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Abstract. In this paper, the concept of neutrosophic pu—topological spaces is introduced. We define and study
the properties of neutrosophic yu—open sets, u—closed sets, y—interior and y—closure. The set of all generalize
neutrosophic pre-closed sets GN PC(7) and the set of all neutrosophic a-open sets in a neutrosophic topological
space (X,7) can be considered as examples of generalized neutrosophic u—topological spaces. The concept
of neutrosophic u — continuity is defined and we studied their properties. We define and study the proper-
ties of neutrosophic p — compact, p-Lindelof and p-countably compact spaces. We prove that for a countable
neutrosophic p-space X: p-countably compactness and p-compactness are equivalent. We give an example of
a neutrosophic p-space X which has a neutrosophic countable p-base but it is not neutrosophic p-countably

compact .
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u — compact; neutrosophic p-Lindeldf; neutrosophic p-countably compact space.

1. Introduction

The fuzzy set was introduced by Zadeh [24] in 1965, where each element had a degree
of membership. The intuitionstic fuzzy set (Ifs for short) on a universe X was introduced
by K. Atanassov [10-12] in 1983 as a generalization of fuzzy set, where besides the degree
of membership we have the degree of non- membership of each element. The concept of
neutrosophic sets first introduced by Smarandache [19,[22] as a generalization of intuitionistic
fuzzy sets, where we have the degree of membership, the degree of indeterminacy and the degree
of non-membership of each element in X. After the introduction of the neutrosophic sets,
neutrosophic set operations have been investigated. Many researchers have studied topology
on neutrosophic sets, such as Smarandache [22], Lupianez |15,/16] and Salama [17]. The
neutrosophic interior, neutrosophic closure, neutrosophic exterior, neutrosophic boundary and

neutrosophic subspace can be found in [20]. Neutrosophy has many applications specially

Murad Arar and Saeid Jafari , Neutrosophicu-Topological spaces



Neutrosophic Sets and Systems,Vol.38,2020 E{z

in decision making, for more details about new trends of neutrosophic applications one can

consult [1], [2], [3] and [4].

Definition 1.1. [19]: A neutrosophic set A on the universe of discourse X is defined as
A= {{z,pa(z),04(x),va(2));2 € X} where p,o,v : X —]70,17[ and ~0 < u(z) + o(z) +
v(z) <3t.

The class of all neutrosophic set on X will be denoted by N (X). We will exhibit the
basic neutrosophic operations definitions (union, intersection and complement. Since there
are different definitions of neutrosophic operations, we will organize the existing definitions

into two types, in each type these operation will be consistent and functional.

Definition 1.2. [18|[Neutrosophic sets operations of Type.I| Let A, Ay, B € N (X) such that
a € A. Then we define the neutrsophic:

(1) (Inclusion): AC B If pa(z) < up(x), ca(z) > op(x) and va(z) > vp(x).

(2) (Equality): A= B if and only if AC B and B C A.

(3) (Intersection) aI;IAAa(x) = {(x,aé\A,uAa (x), QXAGA($),QXAVA($)>; xe X}

(4) (Union) aIEIAAa(a:) = {(:c,a\E/A,uAa(ac), aé\AUA(:r),aé\Az/A(m»; x e X}

(5) (Complement) A® = {{z,va(x),1 —oa(x),pa(z));z € X}

(6) (

(7) (

Universal set) 1x = {(x,1,0,0); x € X }; will be called the neutrosophic universal set.

Empty set) 0x = {(x,0,1,1);x € X}; will be called the neutrosophic empty set.

Definition 1.3. [18][Neutrosophic sets operations of Type.II| Let A, An, B € N(X) for every
a € A. Then we define the neutrsophic:

(1) (Inclusion): AC B If pa(z) < up(x), oa(r) < op(x) and va(z) > vp(x).

(2) (Equality): A= B if and only if AC B and B C A.

(3) (Intersection) aIE‘IAAa(:U) = {(x,aé\A,uAa (x), aé\AaA(a:),aé/Al/A(x»; re X}

(4) (Union) QIEIAAQ(JU) = {<$’a\e/A'uA“ (x), a\E/AUA(a:),aé\AVA(x»; re X}

(5) (Complement) A® = {{z,va(x),1 —oa(x),pa(z));z € X}

(6) (Universal set) 1x = {(z,1,1,0);x € X}; will be called the neutrosophic universal set.
(7) (Empty set) 0x = {(x,0,0,1);x € X}; will be called the neutrosophic empty set.

Proposition 1.4. [18] For any A, B,C € N(X) we have:

(1) ANA=A AUA=A, AN0x =0x, AUOx =A, ANlx=A, Allyx = 1x.
(2) An(BNC)=(ANB)NC and AU(BUC)=(AUB)uUC.
(3) AN( U Ay) = U (AN A,).
acA acA
(4) Au(aQAAa) :agA(AuAa).
(5) (A)° =4
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(6) De Morgan’s law:
Cc __ C
(&) (aQAA“) B alélAA"‘
b) (U Ay)°= M AS.

( ) (aeA a) acA @
Definition 1.5. |[18] [Neutrosophic Topology| Let 7 C N'(X). Then 7 is called a neutrosophic
topology on X if

(1) 0x,1x €.

(2) The union of any number of neutrosophic sets in 7 belongs to 7,

(3) The intersection of two neutrosophic sets in 7 belongs to 7.

The pair (X, 7) is called a neutrosophic topological space over X. Moreover, the members
of 7 are said to be neutrosophic open sets in X. For any A € N (X), If A® € 7, then A is said

to be neutrosophic closed set in X.

Definition 1.6. [20][Neutrosophic interior] Let (X, 7) be a neutrosophic topological space
over X and A € N(X). Then, the neutrosophic interior of A, denoted by int(A) is the union

of all neutrosophic open subsets of A.
Clearly that int(A) is the biggest neutrosophic open set over X which containing A.

Theorem 1.7. [20] Let (X, T) be a neutrosophic topological space over X and A, B € N(X).
Then
(1) int(lx) = 1x, int(0x) = 0x and int(A) C A.
(2) int(int(A)) = int(A).
(3) AC B implies int(A) C int(B).
(4) int(AN B) = int(A) Nint(B).

Definition 1.8. [20][Neutrosophic closure] Let (X, 7) be a neutrosophic topological space over
X and A € N(X). Then, the neutrosophic closure of A, denoted by cl(A) is the intersection

of all neutrosophic closed super sets of A.
Clearly, cl(A) is the smallest neutrosophic closed set over X which contains A.

Theorem 1.9. [20] Let (X, T) be a neutrosophic topological space over X and A, B € N(X).
Then,
(1) c(1x) =1x, cl(0x) = 0x and AC cl(A).
(2) cl(cl(A)) = cI(A).
(3) AC B implies cl(A) C cl(B).
(4) cl(AUB) =cl(A)Ucl(B).
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Definition 1.10. [5][Neutrosophic pre-open and pre-closed] Let (X, 7) be a neutrosophic topo-
logical space over X and A € N (X). Then A is said to be neutrosophic pre-open set (NPOS),
if A C Int(Cl(A)). The complement of a neutrosophic pre-open set is called neutrosophi
pre-closed set (NPCS).

Definition 1.11. |[6][Neutrosophic a-open] Let (X, 7) be a neutrosophic topological space
over X and A € N(X). A is said to be an a-open set, if A C Int(Cl(Int(A)). The set of all
neutrosophic a-open sets in (X, 7) will be denoted by Nao — O(7).

Definition 1.12. [5][Neutrosophic pre-closure] Let (X, 7) be a neutrosophic topological space
over X and A € N(X). The neutrosophic pre-closure of A, denoted by pNCL(A) is the

intersection of all neutrosophic pre-closed super sets of A.

Definition 1.13. [5|[Generalized Neutrosophic pre-closed sets] Let (X, 7) be a neutrosophic
topological space over X and A € N (X). A is said to be a neutrosophic generalized pre-closed
set (GNPCS) in (X, 7) if pNCL(A) C B whenever A C B and B is neutrosophic open. The
set of all generalized neutrosophic pre-closed sets in (X, 7) will be denoted by GNPC(7).

Theorem 1.14. [5,6/ Let (X, 7) be a neutrosophic topological space over X. Then

(1) The union of any collection of a-open sets is an c-open set.

(2) The union of any collection of GNPC's is GNPC.

The following is an improvement of a definition in [14] makes it suitable for type.I and

type.Il neutrosophic sets.

Definition 1.15. Let X and Y be two nonempty sets and €2 : X — Y be any function. Then
for any netrosophic sets A € N (X) and B € N(Y) we have:

(1) The Type.I(Type.II) pre-image of B under 2, denoted by Q~!(B), is the Neutrosophic
set in X defined by
Q1 (B) = {{z, 1p(Ua), 05(a)), vp(Q(x)))s o € X)
(2) The Type.I (Type.ll) image of A under €2, denoted by Q(A), is the Neutrosophic set
in Y defined by
Q(A) = {{y, Apa)(y), 2oa)(y), (1 = Q1 —va))(y));y € Y} where

sup pa(x) i Q7N (y) # 0
(a)(y) = { =W
0 if Q7 1(y) =10

inf oa(z) HQ(y) #0
(0a)(y) = ='W (Type.I)
1 if Q 1(y) =10
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sup oa(x) if Q7 (y) #0

(0a)(y) = =€) (Type.II)
0 if Q- 1l(y) =0
inf va(z) if Q7N (y) #0
(1= Q(1 —va))(y) = { *€27' W)
1 if Q1 (y) =0

For the sake of simplicity we write 2 — (v4 instead of (1 — Q(1 — v4)).

Note that the only difference between Type.l and Type.Il images lies in the definition of the
image of ¢ and this is important to make sure both Type.I and Type.Il neutrosophic functions

satisfy the following proposition.

Proposition 1.16. [14] Let X and Y be two nonempty sets and 2 : X —'Y be any function.
Let A, Ay € N(X) and B, By € N(Y). Then we have:

(2) B C By = Q_l(Bl) C Q_l(Bz).

3) AC Q1Q(A)) and equality holds if Q is injective.

(3) quality j

4) Q(QY(A)) C A and equality holds if Q is surjective.

(4) quality ]

() 20 Y, Au) = U 0040)

(6) Q( M Ay) T 11 Q(A,) and equality holds when § is injective.
_aiGA acA 1

0 070, = L 07

(8) @7 0 Ba) = 0 Q7 (Ba)

(9) Q_l(lN) =1pn, Q_l(ON) =0py.

(10) Q(1n) = 1y and Q(0n) = On, whenever Q is surjective.

Definition 1.17. Let X be a nonempty set and 0 < «, 3,7 < 1. Then a neutrosophic set
A e N(X) is called:

(1) A neutrosophic point of Type.I if and only if there exists € X such that A =
({0 8,7} U {{#,0,1,1); 6 # 2},

(2) A neutrosophic point of Type.Il if A = {(x, o, B,7) }U{(#,0,0,1); £ # x}. Neutrosophic
points will be denoted by x4 g 4.

Now, we will exhibit some definitions and properties of p-topological spaces. A. Csdszar [13]

introduced the notion of Generalized Topological Space (GTS). He also introduced the notion of
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(ft1;412)-continuous function on GTS’s. p-compactness introduced in [23] and [21]. Countbaly
pu—paracompact introduced and studied in [8]. Strongly Generalized neighborhood systems

introduced and studies in [9].

Let X be a nonempty set. A collection p of subsets of X is called a generalized topology on
X and the pair (X, u) is called a generalized topological space, if p satisfies the following two
conditions:

(1) 0 € p.

(2) Any union of elements of 1 belongs to p.

Let 8 C exp(X) and ) € 8. Then 3 is called a pu — base for p if up = {|Jp'; 8 C B},We also
say p is generated by . If 8 is countable, then it said a countable u — base. A generalized
topological space (X, ) is said to be strong if X € u. A subset B of X is called p-open (resp.
p-closed) if B € pu (resp. if X — B € pu). The set of all y-open sets containing a point z € X
will be denoted by u, (i.e. py, ={U € p;x € U}).

Definition 1.18. Let (X, u1) and (X, u2) be two p-topological space. A function f : (X, uq) —
(X, p2) is said to be (u1, u2) — continuous if and only if f~1(V) € u1 whenever V € puso.

Definition 1.19. Let X be a generalized topological space and let § be a collection of subsets
of X. Then § is said to be:

(1) A p-cover of X if X =|J{U;U € §F}.
(2) A p-open cover of X if § is a p-cover of X and U € pu for every U € §.

Definition 1.20. Let X be a generalized topological space and let § and € be p-covers of X.
Then € is said to be a p-subcover of §, if € C §.

Definition 1.21. A generalized topological space X is said to be p-compact (resp. u-Lindeldf)

if and only if every p-open cover of X has a finite (resp. countable) u-subcover.

The following theorem shows some differences between topological spaces and p—topological

spaces.

Theorem 1.22.

(1) In pu—topological spaces Int, (ANB) = Int,(A)NInt,(B) is not satisfied where Int,(A)
stands for interior of A.
(2) In p—topological spaces Cl, (AU B) = Cl,(A) U Cl,(B) is not satisfied where Cl,(A)

stands for the closure of A in p.
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(3) /7] There exists a p-normal space with a countable p-base which has a p-open cover

with no p-open point-finite refinement.
2. Neutrosophic p-Topological Spaces

In the literature of generlaized topological spaces the symbol p is used to refer the
p—topology and in neutrosophic sets it is used to refer the membership function pu, so, to
avoid ambiguity, we will use the underlined p to refer the p-topology and keep u for the

membership function in neutrosophic sets.

Definition 2.1 (Neutrosophic p-Topology). Let p C N(X). Then p is called a neutrosophic
p-topology on X if
(1) Ox € -

(2) The union of any number of neutrosophic sets in p belongs to p.

The pair (X, p) is called a neutrosophic u-topological space over X. The members of p are
said to be neutrosophic u-open sets in X. If 1x € p, then (X, u) is called a strong neutrosophic
p-topological space. For any A € N(X), if A° € p, then A is said to be neutrosophic p-closed
set in X. Since their are two types of neutrosophic sets, a neutrosophic u-topology is said
to be Type.I(Type.Il) neutrosophic topology if its elements are treated as Type.I(Type.II)

neutrosophic sets.

Example 2.2. Let X = {a,b,c} and A,B,C,C € N(X) with:

A = {{a,0.3,05,07),(b,03,04,1)}, B = {(a,04,0.7,0.1),(0.2,0.6,09)}, C =
{(a,0.4,0.5,0.1), (,0.3,0.4,0.9)}, ¢ = {(a,0.4,0.7,0.1),(b,0.3,0.6,0.9)}.  Then u =
{0x, A, B,C} is a Type.l neutrosophic p — topology and i = {1X,OX,A,B,C'} is a Type.Il
strong neutrosophic mu — topology. Neither p nor fi is neutrosophic topology. Note that ,in
(X,p), AN B = {(a,0.3,0.7,0.7), (b,0.2,0.6,1) } is not neutrosophic mu-open (here we apply
type.l intersection). And in (X, /) we have AT B = {(a,0.3,0.5,0.7), (b,0.2,0.4,1)} is not

neutrosophic mu-open (here we apply type.Il intersection).

Most examples and theorems will be considered for Type.l neutrosophic sets, since the two

types of neutrosophic sets have the same properties.

Definition 2.3 (Neutrosophic p-interior). Let (X, ) be a neutrosophic topological space over
X and A € N(X). Then, the neutrosophic pu-interior of A, denoted by int,(A) is the union
of all neutrosophic p-open subsets of A. Clearly int,(A) is the biggest neutrosophic p-open

set over X contained in A.

Theorem 2.4. Let (X, p) be a neutrosophic p-topological space over X and A, B € N(X).
Then,
Murad Arar and Saeid Jafari , Neutrosophic p-Topological spaces




Neutrosophic Sets and Systems,Vol.38,2020 EF

int,(0x) = 0x and int,(A) C A.
1

u(1x) = 1x whenever p is a strong u—topology.

Proof. We will establish a proof for (4) and (7).

(4) Since AC B, {U € ;U C A} C{U € ;U C B}. So that ping, (a)(x) = sup{uv(x); U €
U C A} < sup{uu(z);U € p, U T B} = fiine, (B)(2); Tint,(a)(z) = inf{oy(z);U € p, U C
A} > inf{oy(2);U € p,U C B} = 04y, () (), and Vl-mu(A)(a?) = inf{vy(z);U € pn,U C A} >
inf{vy(z);U € p,U E B} = mtu(B)(:U)T Which means ;ntﬁ(A) C int,(B).

(7) Since AN B C A and B, int,(A N B) C int,(A) and int, (AN B) C int,(B) (by (4)), so
we have int, (AN B) Cint,(A) Mint,(B). g

Example 2.5. Consider (X, ) as in Exampl. Note that:
(1) intﬁ(lx) =0x UAUBUC =C # 1x%.
(2) Since AN B = {(a,0.3,0.7,0.7),(b,0.2,0.6,1)} and there is no neutrosophic p — open

set in p contained in A B except Ox, we have intﬁ(Al_l B) = 0x, and since 4, B € p,
int,(A) Mint,(B) = AN B # int, (AN B) = 0x.

Definition 2.6 (Neutrosophic u-closure). Let (X, ) be a neutrosophic u-topological space
over X and A € N(X). Then, the neutrosophic p-closure of A, denoted by cl,(A), is the
intersection of all neutrosophic u-closed super sets of A.

Clearly cl;,(A) is the smallest neutrosophic p-closed set over X which containing A.

Theorem 2.7. Let (X,p) be a neutrosophic p-topological space over X and A,B € N(X).
Then,

(1) clu(lx) =1x and AC cl,(A).

(2) clu(0x) = 0x whenever p is a strong p—topology.
(3) clulclu(A)) = clu(A).

(4) AC B implies cl,(A) E cl,(B).

(5) A is p-closed if and only if cl,(A) = A.

(6)

Example 2.8. Consider (X, ) as in Exampl The only p-closed sets in (X, p) are:

(1) 05 = 1x.
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(2) A° = {(a,0.7,0.5,0.3), (b, 1,0.6,0.3)}.

(3) B¢ = {(a,0.1,0.3,0.4), (b,0.9,0.4,0.2)}.

(4) C¢ = {(a,0.1,0.5,0.4), (b,0.9,0.6,0.3) }
It is clear that cl,(0x) = 05 MA°NBNCe = {(a,0.1,0.5,0.4), (b,0.9,0.6,0.3) } # Ox. Let H =
A¢and K = B€. Then cl,(H)Ucl,(K) = {(a,0.7,0.3,0.3), (b, 1,0.4,0.2) } and cl,(HUK) = 1x,
since the only neutrosophic y-closed set containing H U K = cl,(H) U cl,(K) is 1x.

The following theorem shows the importance of generalized neutrosophic u-topological

spaces.

Theorem 2.9. Let (X, 7) be a neutrosophic topological space over X. Then:

(1) The set Naa—O(T) of all neutrosophic a-open sets over (X, T) is a strong neutrosophic
p-topology over X.

(2) The set GNPC(7) of all neutrosophic pre-closed sets in (X, T) is a strong neutrosophic
p-topology over X.

Proof. Easy! we just call Theore 0

Definition 2.10. Let (X, u) and (Y, /1) be two neutrosophic p-topological spaces and let
Q: X =Y be any function. Then €2 is said to be neutrosophic (u, fi)-continuous if for any
neutrosofpic point x5, and for any neutrosophic fi-open set V' € 7 such that f(zq5,) € V

there exists U € 7 such that x4, € U and QU) T V.

Theorem 2.11. Let X and Y be two nonempty sets and € : X — Y be any function. Let
Tapy be a neutrosophic point in X. Then QUxap~) = QU2)apy; that is the image of a

neutrosophic point is a neutrosophic point.

Proof. We will prove it for Type.I and Type.II neutrosophic sets. Let A =z, 5, and Q(z) = .
Then the Type.I (Type.Il) image of A under €2, denoted by (A), is the Neutrosophic set:

Q(A) = {(y, 2pa)(y), Uoa) (), (1 = Q(L —va))(y));y € Y}, where

sup IU,A(.T) if Q_l(y) # 0 a ify=4g
(na)(y) = { =€) - , ’
0 i Q1(y) £ 0 0 ify#y

(ca)(y) = zegizgfl(y)UA(x) ) 70 _ )P ity =9

= ‘ ) (Type.I)
1 if Q 1(y) #0 1 ity #y
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if Q71(y) # 0 ity — g
(o) (y) = a7 W ED_ f iy =y

= . ) (Type.IT)
0 if Q~1(y) £ 0 0 ify#y

(1- Q1 —va))ly) = xegizllfl(y)VA(x) if Q—l(y) # 0 K ify =1y

1 iﬂr%w¢®__1 ify#y

That is -in Type.I and Type.Il neutrosophic sets- Q(zq,5,y) = Ya,8,y Where 3§ = Q(z) . g

Definition 2.12. A neutrosophic point of type.l (type.Il) x4 g~ is said to be in the neutro-
sophic set A -in symbols z, 3, € A)- if and only if @ < pa(x),8 > oa(x) and v > va(x)

(a < pa(z), B <oa(zr) and v > va(z)).

Lemma 2.13. Let A € N(X) and suppose that for every xq g~ € A there exists a neutrosophic
set B(xa,~) € N(X) such that x4~ € B(zap~) T A. Then A =1L{B(a,8);Tap~ € A}.

Proof. The proof will be established for Type.l. Set H = U{B(x4,5); Ta,8~ € A}. It suffices to
show that A T H and H C A. First note that for every B(zq,4,y) C A we have pp(, , () <
1A(T), OBz, 5.) (%) = 0a(x) and v, , y(z) > va(z) for every x € X. Let 2 € X. Then
pr () = SUp{UB(r, 5.)i Ta by € A} < pa(x), op(z) = inf{opn, , )i %apy € A} = oa(z),
and vy (z) = inf{vp(, , )i %a,py € A} > 0a(z), this means H C A. To prove the converse,
let z € X and let oy = pa(z), 1 = oa(x), and 1 = va(x). Consider the neutrosophic points
Tq8, such that o < a1, > f1 and v > 1. Then z,5, € A. Let Ay = U{B(z03,); 0 <
a1, B > prandy > vy}, It is clear that Ay, C H so that pa,(z) < pp(x), oa,(x) > og(x)
and v4, (z) > vg(x). But pa, (z) = sup{qua’Bﬁ(ﬂz);a < a,B > P,y >mt=a =
pa(x), oa,(x) = inf{aAza’m(a:);a < a,B > P,y > m}t = P = oa(z) and va,(z) =
sup{VAxaﬁﬁ(x);a < a,fB > B1,7v > M} = 11 = va(x), which implies pa(z) < pp(z),
oA > og(z) and vy > vg(x) or, equivalently, AC H.

Corollary 2.14. Let (X, u) be a neutrosophic topological space over X and let A € N(X).
Then A is neutrosophic p-open in (X, ) if and only if for every x5, € A there evists a
neutrosophic p-open set B(xq.,) € p such that x4, € B(Ta,) E A.

Definition 2.15. Let (X, 1) be a neutrosophic topological space over X. A sub-collection
B C p is called a neutrosophic p — base for p if and only if for any U € u there exists BCB
such that U = LI{B; B € B}.
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Corollary 2.16. Let (X, 1) be a neutrosophic topological space over X. Then a subcollection
B of u is a neutrosophic p — base for p if and only if for every U € p and every xqop5, € U
there exists B € B such that vo5~ € BEU.

Theorem 2.17. Let (X, u) and (Y, i) be two neutrosophic p-topological spaces and let €2 :
X =Y be any function. Then S is neutrosophic (, j1)-continuous if and only if QO Y(V)isa

neutrosophic p-open set whenever V' is a neutrosophc fi-open set.

Proof. Suppose that  is neutrosophic (u, fi)-continuous, V' be a neutrosophc fi-open set,
and zap, € V). Then Qzapy) = Qx)ap, € UL HV)) T V (we used theo-
rem@@)). Since €2 is (u, f1)-continuous, there exists a neutrosophic p—open set V(zq,3.)
such that 245, € V(Zap,y) and QV(zas,)) E V, which implies, by theorem[1.16(3),
V(zapy) T NV (zapy)) E Q7 H(V), that is, by Corollar QY(V) is p — open.
Conversely, suppose the condition of the theorem is true. To show that Q is (u, fi)-continuous
let x5, be a neutrosophic point in X and V is a neutrosophic fi — open set such that
Q(zq,8,) € V. By the condition of the theorem, Q! (V) is neutrosophic 1 —open set, and from
theoremm (3) and (4) we have x4 5, € X HQza,p)) T Q2 HV), and QQ (V) C V, re-
spectively. So we have Q™1 (V) is neutrosophic pu—open, z43, € Q71(V) and QQ1(V)) TV

which mean 2 is a neutrosophic (u, fi)-continuous function. g

Theorem 2.18. Let (X, p) and (Y, fi) be two neutrosophic p-topological spaces, 0 : X —'Y be
any function, and Bisa neutrosophic pi—base for fi. Then  is neutrosophic (u, fi)-continuous

if and only if Q~Y(V) is a neutrosophic p-open set for every V. € B.

Proof. =) Obvious!

<) Suppose that  satisfies the condition of the theorem, and let V' be any neutrosophic
f1 — open set. Since Bis a neutrosophic p — base for fi, there exists a sub-collection B* from
B such that V = LU{B; B € B*}. But Q"1 (V) = Q" (U{B; B € B*}) = U{Q"(B); B € B*}.
Since Q~1(B) is neutrosophic (1 — open for every B € B*, Q~1(V) is neutrosophic 1 — open,

and so € is a neutrosophic (u, fi)-continuous function. g

Definition 2.19. Let (X, ) be a neutrosophic u-topological space. A sub-collection U C p
is called a type.I (type.Il) neutrosophic pu—open cover of X, if 1x = L{U;U € U}.

Definition 2.20. Let (X, 1) be a neutrosophic p-topological space, and let I be a neutrosophic
p—open cover of X. A sub-collection U c N(X) is called a neutrosophic p—subcover of X
from U, if U is a neutrosophic p—open cover of X and Ucu.
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Corollary 2.21. Let (X, i) be a neutrosophic p-topological space. A sub-collection U C pu is a
p—open cover of X if and only if for every xq g in X there exists U € U such that x5, € U.

Definition 2.22. A neutrosophic p-topological space (X, p) is called neutrosophic p-compact
space if every neutrosophic p—open cover of X from p has a finite neutrosophic p-subcover of
X.

Theorem 2.23. Let Q : (X,p) — (Y, /1) be a neutrosophic (, fi)-continuous function. If

(X, p) is neutrosophic p—compact, then (Y, f1) is neutrosophic p—compact.

Proof. Let V be a neutrosophic p—open cover of Y. Consider the collection Yyl =
{Q7Y(V);V € V}. Since Q is neutrosophic (g, f)-continuous, V™' C pu. Set A =
U{Q~Y(V);V € V}. To show that A = 1x. But 4 = L{Q"YV);V € V} = QL (W{V;V €
V}) = Q7 Y(1y) = 1x (we used Proposition m(Q)), i.e. V™1 is a neutrosophic p — open cover
of X. Since X is neutrosophic p — compact space, V! has a finite neutrosophic i — open
sub-cover V*~1. Suppose that V7! = {Q71(V;);i = 1,2,...,n}. Set V* = {Vi;i =1,2,...,n}.
It is clear that V* C V. Since Q is surjective, Q(Q~1(V;)) = V; for every i = 1,2, ...,n, so we
have LI{V;;i = 1,2,....,n} = UW{QQY(V));i = 1,2,...,n} = QU{Q Y (V;);i = 1,2,...,n}) =
Q(1x) = 1y, that is V* is a neutrosophic u—subcover of X from V.

Theorem 2.24. Let (X, pu) be a neutrosophic p-topological space, and B be a neutrosophic
p — base for p. Then (X, p) is neutrosophic u—compact if and only if every neutrosophic

p — open cover of X from B has a finite neutrosophic p — subcover.

Proof. =) Obvious!

<) Suppose that X satisfies the condition of the theorem. Let ¢/ be a neutrosophic p — open
cover of X. For every U € U there exists By C B such that U = UBy. Set By = {B;B €
By,U € U}. 1t is clear that B is a neutrosophic p — open cover of X from B, so it has a
finite neutrosophic p — subcover By. For every B € By there exists Ug € U such that B C Up.
Let U* = {Up; B € Bi}. Since By is a finite neutrosophic p — open cover of X, U* is a finite

1 — subcover of X from U, and X is neutrosophic p — compact.

Definition 2.25. A neutrosophic p-topological space (X, p) is called:

(1) meutrosophic p-Lindeldf space if every neutrosophic p — open cover of X from p has a
countable neutrosophic p-subcover of X.
(2) neutrosophic pi-countably compact space if every neutrosophic p—open countable cover

of X from p has a finite neutrosophic p-subcover of X.
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Theorem 2.26. Every neutrosophic p-topological space with a countable neutrosophic p—base

is neutrosophic p-Lindelof .

Proof. Let (X, 1) be a neutrosophic p-topological space with a countable neutrosophic p—base
B. Let U be a neutrosophic yu — open cover of X. For every U € U, there exists By C B such
that U = UBy. Let B* = U{By;U € U}. Since U is a neutrosophic p — open cover of X, B*
is a neutrosophic p — open cover of X. And since B* C B, B* is countable. We can write
B* ={B;;i=1,2,3,...}. For every i = 1,2,3, ... pick a unique U; € U such that B; C U;. Let
U* = {U;;i = 1,2,...}. Since B* is a neutrosophic p — open cover of X, U* is a neutrosophic

{ — open subcover of X from U, and hence X is a neutrosophic p-Lindelof space.

Theorem 2.27. Every neutrosophic p-Lindelof and p-countably compact space is pu-compact.

Proof. Let (X, ) be a neutrosophic p-Lindeldf and p — countably compact space, and let U
be a neutrosophic p — open cover of X. Since X is neutrosophic p-Lindelof, U has a countable
neutrosophic p — subcover (say Uy) of X from U. And since X is neutrosophic pu — countably
compact, U1 has a neutrosophic p — finite subcover, say Us, from U;. It is clear that Us
is a neutrosophic p — finite subcover of X from U, that means (X,u) is a neutrosophic

p — comapact.

Corollary 2.28. Every neutrosophic p-countably compact space with a neutrosophic countable

1 — base is p-compact.

Example 2.29. Let X = {a,b} and 8 = {A,;;n = 1,2,3,...} where A, = {(z,1 —

1 1 1
2n’ 2n’ 2n

sophic p-base 3. Since 7(3) has a countable base, 7(/3) is neutrosophic p-Lindelof. Note that

);z € X}. Consider the neutrosophic u-topology 7(3) generated by the neutro-

7(5) is strong neutrosophic p-topological space, since 8 covers X, actually:
UB =U{A4yn=1,2,3,..} = {{z, V]l — £, AP, A5z € X} = {(2,1,0,0);2 € X} =
1x. Now, we will show that 7(f) is not neutrosophic p-countably paracompact (which im-
plies it is not neutrosophic p-compact). By contrapositive, suppose X is neutrosophic u-
countably paracompact. Then U = 3 is a countable neutrosophic p-open cover of X. Since
we suppose X is neutrosophic p-countably paracompact, U has a finite p-subcover , say
U* ={An1, Apay ..., Apr . But Ayp U Ao U U Ay, = Ay where t = max{nq,ng, ...,n;}, and
A = {(z,1 - %, %, %), r € X} # 1x, a contradiction. So X is not neutrosophic p-countably
paracompact and hence is not neutrosophic p-compact.

The following theorem shows that neutrosophic p-compact space and neutrusophic pu-
countably compact space are equivalent if X is countable, which is not true in topological

spaces.
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Theorem 2.30. For every countable neutrosophic p-topological space X, the following two

statements are equivalent:

(1) X is neutrosophic p-compact.

(2) X is neutrosophic p-countably compact.

Proof. =) Obvious!
<) Suppose that X is a countable neutrosophic p-countably compact space, and let U be a
neutrosophic p-open cover of X. For every x € X we define the following three subsets of
[0, 1].

(1) D = {ualw); A €U},

(2) D2 = {oa(); A €U},

(3) DE ={va(x); A€ U}.
Let DY, D3 and D3 be three countable dense subsets of Djj, D7 and Dy respectively in the
usual sense (the usual topology on the unit interval). Since U is a neutrosophic p-open cover
of X, we have sup DY = supD); = 1 ,inf Dj = inf D7 = 0 and inf D5 = inf Dj = 0. Let
U(x) = {A € U;pa(x) € DY, oa(x) € D5 or va(z) € D5}, It is clear that U(x) is countable.
Let U* = U{U(x);x € X }. Since X is countable, U* is a countable sub-collection from U/. We
will show that ¢/* is a neutrosophic p-cover of X. Set B = LI{*. For every v € X we have:

(1) pp(x) = V{pa(z); A € B} = V{pa(z); A € Di} = sup DY =

(2) op(x) {oa(z); A€ B} > N{oa(x); A€ Df} =inf DJ = 0.

(3) vp(z) = N{ra(x); A € B} > AN{Va(x); A € Df} =inf D = 0.

V
A

Which implies that B = 1x and U* is a neutrosophic countable p-open cover. Since X is a

neutrosophic p-countably compact space, U* has a finite subcover , that is X is compact.

Question 2.31. Are neutrosophic p-compactness and neutrosophic pi-countably compactness

equivalent.

3. Applications and further studies

All existing studies are about neutrosophic topological spaces and since Neutrosophic pu-
topological space is a generalization of neutrosophic topological spaces we can get more gen-
eralized results in Neutrosophic p-topological space that are true for neutrosophic toplogical
spaces, see for example Theorem [2.30] and some previous notations about neutrosophic sets
can be considered as examples of neurosophic p-topological spaces, see Theorem which
shows the relationship between p-topological space and previous studies. In the future work

we need to answer the question posted in this paper: Are neutrosophic p-compactness and
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neutrosophic p-countably compactness equivalent. Furthermore; many notations about neu-

trosophic p-topological spaces need to be studied for example, first and second countable

spaces, neighborhood systems, the relation between the usual topology defined on the interval

[0,1] (which is the range of y, ¢ and v functions) and the neutrosophic p-topology defined on

X.
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