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Abstract: The purpose of this paper is to put forward the basics results of complex fuzzy sets (CFSs)
such as union, intersection, complement, product into complex neutrosophic sets because as the
CFSs and complex intuitionistics sets does give the erroneous and inconvenient information about
uncertainty and periodicity and also there are results related to different norms. Moreover we give
some results about the distance measures of complex neutrosophic sets and define some notions.
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1. Introduction

Lotfi A. Zadeh [19] introduced a fuzzy set (FS) in 1965. FS was designed to manipulate ambiguity,
fuzziness, vagueness, crispness, and uncertainty in different aspects of life. It has great
significance in the field of genetic algorithm in chemical industry.

Krassimir Atanassov [3] generalized the concept of L. A. Zadeh and introduced an intuitionistic
fuzzy set (IFS) in which instead of the truth function of each element there is also the falsehood

function. It indicates that statement can be true or false, yes or no, right or wrong, feasible or not.
Deetal, [6]in 2001, use theidea of a fuzzy set for modeling in real life problems, like marketing,

psychological investigations, and determination of diagnosis [16] etc. IFS has great significance in
career determination. In IFS the concept of distance measure also introduced but there was a
problem to deal when both the informations contain uncertainties of yes and no at a time and at a
time neither yes nor no. Thus F. Smarandache [15] gave the solution of this problem by introducing
new FS called a neutrosophic fuzzy set (NFS) which is a framework for unification of a FS and an
IFS or it is a bridge between FS and IFS. Neutrosophy is the philosophys branch, in which we deal
with the scope, nature, and origin of neutral along with ideational spectra. Neutrosophy has a great
engineering application like in medicine, military, airspace, cybernetics etc. A neutrosophic set is

that which contain truth function T , indeterministic function [ and falsehood function F .
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A neutrosophic fuzzy set yields three type of chances like win, lose, draw or accept, reject, pending
or positive, negative, zero etc. NS is the extension of some FSs like interval valued fuzzy sets
(IVESs) [16], conventional FSs [19], paradoxist sets [15] and IFS [3]. Wang et al., [17] gave more
information about NS by presenting the single valued NS which has a lot of application in
engineering and social problems and have additional benefit to interpret vagueness, crispness, and
uncertainty. For more details about neutrosophic sets one can refer [1], [7], [9], [10], [11] and [14].
After that Ramot et al., [12] gave the idea of a complex fuzzy set (CFS) for handling problems
having amplitude term where the complex mapping is used a instead of real valued mapping and
is defined as
p(x) =n(x)es | i=4-1

where amplitude term 7,(x) and phase term @_(x) are the real valued function having the
range [0,1] , and the range of p_(x) is expanded to a circle of radius 1. In a CFS amplitude
term conserve the crispness idea together with the phase term which declare the periodicity in a
CFS. The phase term makes it different from conventional fuzzy set [19], IFSs [3], and cubic set
because it gives constructive and destructive interference which concludes that a complex fuzzy set
has wavelike character. G. Zhang et al., [12] defined several important properties in complex fuzzy
sets like union, intersection, complement, product, some norms like quasi-triangular norm, s-norm,
t-norm etc.
After this Alkouri and Saleh [2] extended a CFS into a complex intuitionistic set and it contains
complex valued truth function together with the complex valued falsehood function. They differ
the idea of a FS in a way such that an IFS have two phase terms instead of one. F. Smarandache
introduced a complex neutrosophic set (CNS) which contains truth function T, indeterministic
function I and falsehood function F having the range is extended to unit circle. CNSs contain
amplitude terms together with the three phase terms and can work with information containing
uncertainties, crispness and vagueness in periodicity.
Pappis [pappis] for the first time worked on the concept of proximity measure and approximately
equal fuzzy set whose work was generalized by Hong and Hwang [hong]. Later on Cai [cai],[4] felt
that both were using the same concept so he changed that approach and expressed as special
measure is used for defining & — equalities. Two FSs A and B are called & — equal if
they are 1 — & part away. Zhang et al. [18] used this concept of & — equality for applications
in signal processing which certify & — equality of CFSs practically.
We are extending the work of G. Zhang et al., [18] from CFSs into complex neutrosophic sets and
investigate some useful results.

Definition CNS S is defined on a X, distinguished by degree of truth , indeterminate function and falsehood

function respectively. The truth function, indeterminate function and falsehood function are defined as
Ts(x) = ps(x)e™s™, I(x) = g5 (x)e™s™, o (x) = ro(x)e™s™,

where pz(x) represents a FS and pg(x) is any real function. Similarly for indeterminacy and falsity
gc(x) & vol(x) and 7o(x) wc(x), such that

07 = ps(x) +q5(x) +75(x) 37,
CNS S is defined to be
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5= {(x:Tj'[x:] = a’l":'{_‘.'(x:] = ay, F:‘-‘(xj = a’[]?x € X},WhEI'E

Te:X = {ar:a; €C lar| < 1},
Ig: X — {fx;: a; € C,|ﬂ1;| = 1};
Fo:X = {ag:ap € C,lag| <1},

and Tg(x) + I(x) + F;(x) = 37.

Definition Q¢ A function  (0,1] X (0,1] = [0,1] is a quasi-triangular norm T if
following holds:

@ T(1,1)=0

) T(a,b)=T(b,a)

Gii) T(a,b) <T(c,d), whenever, a <c,b=<d
) T(T(ab),c) =T(a, (b))

(2) A function (0,1] X (0,1] = [0,1] is a triangular norm T if it satisfies previous
() — (iv) conditions together with

(v»  T(0,0)=0

(3) A function (0,1] X  (0,1] = [0,1] is s-norm if it satisfies triangular norm'’s conditions
together with

(vi) T(a,0)=a

(4) A function (0,1] x (0,1] = [0,1] is t-norm if it satisfies triangular norm’s conditions
together with
‘9”( T(ﬂ., 1:] = .

Definition The union for CNSs is defined as: Assume
A= {xr TA (xj!fA (_'Ij, 'F_rq (x:]rx = X}r
B = £x: TB (x:].r IB [:x:]: FB [xj,x £ X}:

be the complex neutrosophic sets on X such that
T,(x) = p, [:x:]ei#’qlzx}:fg (x) =qa4 (xjeiv,,{x}’ F,(x)=mr (xjeimﬁl:x};
Tn[:x:] = p, (xjeiﬁaux}’ I (.’Ij — qn[:X:]EivBI‘x},FR [:x:] =1 [x]ei”3'~*"]',
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be complex valued truth, indeterminate and falsehood functions respectively, then union of A and B

be represented as
AUB = {x,Ty5(x). Ly (). Fy 5 (x).x € X}

where Taup(x),  lavstx)y  Faustw aredefined as

Taue(x) = [pa(x) Vg Exj]ef#i";,ug?':ﬂj
Lia(x) = [qa(x) A Q'n(x]]e_wzf’”‘gl‘jﬂ};
Faua(x) = [1a () Ay ()] e*Facs™,

where V' represent the max operator and N\ represent min operator.

Proposition. The complex neutrosophic union is s-norm.

Proof Here we prove only (iii)&(iv) properties because others are quite easy

A= {xT,(x), (=), Fy(x),x € X},
B = {x, Tg(x), Ig(x), F5 (x), x € X},
C = {x, T (x), 1o (x), Fz (x),x € X,

be the complex neutrosophic setson X such that

T,(x) =pa, [xjem”’l:x}r Ta(x) = pg [x:]ei,!.'.g':x}’ T-(x) = pr [x]ei#clzx}r

L(x) = p, (-'xjemf’l:x}r I(x) = pg (x]ei#,g'::ﬂ" I-(x) = p, (xjei#c':ﬂ’

Fy (%) = pa(x)e™4, Fy(x) = pa(x)e™8™, F.(x) = p,(x)ec™,
we suppose that

lps ()| £ Ipg ()], Iry ()] = g (), g4 ()] = lqa ()],
palx) = pgp(a),vy(x) € vg(x),w,(x) = wg(x), forall x € X.
Thus
IT, - (x)] = max[pA (x). 00 (xj) < max [pB (x). e (x]) = T, (x)|, forall x € X.

Similarly

Laue ()] = max(qa(x),q. () < max (a5(x).pee (1)) = lpue (D, for all x € X, and

|Ey ue ()| = max(ry (x),7, (%)) < max (15 ()7, (x)) = [Fg e (x)| , forall x € X.
Also

g ()] = max (HA (), 1te (x:]) = max [I-h;- (x],p:,._-(x]] = lug,e (2}, forall x € X,
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g ue ()| = max(v, (x),ve (x)) < max(ve (x), v (x)) = lvg e (x)|, forall x € X,

|l o ()| = max (@, (x), we (x)) < max(wg (x), w (%)) = lwg e (x)], for all x € X.

¢

Let

A= {x! TA (xj!fA (_'Ij, 'F_rq (x:]rx = X}r
B = {x,T5(x), I(x), Fy(x),x € X},
C= {.‘:C, T- (xj!'{f (x]: Fr- [x],x = X}r

be the complex neutrosophic sets on X, such that

T,(x) = pa (1)e™4, T,(x) = pa ()6, T.(x) = p. (x)e#c?,
L) = pa ()49, 1,(x) = pa(x)e89, 1.(x) = p ()ei#c,
E (x) = pa()e#4, F,(x) = pa()e™e™, F.(x) = po (x)e™e.

Therefore

T{Aua} ur (x] = Pravm)ue [x] e lHA uBIy )

= max [pa,q(x),p-(x)]e tmazx Ly () ue )]

— max [max (92 (30,25 () i ()| ¥ malmas (s O (0 ) ]

= max [ (04 (%)) max(ps (x),pc (x)) | e el (mal) Jmaz (g (g ()]
= max [p,(x),Pg .~ (x)]e imazx lug () g uclx)]
= Pauipuc) (x)e HauBue) (3 = Tauiguc) ().

Following the same procedure we can prove for indeterminacy and falsehood functions.

Corollary Let C,eX.wel and

Tl'-_n- (x) = Pc, [x:]ei#cnix]’ '{r_',., (x) = qfﬂeipc'xl:x}!Ff” (x) = Te gig, (=)

Then U C_, € X. Thus
xEl
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' ()
T U C,(x)=supp, (x)e mer &
el x El o

i ()
I U C,(x)=infqc (x)eat &,
wel o

xES

: (x)
F U C(x) = infr. (x)e ast &,
ael &

xEel

Proof It is trivial.

Definition The intersection of CNSs is defined as
Let

A= {6 Ty (x), L (x), By (x),x € X},
B = {x, Tg(x), Ig(x), F5 (x), x € X},

be CNSson X such that

() = . ()4, 1, (x) = e ™,y (x) = o4,
Ta(x) = ps (1) €8, L (x) = qme ™, Fy (x) = rpei s,

is represented as

ANB ={x, Ty 5(x), 1, ,5(x),Fyn5(x),x € X},

where Tyngpix)r  lans(x)r  Fans(w aredefined as
TAHH [:_'xj = [p.d (xj "Ihl'pﬂ (xj]e?#TAanLI}J
Lina(x) = [44(x) V qa(x)]e™ams ™,
Fy nn(x] = [T',a (.’I] Vg (xj]eszAnB "‘ﬂ’

where W is a maximum operator & A is a minimum operator.

PropositionIf A and E areCNSson X. Then ANE = AUB.

Proof For membership function

Tm (x:] = Pz (x]ez#miﬂ = [1 — Pang (x:])eil__ZR—#AnBLx]j

=|1-—min [PA (x).pg (x]) pil2m—min(ua (ug (<))

= max(1—py(x),1 - py(x))e™™ (2n ~(ua (D 2m-np )
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z'mrle::zn—I:#A':x},zn—#gl:x}:l}} = T= _(xj

= max (FE (x),pg(x)e AUE

For indeterminacy function

.{m (xj = q4InE [:x:]ewm':x:' — [1 — Gang (xj)eil__ZJr—vAanx}:l

i{2m—min (v (g (=) ])

= 1 —max(p,(x), p5(x)) |e

= min(1 — q,4(x),1 — q5(x))e’ ma(2m ~(vg(x) 2 v ()

(xj E‘i mrz:::[!.'r —I:VA () 2w — VR 'x}j}]

=min | gz(x).q5 = Iz 5 (x).
(

Similarly we can prove for falsehood function.

Proposition The complex neutrosophic intersection on X is t-norm.

Proof Here we prove only MiO& v e properties because others are quite easy

A= {x, T, (x). 1y (x), By (x),x € X,
B = {x, Ty (x], IB[x]r Fy [x],x = X};
C= {x: T- (x:]!'{f (.‘Ij, Fr- [x],x = X}r

be the complex neutrosophic sets on X such that

T,(x) = pa (1)e™4, T,(x) = pa ()6, T.(x) = p. (x)e#c?,
L(x) = pa(x)e®4, I, (x) = ps (x)e ™8, I (x) = p ()e™c",
Fo (x) = pa(x)e™4™, Fy(x) = pa(x)e™2™, F.(x) = p (x)e™c™,

Now we suppose

lps ()] = lpg (). g (] = lgg ()] |7 (Ol < g ()1,
palx) < pp(x), vy (x) = vy(x), w,(x) < wg(x), forall x € X.
Thus
|Tyne ()] = miﬂ[pﬂ(x],pf (xj) = miﬂ[:PB (x),pc [x:]) = |Tgne(x)], forall x € X.

Similarly

Lune ()] = max(q,(x),qc () = max(qa(x), pe (1)) = |Igne (1), forall x € X,
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|Exne ()] = max(r, (x),7 (x)) < max (1 ()7 () = |Fpnc (), forall x € x.
Likewise

ltane ()] = min(p, (x), e () < min(pg ()0, (x)) = lpgne (x)], forallx € X,

g e (01 = min(u, (), v (%)) < min(ve (x),v (x)) = Ivg oo (8)| for all x € X,

lewy ne (2} = min[wﬂ (x), @, (x]} < miﬂ[mB (x), o (x]} = |wgne (x)] forall x € X.

G ¢ Let

A= {6 Ty (x), L (x), By (x),x € X},
B = {x, Tg(x), Ig(x), F5 (x), x € X},
C = {x, T (x), 1 (x), Fz (x),x € X,

Ey
FB

be complex neutrosophic sets on X such that

T.(x) =p, [xjez'#;,ix}’ To(x) = py [x:]ei“B':ﬂ, T-(x) = p, [x]ef#c(x}’
L(x)=p, [x:]ef“ﬁ'::‘:', I.(x) = ps [:x:]ef.ugl::{:}’ I-(x) = p, [x]ei”ﬂ"::‘:',
F,(x) = p, [x]ei“f*':x}, F.(x) = ps (xjei#_sl:x}’ F-(x) = p- [x]ei”ﬂ":x:'.

Thus

Tians)uc (x) = Piansinc (x)etHa nBInclx)
= min [PA nR (xjr Pr [:x:']] g imin Lo up ()]

= min [miﬂ [PA (x),pp(x) ): Pe (x]] gt min[min (s (g () Jug ()]

= min [(pA(xJ ), min(ps (), pc () )] et minl(ka () min{g ) ()]

= min[p, (x),Pan-(x)]e imin[ug (=g nol=)]

(x:] e iH4n(Bn) (=) =

= Pan(enc) An(Bnc) (x).

Following the same procedure we can prove for indeterminacy and falsehood functions.
Corollary Let C, € X,a €1 and
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T"-_rr (x) = Pc, [x:]ei#cqix}’ '{r_‘” (x) = qt_ﬂeichi:ﬂ}’ﬂ_ﬂ (x) = T o i9ey .:x}’

¢ Copl X
Then @ thus

i i)
T U C.(x)=infp, (x)e ael e

asl x el &
i i)
I U C,(x) = supg, (x)e'zst =,

el xET "

i ()
F U C_(x) = supr, (x)e ast e
&El o

xEl

Proof It is trivial.
Corollary Let Cpp € X, & € L, el, and

im':'n,g ()

c ()
T Fe, (x) = Tue © ,

. p iy
TCG[S (x:] = pl.'_lxs [:x:]ei#ﬂu:,g-x:" -{Elxs [:x:] = qt_lxse

where 11 and 12 are arbitrary index sets. Then U N C,p €X, N U C.p€X  Then
el xEL, aEl, xEl,

izup inf pp_(x)
T U N C,(x)=supinfp,_(x)e e=leclz fat

aEly afly ael, ael,

isup inf vp_ (x)
I'' v n Cﬁ__[x:]= iﬂfmpqt_a[:xje aeliael, O

o€l el ael, @ £l

isup inf wp (x)
F U N Cﬁ[x:]=infmprt_a[x]e aclyasly ©

o€l atl ael, wel,

Linf sup e (=)
T n u CE[:x:]Z iﬂfmppca(xj_e aelsaely ,

atl, atl; ael, xel,

iinf sup vp_ (x)
I n U Cﬂ[xj=mpinfqt_a[x]_e aelymely, ©

xEl, a€l; ael, el

iinf sup wp,_ (x)
Fn U Cn:[x] = Fup iﬂf‘r‘r_—“[_’x]_e aelyoel, &

a€l, a€l, ael, ael,
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Proof It is trivial.
Definition The product of CNSs is defined as
Let
A=1{x,T,(x) I (x), Fy(x),x € X},
B = {x,Tg(x), Iz(x), Fy(x),x E X},

be complex valued NSs such that

T.(x) =p, [x:]ei#f":"‘},fg (x) = q, [x:]ei"’ﬁ'::‘}, E (x) = [x:]emfi':x},
To(x) = pg (xjeiﬁgix}’ I.(x) = qn(xje”B':x},Fn (x) = 1y (x:]eimB':‘ﬂ,

is denoted as

AeoF = {x, Ty (x:],IAuB (xer:tu (xj,x £ X}:

where  Tygixs  laestw)e  Fa.z are defined as

ipa.pl :'Zwlf_ﬁ_# ':X}I#a'ix}}
Tuos () = g (x) 48 = [p (x).pg(x)]e "\ 2x 2=

r

L e:w{ v L) vp lx) }
[Auﬂtxj = unB(x]emeI‘x} = [qA(xj-qE[:x:]]e R

r

: . Eh(‘m;,lix} mE-ix}}
Fyop (1) = 135 (1) a8™ = [1,(x).rg ()] + 2= 72

&TE &TE

Proposition The complex neutrosophic product on X is t-norm.

Proof Here we prove only  (iii)&(iv) properties because others are quite easy

A= T, L, (), E (), x e X3,
B :{X; TB{X:]JIF{-r:]JFB{x:]JI EX}.I
€={xT )1 (x).F(x).x € XL

be the CNSson X such that

T;t'f,x] — ,*9_.1{.1'] gi_uﬂuj.r:: Ta'ix] — %{_ﬂ g[_ual:.r:" T, (x) = e {_r]g[-‘*f':x:',
IA{_r:] =p, (x) E,i_uﬂixilJ IB{.r] — p;.{.r:le[-ui':x:', Ic{xj = p, {x:]g[_u,:l:r:'J
Et{-ﬂ =, {_ﬂg[_uﬂiij Fy (x) = %{xjg[_uaiﬂ’ F. (x) = e (x) g[_u,:l:I:'J

Now, we suppose that

lpa G| < lps G g ) | < 1gz Gl g G < I (D,
) = pp(x), v () = vpx), wy(x) < wz(x), forallx e X.
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Thus
Ty G = lpg G | lpg Cedl = Ipg (x) L Ip () | = [T, o (x) |, forall x € X.
Similarly
e G = lga ) Llge G = lgalxd L lge(xd] = 5.0 (x) |, forall x € X,
Fyne )| = Iy G L b G| = g )L e () = | R o (), forall x € X,
Likewise
Halzx) Bl Helx) Bela
e e e
Valzd Vela Vel Vela
hugecld | :2??-'( 2 2 :l = ( S ) = hvg.c(x) forall x € X,
_ Walx) @elx) W () “olxay
|mﬁ=c{x]|—2ﬂr(?.?)£ {? o )— lwg.o(x}, forall x € X.
LI PN

A={x,T,(x). 1,(x) F(x),x e X},
B ={x; rﬁ{x:]JIE{x:]JFB{x:]Jx EX}.I
€ =1 T (). 1), F(x).x € XL

be complex neutrosophic sets on X such that

T:q':x] — ,’?_.1{:&':] gi_uﬂuijJ TB{x] — ?33':-"] g[_ual:r:'J T, (x) = e {x:]g[_u,:l:I:'J
IA{;::I =p, (x) E,[_uﬂixilJ fﬁ{xj — pﬁ'fx]e?[-ﬂa':ﬂ, f,;":x:' = p, {leg[.ﬂc':r:',
FA{I:I =p, {xjg[_uﬂiij Fs (x) = %{ﬂg[gam’ F, (x) = e (x) gl'.ﬂc':ﬂ,

We have

1 £
Tactze0 (8 = pac(zee (). e e

(I g o By oo
PR ey

= [py(x). pz.c(x) e

I

- [ Barr, .,

| 4

= [2a ). (5 ). pc )] e i

Pl o fmea s
(Boem Beea)

£ g gt
[ (Ram Bam) |
. v arw " aw ) Poen
el 2 — —_—

\ !

= ['LF_PA{-"]-F’E{X:]}-PC{X]].Q :

i [ P
o | BdeE2 TCix )

= [paslx)p (2] Tam

= Prassiecla) @ BB =T (2],
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Following the same procedure we can prove for indeterminacy and falsehood functions.

Corollary Let C,eX.ael and
Tcﬂ (x) = Pe, (x) g[_u,:gllx) *Icﬂ (x) = 9c, g[-,-,:gl.x:l JFCE (x) = e, R l,.rJJ

Then (o= C,(x) e Cylx) o0 Cplx) € X, Thus

I::.'."l: g () .u,;:_'.rx“' l::'-"" \I

TH Co(x) = pe,a) -Peya-Pe,we ,
-..|_c1__:.__c='_-‘f\"|

11 Co(x) = qc, 09,00 Ge, 08 ,

....|':'-'l:1'-'r\I :"'L"'Ix“l :"'I:EII." il
FII Cc{x:] = "'"Ci |'x‘l-'-"'c..|'_r‘l---"?"czl'x‘l g v Iw Iw T !
rei (2] 2 (2] (2]

Proof It is trivial.

Definition Let AN pe N CNSson X  (n=12....N) and

Ta, () = pa(x) g™ = Ay () = g, (x)e" Vi ¥ FA,.{IJ = 'J"Arﬂ:x:]gl'u“-"‘r xl

The Cartesian product of AN | denoted as Ay ® Ap %% Ay, defined as
TA, i ':.1’:] = Dt e ':.1’:] g[,ﬂﬂixﬂ:x .:-c_.qwl:.'t‘:'

- . . o
{-r\.r:]) gl i I_r__:.'.ﬂ1 (EU I E Ty '.I'.\-:')ll
I

= min {]"J‘Ai {-rl:]JF"A: {J.'::]_. vaag ]‘i’,qn.

Similarly

- o
I}h KA ANy {’r:l = qﬂd . R {’r:l g a gy =

= max (q-‘ii I::x L:I-' q.-‘i: ':_1'::'_. ren q-‘i,\' {xﬂl’:l) gi s [:I'I"qi (xy g 2I:I: J—¥a Wy I:I"":I-’I_.

and

. ol
F..‘h WA KAy {’r:] = TA1 WAy KX Ay {’r:l glmﬂiﬂﬂzﬂ = *

imax (w0 Daay (Xp) iy, (xyd)
= max {T‘Ai'i.r,_lm:{_r:l. Ty, {-rn.rj) gt M 2.0, 0y Jtoa, (o) i Cxw))

where x=(xr x5 .. xy) EX XX .. XX,
——
L

Delta-equalities of Complex Neutrosophic Sets

Definition The distance of CNS is a function d = CN % CN — [0,1] such that forany A.B.C € CN

(i)d(4,B) = 0if and only if 4 = B,
(i) d(A, B) =d(RB,A4),
(iii)d(A, B) = d(A. C) + d(C, B,

where d(A.B) s defined as
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macx (suplpa ) = s (). suplas () — qG0 L supl () — 5 (1)

XEX XEX XEX
.'-1 1 "
= —suplp, () — pr G —sup vy ) — vz (1,
dl4, E) = max 2,”?3.:1 g zﬁiﬁ a 5
max 1
Emplmﬂ'iﬂ — wg (x)]
. \ XEX

Definition Let
A={xT,0x), 1, (x), E (x). x e X},
B = {,r; TB{X:]JIF{-r:]JFB{x:]JI E X}J

be the complex neutrosophic sets on X such that
T;t'f,r] — 3‘1".4{’1'] gi_uﬂixflJA{x] — qA,:_ﬂgi-,-ﬂ ':I:',E'.t(x] — 7".-1':1] g[.un_.ﬂ ixflJ
Ty (x) = ,’:rﬁ{x]e[-”'ﬂ":ﬂ,fﬁﬂ.r:l — ﬁ'a{-ﬂ e[""ﬂ":ﬂ,FB (x) = s (x) E-.-l'iua':-f:'J

be complex valued truth, indeterminate and falsehood functions respectively. Then A and E are said to
be &—equal ifandonlyif d(A.B) =1 where 0=& =<1, whichisdenotedby A= (5)E.

Lemma Let

IEL* IE: =MM{U,§1+ IE: _1:]:[] :‘_:IEL_.IE: ':‘_: 1_.

then the following results hold,
Q¢ . 8, =0: forall &,e[01],
QC 1.5 =06, forall &, eloil
QC o=5,:6=1 forall 6&,.6, € [0,1],
QC 5 <526, +6,<6, 6, forall &,.6,.8, € [01],
B 5 .5,=6,+6;: forall 5.6, 0],

B (5,26, +6,=6,+(6,+6,): forall 6.6, 8, € [01].

Proof It is trivial.

Lemma For the complex valued bounded function f, 9 onaset X Wehave

sup flx) — supg(x}| < suplfix) — g,

x el xeEl el

inf f(x) — inf g(x)| < inflf(x) — gz 1.

XEU XED Xel
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Theorem If A=1(5)4 and B =(5)B ,then AUB=(min(6,,6,)A UE .

Proof
max (suplpy ) = p 0. suplaaG) = 4 D suplra @ = rg ).
1 1
A(AA) — mae —sup 4 )~ G| 5 sup vy () — v, @
max XEX 1 XEX
Es:pmm w0,
<1-6,
max (iﬁlpy 0 = py W] suplas o) - a5 D suplry &) — 7, ).
1 1
d{BJB'} = max EMI“B&] — Uz &]IJEMIPB&] — Vg {X]I;
max reX 1 xeX
Es::ﬂwﬁiﬂ — g ()|
<1- 8§,
Therefore

1
MIPA&] —Pa ':x:]l =1- ELJEMI.“A&] —Hy ':x:]l =1-46y,

XEX XEX

1
sup|g () —g, ()| =1 - ﬁl,ﬂiﬁhﬂiﬂ —v, ()| =1-8,

XEX

1
sup|ry () —ry () 21— El,ﬁsuplmﬂ(x] —w, )| =1-8,

XEX
XEX

1
sup|ps () — p ()| = 1 - 6y —suplus () —py ()] = 1-6,,
reX 2T yex

1
SHPIQB':I] — Gz [x]l =1-dn.=

sup lvs () — vy ()| =16,
rEX AT pex

1
sup|rs () —ry ) =1 - L’i‘z,ﬁsuplmﬁix] —wy ()] €1 -6,

XEX
XEX

For membership function

sup|paua () — py s (0] = sup [max(py (). ps (1)) — max (p, (). py ()

XEX
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sup|py () — p ()] ifpy (x) 2 p; () and p(x) = p,- (x)
;;;|m{x:l —py D if pa () 2 g (&) and py () = py ()
I;iﬂph(x] —p, (). ifps(x) = p, (x) and p, (x) 2 pyx.
i%;p;(x] —py @] ifps () = p, () and py () = p ()

1— 6, ifpy(x) = ps(x) and p, (x) = py (x)
suplp, () — p () i p, (2) = ps (x) and p (x) = p, ()
XEX

sup|p;5~':x] —Pa ':x:lLipr':x:l =pax) and p, (x) =p, (=)
XEX
1— 6, ifps(x) = p (&) and py () = p (&)

1A

@ Consider the case  p,(x) = ps(x) and p &) = py (x)

A€ D =p, D=0, then g, =p, &) =p &) =p, @ =0 from py () =p, &),

therefore

suplpa () —py (| = sup (paC) — 2y () 5 5p (pu ) —py ) <

XEX XEX

sup|p, (x) — Pz )| =1-6,

XEX

Q¢ . WDzp, =0 then py () z2p() zp, () 2p &) 20 from palx) = p, (),

therefore
sl () — py ()] = sup (25 () — a0 = s (5 () — s (0))
sup|py (x) —ps ()] < 1 - 6,
XEX
Thus if

pa(x) = ps(x) and py (x) = p(x).

We have

suplpﬂ{,ﬂ —Ps {x:]l < max(1l - 6,1 - 6,) =1 —min(&,.5,).

XEX

LD Similarly for the case

sup|ps () — p, ()| < max(1 — 6,1 — 8,) =1 —min(5,,5,).

XEX
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Now if pzlx) = p,(x) and p,(x) =p; (x), thus

sup|py s ) — Pa'us )| = max( — 6,.1 — 6,) = 1 — min(5,.6,).

XEX

On same steps we can prove for indeterminacy function and falsehood function, likewise

1
Tf:;’[u}wﬁ(x] oy @] = _FHP max (p, (x), uz(x)) — mmc{ ':xl,uﬂ'ix])

—sup|uA{x:l — g )], iF g () = pax) and p, () = py ()

T yeX
Esupluﬁ'ix] —uy @] if pa ) = pp() and py () = py (x)
= XEX

= 4 1
P s () — G| iF s () = p () and p () = p ()

1
e s () — ()] if s () = w,(x) and pgy (x) = p, ()

1— 8, ifuy(x) = pple) and py (x) = pyp(x)
1
Esuplluﬁ':ﬂ —uy @] if pa ) = pp() and py () = py (x)
= XEX

1A

1
P s () — G ] iF s () = () and p () = ()
1— &5 ifuslx) = palx) and py(x) = p, ()

@ Consider the case  u () = uz(x) and u ) = ()

Q¢ = up(x) =20 then paledzp, )z p, ) zpu () =20 from pylx) =p, (),
therefore

—m|uﬁ<xj—u3{x:|| —m(uﬂm—u @) < } (1) — 3 )

2T xeX

1
< o—sup s () —p ] <1 -6,
LT pex

Q¢ L 0= up(x) =0 then polx) zpzla) = p () 2p,(x) 20 from  pglx) <p,lx)
therefore

S supla ) =ty )] = 5-sup (g ) ~ () S sup (4 ) = s )

T xeX
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1
< S—sup () — sl <1 -6,

ik xEX

Thus if

walx) = pglx) and po(x) = p, ().

We have

1
—9up|uA{_r] —u {.r:]| < max(1l — 6,1 — &,) = 1 —min(5,.5,).
2M yxex oE i i

L1 Similarly for the case

1
—s*up|.u3{_r:l —u {.r:]| < max(1—6&,.1-68,) =1 —min(&,.6,).
2 yex 4

Now if uzlx) =u,(x) and p, (x) = u o (x) thus

1

—5up|lu‘w3{_r:] — by g ) | < max(l —6,,1 — &) =1 —min(5,. 8,
27 xex

On same steps we can prove for indeterminacy function and falsehood function, likewise

dlAuB,AUEB)

FHT.?|PAU_3{I:] —Paus |JM|QAUB{X:] —Ha'ur {'r:l *
Mmoo XEX XEX ,
SHFHAUB{-X{] —Ta'ur ':.1’:] |
XEX
— 1 1 !
= Mmaox
?_m |I|'.1|A|_.|B{.r:] - .“,11_ ub {-r:] |;?_SEI;?|T'AU3{X:] - -lf'A us {-r:] |.l
LT xex LT xeX
max 1
Eﬂﬁ"-" |':‘:'Au3{x:] — Wy uE (x) |
\ L T xeX

< max(1l — 6,1 —6,) =1 —min(&,.6,).

Thus AU B = (min(5,,5,)J4 UE"
Corollary

If Az =(6.)Bpeel, then U A, = (:’ﬂf{ﬁcj) U B,
el oEl mE]
Proof Using lemma mod sup less or equal inf mod, we get

d(u 4.u B

wel el
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'/ ma ﬁlpc%ﬂﬁ{ﬂ_pcgrgﬁl’iﬁlqa%rﬂ‘r{ﬂ_qaLéer‘r{le’

i |T o2 Agx) =7 a2 E"{'ﬂl

XEX

1 1
22 I 2,40~ g, Bel

V i Ay ) —v cLélfB“{x] |
maox 1
k\ Esuplm aes 450 — “ 2 B'E{x:]l

XEX

[ sup
meax XEX

. sup

XEX

gsup A, (x) — qs;gﬁaﬂx]l, \I

frd

psup A, (x) — psup B,
el oE!

il

rsup A (x) — roupBo)|

oEl frd

vsup Ay (x) — vsupB, (x) |,

xE? oE]

sup

XEX

1
,2ﬁsu:p

XEX

usup A, (x) — usupB,

oEl oE!

1
2'5?3
max

1
\ P

XEX

wsup e ) = wsup Bo ()| )

wel wel

XEX @Eel XEX el

supinf lrd (x) — rB(x} |

xeX @wel

sup suplpA, (x) — pB, ()|, supinf lgA, (x) — gB (x)],
max N

i I ey ger
max

1
Esupsuplmﬂc{x] — wB (x|

oEl

= Lsu:;crst-u:;c.‘r|I¢.t.-41{.:|:J::] —.uBal,LSHpsuplvﬂc(x] vBa(x]L]

XEX

oEl XeX oEl XEX

supsuplpA, (x) — pB (). inf suplg A, (x) — gB, (x)].
max inf suplrd;(x) — rBy(x) | ’
ZEl XEX

= max

1 1
—supsuplud, (&) — uByl.——supsuplvd, (x) —vB,(x),

N pep vex M gep ey

1
—supsup lwA, (x) — wB,(x}|

I perxex

maox

S

max (ﬂ{p(l — 6 ) inf(l —8.) inf(1 — ﬁc]:],
= mar oE] oE!
max (mp (1 -6.) sup(l —6,),sup(1 — 5&,])

"El wel

®E! aTE!

= max (supﬂ — &) supl(l — 6;)

=sup(l —&6,) =1 —infés,.

frd wel

Theorem If 4= (§)B, then A= (5)B.

Proof As
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d(4,F)

max (sup 3 () — p5 ) Lmhz{ﬂ - qs{ﬂmeh{ﬂ -r50]).

XEX

= max 1
max (Esup luz(x) — bz {x]| sup|vd(x] vﬁ.{xﬂ sup|ca-(x:| wﬂxﬂ)
EX !

IE}"

cupl (1~ @) — (1 — 5 )

XEX

(ﬂfﬂ{l —pa(x)) = (1= ps ()], mp|{1 —ga(x)) - (1- qa(ﬂﬂ)

_ /1 ‘
= max ﬂﬁl{zﬁ_y“‘{ﬂ}_{zﬁ —v,&)) = (2m — vz (D).

; :
—sup| (27— () — (27 — w5 ()|

\, CxeX

max (suplp () —ps (1, sup lga () — g5 () supl, G) — 7 ()1,

= o ; XEX xEX XEX
( suplu,(x) — uB{:::H suvaA{xZI —vs(x) .5 Sup|mA{x] — g (x) I)
\ T xeX T xeXx rE}: J
=d(A.B)=1-4.

Theorem If A= (5,04 and B =(5,)B ,then AnE=(min(5,.6,04 nE.

Proof By use of previous theorem a complement equals del b complement, we have

A=(6)4, B=(5)B and

AUB=min(5,8,)4A UE

Thus

AnB=4AuUB

= (miﬂ{ﬁl, 5::]) E UB
= (miﬂ{ﬁi, 5:]) AnE.
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Corollary If Ay = (6,)B e €1, wherelis an index set, then cr;‘.éc = (:’ﬂf(ﬁgjj Er} B
4 el .

Proof From above corollary union alpha equals inf union beta, we have

d(u Aa U B.)=1- inf 5, and

e el

A, = (6,)B,, foralla €1, and

Thus

n Ag =ELé1ﬂ_n, =| inf(5,) Y E,

ri i el

= | inf(&,) n B

@E]!

Corollary If Agp = {EES}BE,SJ o e [y, €1y whereliand 1, areindex sets, then

U N Az =| infinf(65) | U N By

el @Ely EElynEly eEl aEly

N U Az =| infinflas) | N U By

FEfy GEM ZEl el EENEET

Proof By using corollary union alpha equals inf union beta and intersection alpha equals inf

intersection beta we can easily prove it.

Theorem If A=(§)4 and B=(8,)B ,then A=B=1(5,+G6,)4 =B

Proof As A=(5,)4 and B =(&,)B, sowehave

max (suplps () = p 0], suplay(0) = g, | suplry @) = 7, ),

1 1

d(4.47) = max P s =y ) |’E§f§|v"&j —v, ()],
max 1
L suplany ) - 0,0
N \ XEX
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<1-§,

).

(m%(ﬂ - py (] m|qa(x] - g5 ()|, mph‘a{ﬂ — 75

XEX
1
d{B, E } = max Eiﬁ |."-’|i5“|:x:] Uz iﬁ'vﬂ{ﬂ — V5
max
Esuplcdﬁ':x] — w2
N \ XEX

=1- &,

Therefore

1
sup|p, () — F"A{x”‘:l_ﬁp FHP|“A{5‘:I_“A{5‘:I|::1_5LJ
XEXN

1
M|QA{X:]_QA{X:]|::1_§LJ FHP|T'A{-":I_VA{5‘:||‘:1_51J
XeX

|T3{x:]_7"3{-r:]|::1_51; |QA{KJ_QA{X:]|¢:1_514

xEF IE?
sup|p3{x]—p3{x]|=il—5., |u3{x]—u3{x]|=il—5-,
XEX —
mlqﬁ{x]—qﬂfileil—a,, |v3{x:|—v3{:ﬂ|=:1—5-,
XeX 2 nay

1
sup|r3{x:|—rﬁ'ix]|=_il—5:,9—sup|w3{:cj—cdﬁ'fxﬂil—ﬁ:.
XEX FATY

XEX

We have,
d(A=B.4 -8
ax (supps@ = by g O 511100 = g Dl s l1p ) = 15 D).
XEX XEX
."1 "
= MY 7_51":5 |.u.4.=.i5“{x:] ""IA =5 I:x:]| S‘L[”p |1"'.4. B{x:] -I"'A =F {.1':] |-'
max | o 1
E;;SH?|QQ=BQXJ — Wy Iii"':]|
N \ XEX
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e suplry. 73 () — ryry ()|

XEX

/ (mh ps (x) —pypy () Litghﬂ-qﬁ'ix] —q,.q5 (@) |,) ”

1 Hq Hg u .“:5* :
o o fon (B2.42) - 2n (52.22)]
1 vy Vg v 'vE:.
[l I zn(ﬂ'zn) o (7; ?n)’
1 tdy g W, g
\ e o G52 -2 (352 )
. '\. IE}r # #
/ (suplpaeps () = ps-py () + papa () —pyps (1
max | $uplasas00) — qa 85 () + 095 6) — g, 05 L. |,
5”?1’|'-'f4 1y () — ey () + i () — vy {x]|
b OXEX
3 la(x). 5 (x) uﬂ{x].,u (x) palx)u 'f;r] 7 'Cx] 7 'C:r:l
- 7’-'3?:5 | 2w 21: T 2']1‘,'3 - :
e G vp () vy Gdovg G v G vy G Vs 'fx] vy (x)
max ':'?Iiﬁ | 2w B 2m * 2w ‘
|y (x). g (x) wA{x].wF (x)  wylx)wy(x) Gy {x:l “‘3 (x)
lll"-. 1_5;’12? | 2n 2m * 2m
/ sup |24 G (s ) — 2, () ) + 25 () (4 &) — e )]
max | sup |o,0) (26 — a5 () ) + 05 () (0 — 0, ().
sup [ @) (5 @)~ @) 450 (5 @) ~ 7, )|
1
S Y X TS |
1 (x) {xJ
max | 575w [ (1500 = vy @) + 5= () -, {ﬂ)‘
1 (x) (x]
| e [ (e — a0y () + 2 (a0 — {x:l)‘ J,
n L TEX - 4
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/ sup (ps &) = p @) + sup (s @) = p, )|
max |iz:§r (qﬁ{x] - q; {x]) -I—iz:g(qﬂ'iﬂ —q, {x])|J \

YIRS FEF CIORTRS)

= ., .
e s (45 — 1 00) + s (140 — 0.
max| = [sup (350D ~ vy @) +up (14~ @)|.

\ éiﬁ(mﬁcﬂ—mﬁ )+ sup (0, — o @)|/)

imm(mmﬁl—mh41—mM1—@LH1—mlﬂ—5J+ﬂ—mﬂJ
- max((1 —6,)+(1 -6 -8)+(1-6)0-6)+1-5))

=max((1 - &)+ 1 -6,)0-6)+ 0 -45,))

=1—1(5, +8,—1).

As d(A°B,AB)=1, so dlAd°BAB)=1-6,+6, .
Corollary A, = (6,18, @ ael , where I is an index set, then

Ayedzecdy =06, =6, %..6,)B, 2By 0..28, .
Proof It follows from theorem AB equal delta AB.

Theorem If A, = (6,)4,, n=12....N then A, xA4;x...x 4y =( inf 5ﬂ],q; ® Ay ... Ay,
lansy

Proof As A, = (§,)4,.n = 1,2,...,N . Therefore

sup [pa, () —p.; )| 5up [0, () — 0, )|,

mox ’
o iﬁ|"’"ﬂn{ﬂ_"‘xﬂ{ﬂ|
(A, Ay ) = max 1 ! ‘
o An - Ef:glu%{xi_lu%{xﬂ,ﬁﬁ|vAE{x]—vAE{x]|,
S Sup |m-"1-'r:{x:] —awy () |
\ \ JEE}: -

=1—d,. foranyn = 1.2,....N.

Therefore

519 [p4,0) ~ (9] < 1= 05— sp |y, 09~ @] <153,
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sup 1,09 ~ 0, 9] < 1= 60— sup 1, ) — v, @] 51 -5,

s |1, ) = 1 )] € 1= B sup |y, ) = a0, O] £ 1 - 6,

XEX
xEx

Then by lemma mod sup less or equal inf mod

d(Ay % Ay X% Ay, Ay % Ay %% Ay)

[

|PA1 #Ag He Apy () - pﬂixﬂzx_x.ﬂ.;\ I:'ﬂl \I

xExxx_x
max xExxx |':J‘Ja.i:x.a.z><_>e:,z!.j,t (x) — 0oty {le
reiux?x?_x |Tﬂ1><ﬂz><-><-ﬂn () — 1‘11 37 S Ay {x]l
= maox
Er;ﬁ_‘vl“dix&;x_mn () — Hayxag seaxay I:ﬂl '
il I el |v‘q1x‘*=x'x"‘ﬂ' G = V4, st sy I:"ﬂl’
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lansN lansN lansN

Emm(sup (1-8,), Sup{l—c':?ﬂ:l)=l— inf Gy

Conclusion We worked on basic operations of CNSs. First we discussed some properties like union,

intersection, complement, Cartesian product and investigated some results related to norms. Moreover we

worked on the distance measures which are used to defined & — equalities of CNSs. Some results such as

union, intersection, complement, product on & — equality also presented. We hope that the theory

developed in this paper can be used in computing, data analysis, socio economic problems, medical diagnosis

and other problems related to Decision Analysis.
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