.9,0.8,0.8) , which PNS cannot address
because 0.9° + 0.8 +0.8% > 2 . This led to the foundation of introducing (&, 3, &) — PNSs and formation
of their associated groups and subgroups. Then, we study some properties of (&, f3,)— Pythagorean
neutrosophic groups and justify them with examples. We also discuss the concept of («,f3,0)—

Pythagorean neutrosophic coset, (@, 5,0) — Pythagorean neutrosophic normal subgroup. Finally, we give a
real-world example that justifies the newly proposed theory and its contribution to the field of group theory
appropriately.

The remainder of the paper is organized as follows: The proposed study requires certain basic definitions, which
are included in Section 2. Section 3 examines some of the features and assertions of different sorts of

(a, S, 0) -Pythagorean neutrosophic subgroups. A real-life implementation of the suggested study has been

carried out in section 4. Section 5 presents the proposed study’s conclusion and future scope.
2. Preliminaries
In this section, we provide the foundation of knowledge that helps us to unveil the newly proposed theory.

2.1 Definition [1, 2]
Let X beacrispsetand A be asubset of X . Then the fuzzy set defined on X is defined as a set of ordered

pairs of the form {(X,,uA (X)) Xe X} , where 22, : X —[0,1].

2.2 Definition [12]
Let X beacrispsetand A be asubsetof X . Then the intuitionistic fuzzy set defined on X is defined as a set

of ordered triples of the type{(X,yA(X),}/A(X)) ‘xe X } ,where £, : X —>[0,1], 7, : X —>[0,1] and

satisfies the condition 0 < 1, (X)+ 7, (X) <1.

2.3 Definition [17]
Let X be a generic element in X, a universe of discourse. A neutrosophic set Ain X is characterized by a

truth-membership function T, , an indeterminacy-membership function 1,, and a falsity-membership

function F,. Here, T, , |, and F,are real standard and non-standard subsets of [0,1] and its set-theoretic

representation is given by

A={ (% (T (%), 1 (%), Fa (%)) X € XU T (%), 1, (%), Fu (%) e [0,10}
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As there are no restrictions on the sum of T,(x),l,(x)and F,(X) , as a result, we

takeOSTA(x)+ IA(x)+ FA(X)SS.

2.4 Definition [42]
Let X be a universal set. A neutrosophic  set A on X is of the

type A={(%,(Ty (), 14 (x), Fa ())):x € X, To (x), 1, (x), Fa (x) 00,41}
If TA(X) and FA(X) are both dependent components, and IA(X) is an independent component, then

OSTA(X)+ IA(x)+ FA(X)S 2,¥x e X.
2.5 Definition [32]

Let X be a crisp set. A PFS y on X is an object of the type y :{(X,,u(x),y(x)):Xe X} ,

where ,u(X) : 7/(X) € [0,1] which satisfies the condition 0 < £ (X) +y° (X) <1.
2.6 Definition [42]

Let X be auniversal set. APNS A, with 1, (X) and y, (X) are dependent neutrosophic components and

Sa (X) is an independent component, is an object on X is of
the form A= {<X,(uA(X),gA(X),7/A(X))> X e X} , where ,uA(X),gA(X) and }/A(X) €[0,1] and

0< (1, (X)) +(a(¥)) +(7a(x)) <2

2.7 Definition [25]

0 ] 0
Let (G,©)beagroupand  be afuzzy subset of G . Then  is regarded as a fuzzy subgroup of (G, o) if

0
p(xoy)= pu(x)Ap(y) and,u(x’l)z,u(x) VX, yeG.
2.8 Definition [29]

0 0 0
Let (G,o)be agroup and A= {(x,,u(x),y(x)): X e G} be an intuitionistic fuzzy set of G . Then Ais

0
described as an intuitionistic fuzzy subgroup of (G, o) if

p(xoy)=p(x)Au(y) andy(xey)<u(x)vu(y)

,u(x’l)z,u(x) and y(x’l)gy(x) VX, Yy G,
2.9 Definition [32]
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0 0

Let A= (X,y(x),y(x)): X € G} be a PFS of a group (G, ), then Ais said to be a Pythagorean fuzzy

subgroup (PFSG) of C]5 if it fulfills the conditions
2 (Xoy) 2 2 (X) n 22 () and 17 (xo ) < 72 (X) v 72 ()

1 (x) 2 2 (x)and 7 () <77 (x). Xy <G
2.10 Definition

Let ((DS,O) be any group and A={(x,,u(x),g(x),7(x)): Xe(DS}be a NS ofé . Then Ais called a

0
neutrosophic subgroup of (G,o) if

u(xoy)<u(x)vu(y).c(xey)<c(x)ve(y)and y(xoy)zy(x)ar(y)
()< u(x)5(x ) <5 (x)and y(x2)2p(x), VX y<G
2.11 Definition

Let (CD-],o)beagroupand A={<X,(yA(X),gA(X),;/A(X))>:XECDS}beaPNSofé.Then Aiscalled a

0
Pythagorean neutrosophic subgroup (PNSG) of G if it satisfies the following

#(xey)zut (X)Ap(y) 6" (xey) 26" (X)ag (Y)and 77 (xey)<7*(x)vr*(Y)

,uz(x_l)z;zz(x),gz(x_l)Zgz(X)and yz(x"l)gyz(x), VX,yeCD-).

3. Different Types of («, f3,0) -Pythagorean neutrosophic Subgroups (PNSGs) and their properties

This section contains the (&, £, 9) -PNSs, (&, 5, 5) -PNSGs and investigate some of their properties.
3.1 Definition
Let X beacrispsetand a, S and & €[0,1] suchthatO<a®+ B> +06°<2.A (a,,5)-PNS yin

X is an item of the form

;(:{(X,y“(x),gﬂ(x),y‘s(x)):XeX} cwhere 1 (X) = u(X)va, ¢’ (X)=¢(X)v B and

+(r* (x)) <2

2

7 (X)=y(X)AS , where 0£(/¢“(X))2+(gﬂ(x))
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We are now going to describe some operations on (&, f5,0) -PNSs.

Let yyand z,betwo (@, 8,8)—PNSs suchthat z,={(x 4" (x),5" (x), 7 (X)):x & X } and
22 ={(% 6" (x),6;” (%),7," (X)) :x € X | then we have the following operations defined on two
(a, f,0) —PNSs

@ 20 2={(x{m” (v " (x).6 (v e (X)) A7 (x)) i xe X}

) 7, N ZZ:{(X,<,L11“(X)/\qua(X),glﬁ(X)/\gzﬁ(x),yld(X)vyzﬁ(x»): X x}

© (nYn) =x nr'ad (nnr) =n VU (Demorgan’s laws)

@) 1Sz ifa”(X)<w* (X)), (X)<g,” (x)and 1,° (X) = 7,° (X)

© x=x, ifu” (X) = 1" (X) , glﬁ (X) = §2ﬂ (X) and 7/15 (X) = 725 (X)
Proof: Proofs of (a), (b), (d), and (e) are obvious. We only show the proof of (c) given in the following:

We define the complement of y, and y, as follows

Zlc={(x,715(x)'§1ﬁ(x),ma (x)):xe X}and 272 ={(X’?/25(X),g2ﬁ(x)'ﬂ2a (x)):xE X}

Then, (;(lu;gz)cz{(x,<ﬂl“(x)vyz‘”(x),glﬂ(x)vgzﬂ(x),yl"(x)/\;/z‘s(x»):XE X}C

{0 (7 (v 227 (0,62 (DA (). (X) sy () e X

nor ={(X,<715(x)v7/25(x),§15 (X)Ag,” (%), 1 (X) A 11, (x)>) ‘Xe X}
Thus, (1Y 1, )c =1

We can also demonstrate that (7, N 7, ) = 45U 25
3.1.1 Example

Let X = {a,b,c} be a crisp set. The membership-function (,u) indeterminacy-function (g) and the

non-membership function (7) on X are all defined as follows:
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u(a)=08,¢(a)=05,y(a)=
u(b)=0.7,5(a)=06,7(a)=

1(c)=08,5(c)=0.9,y(c)=0.8
Clearly, ,u(X) ( )+7(X)>2 vxe X.
By definition 2.4, N = {(X (,u ))) Xe X} is not a NS with the dependent neutrosophic

component.

Again, 1 (c)+¢?(c)+y?(c)=2.09> 2. So, by definition 2.6, N is not a PNS.

Taking, @ =0.7, #=0.6 and §=0.7suchthatar® + f° +06° =1.34< 2.

Now, 1% (@)= u(a)va =08, ¢’ (a)=¢(a)v =06 and y’(a)=y(a)As=07
We can easily verify that 0 < 11 (X)+¢” (X)+7° (X) < 2, Vx e X..

Thus, the set N :{(X,(,u(x),g(x),}/(x))):Xe X} is (a, f,0)—PNS.

3.2 Definition

Let (CD-],O)beagroupand N” ={<X,(,ua,gﬂ,7/5)>:XeG} bea («,3,0)—PNS.
Then, N is said to be the (¢, 5,5 ) — PNSG of CDS if it satisfies the following conditions:
(koY) < 1 (X)v 1 ()i (xoy)<6” (1)ve? (y) and 7 (x2¥) 27 (x) a7 (y)

w () < (x);6” () <6 (x)andy? (x) 277 (x) VXY G

3.2.1 Example

C 0
Let (G,*)be a group where G :{1, o, a)z}and "*"denotes the usual multiplication. In this group 1 is the

identity element and @ represents the cube root of unity such that ®° =1. Let us define the membership
functions as follows

1(1)=08,¢(1)=0.7, (1) = 0.6
u(®)=0.7,5(w0)=0.6,y(w)=05
,u(a)z) =0.6, g(a)z) =0.8, 7(6()2) =0.7
We take, @ =0.65, #=0.55 and 6 =0.67

Now,

e (1*0)=u* (o) = u(o)va=0.7

¢’ (I*0)=¢"(0)=¢(w)vp=06;y" (1*w)=y’(0)=y(0)A6 =05
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Again, 1 (1) v u*(@)=08; ¢’ (1) v ¢’ (@)=07and »° (1) A y° (@)=05
- (afl) =u’ (a)z) =065 < u“(w)=07 ; ¢’ (afl) =¢’ ((02) =0.8<¢”(w)=0.55 and

7' (@7)=7" (") =06727(@)=05
0

So, for all X,y € G, we can easily verify that the set N ={<X,(,u“,gﬁ,7/5)>:XeG} isa(a,pB,0)

0
-PNSG of G .
It can easily verify that every PNSG is a («, 5,0 ) -PNSG, but the converse is not true.

3.2.2 Example

0
Consider the Klein’s four-group G = {e, a, b, C} with four elements, in which each element is self-inverse and
the composition "o any two elements results in the third element. Let us check whether it satisfies the

criteria of being (&, 3,5)~PNSG or not,

0
Let us consider the membership values of each element of G as follows:

1(e)=06,5(e)=0.7,7(e)=0.5
u(a)=0.65,¢(a)=0.55y(a)=0.45

11(b)=0.35,(b)=0.4,  (b) =0.75

y(c) =0.6, g(c) =0.7, 7/(0) =0.55

We consider o =0.5, #=0.6 and 6 =0.65
p(a*b)=u*(c)=p(c)va=06; ¢’ (a*b)=¢”(c)=¢(c)v B=0.7
7’ (a*b)=y°(c)=y(c)A5 =055

u(a) v u”(b)=065 ¢”(a) v’ (b)=06and »°(a) A y°(b)=0.45

0
Since, the conditiong” (a*b) < ¢” (@) v ¢” (b) does not hold, therefore the group G = {e,a,b, c} is
nota (e, 3,0 ) -PNSG.
3.2.3Example

Let us consider the group = U, {[a]eZlO:O<a<10&gcd(a,10):1}. Then,

Uso={[1].[3].[7]. [0}

We can easily show that it is (&, 5,0 ) -PNSG.
The calculation part is left as an exercise for the readers.
3.3 Theorem
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0

If A:{(X,y(x),g(x),}/(x)):XeG} is a neutrosophic subgroup of the group (CDS,O) then

N® ={<X,(y“,gﬁ,}/5)>:XeG} sa(a, f,5) PNSGof (G,o).

0

Proof. Since {(X 1(x),¢(x), ;/(X)) ‘Xe G; isa  neutrosophic subgroup of the group (CDS,O),

Then,

#(xey) st () v (y) 6" (xey) <g* (x) v (Y)and 7*(xey) 27" (x)A7r*(Y)
,u2<X_1)£,uZ(X),gz(x"l)ng(x)and ;/Z(X_l)Zyz(x), Vx,yeCD-}
,u”‘(xOy):,u(Xoy)vaS[,u(x)va]v[,u(y)va]:/ﬂ(x)vy"(y)

Similarly,

¢"(xey)<e" (x)ve(y)and 7 (xoy)2y° (x)Ar°(y)

Again,

,u"‘(x_l)=,u(x"1)va£,u(x)\/0(=,u°Y (X)

Similarly, gﬂ(x’l)ggﬁ(x) andyg(x’l)2y5(x) : ‘v’x,yeCDE.

This proves the theorem.

3.4 Proposition A (a,8,6)  -PNs N” ={<X,(,u”,gﬂ,7/5)>:XeG} of

0 0
(G,o)isa (a, 3,0) —PNSG of (G,o) iff
1 (xey )< () v (y7H)is” (xoy )< (X) v (yH)and y (xoy )2y (x) Ay (¥)
Proof. Itis obvious.

i i
3.5 Theorem The intersection of two (&, 3,6 ) -PNSGs of (G,¢) isa(«, ,0)-PNSG of (G,o).
Proof.
- . 0

LetN, ={,u‘f,gﬁ1,}/‘)l} and N, ={,u2“,g2ﬁ,7/§}betwo(a,ﬂ,é)—PNSGsof (G,0).

Then, their intersection defined as
0 o

ND NG ={u, 6y} where =l v pg " =gl v land y7 =1 A

0
Now, forall X,y € G,
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p(xoy )= (xoy v " (xoy ) < (" (X)v " (¥)) v (1" (¥)v 17 (¥))
= (4" (X)v " () (14" (¥) v 1" (¥))
=u" (X)v ()

Similarly, gﬂ(xoyfl)ﬁgﬁ(x)vgﬂ(wand 7/5(X°y71)275(x)/\75(y)

This proves the theorem.

0 0
Note: The union of two (&, 3,0 ) -PNSGs of (G,°) may notbe a (e, 3,0 ) -PNSG of (G, o).

3.6 Definition

0

0
Let N’ :(y“,gﬂ,y‘s)bea (a,ﬂ,5)—PNSGofagroup(G,oj.ThenforaIIX,yeG, N " is said to be

i
a normalized (a, S, 5) -PNSG of a group(G , oj , if the following conditions hold:

0 4 (xe3) < 4 () 1 (3). (x29) <57 (x)v s (y)and 7 (xey) 7 ()7 ()
(b) p (X*)=p (%), 6" (x*)=¢"(x)and y° (x*) =" ()
(©) u* (eD ) =1¢" (eD ) =land y° (eD ) =0, where e is the identity element.

3.7 Theorem

0

Let ND:(,u”’,gﬂ,y‘s) be a (a,ﬂ,é‘) -PNSG of a group (G,oj .Then the set

M" :{XGCDS L (X)=p” (eD),gﬁ(X):gﬁ (eD),}/‘s(X):}/‘y (eD )}formsa (o, B,6)-PNSG of a

0
group(G,o).

Proof: Clearly, the set M " is the non-empty set, ase” € M".

ui

0
Since, M"is the ((Z, 5, 5) -PNSG of a group(G, oj ,thenforall X,y € G
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Similarly, gﬂ(Xo y’l) <¢’ (eD ) and y° (Xo y’l) >y° (eD)
Thus, Xoy ' e M"

Therefore, (M 7 o) is the subgroup of(GD ) o)

3.8 Definition

ui

Let N" =(/f‘,gﬁ,y5) be a (a,ﬂ,é') -PNSG of a group (G,oj . Then for

0
all xeG ,(a,,B,5)-Pythagorean neutrosophic left coset(PNLC) of N" is the (a,,B, 5)—PNS such that

xN" = (x,u”‘, xs”, X;/‘s) and it is defined by

(e )(K) =z (X ok), (%57 ) (k) =7 (x ok ) and (xp° ) (k) = (X * ok ) forallk e G.
Similarly, the (a,,B,5)-Pythagorean neutrosophic right coset(PNRC) of N"is defined by

(k)(x,u“):y“ (k ° X’l),(k)(xgﬂ) =¢’ (k oxfl) and (k)(xf) :yﬁ(k ox’l)for all ke CDS
3.9 Definition

Let N” =(y“,gﬁ,}/5)bea (a,ﬂ,é')-PNSG ofagroup(é,o).Then N%isa (a,ﬂ,5)-Pythagorean

0
neutrosophic normal subgroup(PNNSG) of the group (G,oj, if every (a,ﬂ,5)— PNLC of N"is also a

(a,f,5)-PNRCof N”.
3.9.1 Example

0
Let us consider the group G = (Z4 vty ) , denotes the integers modulo 4 under addition. Firstly we construct the

composition table as follows:
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For 3¢ CDS and for allk e CDE , we define the (a,ﬂ,§) -PNLC and the (a,ﬂ,&)-pNRc as follows:
(3#“)(k) =u” (3’1 +, k),(3gﬁ)(k) = (371 +, k) and (37/5)(k) —y° (371 T, k)

Again, (K)(3u )= u” (k+,37),(k)(36”)=¢” (k+,3")and (k)(37" )=’ (k+,3")

(31 +,0) = (1+,0) = (1)

—_
w
N
N
~
—_ -
o
~
Il

Therefore, (3/1“ )(O) = (0)(3,ua )

Similarly, we can show that (Bgﬁ )(O) = (O)(Bgﬁ ) and (3}/5 )(0) = (0)(375)

We also verify the above result for, k=1, 2, 3.

0
Therefore, the group G =(Z,,+, )isa (a,ﬁ,5)—PNNSG.
3.10 Proposition

ui

. 0
Let N” =(,u"‘,gﬂ,;/‘>) be a (a,ﬂ,é') -PNSG of (G,oj. Then for every X,yeG , N"is a

]
(a,ﬂ,é') -PNNSG of a group (G,oj iff

p (xoy)=u"(yox),¢” (xey)=¢”(yox)and y°(xoy)=y°(yox)

Proof:

0 0
Let ND:(,u”’,gﬂ,y‘s) be a (a,ﬂ,5) -PNSG of a group (G,oj . Then for every XeG |,

XN =N . Now, for every x,keG , (xu*)(k)=(ux)(k) . (x6”)(K) =(s"x)(K) . and
(7)) = () (k).

Ao, for every xkeG . pf(xtok)=u(kox?) | ¢ (xPok)=¢”(kox?) . and
7 (k)= (ko).

Therefore, 4 (Xoy)= u* (Xo(yl)_l) = u” ((yl)_l ox) =4 (yox)
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similarly, ¢ (X0 y)=¢” (yox), and »° (xoy)=7°(yox).

Comversely, for every X,yeG . u*(xoy)= u*(yox) . ¢’ (xoy)=c”(yox) . and
7’ (xoy)=r"(yeox).

This  gives, /ja(Xo(y_l)_l)=Iua((y_1)_1ox) | gﬁ(Xo(y_l)_l):gﬁ((y_l)_lox) . and
7 (e (v?) )= () o).

o) = (o)

= (12)(x)= (2 )(%).(¢"2) (¥) = (26" )(x). (#°2)(%)=(27")(x)

= p'z=2u",¢"7=25" and y°z=12y°

0
= N"z=zN"foreveryzeG.

]
Asaresult, N"isa (a,,B, 5)-PNNSG ofa group(G,oj.

3.11 Proposition

0

0
Let N” :(,u"‘,gﬁ,y‘s)be a (a,3,5)-PNSG of a group(G,oj. Then for every X,y € G, N"is a

i
(a,ﬂ,5)—PNNSG of a group (G,oj iff

i (yoxeoy )= pu(x),¢” (yoxeyt)=¢” (x)and y°(yoxoy™)=y"(x)

Proof:

Let N” :(y“,gﬁ,yd)bea (a,ﬂ,5)-PNSG ofagroup(é,oj.

Then for  every X,yeé, ,u“(xoy):,u“(yox) , gﬁ(xoy)zgﬂ(yox) , and

7 (xey)=r"(yex).

Therefore,
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u(yoxoyt)=pu((yox)ey™)

)

Similarly, we can write ¢” (yo Xo y-l):gﬁ (x),and »° (yo Xo y-l):yé‘(x),
Conversely,
raiy <G i (yoxey )=t (16" (vexey?) =<’ (x)and 7 (yoxey ) =7 (x)
Therefore,
(oY) = (37 ey exey)

e ((yl)o(yo X)o(yl)_l)
K (YoX)

similarly, c” (xo y)=¢” (yox),and »°(xoy)=y"(yox).

0
Hence by using proposition 3.10, N isa (a, yop 5)-PNNSG of a group (G,oj.
3.12 Theorem

Let ND:(,u”’,gﬂ,y‘s) be a (a,ﬂ,5) -PNSG of a group (éoj . Then

S = XEG:ﬂa(x):ﬂa(em)’gﬂ(x)zgﬂ(em)and 75(X):76(em) is a normal subgroup of the

0
group (G,OJ.
Proof.

0
Ase’ €S, Sisanon-empty set. Clearly, S isa subgroup of (G, OJ.

0
LetxeGandseS  then u”(s)=u"(e"),¢”(s)=¢"(e")and »°(s)=7r"(¢")

By proposition 3.11,
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e (xosoxt)=u(s)=p (€7), 6" (xosox)=¢”(s)=¢” (" )and y° (xosox) = () =7 (")

Therefore, XeSoX* €8S.

0
Thus, (S, o) is a normal subgroup of(G,oj.

4. An Application

When we are dealing with an object that appears symmetric, group theory can help us for its study and
analysis. This concept applies to geometric figures, which remain invariant under some transformations
(reflection or rotation or both). In mathematics, a dihedral group is the group of symmetry of a regular polygon
which includes rotation and reflection. Decorative motifs on floor tiles, buildings, and artwork are frequently
based on dihedral groups. Chemists and mineralogists utilize dihedral groups to categorize the structure of
molecules and crystals, respectively. Many advertising agencies are employed symmetric groups to design the
logo for the companies.

In this section, we study the dihedral group for an asymmetric molecule having a tetrahedron structure. We

express the dihedral group in terms of (a,,b’, 5) -Pythagorean neutrosophic subgroup. For this, we take the
dihedral group D, (symmetries of squares).
D ,is a symmetric group of order 8 and it is defined by D4:{RO, Roos Rigos Rore, H,V, D, D’} , Where

R, is the rotation of 0°, Ry, is the rotation of 90°, R 4, is the rotation of 180, R,,, is the rotation of 270",

H is a reflection about X -axis, V is a reflection about Y -axis, D is a reflection about main diagonal, and

D’ is the reflection about other diagonal. Now we assign the membership, indeterminacy, and non-membership

values to each element of D ,, which is displayed in the form of a table given by,

RO R90 R180 R270 H V D D/
# o8 0.65 0.75 0.9 0.4 0.7 0.85 05
¢ o7 0.55 0.67 05 0.8 0.6 0.55 0.9
y o6 0.9 0.7 0.8 0.9 0.8 0.75 0.7

Tablel. Membership, indeterminacy, and non-membership values to each element of D,

We take & =0.8, f#=0.6and O =0.7. For the elements H andV ,

,u“(H OV_1)=,ua(ngo)z,u(Rlso)va:O.SS w1 (H)v u® (V_l):0.8
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¢’ (HoV ™) =¢" (R ) =6 (Rigp) v B=06< 57 (H) v’ (V™) =038
7 (HoV ™) =7 (Rgo) =7 (Rigg ) A3=072 y° (H) A y” (V) =07
For every pair of elements in D ,, the above conditions hold.

Therefore, N" = (,u“ Py ) is a-PNSG.

5. Conclusions

PFS, PIFS, PNS, etc. are the latest mathematical tools that are developed to design the uncertainty with high
precision. But, there exist some events where all these tools are unable to make a decision. This led to the

motivation of the introduction of (a,ﬂ,5) -PNS-as an extension of a PNS. Concerning to this notion we

derive (a,,B,é) -PNSGs and study their wvarious results and properties. We also discuss
((Z, 5, 5) -PNNSGs, (a, yop 5) -PNCs. Finally, we give an application where we use the dihedral group and

by using it we model the (a,ﬂ, 5) -PNSG. In the future, there are a lot of scopes to use this concept in the

study of cryptography, crystallography, graph theory, molecular chemistry, natural science, artificial
intelligence, data mining, etc.
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