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Abstract. In this paper, the idea of T-MBJ neutrosophic set is introduced in which MBJ-neutrosophic set is
used to present this new set called T-MBJ neutrosophic set. furthermore the notion of T-MBJ neutrosophic M-
subalgebra on G-algebra is also introduced and provide the conditions for T-MBJ neutrosophic M-subalgebra.
The word M in the term M-subalgebra, represents the initial of author’s first name Mohsin. We study the
T-MBJ neutrosophic set through different characteristics and also prove some results for better understanding

of newly define T-MBJ neutrosophic set.
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1. Introduction

Smarandacha [3,4] extented the intuitionistic fuzzy set to neutrosophic set. Barbhuiya [22]
wrote in detailed about t-intuitionistic fuzzy using the concept of subalgebra and different other
characterstics. Takallo et al. [5] extensively explained the BMBJ-neutrosophic subalgebra.
Senapati et al. [27] used cubic set and applied it to subalgebras, ideals and closed ideals of
B-algebra. Imai and Iseki [7,28] defined the BC'K-algebra and BCT-algebra. Bandaru et
al. [21] first time introdued the G-algebra. Zadeh [8}|9] introduced unique sets called fuzzy set
and interval-valued fuzzy set. Saeid [1] studied interval-valued fuzzy subalgebra of B-algebra.
Khalid et al. [10] defined T-neutrosophic cubic set and explained this set with important results.
Senapati et al. [25] studied L-fuzzy G-subalgebra of G-algebra. Lots of work on BG-algebras [2]
have been done by the researchers [26]. Khalid et al. [11] investigated neutrosophic soft cubic
subalgebra. Khalid et al. [12] studied translation and multiplication of intuitionistic fuzzy set
through some theorems. Khalid et al. [13] first time done the magnification of translation of

set MBJ-neutrosophic and proved the results to explain the magnification. Khalid et al. [14]
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studied MBJ-neutrosophic T-ideal on B-algebra. Khalid et al. [15] wrote the extensively
important results for multiplicative interpretation of neutrosophic cubic set. Takallo et al. [16]
discussed the application of MBJ-neutrosophic set. Neggers et al. [6] studied the fundamental
theorem of B-homomorphism for B-algebra. Biswas [23] investigated the membership function
of interval valued fuzzy set. Ahn [24] proved different results for fuzzy subalgebra. Jun
et al. [29] deeply studied neutrosophic cubic set with different characteristics. Basset et.
al [17] done the detailed study on hybrid neutrosophic multiple criteria group decision making
approach for project selection. Hemavati et. al [20] investigated the [-subalgebra using the
interval valed fuzzy set. Surya et. al [18] worked on MBJ neutrsophic -subalgebra. Basset et.
al [19] worked on novel group decision making model based on neutrsophic set for the heart
disease.

This paper is presented to define the T-MBJ neutrosophic set and provide the condition
for T-MBJ neutrosophic set [T-MBJ NS| to be a T-MBJ neutrosophic M-subalgebra on G-
algebra. We also investigate some properties and proved some results for T-MBJ neutrosophic
M-subalgebra [T-MBJ NMSUJ.

2. Preliminaries

Here, some basic definitions are written that are helpful to present this paper.

Definition 2.1. A nonempty set Y with a constant 0 and a binary operation * is said to be
G-algebra [21] if it fulfills these axioms:

Gl: t1xt; =0

G2: t1 * (t1 x o) = to, for all t;,t2 € Y.

A G-algebra is denoted by (Y, *,0).

Definition 2.2. A nonempty set Y with a constant 0 and a binary operation * is said to be
B-algebra [6] if it fulfills these axioms:

Bl: t; xt1 =0

B2:t1 x0 =t B2: (t1 xtg) xt3 = t1 * (t3(0 x t2), for all t1,ts,t3 € Y.

Definition 2.3. Let S be a subset of G-algebra is called a subalgebra [21] of Y if ¢; xty € S
YV t1,to € S.

Definition 2.4. Function f | Y — X of B-algebra is called homomorphic [6] if f(t1 * t2) =
f(t1) = f(te) YV t1,to € Y. If f|Y — X is a B—homomorphic, then f(0) = 0.

Definition 2.5. Let C be a fuzzy set [8] in Y is defined as C' = {< t1,9¢(t1) >| t1 € Y},
where Y (1) is called the existence ship value of ¢; in C' and J¢(t1) € [0, 1].
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For a fuzzy set’s family C; = {< t1,9¢,(t1) >|t1 € Y} in Y, where i € H and H is index
set, Join (V) and meet (/\) are defined as follow:

\/iEHCi = (\/iEH'ﬂCi)(tl) = Sup{’ﬂci | (&S H}7
and
NienCi = (NienVc;)(t1) = inf{dc, | i € H}

respectively, Vt; € Y.

Definition 2.6. [23] Let two elements Di,Dy € D[0,1]. If Dy = [(t1)],(t1)]] and
Dy = [(t1)5, (t1)5], then rmaz (D1, D2) = [maz((t1)], (t1)5 ), max((t1)7, (t1)3)] which is de-
noted by Dy V" Dy and rmin(D1, De) = [min((t1)], (t1)3 ), min((t1)7, (t1)3)] which is de-
noted by Di A" Dy. Thus, if D; = [((t1)1);,((t1)2)*] € DJ[0,1] for i = 1,2,3,..., then
they defined rsup;(D;) = [supi(((t1)1); ), supi(((t1)1);)], d-e., ViD; = [Vi((t1)1);, Vil(t1)1)]].
In the same way they defined rinfi(D;) = [infi(((t1)1);),infi(((t1)1)])], i.e., AID; =
[Ai((t1)1); 5 Ai((t1)1)f]. Now they called Dy > Dy <= (t1)] > (t1); and (t1)] > (t1)3.
Similarly they defined the relations Dy < D5 and Dy = Ds.

Ahn et al. [24] defined fuzzy subalgebra, which is defined below.

Definition 2.7. A nonempty set C' = {(t1,9¢(t1)) | t1 € Y} is called a fuzzy subalgebra [24]
of Y if ﬁc(tl % tg) > min{ﬂc(tl),ﬁc(tg)} Viti,ta €Y.

Definition 2.8. For any C; = (pi, \i) [29] where p; = {{t1;pie(t1), pir(t1), pin(t1)) | t1 €
Y},)\Z‘ = {<t1;)\iE(t1)7)\iI(t1)a/\iN(tl» ‘ t1 € Y} for 1 € H, P—union, P—inersection, R-

union and R-intersection is defined respectively by P-unionUpC; = (U p;, V \;), P-
icH icH U icH
intersection NpC; = ( N p;, A N\;), R-union UrC; = (U p;, A \;), R-intersection:
ieH icH " icH icH icH " icH
NrC; = ( N p;, V. N\;), where
e (ierZ i€H i);

iGUHpi = {(t1; Uiempie)(t1), (Uicapir)(t1), (Uicapin)(t1)) | t1 € Y},
VierAi = {{t1; Vien Mie)(t1), Viea Mir)(t1), (Vieg Nin)(t1)) | t1 € Y},
Nienpi = {{tr: (Nierpin) (1), (Nienpin)(t), (Nierpin) (1)) | 1 € YD,
Nier i = {{t1; NieaNie)(t1), (Nieair)(t1), NiegAin)(t1)) [ t1 € Y}

Definition 2.9. Let B = (Up,vp) be an IFS of BG-algebra Y and ¢ € [0, 1], then the IFS
B! is said to be t-intuitionistic fuzzy subset [1] of Y w.r.t B and is defined as B! = {<
t1,9p¢(t1),vpe(t1) >| t1 € Y} =< dpge,vge >, where Op:(t1) = min{0p(t1),t} and Ip:(t1) =
max{vp(t1),l —t} Vi1 €Y.

Definition 2.10. Let B! = (Jp¢,vp:) be a t-IFS of BG-algebra Y and ¢ € [0,1] then B! is
said to be t-IFSU [23] of Y if it fulfills these axioms.
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(1) Ope(ty * ta) > min{Vp:(t1),Vpt(t2)} and
(il)vpe(ty x t2) < maz{vp:(t1),vp:(ta)} V t1,t2 € Y.

Definition 2.11. A MBJ-neutrosophic set [16] in Y is a structure of the form C =
{<M0t1,BCt1,Jot1> | t1 € Y}, where Mc and Jo are fuzzy sets in Y and Mg is a truth
membership function, Jo is a false membership function and B is an indeterminate interval

valued membership function.

3. T-MBJ Neutrosophic M-Subalgebras

Definition 3.1. A nonempty set of the from C! = (Mt,Bt, Jt) is called a T-MBJ neutro-
sophic set (T-MBJ NS) of Y, where C! = {< t1, M'(t1), Bt(t1), Jt(t1) >| t1 € Y} =<
M?! B!, Jt > with two independent components is defined as M(t;) = {min(M,t)(t;)},
Bt = {rmin(B,t)(t1)} and Jt(t1) = {maxz(J,2 —t —t)(t))} V t,t',2 —t — ' € [0,1], where
M is truth membership function, B is an indeterminate interval valued membership function

and J! is a false membership function.

Definition 3.2. Let C* = (M*, B, J*) be a T-MBJ neutrosophic set. Then C* is T-MBJ NMSU
under binary operation x, where t,ts,¢,¢,2 —t —t/ R, R € [0,1] if it satisfies the following
three conditions: N1:
min(M((t; * R) * (to x R)), ) = ME((t1 * X) * (to * R)) = min{ M (t; * X), M'(to * R)}
min(B((t; % N) * (t2 * R)), ') = BE((t1 % R) * (ty % R)) = rmin{ Bt (t; * R), Bt(ty * R)}
min(J((ty * R) x (t2 * R)),2 —t — ') = JH((t1 * R) % (t2 * R)) < max{J (t; * R), Jt(ta * R)}.

For our simplicity we replace the 2 —t — ¢’ with .

Example 3.3. Let Y = {0,¢1 * X, 2 * R} be a G-algebra with the following Cayley table.

2 | 06X xR

0 0 t1* Nty xR
BERARIERY 0 to xR
toxR | taxR 1 xN 0

A T-MBJ neutrosophic set C! = (M*, B, J?) of X is defined by

‘ 0 tl*N tg*gﬁ ‘ 0 tl*N tg*% ‘ 0 tl*N t2*§R
My |04 06 06  B'[[0102 [0305 [0.609 J |02 04 08

It is the routine work to check that set is T-MBJ neutrosophic M-subalgebra.

Proposition 3.4. Let Ct = {(t;, M*(t1), Bt(t1), Jt(t1))} be a T-MBJ NMSU of Y, then ¥V
t1 €Y, MYO=R) = Mi(t; R), B0+ R) = Bt(t; * N) and JH0 * R) < Jt(t; * N). Thus,
M (0%R), BH0%R) and JEH(0%R) are the upper bounds and lower bounds of M*(t;*R), Bt(t;+R)
and J(t1 * N) respectively.
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Proof. V t; € Y, we have M'((0 % R)) = min(M((0 x R)),t) = min(M((t; * R) * (t; * R)), t)
min{min(M ((t;*R)),t), min(M (t; *R), )} = min(M (t; *R), t)=M"((t; *R)) = M ((0%RX))
ME((t1%R)), BH0*R) = rmin(B(0%R), ') = rmin(B((t;+R)* (t1 %R)), ') = rmin{rmin(B(t,
N), '), rmin(B(t; * R), ¢} = rmin(B(t, * R),#) = Bi(t; * ) = B0 % R) = Bl(t; * N) and
maz(J(0xR), ) = mazx(J((t1 *N) * (t1 * X)), ) = max{maz(J(t; *N), ), max(J(t1 *X), )}
= maz(J(t; * R),t) = JHt; *R) = JHO*R) < JH(t *R). g

=
=

Theorem 3.5. Let C!={((t1), M*(t1), Bt(t1), J*(t1))} be a T-MB.J NMSU of Y. If there exists
a sequence {(t1 * N),} of Y such that li_>m M((t; *R),) =0, li_)m B((t; *N),) = [1,1] and
lim J*((t1 % R)) = 0. Then M*(0) =0, B(0) = [1,1] and J*(0) = 0.

t
t

Proof. Using Proposition 3.4, M'(0xX) = M!(t; xX) V t; € Y, then M*(0xR) = M!((t; *R),)
for n € Z*. Consider, 0 = M!(0*R) = nlgrolo M*((t; ¥ R),,) = 0. Hence, M*(0 % R) = 0. Using
Proposition 3.4, B(0 « X) = B(t; * R) V t; € Y, so therefore BY(0 % R) = B!((t; * N),,) for
n € Z*. Consider, [1,1] = B*(0 % X) > lim_ BY((t; % N),) = [1,1]. Hence, B(0 % X) = [1,1].
Again, using Proposition 3.4, J{(0xR) < Jt(t1xR) V t; € Y, so therefore J{(0xR) < J!((t1*X),)
for n € ZT. Consider, 0 < J{(0 % R) < Jim JH((t1 % X)) = 0. Hence, JY(0 % R) = 0. g

Theorem 3.6. The R-intersection of any set of T-MBJ NMSU of Y is also a T-MBJ NMSU
of Y.

Proof. Let C! = {(t;, M!, B!, J!) | t; € Y} where i € k, be a set of T-MBJ NMSU of Y and

17 %

ti,to € Y and t,X; R € [0,1]. Then

(VM) ((t % R) # (t2 * R)) = V(min(M;, t)((t * R) * (t2 % R)))
= sup(min(M;, t)((t1 * R) * (t2 * R)))
= sup{min{(min(M;, t)(t1 * X)), (min(M;, t)(ty = R))}}
= min{sup(min(M;, t)(t; * R)), sup(min(M;, t)(t1 * R))}
= min{sup(M])(t1 * R), sup(M;)(t1 * R)}
= min{V(M{)(t1 * R), V(M) (t1 * R)}

= V(M)((t * R) * (ta * R)) = man{ V(M) (t * R), V(M})(t; * R)}
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and

(N(BY) ((t1 % R) * (t % R)) = N(rmin(B;, t')((ty % N) * (t * R)))
= rinf(rmin(B;, t')((t, * X)  (ty * R)))
= rinf{rmin{(rmin(B;, ') (t; * X)), (rmin(B;, t')(t * R))}}
= rmain{rinf (rmin(B;, ') (t1 % X)), rinf (rmin(B;, ') (t1 * R))}
= rmin{rinf(BY)(t, * N), rinf(BY)(t, « R)}
= rmin{N(BY)(t; * R),N(BH)(t1 * R)}
)

= N(BH((t1 % N) * (t2 * R)) = rmin{N(BY)(t1 * N), N(BY)(t, * R)},

and

(V(T)a) ((t1 % R) * (B2 % R)) = V(maz(J;, S)((t1 * ) * (t2  R)))
= sup(max(J;, 3)((t1 * R) * (t2 * R)))
< sup{maz{(maz(J;,3)(t, *R)), (maz(J;, )(t1 * R))}}
= maz{sup(maz(J;, 3)(t1 * X)), sup(maz(J;, I)(t1 * R))}
= maz{sup(J!)(t1 * R), sup(JL)(t1 * R)}
= maz{V(J})(tr*R), V(J}) (t + R)}

= V(I (1 R) % (t2 * R)) = maz{V(JE)(tr * R), V(I (t * R)},

which show that R-intersection of C! is a T-MBJ NMSU of Y.

Theorem 3.7. Let C! = {{(t1,(M}),(BY),(J})) | t1 € Y} be a set of T-MBJ NMSU of Y,
where i € k and t € [0,1]. If inf{min{(M})(t1 * R), (M})(t1 * X)}} = min{inf(M})(t1 *
), inf (M) (R} andinf {maz{(J)(tR), (J) (0 #R)}} = maz{inf(JE)(tR), in f (JO)(tr+
N)} V t1 € Y, then P-intersection of C! is also a T-MBJ NMSU of Y.

Proof. Suppose that C! = {(t1, (M}, (BY),(J})) | t1 € Y} where i € k, is a family of sets
of T-MBJ NMSU of Y such that inf{min{(M})(t; * R), (M})(t1 * R)}} = min{inf(M})(t1 *
), inf(M})(t1xR)} and inf{max{(J})(t1*R), (J})(t1xR)} } = maz{inf(J})(t1*R), inf (J}) (t1*
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N)} Viti,t2 €Y and t € [0, 1]. Then

(N ((£1 % R) * (£ # R)) = Almin(M;, t)((t * R) = (£ * R)))
= inf(min(M;, )((t1 * R) * (t2 * R)))
= inf{min{(min(M;,t)(t1 * X)), (min(Ms, t)(t1 = %))} }
= min{inf (min(M;, t)(t; * X)), inf (min(M;, t)(t, * R))}
= min{inf(M])(t1 +R),in f(M])(t1 * R)}
= min{ A(M;) (t = R), A(M])(t1 + R)}

= AME((t1 % R) * (t2 % R)) = min{ A(M])(t1 * R), A(M])(t1 * R)}

and

(N(BHY:)((t1 % ) * (t2 * R)) = N(rmin(B;, ') ((t, * N) * (t2 * R)))
= rinf(rmin(B;, t')((ty * R) * (t * R)))
= rinf{rmin{(rmin(B;,t')(t; * X)), (rmin(B;, t')(t; * R))}}
= rmain{rinf (rmin(B;, ') (t1 = X)), rinf (rmin(B;, ') (t1 * R))}
= rmin{rinf(BY)(t * X), rinf(BY)(t; * R)}
= rmin{N(B)(t1 * N), N(BY) (¢ * R)}
)

= N(BY((t1 * ) * (t2 % R)) = rmin{N(BY)(t, * N),N(BH)(t1 * R)},

and

(AT (b1 % R) * (t2 % R)) = A(maz(J;, S)((t1 * R) * (2 * R)))
= inf(maz(J;, 3)((t1 * R) * (2 * R)))
< inf{maz{(maz(Ji,3)(t; * X)), (maz(Ji, 3)(t + R))}}
= maz{inf(maz(Ji, 3)(t1 * V), inf(maz(Ji, 3)(t * R))}
= maz{inf(J7)(t *R),inf(J})(t1 * R)}
= maz{A(J;)(t1 * R), A(J])(t1 * R)}

= A ((f1 % R) * (2 % R)) < maz{AJE)(t1 + R), AT (81 + R},

which show that P-intersection of C! is a T-MBJ NMSU of Y.

Theorem 3.8. Let Ct; = {(t1, (M}), (BY), (J})) | t1 € Y} wherei € k, be a family of sets of T-
MBI NMSU of Y. If sup{min{ (ME)(t1R), (M) (6 <R)}} = min{sup(MY) (11 68),in f (M?) 115
R)} and rsup{rmin{(B?)(t1 * N), (B!)(t1 * R)}} = rmin{rsup(B!)(t; * N), rsup(B!)(t; * R)}
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and sup{maz{ (J8)(t1 ), (J)(t1 * R)}} = maa{sup(J)(tr * ), sup(JE)(tr « W)} Vi, s € Y,
then P-union of C! is also a T-MBJ NMSU of Y.

Proof. Let C! = {(t1,(BY), (J})) | t1 € Y} where i € k, be a family of sets of T-MBJ NMSU of
Y such that sup{n:nn{(Mf)(tl «R), (MD)(t; % R)}} = min{sup(MP)(t; % R), sup(M?)(t; * R)}
and rsup{rmin{(B!)(t1 * X), (B)(t1 * R)}} = rmin{rsup(B!)(t1 * R),rsup(B!)(t * R)} and
sup{maz{(J!)(t; *X), (JI)(t1 % R)}} = maz{sup(J!)(t; *R), sup(J!)(t1 *R)} ¥ t1,t5 € Y. Then
for t1,to € Y, and t € [0, 1].
(VM) (£ % R)  (t2 * R)) = V(min(M;, t)((t * R) * (t2 % R)))
= sup(min(M;, t)((t1 * R) x (t3 x R)))
= sup{min{(min(M;, t)(t1 = R)), (min(M;, t)(t; = R))}}
= min{sup(min(M;, t)(t; * X)), sup(min(M;, t)(t; * R))}
= min{sup(M!)(t; * ), sup(M?!) (£,  R)}
= min{V(M})(t; * R), V(M})(t; * R)}
= V(M) ((t1 * R) * (t2 * R)) = min{V(M})(t1 * R), V(M})(t1 * R)}
and
(U(BY) ((t1 % R) * (b % R)) = U(rmin(B;, t')((t, % R) * (t * R)))
= rsup(rmin(B;, t')((t; * ) * (t * R)))
= rsup{rmin{(rmin(B;, t')(t; * X)), (rmin(B;, t')(t; * R))}}
= rmin{rsup(rmin(B;, t')(t; * X)), rsup(rmin(B;, t')(t; * R))}
= rmin{rsup(BY)(t, * N), rsup(BY)(t, * R)}
(t; * R), U(BY)(t1 * R)}
(t1 % N), U(BY)(t * R)}

= rmin{U(BY)
= U(BY)((t1 * R) * (tg * R)) = rmin{U(BY)
and
(V(TD) (1 * R) * (L2 * R)) = V(maz(J;, I)((t1 * R)  (t2 * R)))
= sup(maz(Ji, I)((t1 * R) * (t2 * R)))
= sup{maz{(maz(J;, 3)(t1 * ), (maz(J;, 3)(t1 = R)) }}
= maz{sup(maz(J;, 3)(t1 * X)), sup(maz(J;, 3)(t1 * R))}
= maz{sup(J})(t1 * R), sup(J) (t1 * R)}
= maz{V(J})(t1 * X), V(J})(t1 = R)}
= V(ID((t1 * R) # (t2 * R)) =2 maz{V(J))(t1 * R), V(J)(t: * R)},
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which show that P-union of C! is a T-MBJ NMSU of Y.

Theorem 3.9. Let C! = {{t1,(B!), (J})) | t1 € Y} where i € k, be a family of sets of T-MBJ
NMSU of Y. If inf (min{(M!)(ty »X), (M!)(tr  R)}} = min{inf (M)(t1 # R), inf (M?)(t1 #
R)} and inf{maz{(J!)(t1 * R), (JH)(t1 * R)}} = maz{inf(J})(t1 * R),inf(J)(t1 * R)} and
rsup{rmin{(B!)(t; * N), (B (t1 * R)}} = rmin{rsup(Bt)(t; * R), rsup(B)(t1 * R)} ¥V t; € Y,
and t € [0,1] then R-union of C! is also a T-MBJ NMSU of Y.

Proof. Let C! = {(t1, (M}), (B!), (J!)) | t; € Y} where i € k, and t € [0,1] be a family of sets
of T-MBJ NMSU of Y such that inf{min{(M})(t1 x R), (M})(t1 * R)}} = min{inf(M})(t1 *
R),in f(ME) (41R)} and inf {maa{(JE) (sR), () (=)} } = maa{in (J2) (teR), i f () (114
R)} and rsup{rmin{(B)(t, * R), (BY)(t1 * R)}} = rmin{rsup(BY)(t1 * X),rsup(B)(t1 * R)} V
t1 €Y, and t € [0,1]. Then for t;,t2 € Y and ¢ € [0,1].

(ANMD)((t1 % R) * (2 % R)) = (A(min(M;, t)((t1 * R) * (t2 * R)))
= inf{(min(M;, t)((t1 % R) % (t2 * R)))}
= inf{min{min(M;,t)(t1 * RX), min(M;,t)(t1 * R)}}
= min{inf((M})(t1 X)), inf((M})(t; * R))}
}

)
(
= min{inf(min(M;, t)(t1 * R)), inf (min(M;, t)(t, * R))}
(
)
)}

/)
= man{A(M})(ty * R), A(M})(t1 * R
= A(MD)((t1 % R) % (ta * R)) = min{ A(M})(t1 % R), A(MP)(t; * R

and

(U(B))((t1 % R) * (tg % R)) = (U(rmin(Bi, ') ((t1 % R) * (to % R))
= rsup{rmin(B;, t')((t; * R) * (ty * R))}
= rsup{rmin{rmin(B;, t')(t; * R), rmin(B;, t')(t1 * R)}}
= rmin{rsup(rmin(B;, t')(t; * X)), rsup(rmin(B;, t')(t; * R))}
= rmin{rsup((B})(t: * X)), rsup((B})(t: * R))}
= rmin{U(B)(t1 * N), U(BY) (¢ * R)}
)

= UBYH((t1 * R) * (t2 % R)) = rmin{U(BH)(t; * N), U(B!)(t1 * R)},
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and

(A ((t1 + R) * (t2 + R)) = (A(maz(J;, ) ((tr + R) * (t2 * R))

in f{mazx(J;, I)((t1 * R) * (t2 * R)) }

PN

inf{maz{maz(J;,3)(t, * N), maz(J;, I)(t; * R)}}

= maz{inf(maz(J;, 3)(t * R)), inf(maz(J;, )t * R))}
= maz{inf((J})(t1 * X)), inf((J))(t1 * R))}

= max{A(J})(ty * R), A(JD)(t1 * R)}

A
= A ((t * R) * (L * R)) = maz{AJ))(t1 * R), A(J)(t * R)},

which show that R-union of C! is a T-MBJ NMSU of Y.

Proposition 3.10. If a T-MBJ neutrosophic set C' = (M?', B, J') of Y is a TMBJ-
netrosophic M-subalgebra, then ¥V t; € Y, M*(0 % t1) = M*(t; * R) and BY(0 xty) = Bt(t; * N)
and JH0*t1) < JH(ty * N).

Proof. ¥V t1 € Y, MY0 * t1)=min(M(0 * t1),t) = min{min(M(0),t), min(M(t; * R),t)}
= min{min(M (t1 * t1),t),min(M(t; * ), )} = min{min{min(M (t; * X),t), min(M (t; *
N), 1)}, min(M(t; « R), )} = min(M(t; * N),t) = M*(t; *R) and BY (0 t1)=rmin(B(0xt,),t')
= rmin{rmin(B(0),t'), rmin(B(t; * R), )} = rmin{rmin(B(t1 * t1),t'), rmin(B(t; * R), ')}
= rmin{rmin{rmin(B(t; * R),t),rmin(B(t; * N),t)}, rmin(B(t; * N),t)} = rmin(B(t; *
N),t') = Bt(t; *R) and J*(0 * t1)=maz(J(0 % t1),¥) < maz{maz(J(0), ), maz(J(t; * ), I)}
= max{max(J(t; * t1),3), max(J(t1 * R),I)} < max{max{max(J(t; * R), ), mazx(J(t; *

N), )}, maz(J(ty * R), )} = max(J(t *R), ) = JH(t *XN) g

Lemma 3.11. If a T-MBJ neutrosophic set Ct = (Mt,Bt, JY) of Y is a T-MBJ neutrosophic
M-subalgebra, then Ct((t; * R) * (to * R)) = Ct((t1 *R) * (0% (0% (tg * R)))) V t1,t2 €Y.

Proof. Let Y be a G-algebra and ¢, t2 € Y. Then we know by lemma that to R = 0% (0 (¢ *
R)). Hence, M*((t; #R) (ta* R)) = M((t *R) % (0% (0% (t2* R)))) and B((t; *R) = (o R)) =
B((ty # N) % (0% (0% (tg % R))) and JE((t1 % R)  (t2 * R)) = JE((t1 * N) % (0% (0 % (£ % R))).
Therefore, Ct((t1 * R) * (tg * R)) = CH((t1 * N) * (0% (0% (t2 * RN))))

Proposition 3.12. If T-MBJ neutrosophic set Ct = (Mt,Bt,Jt) of Y is a T-MBJ NMSU,
then¥ t1,ty € Y, MU((t5R)% (0% (t2xR))) = man{M?(t;*R), Mt (t1%R)} and Bt ((t1%R)% (0% (to*
R))) = rmin{ Bt (t; % R), Bt (t; % R)} and JH((t *R) % (0% (t2%R))) = max{J (t; *R), Jt(t; *R)}.
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Proof. Let t1,ts € Y. Then we have M ((t1#R)*(0x(toxR))) = min(M ((t1#R)*(0%(t2xR))), )
min{min(M (t; *R),t), min(M (0 (t2xR)), 1)} = min{min(M (t; *X),t), min(M (t2xR), 1)}
min{ M*(ty R), M*(to%R)} and Bt((t; R)* (0% (t2#R))) = rmin(B((t; +R)* (0% (t2+R))), )
rmin{rmin(B(ty = R),t'), rmin(B(0 * (ty * R)),t')} = rmin{rmin(B(t; * R),t'), rmin(B(
R), ')} = rmin{B(t; *X), Bt (ty*R)} and JE((t; % R) % (0% (t2 % R))) = maz(J((t1 %R) (0% (
R))), ) = max{max(J(t1xX), ), max(J(0*(t2xR)), I)} = max{max(J(t1xX),t), max(J(ta*
R), )} = max{J (t; * V), J{(ta ¥ R)} by Definition and Proposition. g

Y

Y

t2 *
to *

Proposition 3.13. If T-MBJ neutrosophic set Ct = (Mt,ét,Jt) of Y fulfills the following
statements, then Ct refers to a T-MBJ NMSU of Y .
(1) M*(0xt1) = Mt(t; +R) and B (0xt1) = Bi(t; *R) and JE(0xt1) = JH(t, *N) V ¢ € Y.
(2) Mty % (0% t2)) = min{M*(t; * R), M'(t; * R)} and Bi(ty * (0 % ty)) = rmin{B!(t; *
N), Bi(t; * R)} and Jt(ty * (0 * t2)) = maz{Jt(t; * N), J (t1 * R)} V t1,t2 € Y and
t €0,1].

Proof. Let T-MBJ neutrosophic set C* = (M*, B, J*) of Y fulfills the above statements (1 and
2). Then by Lemma 3.11, we have M'((t1 * R) x (to * R)) = {min(M((t; * ) * (t2 * R)), 1)}
= {min(M (t1%(0x(0%t2))), t)} = min{min(M (t1*R),t), min(M (0xt2),t)} = min{min(M (t1*
N), 1), min(M(0xta), t) y=min{ M*(t; *R), M*(t;*R)} and Bt((t;+R)* (t2%R)) = {rmin(B((t,
N)s (toxR)), ')} = {rmin(B(t1+(0%(0xt2))), t')} = rmin{rmin(B(t1%R), t), rmin(B(0xty), t')}
= rman{rmin(B(t; * R), t), rmin(B(0 * t3), t') Y=rmin{ Bt (t; * R), Bt(t; * R)} and J'((t; * ) *
(ta*R)) = {mazx(J((t1 *N) * (t2%R)), )} = {maz(J(t1 % (0% (0xt2))), )} < max{maz(J(t; *
N),t), maz(J(0%t3), )} = maz{max(J(t; *R), ), mazx(J(0xts), ) }=max{J (t; *N), J (¢t *
R)} V t1,t2 € Y. Hence, C! is T-MBJ NMSU of Y.

Theorem 3.14. The T-MBJ neutrosophic set Ct = (Mt,Bt, JY of Y is a T-MBJ NMSU of
Y < M! and Bt_,ét+ and Jt are fuzzy subalgebra of Y.

Proof. Suppose M?, B~ Bt and Jt are fuzzy subalgebra of Y and t1,ts € Y and t,t/,3 €
[0,1]. Then M!((t; * R) * (t2 * R)) = {min(M((t; * R) * (t2 * R)), )} = min{min(M(t; *
N), 1), min(M(t; * R),t)} = min{M(t; * R),M'(t; * R)} and B ((t; * N) % (t2 * R)) =
{rmin(B—((t; * R) * (ty * R), )} = rmin{rmin(B(t; * R),t'),rmin(B(t; * R),t')} =
rmin{ Bt (t; % R), B (t1 «R)} and BT ((t % R) % (t2 xR)) = {rmin(B((t1 *X) * (2 R)), ¢')} =
rmin{rmin(B+(t; * N),t'), rmin(B+(t; * R),¢)} = rmin{B(t; * N), B (t; * R)} and
JH(t1 * R) * (to * R)) = {max(J((t1 * R) * (t2 x R)), )} < maz{maz(J(t; * R), ), maz(J(t1
R), )} = max{Jt(t; * R), JH(t; * R)}. Now, BE((t; * R) * (tg * R)) = [B((t1 * ) * (t2 *
R)), B (1 #R) % (t2%R))] = [rmin(B—((t1%R)* (t2%R)), '), rmin(B+((t1 % R) % (t2 % R)), /)] =
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[rmin{rmin(B—(t; * R),t), rmin(B—(t; * R),t)}, rmin{rmin(B+(t; * R), '), rmin(B+(t; *
R), 1)} = [rmin{ Bt~ (t; * N), Bt~ (t1 * R)}, rmin{ Bt (t; * R), Bt (t; * R)}] = rmin{[B'~(t; *
N), Bt (t; « R)|,[BU (t1 = R), Bt (¢ « R)]} = rmin{B'(t; * N), B'(t; * ®)}. Therefore, C' is
T-MBJ NMSU of Y.

Conversely, assume that C! is a T-MBJ NMSU of Y. For any t1,t2 € Y, M*((t; * R) * (ta *
R)) = {min(M((t;*R)*(t2*R)), 1)} = min{min(M (t;*R),t), min(M (t;*R), t) }=min{ M (¢, *
N), Mt(t; « R)} and [BE (8 * R) * (f2 * R)), BH((t % R) * (t2 * R))] = BU((t; = R) * (
R)) = {rmin(B((t, * X) * (t2 * R)), ')} = rmin{rmin(B(t; * N), '), rmin(B(t, * R),t')} =
rmin{[rmin(B—(t; #R), '), rmin(B+(t; *R), '), rmin(B—(t *R), t'), rmin(B+(t; *R), ') }=
[rmin{rmin(B—(t1 x N),t'),rmin(B—(t1 * R),t')}, rmin{rmin(B+(t; * R), '), rmin(B+(t; *
R), t')Y|=[rmin{ Bt~ (t; *R), Bt~ (t; *R)}, rmin{ Bt (t; *R), Bt (t; *R)}]. Thus, Bt~ ((t; *X)
(ta*R)) = min{ Bt~ (t;*R), B~ (t1 *R)}, BT ((t1%R) % (t2 % R)) = min{ Bt (t;%X), B (t; *R)}
and JU((t1 *R) x (t2%R)) = {maz(J((t1*R) x (t2xR)), 3)} < maz{maz(J(t; *R), ), maz(J(t; *
R), ) }=max{J(t; = N), Jt(t; * R)}. Hence M' and B!, B~ and J! are fuzzy subalgebra of
Y. g

t2>l<

Theorem 3.15. Let C!' = (Mt,Bt, J') be a T-MBJ NMSU of Y. Then the sets Inye, I, and
Iy which are defined as Inp = {t; € Y | M'(t; «N) = M*(0)}, Iz, = {t1 € V| Bt(t; *R) =
BY0)} and I;={t; € Y | J(t; *R) = J*(0)} are T-MBJ neutrosophic M-subalgebra of Y.

Proof. Let t1,ts € Inge. Then M(t1+R) = M'(0) = M'(t1*R) and so, M ((t1 *R) * (t2*R)) =
{min(M ((t1#R)*(toxR)), 1)} = min{ (min(M (t1xR), 1)), (min(M (t1xR),t))} =M*(0). By using
Proposition 3.4, as we know that M((t1 *R)*(taxR)) = M*(0) or equivalently (t1*R)x* (to*R)
€ Iy,

Now we let t1,t2 € I, Then B(t; * R) = BY(0) = B'(t1 * R) and so, B((t1 * X) * (ta *
R))={rmin(B((t; * R) * (ty * R)),t)} = rmin{(rmin(B(t; * R), '), (rmin(B(t; * R),t'))}
—rmin{B'(t; * R),B'(t; * R)} = B*(0). By using Proposition 3.4, as we know that
BY((t1 *R) * (t2 % R)) = BY(0) or equivalently (t1 * X) * (t2 * R) € I ..

Again we let t1,ty € Iy:. Then J'(t; * R) = JH(0) = J4(t1 * R) and so, JE((t1 * V) * (t2 x R)) =
{maz(J((t1 * R) * (t2 * R)), t)} = max{(maz(J(t1 * R),t)), (max(J(t; *R),t))} =J*(0). Again
by using Proposition 3.4, as we know that J!((t; * R) * (t3 * R)) = J!(0) or equivalently
(t1 * R) * (L2 * RN) € I;:. Hence the sets Ipsr 15, and I are subalgebra of Y.

Definition 3.16. Let C* = {M?, B', J'} be a T-MBJ neutrosophic set of Y. For [sq, so]
€ D[0,1] and t1,t5 € [0,1], the set U(M? | {)={t; € Y | M*(t; * R) > { is called upper t-level
of C! and the set U(Bt | [s1,s2]) ={s1,52 €Y | B’t(tl *N) = [s1, s2] is called upper [s1, so]-level
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of Ct and L(J! | {) ={t; € Y | Jt(t; * R) < { is called lower (t1 * R)-level of C*.

Theorem 3.17. If C' = (Mt,ét,Jt) is T-MBJ NMSU of Y, then the upper t-level, upper

[s1, 82]-level and lower t-level of C* are subalgebra of Y.
Proof. Let t1,to € U(M? | £). Then M*(t; * R) > £ and M*(to *+ R) = . It follows that
MU((t % R) % (ta % R)) = {min(M((t1 *R) x (tax R)), t)} = min{min(M (t; *R), M (tyxR),t)} =
min{min(M (t; ¥R), ), min(M (t2xR), 1)} = man{ M (t; *R), Mt (ta*R)} = £ = (t1%R) x(t2*R)
€ U(M?' | {). Hence U(M" | f) is a subalgebra of Y. Let t1,ty € U(B' | [s1,s2]). Then
B(t1%R) = [s1, s2] and Bt (ty+R) = [s1, s2]. It follows that BL((t1%R)*(taxR)) = {rmin(B((t,*
N)s(t2%R)), )} = rmin{rmin(B(t;*R), B(t2*R), ')} = rmin{rmin(B(t;xR), '), rmin(B(ty*
R), ')} = rmin{B(t; * N), Bt (ty % R)} = [s1,50] = (t1 % N) * (t2 % R) € U(B? | [s1, 52]). Hence,
U(B? | [s1, 5] is a subalgebra of Y. Let t1,to € L(J* | t1). Then JH(t1%R) < £ and J(t2+R) < £.
It follows that JE((t; * V) * (t2 * R)) = {max(J((t; * X) * (t2 * R)), )} < mazx{max(J(t; *
R), J(t2*R), I)} = maz{maz(J(t; *R),t), mazx(J(t2* R), 1)} = max{Jt(t; *R), Jt (ta*R)} < {
= (t1 *R) * (ta * R) € L(J* | ). Hence L(J! | {) is a subalgebra of Y.

Theorem 3.18. Any subalgebra of Y can be considered as upper t-level, upper [s1, s2]-level
and lower t-level of some T-MBJ NMSU of Y.

Proof. Let D! be a T-MBJ NMSU of Y, and C! be a T-MBJ neutrosophic set on Y defined by

A [v] ift; € D! B (1, po] ifty € DY N [v] ift; € D
1, otherwise. [0,0] otherwise. 0, otherwise.

V [p1, p2] € D[0,1] and v € [0,1]. Now we discuss the following cases.

Case 1. If ¥V t1,to € D' then M!(t; * X) = v, Bt(tl * N) = [u1,p2], JH(t1 * R) = v and
Mt (toxR) = v,Bt(taxR) = [u1, pa], JH(t25R) = v. Thus M ((t1#R)x(t2xR)) = v = min{v,v} =
min{ Mt (t; * R), Mt(ty « R)} and BY((t; * N) * (t2 * R)) = [p1, po] = rmin{ (w1, pe], (11, p2]}
= rmin{B(t; * R), Bt(ty * R)} and J*((t; * N) * (t2 * R)) = v = maz{v,v} = maz{J'(t;
), Ji(ty * R)}.

Case 2. If t; € R and ¢y ¢ R, then M*(t; * X) = v, Bl(t; * R) = [y, pa], Ji(t1 *R) = v
and Mt (ty * R) = 0, Bt(ta * R) = [0,0], JH(t2 * R) = 1. Thus M((t; * R) % (ta * R)) = 0
min{v,0} = min{M!(t; *R), Mt (ty «R)}, BY((t1 % R) % (t2* R)) = [0, 0] = rmin{[u1, p2], [0,0]}
= rmin{B(t; * N), Bl(ty * R)} and J((t; * R) % (ta * R)) < 1 = maz{v,1} = maz{J'(t; *
), Ji(ty * R)}.

Case 8. If t; ¢ R* and to € R, then M'(t; * R) = 0,B(t; * R) = [0,0], Ji(t; *R) = 1 and
Mty * R) = v, Bl(ta * R) = [u1, po], JH(ta * R) = v. Thus M'((t; * R) % (2 * R)) = 0 =
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min{0,v} = min{ M (t; *R), Mt(ty «R)}, B((t1 *R) % (ta «R)) = [0, 0] = rmin{[0, 0], [1e1, 2]}
= rmin{B(t; * ), Bt(ty * R)} and Jt((t; * R) * (t2 * R)) < 1 = maz{l,v} = maz{J'(t; *
), Ji(ty * R)}.

Case 4. If t; ¢ R and to ¢ R, then Mt(t; * R) = 0, Bi(t; * X) = [0,0], JE(t; * X) = 1 and
Mt(taxR) = 0, Bt (taxR) = [0, 0], J*(t2%R) = 1. Thus M*((t1%R)x(t2%R)) = 1 = min{0,0} =
min{ Mty *R), M (ta % R)}, BL((t1%R) * (t2 % R)) = [0, 0] = rmin{[0,0],[0,0]} = rmin{ B! (t;
N), Bt(ty « R)} and J((t1 * N) * (t2 * R)) = 1 = maz{1,1} = maz{J'(t; * N), Ji(ta * R)}.
Therefore, C! is a T-MBJ NMSU of Y.

Theorem 3.19. Let Ct be a subset of Y and C' be a T-MBJ neutrosophic set on'Y which is
given in the proof of above Theorem. If C' is considered as lower level subalgebra and upper
level subalgebra of some T-MBJ NMSU of Y, then Ct is a T-MBJ neutrosophic cubic one of
Y.

Proof. Let C! be a T-MBJ NMSU of Y, and t1,t2 € Ct. Then M!(t; * ) = M'(ty * R) = 7,
Bi(t; % R) = Bl(ta *x R) = [a1,as] and JH(t1 % R) = Jt(ty * R) = 8. Thus M((t; = R) *
(t2 * R)) = {min(M((t1 * R) % (t2 * R)),t)} = min{min(M (t; = X),t),min(M (t2 * R),t)} =
min{ M (ty+R), Mt (toxR), } = min{y,y} =, = (t1%R)* (L2 R) € Ct, BE((t1%N) * (12 % R)) =
{rmin(B((ty * X) * (ta * R)),t")} = rmin{rmin(B(t; * R), B(ts * R), ')} = rmin{rmin(B(t; *
N), '), rmin(B(ta * R),t')} = rmin{B(t; *R), Bl (ty * R)} = rmin{[on, o], [, o]} = v, g
and JU((t1xR)*(toxR)) = {max (M ((t1xR)*(t2xR)), I)} < maz{maz(M (t1xR), ), max(M (ta*
R), )} = maz{M*(t; * R), Mt (ty * R), } = max{B, 8} = B, = (t1 * ) x (t2 x R) € C'. Hence,

proof is completed.

4. Conclusions

In this paper, T-MBJ neutrosophic set is defined and notion of T-MBJ neutrosophic M-
subalgebra is also introduced by set of conditions on G-algebra. T-MBJ neutrosophic M-
subalgebra of G-algebra has investigated by p-union, P-intersection, R-union, R-intersection
and some results. For future work this study will be use to discuss the normal ideals, multi-

plication, translation and magnification of T-MBJ neutrosophic set.
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