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Abstract. This article aims to study the neutrosophic quaternion numbers, where we defined the
neutrosophic quaternions numbers and the two equal neutrosophic quaternions numbers, also, the
neutrosophic quaternions numbers algebra were introduced by studying addition, multiplication,
division and conjugate of a neutrosophic quaternions number. In addition, we have discussed how

to calculate the absolute value of a neutrosophic quaternions number and its inverted.
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1. Introduction and Preliminaries

In an attempt to replace the current logics, Smarandache introduced the neutrosophic logic
to illustrate a mathematical model of redundancy, uncertainty, contradiction, unknown, ambiguity,
undefined, inconsistency, vagueness, imprecision, and incompleteness. Smarandache defined
neutrosophic real number [2-4], probabilities according to neutrosophic logic [3-5-13], the
neutrosophic statistics [4][6], he has also introduced the concept of integration and differentiation in
neutrosophic [1-8]. Madeleine Al- Taha presented results on single valued neutrosophic (weak)
polygroups [9]. Chakraborty utilized pentagonal neutrosophic number in networking problems, and
Shortest Path Problems [11-12]. Yaser Alhasan probed the concepts of neutrosophic in the complex
numbers [7-14-10].

Paper consists of 3 sections. In 1th section, provides an introduction, in which neutrosophic
science review has given. In 2th section, frames the neutrosophic quaternion numbers. In 3th section,
a conclusion to the paper is given.

2. Main Discussion

The neutrosophic quaternions numbers

Definition1
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We call the numbers that take the form:
@ =C¢+dl+v,=¢+dl+ (¢ +d)i+ (& +do0)f + (¢ + dsDk

the neutrosophic quaternions numbers, denoted by symbol Hy; where ¢, d,c,,dy, ¢, dy, é5,ds
are real numbers, while | = indeterminacy and 1, J, k are units such that:

R~
= =¢

I
|
e~

We can noted that every neutrosophic quaternions number has two parts, a neutrosophic real
(scalar) part and a neutrosophic vector part, where:

¢ +dl is the neutrosophic real (scalar) part and (c’1 + dll)i + (c’z + dzl)j + (6'3 + d'31)lz is the
neutrosophic vector part

Example 1

1) q=3+71+(-4+8Di+ (7 —v31)j -G+ 9I)E
2) q=4i+G+Dj+(-1+2Dk

3) q =3I+ 2+3Di+ (-1+ 2Dk

4) q=6+1+(9—4Di

Note:

V' 0y, =0+ 01+ (0+0Di+ (0+0Dj+ (0+ 0Dk
4 OHN :1+OI+(0+01)i+(0+01)j+(0+01)l?

Definition2
Let gq;, p; € Hy where:

q=¢+dl+v,=¢+dl+ (¢ +di )T+ (& + do D)) + (¢ + dsD)k
pr=d+bl+1 =d+bl+ (dy + b )l + (& + b1 )j + (ds + b3l )k
then: q; = p; if and only if:
é = d and le = ‘li[
hence:
C’1+d,11=d1+b,11 = C’lz Ofland d1:61

& +d, =d,+b,] = ¢, = dy,and d, =b,

C’3 + d’31 = d3 + b’31 = C’3 = ()."3 and d,3 = b,3

2.1 The neutrosophic quaternions numbers algebra

2.1.1 Addition of the neutrosophic quaternions numbers

Let q;, p; € Hy where:
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q=¢+dl+v,=¢+dl+ (¢ +di DU+ (& + do)j + (& + dsDk
pr=d+bl+1, =d+bl+ (dy + b 1)U+ (& + b1)j + (ds + b5l )k

then:
a +p = (¢+dl+9)+ (¢ + bl +4)
= ((é +ad)+(d+ B)I) + ((c’1 +dy) + (by + d'l)l) I+ ((c’2 +dy) + (b, + d’z)l)j
+ (¢ + i) + (b + da)1 ) k
Example 2

Let g =8+71+ (=5+8Di+ (7—4Dj— (5+9Dk andp, =21+ (2 —-3Di+ B -Dj+ (-1 +
2Dk

then:

G +p=B+71+(=5+8Di+ (7 —4Dj— (G +9Dk)+ (21 + 2 -3DI+ 3 - Dj + (-1 + 2Dk)
=(8+9N+ (=3+5Di+ (10 = 50)j + (=6 — 7Dk

Note:
v Clearly, zero is neutral for addition.
v For every number q; € Hy, its additive counterpart is:

2.1.2 Multiplication of the neutrosophic quaternions numbers

Let q;, p; € Hy where:

@ =C¢+dl+v,=¢+dl+ (¢ +d)i+ (¢ +doD)f + (& + dsDk
pr=d+bl+1; =d+bl+ (dy + by 1)l + (cy + bo1)j + (5 + dsI)k

then:
q.pr = (¢ +dl +v,)(d + bl +4))

=[é+dl+ (¢ +diD)i+ (& + doD)f + (& + dsl)k][d + b + (dy + ByI)U + (b + byI)]
+ (s + B3|

= (¢+dn)(d+bI)+ (¢ +dI)(dy + by I)T + (¢ +dI)(dy + byI)] + (¢ + dI)(ds + bl )k
+ (a4 bI1)(¢, + di )i+ (¢4 + di1)i(dy + by I)T+ (¢4 + dy1)i(dy + byI)f
+ (¢ +di )i (s + bsD)k + (& + bI)(¢, + dy1)j + (g + by 1)i(¢, + dyD)f
+ (dy + bo1)J(¢ + dy)f + (ds + bsl)k(cy + dyI)f + (& + bI)(c5 + dsI)k
+ (5 + dsI)k(dy + by 1)U + (&5 + dsl)k(dy + byI)] + (&5 + dsl)k(ds + bl )k

=(¢+dn)(a+bI)+ (¢+dI)(dy + b )T+ (¢ +dI)(dy + byI)] + (¢ + dI)(ds + bsI)k
+ (¢ + b1)(¢ + dy1)T = (¢, + dyI)(dy + byI) + (¢4 + di1)i(cty + boD))
+ (¢, +di )i (s + b Dk + (& + bI) (¢, + dy1)f + (g + by1)i(¢, + dyl)f
— (dy + boI) (¢, + dyl) + (s + bk (&, + do)j + (& + I (¢ + dsI)k
+ (&5 + dsl)k(dy + by 1)U + (&5 + dsD)k(dy + byl1)j — (&5 + dsl)(d5 + b3l)
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= (¢+dI)(d+bI) = [(¢, + diI)(dy + b)) + (dy + byI)(¢y + dal) + (&5 + dal) (5 + bsl)]
+ (¢ +dI)[(cty + ByI)T + (dy + byI)] + (s + b3])k]
+ (a+b1)[(¢, + dyI)i+ (& + dyI)f + (&5 + dsl)k] + (¢) + dyI)(dy + byI1)E
— (¢, + dy1)(ds + bsl)j — (¢ + dol ) (dy + by D)k + (¢ + dy1)(ds + b3
+ (&5 + dsl)(dy + by1)j — (& + dsl) (dy + byI )T

we can write it by the form:

q.pr = (¢ +dI)(&+bI) — .4, + (¢ + dI; + (& + BT, + v, X 1
where:
vy = (¢ + diD)(dy + byl) + (& + doI)(dy + bol) + (&5 + dsl) (s + bsl)

1 j k
VX = ¢ +dil &G +dyd G+ dsl
&y + byl dy+ byl dy+ bsl
Resultl:

Multiplication of the neutrosophic quaternions numbers is not commutative because:
Uy X U; # Uy X v
Example 3

Let q=2+I1+1—4Di+ B-3Dj+ (6 +4Dk andp, =71 + (3 —3Di+ (2-5Dj + (-4 +
2Dk

then:

o =2+I1+1—-4DI+ B -3Dj+ (6+4Dk)(71+ 3-3Di+ (2 —5Dj + (-4 +
2Dk)
=141 + 71 — [3—=31 —12] + 121 + 16 — 40l — 6] + 15 — 24 + 12] — 16] + 8I]
+[(6— 61+ 31 =301+ (4 — 101 + 2] —51)] + (—8 + 41 — 41 + 21)k]
i 1 k
+[(71 = 28D + (561 — 2I)j + (421 + 28Dk| + |1 — 41 8_]31 6 + 41
3—-3] 2-5] —4+2I

=211 — (=5 —30I) 4+ (6 — 61)i + (4 — 131)j + (=8 + 2Dk + 2111 + 54I] +
701k + (—45 + 641)i + (22 — 281)j + (22 + 34Dk

=5+571+ 39+ 79Di+ (26 — 131)j + (12 + 1061k
Result2:

1) The neutrosophic quaternions numbers Hy is closed in relation to the addition operation, as
the product of adding two neutrosophic quaternions numbers is a neutrosophic quaternions
numbers, its real part is(¢ + &) + (d + B)I, and its vector part is:

((c’1 +dy) + (b + d'l)l) I+ ((c’2 +dy) + (by + d'Z)I)j + ((c’3 +ds) + (bs + d'3)1) k.

2) The neutrosophic quaternions numbers Hy is closed in relation to the multiplication
operation, as the product of multipl two neutrosophic quaternions numbers is a neutrosophic
quaternions numbers, its real part is(¢ + dI)(d + bI) — v.4;, and its vector part is(¢ +
dv, + (& + bI ), + v X ;.

3) Multiplication accepts distribution on addition from the right and the left, so if we have three
neutrosophic quaternions numbers q;,p;,1; € Hy, then:
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a(pr+ ) =q.p + a1
o+ ma =pq +1.q

4) The neutrality of multiplying numbers is 1 + 0]

2.2 The neutrosophic quaternions numbers conjugate
Definition3
neutrosophic quaternions number conjugate define by the following form:
Example 4
i g =28+4l+ (14 —17Di+ (17 = 3D)j — (77 — 45Dk
= q; =28+41— (14— 17D — (17 = 3Dj + (77 — 45Dk
i. ¢=0-13Dj+0O@-Dk = g =-1-13Dj— (9 -Dk
Result3:

1. The neutrosophic quaternions number conjugate of q; is the same The neutrosophic
quaternions number g;.

@ =dqr
Proof:

Let q; € Hy, where q, = ¢ + dI + v, then:
g =c¢+dl -
@ =(+dl—-v)=¢+dl+v,=q,
2. If g =¢+dl+v,=¢+dl+ (¢ +d )i+ (& + dyl)j + (65 + ds)k

then:
> q+q =2(¢+dI)=Re(q)

> q—q =29 =2(¢ +di1)i+2(c, + dy1)f + 2(¢5 + ds)k = V(q))

where Re(q;) is the neutrosophic real part (scalar) of the complex number and V(q;) is the
neutrosophic vector part.
3. The neutrosophic quaternions number is real (scalar) if and only if q; = q; , and it is vector
if and only if q; = —q;.

Remarksl1:
9y 41, = @iy + 41,

Proof:

Let q;,,4;, € Hy, where
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@ =¢+dl+v,=¢+dl+ (¢ +di )i+ (& + dyI)j + (¢ + d3I)k
qr, =C¢+dl+9; =¢é+dl + (& +d DI+ (& + doDf + (& + dsDk

then:
Gy +ar, = (c’+dl+c’+cfl1)+(c’1 +d,I+ ¢ +(f11)i+(c’2 +d, ]+ 6 +(f21)j+(c'3 +dyl +
&+ d}l)l?
a, Fa, = (c’+d1+c’+él)—(c’l+d11+51+J11)i—(52+d21+62+c521)j
- (c'3 +dyl 4+ &5 + d}l) k

= ¢+dl— (& +d )i — (& + dyD)j — (& + dsDE + é+ dI + (& + dyi DT + (& + dy 1)) +
(& + dsDk

=q,tq,
Theorem1

The conjugate of multiplication two neutrosophic quaternions numbers is equal to the
multiplication of their two conjugates.
q1-01 = P1-qr
where q;, p; € Hy

Proof:
Let q;, p; € Hy where:

q=¢+dl+9,=¢+dl+ (¢ +dy DU+ (& + doD)j + (¢ + dsl)k
pr=d+bl+1; =d+bl+ (dy + by 1)l + (cy + bo1)j + (5 + dsI)k

then:
q.-pr = (6 +dI +9,)(d + bI + 1))
= [é+dI + (¢ + dy D)1+ (& + dyI)f + (65 + ds1)k][d + bI + (dy + by I)T + (&, + by1)f
+ (ds + b31)k|

= (¢+dn)(a+b1)—[(¢, +diI)(dy + byI) + (dy + byI) (¢ + dyl) + (&5 + dsl)(ds + bsl))]
+ (¢ +dn)[(cty + ByI)T + (dy + byI)J + (b3 + b3])k]
+ (& +b1)[(¢, + dyI)T+ (& + dyI)f + (&5 + dsl)k] + (¢y + dy1)(dy + byI)E
— (¢4 + diI)(ds + bsl)j — (& + dyl)(dy + By )k + (&, + dol) (s + bsl)E
+ (¢ + dsI)(dy + byI)j — (& + dsl)(dy + byl)E

we can write it by the form:

qr.pr = (6 +dI)(d + bI) — v, + (¢ + dD)ud; + (& + b1V, + v, X 1

where:
v = (¢ + dyI)(dy + byI) + (& + dyI) (dy + bol) + (&5 + dsl)(ds + bsl)
i Ji k
VXU = |¢ +dyd G +dy & +dsl
Gy + byl dy+ byl dsy+ byl
then:

grp = (¢+dD)(a+bI) = v — (¢ +dl; — (¢ + b)Y, — v, x4,
pr.q; = (& + bl —)(¢ +dI —v))
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- (C’g + d’31)ié]

= (a+b1)(¢+dI)— (¢ +bI)(¢, + dyI)i— (¢ + bI) (¢, + dyI)f — (& + bI)(c5 + dal )k —
(¢+dn)(cy + b )T — (dy + by I)(¢, +dyl) + (g + by ) (6, + dol )k — (dy + byD)(¢ + dsl)f — (¢ +
dI)(d, + byI)j — (g + bal)(¢y + dy1)k — (dg + byI)(¢y + dyI) — (b, + boI) (65 + dsl)U — (¢ +
dI)(ds + bsl)k + (5 + bsl)(¢y + dyI)] — (d3 + bal) (¢, + dal )T — (ds + bal) (5 + dsl)

= (a4 bI1)(¢ +dI) = (dy + byI)(¢y + dyI) — (dy + boI) (&, + dal) — (s + bsI)(c5 + dsl)
—(¢+dD)(dy + by 1) — (¢ + dI)(cty + byI)] — (¢ + dI)(ds + bs] )k
— (@ +bI)(¢, +d D)t — (¢ + bI) (&, + dy1)j — (& + bI)(c5 + dsl )k
+ (dy + b 1) (& + dyD)k — (dy + byd) (¢ + dsl)f — (dy + byI)(¢y + di])E
— (dg + BI)(¢5 + d3I)U + (cbs + bsl)(¢y + dy1)f — (s + b3I)(cy + d,1)E
= (¢+dI)(d+bI) = v, — (¢ + dDuy — (& + bI)v, — v, x4,

= 4.0 =P q

2.3 The absolute value of a neutrosophic quaternions number

absolute value of a neutrosophic quaternions numbers defined by the following form:

lq,| = \[(c’ +dN? + (¢, +diD? + (¢, + dy])? + (65 + dy)?
Example 5

Let q; =1—4I +Ii + 2Ij — Ik, then:

lq,| = \[(c’ +dN? + (¢, +diD? + (¢, + dy])? + (65 + dy)?

=J(A—4D2+ (D2 + (212 + (I)?

=V1-8I+16] +1+4l+]
=1+ 141
Vi+14l =x + yl
1+ 141 = x? 4 2xyl + y?
by identifying we get:
{ x2=1
y?+2xy = 14

Since the absolute value is positive, we take: x =1

then:
y24+2y=14 = y*+2y—-14=0
—24 215
y =T 1 VTE 229
Therefore,
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lqil = J(A—4aDZ+ (D% + @DZ+ (D = 1+ 291
Theorem?2

Let q €Hy wheree q =¢+dl+v,=¢+dl+ (& +d DI+ (&+dD)j+(G+dsDk
multiplication the absolute value of g; by its conjugate equals to square of the absolute value of q; .
a-q = lal?

Proof:
q=C¢+dl+v,=¢+dl+ (¢, +d )i+ (¢ +dol)f + (& + dsDk
= q=¢+dl—v, =¢+dl— (& +dI)i— (& +dy1)f — (¢ + ds)k
Q@ = (¢ +dD*(¢ +dI - ;)
= (¢+dD)* = (¢ +dI)v, + (¢ + dI)v, — v v
= (¢é+dI)’ - v.9,
= (¢ +dD? + (¢, + diD)? + (&, + dp1)? + (65 + d31)? = |q;?
= q.q =gl
Example 6

Let g, =2— 61+ 3Ii+ (1 + 2)j — 5k, then:

ar-q; = la;|?

= (2= 61)% + 91 + (1 + 2I)?
=4 — 241 +36] + 91 + 1+ 4 + 4]

=54 29/
Remarks2:

Let q; € Hy, then:

1) gl =gl = 1—ql
2) lqr-pil = lql p;]

Proof (2):
la:- 1

1 = qr.00(qr-p1) = 41-01-01- @ = Q- 1001%. G = - Gp- i1 = i) 1oy |2

2.4 Division of neutrosophic quaternions numbers
Let q;, p; € Hy where:

q=¢+dl+9,=¢+dl+ (¢ +dy DU+ (& + do D)) + (¢ + dsD)k
pr=d+ Dbl +1; = d+ bl + (dy + b I)i + (cby + by1)] + (&5 + dsl)k

then:
q _¢+dl+9
pr &+ bl +1i

multiply the numerator and denominator by conjugate of p; we get:

qr _ (é+dI+v,)(d+ bl —i;)

pr (& +bl+1,)(d + bl — 1))
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_(e+dr+v)(a+bl—4)
(¢ + bI)* — (ui})?

_(e+dn)(a+bI1) — vy + (¢ +dD)v; + (& + by + ¥, x
(¢ + bI)* — (ui})?

where:
vy = (& + diI)(dy + byl) + (& + dol)(dy + bol) + (&5 + dsl)(¢5 + dsl)
i Ji k
VXU = |6 +dyd G +dy] & +dsl
&y + byl dy+ byl dy+ bsl
and (¢ +b1)" = (ip)? = (& +b1) + (cdy + B)" + (dy + B,1)" + (& + dsl)’
Example 7

Let q; =2+ (1 —4Di —3Ij + (6 + 4Dk and p; = 71 — 2Ii + (2 — 51)j + 4k

then:
q 2+ 1 —4D1—-3I]+ (6 + 4Dk
pr 7I—2Ii+ (2 —5Dj+4k

2+ @ —4D1 =31y + (6 +4Dk)(71 + 21T — (2 — 51)] — 4k)
(71 -20i+ (2 = 5D)j + 4k)(71 + 21T — (2 — 51)f — 4k)

2+ @ —4nt=3Ij+ (6 + 4Dk) (71 + 211 — (2 — 51)] — 4k)
(712 — (=211 + (2 — 51)f + 4k)°

244451 — 1811+ (=4 + 11Dj + (8 + 28Dk + (12 — 30D + (4 + 4D + (=2 — Dk
B 49] — (=41 — (2 - 5D% — 16)

244451+ (12 —48D1 + 1517 + (6 + 27Dk
B 20 + 91

24445 12-480 15 6+271,
T 2049 " 2049 ‘T20+91' T20+01

—6+1711+<3+2671>“+<151>“+<3+2431>E
57125 "5 7125 ) T \29° )7 " \10 " 200

2.5 Inverted Neutrosophic quaternions numbers

Definition4
We define Inverted q; € Hy as q;~! € Hy, whereas:

a-q t=q g =1y,
whereas: q; # Oy,

Remark3:
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2 _
lg;1? = q;.q@ = q= 4] = q "= a
a lq;1?

Proof:
Let q, € Hy where: q; = ¢+dl + v, =¢+dl + (¢, + dy )i+ (&, + do1)j + (&5 + d31)k, then:
1 1

-1 _ —
@ é+dl+ (¢ +d )i+ (& + dyD)f + (¢ + dsl)k

q =

é+dl
(a4 b1) + (dy + B D)+ (dy + ByD) + (s + dsl)’

(¢, +dil) 5
- L

(c+B1)" + (cty + b)) + (cy + 1) + (& + dsl)°
(& + dy1) ;
- p p p p ]

(c+B1)" + (cty + b))’ + (cy + 1) + (& + dsl)’°
B (& + dsl) y

(¢ +b1)" + (dy + By + (dy + By1)" + (¢ + ds)’

Example 8
1 2+1 (1-4) . (B8-3D . (644D .

211+ (1—4D)i+(8—30j+(6+4Dk 105+38] 105+38] 105+381° 105 + 381

2 29 I+< 1 + 458 >V+( 8 4 619 1),+< 6 192 I)E
=105 15015 105 T 15015 /) 105 " 15015 /7 105 15015
Remark4:
a) =q ot , whereas: p;.q; # Oy,
Remarkb5:

Since any neutrosophic complex number g; = ¢ + dl + (C'1 +d,1I )i can be written in the form:

q = ¢+dl+ (¢, +d )i+ 0j+ 0k
then:

5. Conclusions

In this paper, we introduced the neutrosophic quaternions numbers, where all algebraic operations

were studied on it. Also, we studied the absolute value of a neutrosophic quaternions number and

its inverted.
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