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Abstract: Neutrosophy is introduced by F. Smarandache in 1980 which studies the origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra. Neutrosophy considers a proposition, theory,
event, concept, or entity, ”A” in relation to its opposite, ”Anti-A” and that which is not A, "Non-A”, and that which
is neither ”A” nor ”Anti-A”, denoted by “"Neut-A”. Neutrosophy is the basis of neutrosophic logic, neutrosophic
probability, neutrosophic set, and neutrosophic statistics. In this article, we apply the notion of neutrosophic set
theory to (positive implicative) ideals in BC K -algebras by using the concept of falling shadows. The notions of a
positive implicative (€, €)-neutrosophic ideal and a positive implicative falling neutrosophic ideal are introduced,
and several properties are investigated. Characterizations of a positive implicative (€, €)-neutrosophic ideal are
considered, and relations between a positive implicative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic ideal
are discussed. Conditions for an (€, €)-neutrosophic ideal to be a positive implicative (€, €)-neutrosophic ideal are
provided, and relations between a positive implicative (€, €)-neutrosophic ideal, a falling neutrosophic ideal and a
positive implicative falling neutrosophic ideal are studied. Conditions for a falling neutrosophic ideal to be positive
implicative are provided.

Keywords: neutrosophic random set, neutrosophic falling shadow, (positive implicative) (€, €)-neutrosophic ideal,
(positive implicative) falling neutrosophic ideal.

1 Introduction

In the study of a unified treatment of uncertainty modelled by means of combining probability and fuzzy set
theory, Goodman [5] pointed out the equivalence of a fuzzy set and a class of random sets. Wang and Sanchez
[26] introduced the theory of falling shadows which directly relates probability concepts to the membership
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function of fuzzy sets. Falling shadow representation theory shows us a method of selection relaid on the joint
degree distributions. It is a reasonable and convenient approach for the theoretical development and the practi-
cal applications of fuzzy sets and fuzzy logics. The mathematical structure of the theory of falling shadows is

formulated in [27]. Tan et al. [24, 25] established a theoretical approach for defining a fuzzy inference relation
and fuzzy set operations based on the theory of falling shadows. Neutrosophic set (NS) developed by Smaran-
dache [20, 21, 22] is a more general platform which extends the concepts of the classic set and fuzzy set,

intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set theory is applied to various
part which is refered to the site http://fs.gallup.unm.edu/neutrosophy.htm. Jun, Bordbar, Borumand Saeid and
Oztiirk studied neutrosophic subalgebras/ideals in BC' K / BC'I-algebras based on neutrosophic points (see [3],
(41, [90, [1 1], [15], [17], [19] and [23]). It is a reasonable and convenient approach for the theoretical devel-
opment and the practical applications of neutrosophic sets and neutrosophic logics. Jun et al. [12] introduced
the notion of neutrosophic random set and neutrosophic falling shadow. Using these notions, they introduced
the concept of falling neutrosophic subalgebra and falling neutrosophic ideal in BC'K/BC'I-algebras, and
investigated related properties. They discussed relations between falling neutrosophic subalgebra and falling
neutrosophic ideal, and established a characterization of falling neutrosophic ideal [!3]. Jun et al. [14] intro-
duced the concepts of a commutative (€, €)-neutrosophic ideal and a commutative falling neutrosophic ideal,
and investigate several properties. They obtained characterizations of a commutative (€, €)-neutrosophic
ideal, and discussed relations between a commutative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic
ideal. They provided conditions for an (€, €)-neutrosophic ideal to be a commutative (€, €)-neutrosophic
ideal, and considered relations between a commutative (€, €)-neutrosophic ideal, a falling neutrosophic ideal
and a commutative falling neutrosophic ideal. They also gave conditions for a falling neutrosophic ideal to be
commutative [18].

In this paper, we introduce the concepts of a positive implicative (€, €)-neutrosophic ideal and a positive
implicative falling neutrosophic ideal, and investigate several properties. We obtain characterizations of a
positive implicative (€, €)-neutrosophic ideal, and discuss relations between a positive implicative (€, €)-
neutrosophic ideal and an (€, €)-neutrosophic ideal. We provide conditions for an (€, €)-neutrosophic ideal
to be a positive implicative (€, €)-neutrosophic ideal, and consider relations between a positive implicative
(€, €)-neutrosophic ideal, a falling neutrosophic ideal and a positive implicative falling neutrosophic ideal.
We give conditions for a falling neutrosophic ideal to be positive implicative.

2 Preliminaries

A BCK/BC1-algebra is an important class of logical algebras introduced by K. Iséki (see [6] and [7]) and
was extensively investigated by several researchers.

By a BC'I-algebra, we mean a set X with a special element 0 and a binary operation = that satisfies the
following conditions:

@ (Vz,y,2 € X) ((x xy) * (% 2)) * (2 xy) = 0),
@M Vz,y e X) ((x*x(xxy))*xy =0),
() (Vo € X) (z +x = 0),

AV) (Vo,y € X) (z*y=0,yxz=0 = z=y).

If a BC'I-algebra X satisfies the following identity:
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(V) (Vzx e X) (0%xz=0),

then X is called a BC' K-algebra. Any BC'K /BC'I-algebra X satisfies the following conditions:

Ve e X)(xx0=121), (2.1)
(Ve,y,ze€ X)(x <y => xxz2<yxz, zxy<zxzx), (2.2)
(Vo,y,z€ X)((xxy)*x2=(x*2)*xy), (2.3)
(Ve ,y,z € X)((x*2)x (yx2) <x*y) 2.4)

where x < y if and only if x x y = 0. A BC'K-algebra X is said to be positive implicative if the following
assertion is valid.

(Vo,y,z€ X)((xx2)x (y*x2) = (z*xy)*2). (2.5)

A nonempty subset S of a BCK/BC-algebra X is called a subalgebra of X if x xy € Sforallxz,y € S. A
subset [ of a BCK/BCI-algebra X is called an ideal of X if it satisfies:

0el, (2.6)
VeeX)Vyel)(xxyel = xel). 2.7

A subset I of a BC K -algebra X is called a positive implicative ideal (see [16]) of X if it satisfies (2.6) and
Ve,y,z € X)(zxy)xz€l,yxz€l = xxzel). (2.8)

Observe that every positive implicative ideal is an ideal, but the converse is not true (see [16]).
We refer the reader to the books [8, 16] for further information regarding BC' K/ BC'I-algebras.
For any family {a; | i € A} of real numbers, we define

\/{ai | i€ A} :=sup{a; | i € A}
and
Ndai|i€ A} =inf{a; | i € A}.

If A = {1,2}, we will also use a; Vas and a; Aay instead of \/{a; | ¢ € A} and A{a; | i € A}, respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see [21]) is a structure of the form:

A= {{x; Ar(x), Ar(x), Ap(x)) | © € X}
where Ar : X — [0,1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ar : X — [0, 1] is a false membership function. For the sake of simplicity, we shall use the
symbol A.. = (Ar, A;, Ap) for the neutrosophic set

AL = {(z; Ar(x), A;(2), Ap(x)) | z € X }.

Given a neutrosophic set A, = (Ar, A;, Ar) inaset X, o, 8 € (0,1] and v € [0, 1), we consider the
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following sets:

Te(Avia) ={x e X | Ar(z) > a},
Ic(A;B) ={x e X | Ai(x) > }
Fe(Avy) ={z € X | Ap(z) <7}

We say T (Av;a), Ic(Av; B) and Fe(A~; ) are neutrosophic €-subsets.

A neutrosophic set A, = (Ar, Ar, Ar) in a BCK/BC1I-algebra X is called an (€, €)-neutrosophic
subalgebra of X (see [9]) if the following assertions are valid.

reTe(Aviay), yeTe(Avay) = xxy € Te(Av;ap A ay),
(Ve,ye X) | v€lc(As;By), yeIc(As;By) = vxy € Ic(Av; Bu A By)s (2.9)
T € Fe(Av;va), y € Fe(Av;yy) = wxy € Fe(As; 7. V)

for all v, oy, Bz, By € (0,1] and 7., v, € [0, 1).

A neutrosophic set A = (Ap, A;, Ar) ina BCK/BCI-algebra X is called an (€, €)-neutrosophic ideal
of X (see [19]) if the following assertions are valid.

reT(Av;a,) = 0€T(Av;ay)
(Ve eX)| z€lc(As;fBs) = 0€Ic(A:By) (2.10)
r € Fe(Av;ne) = 0€ Fe(Aviv,)

and

rxy€Te(Avay), yeTe(Avay) = v € Te(Av;ou A ay)
(Ve,ye X) | oxy€lc(Av;fy), y € Ic(Av; By) = € Ic(Av; Ba A By) (2.11)
rxy € Fe(Av;va), ¥y € Fe(Aviyy) = 2 € Fe(As;yz V)

for all v, vy, Bs, By € (0,1] and 7,7, € [0,1).

In what follows, let X and P(X) denote a BC' KK/ BC'I-algebra and the power set of X, respectively, unless
otherwise specified.

Foreach z € X and D € P(X), let
z:={CeP(X)|zelY}, (2.12)
and
D:={z|ze D} (2.13)

An ordered pair (P(X), B) is said to be a hyper-measurable structure on X if B is a o-field in P(X) and
XCB.

Given a probability space (€2,.4, P) and a hyper-measurable structure (P(X),B) on X, a neutrosophic
random set on X (see [12]) is defined to be a triple & := (&7, &7, £r) in which &7, &7 and & are mappings from
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2 to P(X) which are .A-3 measurables, that is,

§&1(C) ={wr € Q| ér(wr) eCe A
VCeB)| &HC)={w €Q|&(w)eCre A |. (2.14)
& (C) ={wrp e Q| &p(wp) €CY e A

Given a neutrosophic random set £ := (&7, &7, {r) on X, consider functions:

ﬁ]T X — [O, 1], T — P(wT | rT € fT(wT)),
f{[ X — [0,1], Xy — P(CL)[ ’ xrr € f[(bd[)),
ﬁF X — [O, 1], Tp+— 1 —P(wF | T € £F(WF)>

Then H := (ﬁT, H,, H ) is a neutrosophic set on X, and we call it a neutrosophic falling shadow (see [12])
of the neutrosophic random set £ := (&1,&r,&r), and € := (&7, &7, Er) is called a neutrosophic cloud (see [12])
Ofﬁ = (]:.IT, ﬁ[, ]:-IF)

For example, consider a probability space (€2, 4, P) = ([0, 1],.A, m) where A is a Borel field on [0, 1]
and m is the usual Lebesgue measure. Let H := (ﬁT, H; H r) be a neutrosophic set in X. Then a triple
€ = (IST, g[, fp) in which

r7:[0,1] = P(X),a— Te(H; a),
&:00,1] = P(X), 8 I(H; B),

§F : [071] _)P(X>a7'_>FE(H7’Y)

is a neutrosophic random set and £ := (£7, &, {r) is a neutrosophic cloud of H = (fIT, H,, H ). We will call
€ = (&1, &1, &) defined above as the neutrosophic cut-cloud (see [12]) of H = (I:]T, Hy, I:IF)

Let (£2, A, P) be a probability space and let £ := (&7, &r, {r) be a neutrosophic random set on X. If &7 (wr),
¢r(wr) and {p(wp) are subalgebras (resp., ideals) of X for all wr, wy, wp € €2, then the neutrosophic falling
shadow H := (Hyp, Hy, Hp) of € == (&r,&;,&p) is called a falling neutrosophic subalgebra (resp., falling
neutrosophic ideal) of X (see [12]).

3 Positive implicative (€, €)-neutrosophic ideals

Definition 3.1. A neutrosophic set A = (Ar, A;, Ar) in a BC' K-algebra X is called a positive implicative
(€, €)-neutrosophic ideal of X if it satisfies the condition (2.10) and

(xxy)xzeTe(Avsay), yxz € Te(Avsay) = xx2 € Te(Av;ay A oy)
(xxy)*xz € lc(Av;fe), yx 2 € Ic(Av; By) = xxz € Ic(Av; Bu A By) 3.1
(zxy)* 2 € Fe(Avie), y* 2 € Fe(Aviyy) = x% 2 € Fe(Aviv V)

forall x,y,z € X, o, vy, By, By € (0,1] and v,, v, € [0, 1).

Example 3.2. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 1
Then (X;*,0) is a BC K-algebra (see [10]). Let A = (Ar, A7, Ar) be a neutrosophic set in X defined by
Table 2
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Table 1: Cayley table for the binary operation “x

=W N = O %
=W N = OO
=W N O O
= W O O O
_ o O O OlWw
S WD OO

Table 2: Tabular representation of A = (A, A;, Ar)

0 0.8 0.6 0.1
1 0.7 0.6 0.4
2 0.6 0.5 0.4
3 0.4 0.2 0.6
4 0.2 0.3 0.9

Routine calculations show that A, = (Ar, A;, Ar) is a positive implicative (€, €)-neutrosophic ideal of X.

Theorem 3.3. Every positive implicative (€, €)-neutrosophic ideal of a BCK-algebra X is an (€, €)-
neutrosophic ideal of X.

Proof. 1tis clear by taking z = 0 in (3.1) and using (2.1). ]
Theorem 3.4. For a neutrosophic set A.. = (Ar, Ar, Ar) ina BCK-algebra X, the following are equivalent.

(1) The non-empty €-subsets Tc(A; ), Ic(A; B) and Fc(A~;~y) are positive implicative ideals of X for
all a, p € (0,1] and v € [0, 1).

(2) A. = (Ar, Aq, AF) satisfies the following assertions.

(Vo e X) ( Ar(0) > Ap(z), Ar(0) > Ag(z), Ap(0) < Ap(z) ) (3.2)

and

Ap(xx2) > Ap((z x y) * 2) N Ap(y * 2)
(Ve,y,z € X) | Ar(z*xz) > Ar((x*xy) *2) N Ar(y * 2) (3.3)
Ap(xx2) < Ap((zxy) *x2) V Ap(y * 2)

Proof. Assume that the non-empty €-subsets T (A; @), Ic(A~; B) and Fc(A~;7y) are positive implicative
ideals of X for all o, 5 € (0,1) and y € [0,1). If Ar(0) < Ar(a) for some a € X, then a € Tc(A-; Ar(a))
and 0 ¢ Tc(A-; Ar(a)). This is a contradiction, and so A7(0) > Ap(z) for all z € X. Similarly, A;(0) >
Aj(x) for all z € X. Suppose that Ar(0) > Ap(a) for some a € X. Then a € F.(A-.; Ar(a)) and
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0 ¢ Fe(A; Ar(a)). This is a contradiction, and thus Ar(0) < Ap(z) for all x € X. Therefore (3.2) is valid.
Assume that there exist a, b, ¢ € X such that

Ar(axc) < Ar((a*b)xc) N Ap(bx*c).

Taking o := Ap((a x b) * ¢) A Ap(b * ¢) implies that (a x b) * ¢ € Te(Av;a) and b x ¢ € Te(A-; ) but
ax*c ¢ Te(A-; ), which is a contradiction. Hence

Arp(zxz) > Ap((x xy) *x 2) N Ap(y * 2)
for all =, y, z € X. By the similar way, we can verify that
Az x2) > Ar((x xy) x 2) AN Ar(y * 2)
for all z,y, z € X. Now suppose there are =, y, 2 € X such that
Ap(xx2) > Ap((zxy) * 2) V Ap(y * 2) := 1.
Then (z xy)*x 2 € Fc(Av;y)and y x 2z € Fe(Av;y) but x x z ¢ Fe(A~;7), a contradiction. Thus
Ap(xx2) < Ap((xxy) *2) V Ap(y * 2)

forall x,y,z € X.

Conversely, let A.. = (A, A;, Ar) be a neutrosophic set in X satisfying two conditions (3.2) and (3.3).
Assume that T (A; ), Ic(A~; 8) and Fc(A-;~) are nonempty for a, 5 € (0,1] and v € [0,1). Let x €
Te(Av;a),a € Ie(Av; B) and u € Fe(Av;y) for a, 5 € (0,1] and v € [0,1). Then Ar(0) > Ap(x) > «a,
Ar(0) > Af(a) > 5, and Ap(0) < Ap(u) < v by (3.2). It follows that 0 € Tc(A.; @), 0 € Ic(A-; ) and
0€ Fe(Av;7). Leta,b,c € X besuchthat (axb)xc € Te(A; ) and bxc € Te(A~; «) for a € (0, 1]. Then

Ar(axc) > Ar((axb)xc) N Arp(bxc) > «

by (3.3),andsoaxc € Te(Av; ). If (zxy)*x2z € [c(A;B) and y x 2z € Ic(A; 5) forall z,y,z € X and
B € (0,1], then A;((x *y) * 2z) > S and A;(y * z) > (. Hence the condition (3.3) implies that

Ap(zx z) > Ar((zx y) x 2) N Ar(y * 2) > B,

that is, © * z € Ic(A~; (). Finally, suppose that (z x y) x z € Fc(A.;y) and y x 2 € Fc(A;~y) for all
x,y,z2 € Xandy € (0,1]. Then Ap((z xy) * z) < v and Ap(y * z) < =y, which imply from the condition
(3.3) that

Ap(z*x2) < Ap((xxy) x2) V Ap(y * 2) < 7.

Hence x * z € F¢(A~;7y). Therefore the non-empty €-subsets T (A; ), Ic(A-;3) and Fe(A-;~y) are
positive implicative ideals of X for all o, 5 € (0,1] and 7 € [0, 1). O

Theorem 3.5. Let A.. = (Ar, A;, Ar) be a neutrosophic set in a BCK-algebra X. Then A.. = (Ar, A1, Ar)
is a positive implicative (€, €)-neutrosophic ideal of X if and only if the non-empty neutrosophic €-subsets
Te(Av; ), Ic(A~; B) and Fc(A~; ) are positive implicative ideals of X for all o, 5 € (0, 1] and v € [0, 1).

H. Bordbar, X.L. Xin, R.A. Borzooei, Y.B. Jun, Positive implicative ideals of BC K -algebras based on
neutrosophic sets and falling shadows.



Neutrosophic Sets and Systems, Vol. 48, 2022 16

Proof. Let A, = (Ar, A1, Ar) be a positive implicative (€, €)-neutrosophic ideal of X and assume that
Te(Av; ), Ic(Av; B) and Fe(A~; ) are nonempty for o, 8 € (0, 1] and v € [0, 1). Then there exist z,y, z €
X suchthat z € Tc(Av;a), y € Ic(Av; B) and z € Fc(A~; ). It follows from (2.10) that 0 € T (A; @),
0 € Ic(A;p) and 0 € Fc(Av;y). Let z,y,2,a,b,c,u,v,w € X be such that (z * y) *x z € Te(Av; ),
yxz € Te(Av; ), (axb)xc € Ic(Av; ), bxc € IG(A B), (usxv)*w € Fe(Av;y)andvsxw € Fe(Av; 7).
Thenz*z € Te(Av;aANa) = TE(AN,a) axc € I(A;BAP)=1c(A;B),anduxw € Fe(A;yVy) =
Fc(A.;v) by (3.1). Hence the non-empty neutrosophic €-subsets T (A; ), Ic(A~;5) and Fe(A~;7y) are
positive implicative ideals of X forall o, 5 € (0,1] and v € [0, 1).

Conversely, let A. = (Ar, A7, Ar) be a neutrosophic set in X for which T¢(A-;«a), Ic(A; ) and
Fc(A.;~) are nonempty and are positive implicative ideals of X forall a, # € (0,1] andy € [0, 1). Obviously,
(2.10)is valid. Let z,y, 2 € X and o, o, € (0, 1] be such that (z*y)*z € Te(Av; o) and yxz € Te (A o).
Then (z *xy) * 2z € Te(Av; o) and y x z € Te(Aw; ) where o = a, A . Since Te(A.; ) is a positive
implicative ideal of X, it follows that x * z € Tc(A;a) = Te(Av; a, A ). Similarly, if (z xy) * z €
Ic(Ao; By)and y x z € Ic(Av; By) forall z,y, z € X and 3, B, € (0,1], then x * z € Ic(A~; 5. A By). Now,
suppose that (v * y) * z € Fe(Av;y,) andy * 2 € Fe(AL;y,) forall x,y, 2 € X and v,, 7, € [0,1). Then
(xxy)*z € Fe(Av;y)and y*z € Fe(Av;y) where y = 7, V. Hence %z € Fe(A;y) = Fe(Av; v V)
since Fc(A~;7) is a positive implicative ideal of X. Therefore A.. = (A, A;, Ar) is a positive implicative
(€, €)-neutrosophic ideal of X. O

Corollary 3.6. Let A.. = (Ar, A1, Ar) be a neutrosophic set ina BCK-algebra X. Then A.. = (Ar, A;, Ar)
is a positive implicative (€, €)-neutrosophic ideal of X if and only if it satisfies two conditions (3.2) and (3.3).

Lemma 3.7 ([18]). Every (€, €)-neutrosophic ideal A.. = (Ar, Ar, Ar) ofa BCK/BCI-algebra X satisfies
the following assertion.

Ar(z) > Ar(y)
Ve,ye X) |z <y =< A(x) > Ai(y) : (3.4)
Ap(z) < Ap(y)

Lemma 3.8 ([18]). Given a neutrosophic set A.. = (Ar, A;, Ar) ina BCK/BC1I-algebra X, the following
assertions are equivalent.

(1) Ao = (Ap, Ar, Ag) is an (€, €)-neutrosophic ideal of X.

(2) A = (Arp, A, Ap) satisfies the following assertions.

(Vz e X) ( Ap(0) > Ap(x), Ar(0) > Af(z), Ap(0) < Ap(z) ) (3.5)
and
Ar(r) > Ar(x*y) A Ar(y)
(Vo,y € X) | Ar(z) > Ar(z xy) A Ar(y) (3.6)
Ap(z) < Ap(zxy) VvV Ar(y)

Proposition 3.9. Every positive implicative (€, €)-neutrosophic ideal A.. = (Ar, A;, Ar) of a BCK-algebra
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X satisfies the following assertions.
Ap(z*y) = Ap((z +y) *y)
(Vo,y € X) | Arlwxy) = Ar((zxy) xy) |, 3.7)
Ap(zxy) < Ap((z+y) *y)
Ar((zxz)x (y*x2)) > Ar((x x y) x 2)
(Vo,y e X) | Arl(wx2)*(y*z2)) > Ar((z*y)«z) |, (3.8)
Ap((zx2)x (y*2)) < Ap((z xy) * 2)
and
Ap(zxy) > Ar(((z xy) x y) x 2) A Ar(2)
(Vz,ye X) | Ar(zxy) > Ar(((z*xy) xy) *2) A Ar(2) (3.9)

Ap(xxy) < Ap(((xxy) xy) * 2) V Ap(2)

Proof. Let A = (Ar, Ar, Ar) be a positive implicative (€, €)-neutrosophic ideal of a BC K-algebra X.
Then A. = (Ar, A;, Ar) be an (€, €)-neutrosophic ideal of a BC K-algebra X (see Theorem 3.3). Since

r+x = 0forall z € X, putting z = y in (3.3) and using (3.2) induce (3.7). Since
(xx(yxz))xz)xz=((z*x2)*(y*x2))*xz<(r*xy)*z

for all x,y, z € X, we have

and

Ap((x*2)x (yx2)) = Ap((z * (y * 2)) * 2)

< Ap(((xx (y*x2)) *2) * 2)
< Ap((z xy) * 2)

by (2.3), (3.7) and Lemma 3.7. Thus (3.8) is valid. Note that

(xxy)*xz=((rx2)xy)*(y*y)
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for all z,y € X. It follows from Lemma 3.8, (3.8) and (2.3) that

and
Ap(xxy) < Ap((xxy) *2) V Ap(2)
=Ap(((z*2)*xy)*x (yxy)) V Ar(2)
< Ap(((z%2) % y) *y) V Ap(2)
= Ap(((z*y) xy) * 2) V Ap(z)
for all x,y, z € X. Therefore (3.9) is valid. [

The converse of Theorem 3.3 is not true as seen in the following example.

Example 3.10. Consider a set X = {0, 1,2, 3,4} with the binary operation % which is given in Table 3

Table 3: Cayley table for the binary operation “x”

AW~ of %
B ow o~ oo
N O = R ]
B WO~ ol
S o N o olw
O W o R Ok

Then (X;*,0) is a BC K-algebra (see [10]). Let A = (Ar, A7, Ar) be a neutrosophic set in X defined by
Table 4

Routine calculations show that A.. = (Ar, A7, Ap) is an (€, €)-neutrosophic ideal of X. Neutrosophic €-

H. Bordbar, X.L. Xin, R.A. Borzooei, Y.B. Jun, Positive implicative ideals of BC' K -algebras based on
neutrosophic sets and falling shadows.



Neutrosophic Sets and Systems, Vol. 48, 2022 19

Table 4: Tabular representation of A, = (Ar, A;, Ar)

X AT(.Z‘) A[(LL’) AF(ﬁ)
0 0.7 0.9 0.3
1 0.4 0.7 0.5
2 0.5 0.6 0.4
3 0.4 0.7 0.5
4 0.1 0.4 0.6

subsets are given as follows.

(0 if « € (0.7,1],
! if o € (0.5,0.7],
T-(A;a) = { {0,2} if o € (0.4,0.5],
{0,1,2,3} ifa e (0.1,0.4],
L X if o € (0,0.1],
(0 if 3 € (0.9,1],
{0} if 8 € (0.7,0.9],
{ {0,1 ,3} if 8 € (0.6,0.7),
0,1,2,3) if 8 € (0.4,0.6],
L X if 8 € (0,0.4],
and
(X if v € 0.6,1),
0,1,2,3} ify € [0.5,0.6),
Fe(Ao;y) =4 {0,2} if v € [0.4,0.5),
{0} if v €[0.3,0.4),
L0 if y € [0,0.3).

If « € (0.4,0.5] and v € [0.4,0.5), then Tc(A~; ) and Fc(A~;~y) are not positive implicative ideals of X.
Thus A. = (Ar, Ar, Ar) is not a positive implicative (€, €)-neutrosophic ideal of X by Theorems 3.4 and
3.5.

We provide conditions for an (€, €)-neutrosophic ideal to be a positive implicative (€, €)-neutrosophic
ideal.

Theorem 3.11. Given a neutrosophic set A.. = (Ar, A;, Ar) in a BCK-algebra X, the following assertions
are equivalent.

(1) Ao = (Ar, A;, AR) is a positive implicative (€, €)-neutrosophic ideal of X.

(2) Ao = (Ar, Ar, Ap) is an (€, €)-neutrosophic ideal of X that satisfies the condition (3.7).
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(3) A. = (Ar, A1, Ap) is an (€, €)-neutrosophic ideal of X that satisfies the condition (3.8).

4) Ao = (Ar, A;, Ap) satisfies two conditions (3.2) and (3.9).

Proof. Assume that A. = (Ar, A;, Ap) is a positive implicative (€, €)-neutrosophic ideal of X. Then
A. = (A, A1, Ap) is an (€, €)-neutrosophic ideal of X by Theorem 3.3. If we take z = y in (3.3) and use
(3.2), then we get the condition (3.7). Suppose that A = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of X
satisfying the condition (3.7). Note that

(wx(yx2))x2)xz=((wx2)x(yx2))x2 < (rxy)*z

for all x,y, z € X. It follows from (2.3), (3.7) and Lemma 3.7 that

and

Ap((z*x2)* (y*2)) = Ap((z * (y * 2)) * 2)
< Ap(((xx (y*x2)) x 2) * 2)
< Ap((x*xy) * 2).

Hence (3.8) is valid. Assume that A, = (Ar, A7, Ar) is an (€, €)-neutrosophic ideal of X satisfying the
condition (3.8). It is clear that A.. = (A, A;, Ar) satisfies the condition (3.2). Using (3.6), (II), (2.3) and
(3.8), we have
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and

for all z,y,z € X. Thus (3.9) is valid. Finally suppose that A = (Ar, A;, Ar) satisfies two conditions (3.2)
and (3.9). Using (2.1) and (3.9), we get

Ar(z) = Ap(z *0)
> Ar(((x % 0) % 0) x y) A Ar(y)
= AT($ * Z/) A AT(ZJ),

Ar(x) = Ar(z +0)
> A(((x%0) % 0) x y) A Ar(y)
= Ar(z*y) N Ar(y),

and

AF(:C) = AF(Z' * 0)
< Ap(((z%0) % 0) % y) V Ap(y)
= Ap(zxy) V Ap(y)

forall z,y € X. Hence A = (Ar, A1, Ap) is an (€, €)-neutrosophic ideal of X. Since
((xx2)x2)x(yxz) < (xxz)xy=(rxxy)*z
for all x,y, z € X, it follows from (3.9) and (3.4) that

Ap(zx2) > Ap(((xx2) % 2) x (y* 2)) A Ap(y * 2)
> Ar((zxy) *2) N Ap(y * 2),

Af(ex2) > Af(((z*2) x2) * (y x 2)) N Ar(y * 2)
> Ar((zxy)x2) NAr(y x 2),

and

Ap(xx2) < Ap(((z*x2) % 2) % (y*2)) V Ap(y * 2)
< Ap((xxy)x2)V Ap(y * 2)

for all x,y,z € X. Therefore A. = (Ar, Ar, Ar) is a positive implicative (€, €)-neutrosophic ideal of
X. O
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4 Positive implicative falling neutrosophic ideals

Definition 4.1. Let (€2, A, P) be a probability space and let £ := ({7, &7, {r) be a neutrosophic random set on
a BOK-algebra X. If &7 (wr), §I(w1) and gp(uip) are positive implicative ideals of X for all wy, w;, wp € €,
then the neutrosophic shadow H := (Hr, H;, Hp) of the neutrosophic random set & := (&7, &7, &r) on X, that
s,

Hr(xr) = Plwr | 27 € &r(wr)),
Hi(er) = Plor | a1 € &(wn). @D
Hp(zp) =1— P(wp | zp € &p(wp))

is called a positive implicative falling neutrosophic ideal of X .

Example 4.2. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 5

‘6 2

Table 5: Cayley table for the binary operation “x

=W N = O %
= w N = OO
= w N OO
=W OO O N
= O N = OfWw
O W OO O

Then (X *,0) is a BC' K-algebra (see [16]). Consider (2,4, P) = ([0,1],.A,m) and let £ := ({7, &7,&F) be
a neutrosophic random set on X which is given as follows:

({03}  ifte[0,025),
(0,1} ift € [0.25,0.55),
&r 1 [0,1] = P(X), $I—>{ {0,1,2} ift € [0.55,0.85),
{0,1,3) ift e [0.85,0.95),

L X if ¢+ € [0.95, 1],

} o ift e [0,0.45),
if ¢ € [0.45,0.75),

&0 [0,1] = P(X), x+— 3}
4} ift e [0.75,1],

A
oo o
— =
O NN

and
({0} ift € (0.9,1],
{0,3} ift € (0.7,0.9],
&r 0,1 = P(X), = { 0,1,2}  ifte (0507,
0,1,2,3} ift € (0.3,0.5],

L {0,1,2,4} ifte[0,0.3].

H. Bordbar, X.L. Xin, R.A. Borzooei, Y.B. Jun, Positive implicative ideals of BC' K -algebras based on
neutrosophic sets and falling shadows.



Neutrosophic Sets and Systems, Vol. 48, 2022 23

Then &7(t), §r(t) and {x(t) are positive implicative ideals of X for all ¢ € [0,1]. Hence the neutrosophic
falling shadow H := (Hp, H;, Hp) of £ := (&1,&1,&F) is a positive implicative falling neutrosophic ideal of
X, and it is given as follows:

(1 ifz=0,

N 0.75 ifz =1,
Hr(z) =4 035 ifz=2,
04 ifz=3,

L 0.05 ife=4,

1 ifze{0,1,2},

Hi(z)={ 03 ifz=3,
0.25 ifzx =4,
and
[ 0 ifx =0,
- )07 ifze{1,2),
Hﬂ@_{(m if v = 3,
L 0.3 ifz=4.

Given a probability space (Q, A, P), let H := (Hr, H;, Hr) be a neutrosophic falling shadow of a neutro-
sophic random set & := (&7,&r,&r). Forx € X, let

Qx; &) == {wr € Q| x € &p(wr)},
Qa;&r) = {wr € Q| x € &(wr)},
Qa;€p) == {wp € Q |z € {p(wp)}-

Then Q(x; &), Q(;&r), QUx; Er) € A (see [12]).

Proposition 4.3. Let H = (]:IT, H;, H F) be a neutrosophic falling shadow of the neutrosophic random set
€ := (&p,&1,6r) ona BCK-algebra X. If H := (Hy, Hy, Hr) is a positive implicative falling neutrosophic
ideal of X, then

Q((z*y) * 2;60) Ny * 2;67) € QU * 2;67)

(Vo,y,2 € X) | Qz*y) *2,&) NQy * 2;&r) C Uz *2&) |, (4.2)
Q(z +y) * 2;6r) Ny * 2;8r) € Qx * 2;EF)
Qz * 2;6r) € Q(x *y) * 2;67)

(Vo,y,z€ X) | Qax*z8) CAw*y) x2:6) |- (4.3)
Qz x 2;&r) CQ(z xy) * 2;8p)

Proof. Letwr € Q((x xy) * 2;&r) Ny * 2;&r), wr € Q(xxy) x2;&) Ny * 2;&7) and wp € Q(x * y) *
2;&p) NQ(y % 2;&p) forall z,y, 2 € X. Then

(2%1) % 2 € rlwr) and y * = € Er(ir),

(x*y) x 2 € &(wr) and y * 2 € {(wr),
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(x*xy)*z € &p(wr)and y * z € Ep(wr).
Since &r(wr), &r(wr) and Ep(wp) are positive implicative ideals of X, it follows from (2.8) that x * z €
fT(wT) N 5](0.}[) N £F(wF) and so that wp € Q(l’ * Z;fT), wr € Q(LL' * 2;51) and wp € Q(l’ * Z,fp) Hence
(4.2) is valid. Now let x,y, 2 € X be such that wy € Q(z * 2;&7), wr € Uz * 2;&;), and wp € Q(z * 2;Ep).
Then z * z € &p(wr) N & (wr) N Ep(wr). Note that

(xxy)xz)x(xx2)=((xxy)*x(x*x2)) %z
< (ry)es= (252 ny
=0xy=0,

which yields
(x*xy)*xz)x(x*xz)=0¢€ &r(wr) NE(wr) NEp(wr).
Since 7 (wr), £7(wr) and £ (wr) are positive implicative ideals and hence ideals of X, it follows that (z * y) *

z € &p(wr)NEr(wr)NEp(wr). Hence wr € Q((zxy)*2;&r), wr € Q((xxy)*2; &), and wp € Q((w*y)*2;Ep).
Therefore (4.3) is valid. [

Given a probability space (€2, A, P), let
F(X):={f]| f:9Q— X is amapping}. 4.4)
Define a binary operation ® on F(X) as follows:
(Vw e Q) ((f ® g)(w) = f(w) *g(w)) (4.5)
forall f,g € F(X). Then (F(X);®,6) isa BCK/BCI-algebra (see [10]) where € is given as follows:

0:0— X, w—0.

For any subset A of X and g7, g1, gr € F(X), consider the followings:

A% = {wT € | gT(wT) S A},
A2 = {ur €9 grlwr) € A),
A% = {wr € Q| gr(wr) € A}

and

&r: Q= P(F(X)), wr = {Ygr € F(X) | gr(wr) € A},
Q= P(FX)), w— {gr € F(X) | gr(wy) € A},
r: Q= P(F(X)), wp— Ygr € F(X) | gr(wr) € A}

Then A%, AY, A% € A (see [12]).
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Theorem 4.4. If K is a positive implicative ideal of a BC K -algebra X, then

&r(wr) = {gr € F(X) | gr(wr) € K},
&r(wr) = {gr € F(X) | g1(wr) € K7},
§r(wr) = {gr € F(X) | gr(wr) € K}

are positive implicative ideals of F(X).

Proof. Assume that K is a positive implicative ideal of a BC K -algebra X. Since 0(wr) =0 € K, 0(w;) =
0 € K and f(wp) = 0 € K for all wy, wy, wr € 2, we have

0 e £T(wT) N 5](0.}[) N §F(wp).
Let fr, gr, hr € F(X) be such that (fr ® gr) ® hr € {r(wr) and gr ® hy € Ep(wr). Then

(fr(wr) * gr(wr)) * hr(wr) = ((fr ® gr) ® hr)(wr) € K

and gr(wr) * hr(wr) € K. Since K is a positive implicative ideal of X, it follows from (2.8) that

(fr ® hy)(wr) = fr(wr) * hr(wr) € K,

that is, f7 ® hy € &r(wr). Hence &7 (wr) is a positive implicative ideal of F(X). Similarly, we can verify that
&r(wr) is a positive implicative ideal of (X ). Now, let fr, gr, hr € F(X) be such that (fr ® gr) ® hp €
{rp(wr) and gp ® hy € {p(wr). Then

(fr(wr) * gr(wr)) * hp(wr) = ((fr ® gr) ® hp)(wr) € K

and gp(wr) * hp(wr) € K. Then

(fr ® hr)(wr) = fr(wr) * hr(wr) € K,
andso fr®hp € {p(wr). Hence r(wr) is a positive implicative ideal of (X ). This completes the proof. [

Theorem 4.5. If we consider a probability space (2, A, P) = ([0, 1],.A, m), then every positive implicative
(€, €)-neutrosophic ideal of a BCK -algebra is a positive implicative falling neutrosophic ideal.

Proof. Let H = (}:IT, H;, Hp) be a positive implicative (€, €)-neutrosophic ideal of a BC K -algebra X.
Then T-(H; o), Ic(H; B) and F<(H; ) are positive implicative ideals of X forall v, 5 € (0,1] and vy € [0, 1)
by Theorem 3.5. Hence a triple £ := ({7, &7, {F) in which
€T : [07 1] — P(X)a o= T€<[:I;Oé)a
&r:10,1] = P(X), B Ic(H; ),
F o [0,1] = P(X), v = Fe(H;7)

is a neutrosophic cut-cloud of H := (]:IT, H;, H ), and so H .= (]:IT, H;, H ) is a positive implicative falling
neutrosophic ideal of X. [

The converse of Theorem 4.5 is not true as seen in the following example.
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[I3E4

Table 6: Cayley table for the binary operation “x

=W N = O %
= w N = OO
=N NN O O
=~ = O = O
_ O O O OoOWw
S W N = Ol

Example 4.6. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 6

Then (X %,0) is a BC K -algebra (see [16]). Consider (2, A, P) = ([0,1],.A,m) and let £ := ({7, &7,&F) be
a neutrosophic random set on X which is given as follows:

[ {0,1} ift €[0,0.2),

[
| {0,2) it € [0.2,0.55),
&r:(0,1] = P(X), xﬁ{ {0,2,4}  ift € [0.55,0.75),
[

L {0,1,2,3} ift € [0.75,1],

{0,2} if ¢ € [0,0.26),
£ :00,1] = P(X), x4 {0,4} if £ € [0.26,0.68),
0,1,2,3) ift €[0.68,1]
and
({0} if ¢t € (0.77, 1],
0,1} if ¢t € (0.66,0.77],
r 0 0,1] = P(X), z { (0,2} if t € (0.48,0.66],
0,2,4)  ift € (0.23,0.48],

L {0,1,2,3} ift e [0,0.23].

Then &7(t), §r(t) and {x(t) are positive implicative ideals of X for all ¢ € [0, 1]. Hence the neutrosophic
falling shadow H := (Hp, Hy, Hr) of £ := (&7, &7, &p) is a positive implicative falling neutrosophic ideal of
X, and it is given as follows:

[1 ifz =0,

) 045 ifz=1,
Ar(z) = { 0.8 ifz =2,
0.25 ifz=3,

L02 ifz=4,
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(1 ifz=0,
- 0.32 ifx e {1,3},

Hr(@) =19 058 ifz =2
L 042 ifz—4,
and

(0 if 2 =0,
] 0.66 ifz=1,
f&@%:{OM if v = 2,
0.77 ifz =3,
L 075 ifz =4

But H := (I:IT, H; H ) is not a positive implicative (€, €)-neutrosophic ideal of X since
Hp(3%4) = Hp(3) = 0.25 < 0.8 = Hp((3 % 2) x4) A Hp(2 % 4)
and/or
Hr(3%4) = Hp(3) = 0.77 > 0.66 = Hp((3 % 1) x4) v Hp(1 + 4).

We provide relations between a falling neutrosophic ideal and a positive implicative falling neutrosophic
ideal .

Theorem 4.7. Let (2, A, P) be a probability space and let H == (Hy, H;, Hp) be a neutrosophic falling
shadow of a neutrosophic random set & := (&7,&1,&r) on a BCK-algebra X. If H :== (Hr, H;, Hp) is a
positive implicative falling neutrosophic ideal of X, then it is a falling neutrosophic ideal of X.

Proof. Let H := (fIT, H; H r) be a positive implicative falling neutrosophic ideal of a BC K-algebra X.

Then &7 (wr), §r(wr) and {p(wr) are positive implicative ideals of X, and so {7(wr), §(wr) and Ep(wr) are
ideals of X for all wr, w;, wr € Q. Therefore H := (Hr, H;, Hr) is a falling neutrosophic ideal of X. O]

The following example shows that the converse of Theorem 4.7 is not true in general.

Example 4.8. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 7

Table 7: Cayley table for the binary operation “x”

=W N = O %
= w N = OO
=W N O O
=N O O O
= O O O OlWw
S W N~ O
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Then (X %,0) is a BC' K-algebra (see [16]). Consider (2,4, P) = ([0,1],.A,m) and let £ := ({7, &7, &r) be
a neutrosophic random set on X which is given as follows:

{0,4} if t € [0,0.37),
&r100,1] = P(X), 2 { {0,1,2,3} ifte[0.37,0.67),
{0,1,4}  ift €[0.67,1],

‘ {0,4} if t €10,0.45),
& :[0,1] = P(X), x+— { {0,1,2,3} ift € [0.45,1],

and

{0} if t € (0.74,1],

( (
. {0,1} if £ € (0.66,0.74],
& 0.1 = PX), w { {0,4) if ¢ € (0.48,0.66],
\

{0,1,2,3} ift €[0,0.48).

Then &7(t), £;() and £p(t) are ideals of X for all ¢ € [0, 1]. Hence the neutrosophic falling shadow H :=
(Hp, Hy, Hp) of € := (&7, &1, EF) is a falling neutrosophic ideal of X . But it is not a positive implicative falling
neutrosophic ideal of X because if a € [0.67,1], 8 € [0,0.45) and v € (0.66,0.74], then {7 (o) = {0, 1,4},
¢r(8) = {0,4} and £p(y) = {0, 1} are not positive implicative ideals of X respectively.

Since every ideal is positive implicative in a positive implicative BC K -algebra, we have the following
theorem.

Theorem 4.9. Let (2, A, P) be a probability space and let H == (Hp, H;, Hp) be a neutrosophic falling
shadow of a neutrosophic random set § = (&r,&1,&R) on a positive implicative BCK -algebra. If H :=
(Hr, Hy, Hp) is a falling neutrosophic ideal of X, then it is a positive implicative falling neutrosophic ideal
of X.

Corollary 4.10. Ler (2, A, P) be a probability space. For any BCK-algebra X which satisfies one of the
following assertions

Vo,y € X)(zxy = (z*y)*y),
(@ (zxy))* (yxx) =2 % (2 (y*(y*2)))),
(wxy = (zxy)* (zx(zxy))),
(@ (zxy) = (zx(zxy))* (zxy)),
Va,y € X)((z* (zxy)) * (y*x) = (y* (yxz))* (z*y)),
let H := (ﬁT,fII,ﬁF) be a neutrosophic falling shadow of a neutrosophic random set § = ({7,617, Er) on X.

IfH = (Hr, Hy, Hp) is a falling neutrosophic ideal of X, then it is a positive implicative falling neutrosophic
ideal of X.
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