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Abstract: This article aims to study the neutrosophic quaternion numbers, where we defined the 

neutrosophic quaternions numbers and the two equal neutrosophic quaternions numbers, also, the 

neutrosophic quaternions numbers algebra were introduced by studying addition, multiplication, 

division and conjugate of a neutrosophic quaternions number. In addition,  we have discussed how 

to calculate the absolute value of a neutrosophic quaternions number and its inverted. 
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1. Introduction and Preliminaries 

    In an attempt to replace the current logics, Smarandache introduced the neutrosophic logic 

to illustrate a mathematical model of redundancy, uncertainty, contradiction, unknown, ambiguity, 

undefined, inconsistency, vagueness, imprecision, and incompleteness. Smarandache defined 

neutrosophic real number [2-4], probabilities according to neutrosophic logic [3-5-13], the 

neutrosophic statistics [4][6], he has also introduced the concept of integration and differentiation in 

neutrosophic [1-8]. Madeleine Al- Taha presented results on single valued neutrosophic (weak) 

polygroups [9]. Chakraborty utilized pentagonal neutrosophic number in networking problems, and 

Shortest Path Problems [11-12]. Yaser Alhasan probed the concepts of neutrosophic in the complex 

numbers [7-14-10].  

      

   Paper consists of 3 sections. In 1th section, provides an introduction, in which neutrosophic 

science  review has given. In 2th section, frames the neutrosophic quaternion numbers. In 3th section, 

a conclusion to the paper is given. 

2. Main Discussion  

The neutrosophic quaternions numbers 

Definition1 
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We call the numbers that take the form: 

 

 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

 

the neutrosophic quaternions numbers, denoted by symbol 𝐻𝑁 ; where  𝑐́, 𝑑́, 𝑐1́, 𝑑́1, 𝑐2́, 𝑑2
́ ,  𝑐3́, 𝑑3

́  

are real numbers, while 𝐼 = indeterminacy and 𝑖,̆ 𝑗̆, 𝑘̆ are units such that: 

 

𝑖̆2 =  𝑗̆2 = 𝑘2 = 𝑖𝑗̆̆𝑘̆ = −1 

𝑖̆𝑗̆ = 𝑘̆ = − 𝑗̆𝑖 ̆

𝑗̆𝑘̆ = 𝑖̆ = −𝑘̆𝑗̆ 

𝑘̆𝑖̆ =  𝑗̆ = −𝑖̆𝑘̆ 

 

We can noted that every neutrosophic quaternions number has two parts, a neutrosophic real 

(scalar) part and a neutrosophic vector part, where: 

 

𝑐́ + 𝑑́𝐼 is the neutrosophic real (scalar) part and (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ is the 

neutrosophic vector part 

 

Example 1 

 

1) 𝑞𝐼 = 3 + 7𝐼 + (−4 + 8𝐼)𝑖̆ + (7 − 3𝐼)𝑗̆ − (5 + 9𝐼)𝑘̆   

2) 𝑞𝐼 = 4𝐼𝑖̆ + (5 + 𝐼)𝑗̆ + (−1 + 2𝐼)𝑘̆   

3) 𝑞𝐼 = 3𝐼 + (2 + 3𝐼)𝑖̆ + (−1 + 2𝐼)𝑘̆   

4) 𝑞𝐼 = 6 + 𝐼 + (9 − 4𝐼)𝑖̆ 

 

Note: 

 

✓ 0𝐻𝑁
= 0 + 0𝐼 + (0 + 0𝐼)𝑖̆ + (0 + 0𝐼)𝑗̆ + (0 + 0𝐼)𝑘̆ 

 

✓ 0𝐻𝑁
= 1 + 0𝐼 + (0 + 0𝐼)𝑖̆ + (0 + 0𝐼)𝑗̆ + (0 + 0𝐼)𝑘̆ 

 

Definition2 

Let  𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 where:  

 

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

 

𝑝𝐼 = 𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ = 𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝛼3́ + 𝑏3́𝐼)𝑘̆  

 

 then:  𝑞𝐼 = 𝑝𝐼  if and only if:  

𝑐́ = 𝛼́  𝑎𝑛𝑑 𝑣𝐼́ = 𝑢𝐼́  

hence: 

𝑐1́ + 𝑑1
́ 𝐼 = 𝛼1́ + 𝑏1́𝐼    ⟹      𝑐1́ =  𝛼1́ 𝑎𝑛𝑑  𝑑1

́ = 𝑏1́ 

 

𝑐2́ + 𝑑2
́ 𝐼 = 𝛼2́ + 𝑏2́𝐼    ⟹      𝑐2́ =  𝛼2́ 𝑎𝑛𝑑  𝑑2

́ = 𝑏2́ 

 

𝑐3́ + 𝑑3
́ 𝐼 = 𝛼3́ + 𝑏3́𝐼    ⟹      𝑐3́ =  𝛼3́ 𝑎𝑛𝑑  𝑑3

́ = 𝑏3́ 

 

2.1 The neutrosophic quaternions numbers algebra 

2.1.1 Addition of the neutrosophic quaternions numbers 

Let  𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 where:  
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𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

𝑝𝐼 = 𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ = 𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝛼3́ + 𝑏3́𝐼)𝑘̆  

 then: 

            𝑞𝐼 + 𝑝𝐼 = (𝑐́ + 𝑑́𝐼 + 𝑣𝐼́) + (𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ ) 

 

             = ((𝑐́ + 𝛼́) + (𝑑́ + 𝑏́)𝐼) + ((𝑐1́ + 𝛼1́) + (𝑏1́ + 𝑑1
́ )𝐼) 𝑖̆ + ((𝑐2́ + 𝛼2́) + (𝑏2́ + 𝑑2

́ )𝐼) 𝑗̆

+ ((𝑐3́ + 𝛼3́) + (𝑏3́ + 𝑑3
́ )𝐼) 𝑘̆ 

Example 2 

Let 𝑞𝐼 = 8 + 7𝐼 + (−5 + 8𝐼)𝑖̆ + (7 − 4𝐼)𝑗̆ − (5 + 9𝐼)𝑘̆  𝑎𝑛𝑑 𝑝𝐼 = 2𝐼 + (2 − 3𝐼)𝑖̆ + (3 − 𝐼)𝑗̆ + (−1 +

2𝐼)𝑘̆ 

 

then: 

 

𝑞𝐼 + 𝑝𝐼 = (8 + 7𝐼 + (−5 + 8𝐼)𝑖̆ + (7 − 4𝐼)𝑗̆ − (5 + 9𝐼)𝑘̆) + (2𝐼 + (2 − 3𝐼)𝑖̆ + (3 − 𝐼)𝑗̆ + (−1 + 2𝐼)𝑘̆) 

= (8 + 9𝐼) + (−3 + 5𝐼)𝑖̆ + (10 − 5𝐼)𝑗̆ + (−6 − 7𝐼)𝑘̆ 

 

Note: 

✓ Clearly, zero is neutral for addition. 

✓ For every number  𝑞𝐼 ∈ 𝐻𝑁, its additive counterpart is: 

 

−𝑞𝐼 = −𝑐́ − 𝑑́𝐼 − 𝑣𝐼́ = −𝑐́ − 𝑑́𝐼 − (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ 

 

2.1.2 Multiplication of the neutrosophic quaternions numbers 

Let  𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 where: 

  

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

𝑝𝐼 = 𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ = 𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

  

then: 

  𝑞𝐼 . 𝑝𝐼 = (𝑐́ + 𝑑́𝐼 + 𝑣𝐼́)(𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ ) 

 

          = [𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆][𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆

+ (𝛼3́ + 𝑏3́𝐼)𝑘̆] 

 

= (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) + (𝑐́ + 𝑑́𝐼)(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝑐́ + 𝑑́𝐼)(𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐́ + 𝑑́𝐼)(𝛼3́ + 𝑏3́𝐼)𝑘̆

+ (𝛼́ + 𝑏́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐1́ + 𝑑1

́ 𝐼)𝑖̆(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆(𝛼2́ + 𝑏2́𝐼)𝑗̆

+ (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ (𝛼3́ + 𝑏3́𝐼)𝑘̆ + (𝛼́ + 𝑏́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝛼1́ + 𝑏1́𝐼)𝑖̆(𝑐2́ + 𝑑2
́ 𝐼)𝑗̆

+ (𝛼2́ + 𝑏2́𝐼)𝑗̆(𝑐2́ + 𝑑2
́ 𝐼)𝑗̆ + (𝛼3́ + 𝑏3́𝐼)𝑘̆(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝛼́ + 𝑏́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑘̆

+ (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝑐3́ + 𝑑3

́ 𝐼)𝑘̆(𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆(𝛼3́ + 𝑏3́𝐼)𝑘̆ 

 

= (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) + (𝑐́ + 𝑑́𝐼)(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝑐́ + 𝑑́𝐼)(𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐́ + 𝑑́𝐼)(𝛼3́ + 𝑏3́𝐼)𝑘̆

+ (𝛼́ + 𝑏́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐1́ + 𝑑1

́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆(𝛼2́ + 𝑏2́𝐼)𝑗̆

+ (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ (𝛼3́ + 𝑏3́𝐼)𝑘̆ + (𝛼́ + 𝑏́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝛼1́ + 𝑏1́𝐼)𝑖(̆𝑐2́ + 𝑑2
́ 𝐼)𝑗̆

− (𝛼2́ + 𝑏2́𝐼)(𝑐2́ + 𝑑2
́ 𝐼) + (𝛼3́ + 𝑏3́𝐼)𝑘̆(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝛼́ + 𝑏́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑘̆

+ (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝑐3́ + 𝑑3

́ 𝐼)𝑘̆(𝛼2́ + 𝑏2́𝐼)𝑗̆ − (𝑐3́ + 𝑑3
́ 𝐼)(𝛼3́ + 𝑏3́𝐼) 
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= (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − [(𝑐1́ + 𝑑1
́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝛼2́ + 𝑏2́𝐼)(𝑐2́ + 𝑑2

́ 𝐼) + (𝑐3́ + 𝑑3
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)]

+ (𝑐́ + 𝑑́𝐼)[(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝛼3́ + 𝑏3́𝐼)𝑘̆]

+ (𝛼́ + 𝑏́𝐼)[(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆] + (𝑐1́ + 𝑑1

́ 𝐼)(𝛼2́ + 𝑏2́𝐼)𝑘̆

− (𝑐1́ + 𝑑1
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)𝑗̆ − (𝑐2́ + 𝑑2

́ 𝐼)(𝛼1́ + 𝑏1́𝐼)𝑘̆ + (𝑐2́ + 𝑑2
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)𝑖̆

+ (𝑐3́ + 𝑑3
́ 𝐼)(𝛼1́ + 𝑏1́𝐼)𝑗̆ − (𝑐3́ + 𝑑3

́ 𝐼)(𝛼2́ + 𝑏2́𝐼)𝑖̆ 

 

we can write it by the form: 

 

𝑞𝐼 . 𝑝𝐼 = (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ + (𝑐́ + 𝑑́𝐼)𝑢𝐼́ + (𝛼́ + 𝑏́𝐼)𝑣𝐼́ + 𝑣𝐼́ × 𝑢𝐼́  

where: 

𝑣𝐼́ . 𝑢𝐼́ = (𝑐1́ + 𝑑1
́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝑐2́ + 𝑑2

́ 𝐼)(𝛼2́ + 𝑏2́𝐼) + (𝑐3́ + 𝑑3
́ 𝐼)(𝛼3́ + 𝑏3́𝐼) 

 

𝑣𝐼́ × 𝑢𝐼́ = |

𝑖̆ 𝑗̆ 𝑘̆

𝑐1́ + 𝑑1
́ 𝐼 𝑐2́ + 𝑑2

́ 𝐼 𝑐3́ + 𝑑3
́ 𝐼

𝛼1́ + 𝑏1́𝐼 𝛼2́ + 𝑏2́𝐼 𝛼3́ + 𝑏3́𝐼

| 

Result1: 

 

 Multiplication of the neutrosophic quaternions numbers is not commutative because: 

𝑣𝐼́ × 𝑢𝐼́ ≠ 𝑢𝐼́ × 𝑣𝐼́ 

Example 3 

 

Let 𝑞𝐼 = 2 + 𝐼 + (1 − 4𝐼)𝑖̆ + (8 − 3𝐼)𝑗̆ + (6 + 4𝐼)𝑘̆  𝑎𝑛𝑑 𝑝𝐼 = 7𝐼 + (3 − 3𝐼)𝑖̆ + (2 − 5𝐼)𝑗̆ + (−4 +

2𝐼)𝑘̆ 

 

then: 

 

     𝑞𝐼 . 𝑝𝐼 = (2 + 𝐼 + (1 − 4𝐼)𝑖̆ + (8 − 3𝐼)𝑗̆ + (6 + 4𝐼)𝑘̆)(7𝐼 + (3 − 3𝐼)𝑖̆ + (2 − 5𝐼)𝑗̆ + (−4 +

2𝐼)𝑘̆) 

= 14𝐼 + 7𝐼 − [3 − 3𝐼 − 12𝐼 + 12𝐼 + 16 − 40𝐼 − 6𝐼 + 15𝐼 − 24 + 12𝐼 − 16𝐼 + 8𝐼]

+ [(6 − 6𝐼 + 3𝐼 − 3𝐼)𝑖̆ + (4 − 10𝐼 + 2𝐼 − 5𝐼)𝑗̆ + (−8 + 4𝐼 − 4𝐼 + 2𝐼)𝑘̆]

+ [(7𝐼 − 28𝐼)𝑖̆ + (56𝐼 − 2𝐼)𝑗̆ + (42𝐼 + 28𝐼)𝑘̆] + |
𝑖̆ 𝑗̆ 𝑘̆

1 − 4𝐼 8 − 3𝐼 6 + 4𝐼
3 − 3𝐼 2 − 5𝐼 −4 + 2𝐼

| 

 

               = 21𝐼 − (−5 − 30𝐼) + (6 − 6𝐼)𝑖̆ + (4 − 13𝐼)𝑗̆ + (−8 + 2𝐼)𝑘̆ + 21𝐼𝑖̆ + 54𝐼𝑗̆ +

70𝐼𝑘̆ + (−45 + 64𝐼)𝑖̆ + (22 − 28𝐼)𝑗̆ + (22 + 34𝐼)𝑘̆ 

 

               = 5 + 57𝐼 + (39 + 79𝐼)𝑖̆ + (26 − 13𝐼)𝑗̆ + (12 + 106𝐼)𝑘̆ 

Result2: 

 

1) The neutrosophic quaternions numbers 𝐻𝑁 is closed in relation to the addition operation, as 

the product of adding two neutrosophic quaternions numbers is a neutrosophic quaternions 

numbers, its real part is(𝑐́ + 𝛼́) + (𝑑́ + 𝑏́)𝐼, and its vector part is: 

 

((𝑐1́ + 𝛼1́) + (𝑏1́ + 𝑑1
́ )𝐼) 𝑖̆ + ((𝑐2́ + 𝛼2́) + (𝑏2́ + 𝑑2

́ )𝐼) 𝑗̆ + ((𝑐3́ + 𝛼3́) + (𝑏3́ + 𝑑3
́ )𝐼) 𝑘̆. 

2) The neutrosophic quaternions numbers 𝐻𝑁  is closed in relation to the multiplication 

operation, as the product of multipl two neutrosophic quaternions numbers is a neutrosophic 

quaternions numbers, its real part is (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ , and its vector part is(𝑐́ +

𝑑́𝐼)𝑣𝐼́ + (𝛼́ + 𝑏́𝐼)𝑢𝐼́ + 𝑣𝐼́ × 𝑢𝐼́ . 

3) Multiplication accepts distribution on addition from the right and the left, so if we have three 

neutrosophic quaternions numbers 𝑞𝐼 , 𝑝𝐼 , 𝑟𝐼  ∈ 𝐻𝑁, then: 
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𝑞𝐼(𝑝𝐼 +  𝑟𝐼) = 𝑞𝐼 . 𝑝𝐼 + 𝑞𝐼 . 𝑟𝐼  

 

(𝑝𝐼 + 𝑟𝐼)𝑞𝐼 = 𝑝𝐼 . 𝑞𝐼 + 𝑟𝐼 . 𝑞𝐼 

 

4) The neutrality of multiplying numbers is  1 + 0𝐼 

 

2.2 The neutrosophic quaternions numbers conjugate 

Definition3 

Let 𝑞𝐼 ∈ 𝐻𝑁 , where 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ . The 

neutrosophic quaternions number conjugate define by the following form: 

  

 𝑞𝐼̅ = 𝑐́ + 𝑑́𝐼 − 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 − (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆. 

 

Example 4 

i. 𝑞𝐼 = 28 + 4𝐼 + (14 − 17𝐼)𝑖̆ + (17 − 3𝐼)𝑗̆ − (77 − 45𝐼)𝑘̆      

  ⟹   𝑞𝐼̅ = 28 + 4𝐼 − (14 − 17𝐼)𝑖̆ − (17 − 3𝐼)𝑗̆ + (77 − 45𝐼)𝑘̆ 

ii. 𝑞𝐼 = (1 − 13𝐼)𝑗̆ + (9 − 𝐼)𝑘̆       ⟹    𝑞𝐼̅ = −(1 − 13𝐼)𝑗̆ − (9 − 𝐼)𝑘̆    

 

Result3: 

 

1. The neutrosophic quaternions number conjugate of 𝑞𝐼̅  is the same The neutrosophic 

quaternions number 𝑞𝐼.  

 

(𝑞𝐼̅)̅̅ ̅̅ ̅ = 𝑞𝐼 

Proof: 

 

Let 𝑞𝐼 ∈ 𝐻𝑁, where 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́, then: 

 

𝑞𝐼̅ = 𝑐́ + 𝑑́𝐼 − 𝑣𝐼́ 

 

(𝑞𝐼̅)̅̅ ̅̅ ̅ = (𝑐́ + 𝑑́𝐼 − 𝑣𝐼́)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑞𝐼 

 

2. If  𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ 

 

then: 

➢ 𝑞𝐼 + 𝑞𝐼̅ = 2(𝑐́ + 𝑑́𝐼) = 𝑅𝑒(𝑞𝐼)   

 

➢ 𝑞𝐼 − 𝑞𝐼̅ = 2𝑣𝐼́ = 2(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + 2(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + 2(𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ =  𝑉(𝑞𝐼) 

    

where 𝑅𝑒(𝑞𝐼) is the neutrosophic real part (scalar) of the complex number and 𝑉(𝑞𝐼) is the 

neutrosophic vector part. 

3. The neutrosophic quaternions number is real (scalar)  if and only if 𝑞𝐼 = 𝑞𝐼̅ , and it is vector 

if and only if 𝑞𝐼 = −𝑞𝐼̅ . 

 

Remarks1: 
𝑞𝐼1

+ 𝑞𝐼2
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑞𝐼1

̅̅ ̅̅ + 𝑞𝐼2
̅̅ ̅̅  

Proof: 

 

Let 𝑞𝐼1
 , 𝑞𝐼2

∈ 𝐻𝑁, where 
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𝑞𝐼1
= 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1

́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2
́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3

́ 𝐼)𝑘̆     

𝑞𝐼2
= 𝑐́́ + 𝑑́́𝐼 + 𝑣𝐼́

́ = 𝑐́́ + 𝑑́́𝐼 + (𝑐1́́ + 𝑑1
́́ 𝐼)𝑖̆ + (𝑐2́́ + 𝑑2

́́ 𝐼)𝑗̆ + (𝑐3́́ + 𝑑3
́́ 𝐼)𝑘̆   

 

then: 

  𝑞𝐼1
+ 𝑞𝐼2

= (𝑐́ + 𝑑́𝐼 + 𝑐́́ + 𝑑́́𝐼) + (𝑐1́ + 𝑑1
́ 𝐼 + 𝑐1́́ + 𝑑1

́́ 𝐼) 𝑖̆ + (𝑐2́ + 𝑑2
́ 𝐼 + 𝑐2́́ + 𝑑2

́́ 𝐼) 𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼 +

𝑐3́́ + 𝑑3
́́ 𝐼) 𝑘̆   

𝑞𝐼1
+ 𝑞𝐼2

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = (𝑐́ + 𝑑́𝐼 + 𝑐́́ + 𝑑́́𝐼) − (𝑐1́ + 𝑑1
́ 𝐼 + 𝑐1́́ + 𝑑1

́́ 𝐼) 𝑖̆ − (𝑐2́ + 𝑑2
́ 𝐼 + 𝑐2́́ + 𝑑2

́́ 𝐼) 𝑗̆

− (𝑐3́ + 𝑑3
́ 𝐼 + 𝑐3́́ + 𝑑3

́́ 𝐼) 𝑘̆   

 

         = 𝑐́ + 𝑑́𝐼 − (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ + 𝑐́́ + 𝑑́́𝐼 + (𝑐1́́ + 𝑑1

́́ 𝐼)𝑖̆ + (𝑐2́́ + 𝑑2
́́ 𝐼)𝑗̆ +

(𝑐3́́ + 𝑑3
́́ 𝐼)𝑘̆   

 
          =  𝑞𝐼1

̅̅ ̅̅ + 𝑞𝐼2
̅̅ ̅̅   

Theorem1 

 

The conjugate of multiplication two neutrosophic quaternions numbers is equal to the 

multiplication of their two conjugates. 

𝑞𝐼 . 𝑝𝐼̅̅ ̅̅ ̅̅ = 𝑝𝐼̅ . 𝑞𝐼̅ 

where 𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 

 

Proof: 

 

Let  𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 where: 

  

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

𝑝𝐼 = 𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ = 𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

  

then: 

  𝑞𝐼 . 𝑝𝐼 = (𝑐́ + 𝑑́𝐼 + 𝑣𝐼́)(𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ ) 

          = [𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆][𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆

+ (𝛼3́ + 𝑏3́𝐼)𝑘̆] 

 

= (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − [(𝑐1́ + 𝑑1
́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝛼2́ + 𝑏2́𝐼)(𝑐2́ + 𝑑2

́ 𝐼) + (𝑐3́ + 𝑑3
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)]

+ (𝑐́ + 𝑑́𝐼)[(𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝛼3́ + 𝑏3́𝐼)𝑘̆]

+ (𝛼́ + 𝑏́𝐼)[(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆] + (𝑐1́ + 𝑑1

́ 𝐼)(𝛼2́ + 𝑏2́𝐼)𝑘̆

− (𝑐1́ + 𝑑1
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)𝑗̆ − (𝑐2́ + 𝑑2

́ 𝐼)(𝛼1́ + 𝑏1́𝐼)𝑘̆ + (𝑐2́ + 𝑑2
́ 𝐼)(𝛼3́ + 𝑏3́𝐼)𝑖̆

+ (𝑐3́ + 𝑑3
́ 𝐼)(𝛼1́ + 𝑏1́𝐼)𝑗̆ − (𝑐3́ + 𝑑3

́ 𝐼)(𝛼2́ + 𝑏2́𝐼)𝑖̆ 

 

we can write it by the form: 

 

𝑞𝐼 . 𝑝𝐼 = (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ + (𝑐́ + 𝑑́𝐼)𝑢𝐼́ + (𝛼́ + 𝑏́𝐼)𝑣𝐼́ + 𝑣𝐼́ × 𝑢𝐼́  

where: 

𝑣𝐼́ . 𝑢𝐼́ = (𝑐1́ + 𝑑1
́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝑐2́ + 𝑑2

́ 𝐼)(𝛼2́ + 𝑏2́𝐼) + (𝑐3́ + 𝑑3
́ 𝐼)(𝛼3́ + 𝑏3́𝐼) 

𝑣𝐼́ × 𝑢𝐼́ = |

𝑖̆ 𝑗̆ 𝑘̆

𝑐1́ + 𝑑1
́ 𝐼 𝑐2́ + 𝑑2

́ 𝐼 𝑐3́ + 𝑑3
́ 𝐼

𝛼1́ + 𝑏1́𝐼 𝛼2́ + 𝑏2́𝐼 𝛼3́ + 𝑏3́𝐼

| 

then: 

 

𝑞𝐼 . 𝑝𝐼̅̅ ̅̅ ̅̅ = (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ − (𝑐́ + 𝑑́𝐼)𝑢𝐼́ − (𝛼́ + 𝑏́𝐼)𝑣𝐼́ − 𝑣𝐼́ × 𝑢𝐼́  

𝑝𝐼̅ . 𝑞𝐼̅ = (𝛼́ + 𝑏́𝐼 − 𝑢𝐼́ )(𝑐́ + 𝑑́𝐼 − 𝑣𝐼́) 
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           = [𝛼́ + 𝑏́𝐼 − (𝛼1́ + 𝑏1́𝐼)𝑖̆ − (𝛼2́ + 𝑏2́𝐼)𝑗̆ − (𝛼3́ + 𝑏3́𝐼)𝑘̆][𝑐́ + 𝑑́𝐼 − (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆

− (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆] 

 

        = (𝛼́ + 𝑏́𝐼)(𝑐́ + 𝑑́𝐼) − (𝛼́ + 𝑏́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝛼́ + 𝑏́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝛼́ + 𝑏́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ −

(𝑐́ + 𝑑́𝐼)(𝛼1́ + 𝑏1́𝐼)𝑖̆ − (𝛼1́ + 𝑏1́𝐼)(𝑐1́ + 𝑑1
́ 𝐼) + (𝛼1́ + 𝑏1́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑘̆ − (𝛼1́ + 𝑏1́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑗̆ − (𝑐́ +

𝑑́𝐼)(𝛼2́ + 𝑏2́𝐼)𝑗̆ − (𝛼2́ + 𝑏2́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑘̆ − (𝛼2́ + 𝑏2́𝐼)(𝑐2́ + 𝑑2

́ 𝐼) − (𝛼2́ + 𝑏2́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑖̆ − (𝑐́ +

𝑑́𝐼)(𝛼3́ + 𝑏3́𝐼)𝑘̆ + (𝛼3́ + 𝑏3́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑗̆ − (𝛼3́ + 𝑏3́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑖̆ − (𝛼3́ + 𝑏3́𝐼)(𝑐3́ + 𝑑3
́ 𝐼) 

 

         = (𝛼́ + 𝑏́𝐼)(𝑐́ + 𝑑́𝐼) − (𝛼1́ + 𝑏1́𝐼)(𝑐1́ + 𝑑1
́ 𝐼) − (𝛼2́ + 𝑏2́𝐼)(𝑐2́ + 𝑑2

́ 𝐼) − (𝛼3́ + 𝑏3́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)

− (𝑐́ + 𝑑́𝐼)(𝛼1́ + 𝑏1́𝐼)𝑖̆ − (𝑐́ + 𝑑́𝐼)(𝛼2́ + 𝑏2́𝐼)𝑗̆ − (𝑐́ + 𝑑́𝐼)(𝛼3́ + 𝑏3́𝐼)𝑘̆

− (𝛼́ + 𝑏́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝛼́ + 𝑏́𝐼)(𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝛼́ + 𝑏́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑘̆

+ (𝛼1́ + 𝑏1́𝐼)(𝑐2́ + 𝑑2
́ 𝐼)𝑘̆ − (𝛼1́ + 𝑏1́𝐼)(𝑐3́ + 𝑑3

́ 𝐼)𝑗̆ − (𝛼2́ + 𝑏2́𝐼)(𝑐1́ + 𝑑1
́ 𝐼)𝑘̆

− (𝛼2́ + 𝑏2́𝐼)(𝑐3́ + 𝑑3
́ 𝐼)𝑖̆ + (𝛼3́ + 𝑏3́𝐼)(𝑐1́ + 𝑑1

́ 𝐼)𝑗̆ − (𝛼3́ + 𝑏3́𝐼)(𝑐2́ + 𝑑2
́ 𝐼)𝑖 ̆

 

         = (𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ − (𝑐́ + 𝑑́𝐼)𝑢𝐼́ − (𝛼́ + 𝑏́𝐼)𝑣𝐼́ − 𝑣𝐼́ × 𝑢𝐼́  

 

⇒     𝑞𝐼 . 𝑝𝐼̅̅ ̅̅ ̅̅ = 𝑝𝐼̅ . 𝑞𝐼̅  

 

2.3 The absolute value of a neutrosophic quaternions number 

Let   𝑞𝐼 ∈ 𝐻𝑁  where: 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ , the 

absolute value of a neutrosophic quaternions numbers defined by the following form: 

 

|𝑞𝐼| = √(𝑐́ + 𝑑́𝐼)2 + (𝑐1́ + 𝑑1
́ 𝐼)2 + (𝑐2́ + 𝑑2

́ 𝐼)2 + (𝑐3́ + 𝑑3
́ 𝐼)2 

Example 5 

 

 Let  𝑞𝐼 = 1 − 4𝐼 + 𝐼𝑖̆ + 2𝐼𝑗̆ − 𝐼𝑘̆, then: 

|𝑞𝐼| = √(𝑐́ + 𝑑́𝐼)2 + (𝑐1́ + 𝑑1
́ 𝐼)2 + (𝑐2́ + 𝑑2

́ 𝐼)2 + (𝑐3́ + 𝑑3
́ 𝐼)2 

 

= √(1 − 4𝐼)2 + (𝐼)2 + (2𝐼)2 + (𝐼)2 

 

= √1 − 8𝐼 + 16𝐼 + 𝐼 + 4𝐼 + 𝐼 

 

= √1 + 14𝐼 

 

√1 + 14𝐼 ≡ 𝑥 + 𝑦𝐼 

 

1 + 14𝐼 ≡ 𝑥2 + 2𝑥𝑦𝐼 + 𝑦2 

by identifying we get: 

{
𝑥2 = 1 

𝑦2 + 2𝑥𝑦 = 14
 

 

 Since the absolute value is positive, we take:   𝑥 = 1 

then: 

𝑦2 + 2𝑦 = 14  ⟹    𝑦2 + 2𝑦 − 14 = 0   

  

𝑦 =
−2 + 2√15

2
= −1 + √15 ≈ 2.9 

Therefore, 
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|𝑞𝐼| = √(1 − 4𝐼)2 + (𝐼)2 + (2𝐼)2 + (𝐼)2 = 1 + 2.9𝐼 

Theorem2 

 

Let  𝑞𝐼 ∈ 𝐻𝑁  where: 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆ , 

multiplication the absolute value of 𝑞𝐼 by its conjugate equals to square of the absolute value of 𝑞𝐼 . 

𝑞𝐼 . 𝑞𝐼̅ = |𝑞𝐼|2 

 Proof: 

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

  ⟹   𝑞𝐼 = 𝑐́ + 𝑑́𝐼 − 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 − (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ − (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ − (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆   

                                       𝑞𝐼 . 𝑞𝐼̅ = (𝑐́ + 𝑑́𝐼)2(𝑐́ + 𝑑́𝐼 − 𝑣𝐼́ ) 

= (𝑐́ + 𝑑́𝐼)
2

− (𝑐́ + 𝑑́𝐼)𝑣𝐼́ + (𝑐́ + 𝑑́𝐼)𝑣𝐼́ − 𝑣𝐼́ . 𝑣𝐼́  

= (𝑐́ + 𝑑́𝐼)
2

− 𝑣𝐼́ . 𝑣𝐼́ 

= (𝑐́ + 𝑑́𝐼)2 + (𝑐1́ + 𝑑1
́ 𝐼)2 + (𝑐2́ + 𝑑2

́ 𝐼)2 + (𝑐3́ + 𝑑3
́ 𝐼)2 = |𝑞𝐼|2 

 

⟹         𝑞𝐼 . 𝑞𝐼̅ = |𝑞𝐼|2 

Example 6 

 

Let  𝑞𝐼 = 2 − 6I + 3𝐼𝑖̆ + (1 + 2𝐼)𝑗̆ − 5𝑘̆, then: 

 

𝑞𝐼 . 𝑞𝐼̅ = |𝑞𝐼|2 

 

= (2 − 6I)2 + 9I + (1 + 2𝐼)2 

 

= 4 − 24𝐼 + 36𝐼 + 9𝐼 + 1 + 4𝐼 + 4𝐼 

 

= 5 + 29𝐼 

Remarks2: 

 

Let  𝑞𝐼 ∈ 𝐻𝑁, then: 

 

1) |𝑞𝐼| = |𝑞̅𝐼| = |−𝑞𝐼| 

2) |𝑞𝐼 . 𝑝𝐼| = |𝑞𝐼|. |𝑝𝐼| 

 

Proof (2): 

|𝑞𝐼 . 𝑝𝐼|2 = 𝑞𝐼 . 𝑝𝐼(𝑞𝐼 . 𝑝𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑞𝐼 . 𝑝𝐼 . 𝑝𝐼̅ . 𝑞̅𝐼 = 𝑞𝐼 . |𝑝𝐼|2. 𝑞̅𝐼 = 𝑞𝐼 . 𝑞̅𝐼 . |𝑝𝐼|2 = |𝑞𝐼|2. |𝑝𝐼|2 

 

2.4 Division of neutrosophic quaternions numbers 

Let  𝑞𝐼 , 𝑝𝐼  ∈ 𝐻𝑁 where:  

 

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

𝑝𝐼 = 𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ = 𝛼́ + 𝑏́𝐼 + (𝛼1́ + 𝑏1́𝐼)𝑖̆ + (𝛼2́ + 𝑏2́𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆  

 

 then: 

𝑞𝐼

𝑝𝐼

=
𝑐́ + 𝑑́𝐼 + 𝑣𝐼́

𝛼́ + 𝑏́𝐼 + 𝑢𝐼́
 

 

 multiply the numerator and denominator by conjugate of 𝑝𝐼  we get: 

 

𝑞𝐼

𝑝𝐼

=
(𝑐́ + 𝑑́𝐼 + 𝑣𝐼́)(𝛼́ + 𝑏́𝐼 − 𝑢𝐼́ )

(𝛼́ + 𝑏́𝐼 + 𝑢𝐼́ )(𝛼́ + 𝑏́𝐼 − 𝑢𝐼́ )
 



Neutrosophic Sets and Systems, Vol. 64, 2024    54   

 

Yaser Ahmad Alhasan, Basel Hamdo Alarnous and Iqbal Ahmed Musa, The neutrosophic quaternions numbers 

 

=
(𝑐́ + 𝑑́𝐼 + 𝑣𝐼́)(𝛼́ + 𝑏́𝐼 − 𝑢𝐼́ )

(𝛼́ + 𝑏́𝐼)
2

− (𝑢𝐼́ )2
 

 

=
(𝑐́ + 𝑑́𝐼)(𝛼́ + 𝑏́𝐼) − 𝑣𝐼́ . 𝑢𝐼́ + (𝑐́ + 𝑑́𝐼)𝑣𝐼́ + (𝛼́ + 𝑏́𝐼)𝑢𝐼́ + 𝑣𝐼́ × 𝑢𝐼́

(𝛼́ + 𝑏́𝐼)
2

− (𝑢𝐼́ )2
 

 

where: 

𝑣𝐼́ . 𝑢𝐼́ = (𝑐1́ + 𝑑1
́ 𝐼)(𝛼1́ + 𝑏1́𝐼) + (𝑐2́ + 𝑑2

́ 𝐼)(𝛼2́ + 𝑏2́𝐼) + (𝑐3́ + 𝑑3
́ 𝐼)(𝑐3́ + 𝑑3

́ 𝐼) 

𝑣𝐼́ × 𝑢𝐼́ = |

𝑖̆ 𝑗̆ 𝑘̆

𝑐1́ + 𝑑1
́ 𝐼 𝑐2́ + 𝑑2

́ 𝐼 𝑐3́ + 𝑑3
́ 𝐼

𝛼1́ + 𝑏1́𝐼 𝛼2́ + 𝑏2́𝐼 𝛼3́ + 𝑏3́𝐼

| 

 

and       (𝛼́ + 𝑏́𝐼)
2

− (𝑢𝐼́ )2 = (𝛼́ + 𝑏́𝐼)
2

+ (𝛼1́ + 𝑏1́𝐼)
2

+ (𝛼2́ + 𝑏2́𝐼)
2

+ (𝑐3́ + 𝑑3
́ 𝐼)

2
 

 

Example 7  

 

Let 𝑞𝐼 = 2 + (1 − 4𝐼)𝑖̆ − 3𝐼𝑗̆ + (6 + 4𝐼)𝑘̆  𝑎𝑛𝑑 𝑝𝐼 = 7𝐼 − 2𝐼𝑖̆ + (2 − 5𝐼)𝑗̆ + 4𝑘̆ 

 

then: 

𝑞𝐼

𝑝𝐼

=
2 + (1 − 4𝐼)𝑖̆ − 3𝐼𝑗̆ + (6 + 4𝐼)𝑘̆

7𝐼 − 2𝐼𝑖̆ + (2 − 5𝐼)𝑗̆ + 4𝑘̆
 

 

=
(2 + (1 − 4𝐼)𝑖̆ − 3𝐼𝑗̆ + (6 + 4𝐼)𝑘̆)(7𝐼 + 2𝐼𝑖̆ − (2 − 5𝐼)𝑗̆ − 4𝑘̆)

(7𝐼 − 2𝐼𝑖̆ + (2 − 5𝐼)𝑗̆ + 4𝑘̆)(7𝐼 + 2𝐼𝑖̆ − (2 − 5𝐼)𝑗̆ − 4𝑘̆)
 

 

=
(2 + (1 − 4𝐼)𝑖̆ − 3𝐼𝑗̆ + (6 + 4𝐼)𝑘̆)(7𝐼 + 2𝐼𝑖̆ − (2 − 5𝐼)𝑗̆ − 4𝑘̆)

(7𝐼)2 − (−2𝐼𝑖̆ + (2 − 5𝐼)𝑗̆ + 4𝑘̆)
2  

 

=
24 + 45𝐼 − 18𝐼𝑖̆ + (−4 + 11𝐼)𝑗̆ + (8 + 28𝐼)𝑘̆ + (12 − 30𝐼)𝑖̆ + (4 + 4𝐼)𝑗̆ + (−2 − 𝐼)𝑘̆

49𝐼 − (−4𝐼 − (2 − 5𝐼)2 − 16)
 

 

=
24 + 45𝐼 + (12 − 48𝐼)𝑖̆ + 15𝐼𝑗̆ + (6 + 27𝐼)𝑘̆

20 + 9𝐼
 

 

=
24 + 45𝐼

20 + 9𝐼
+

12 − 48𝐼 

20 + 9𝐼
𝑖̆ +

15𝐼

20 + 9𝐼
𝑗̆ +

6 + 27𝐼

20 + 9𝐼
𝑘̆ 

 

=
6

5
+

171

145
𝐼 + (

3

5
+

267

145
𝐼) 𝑖̆ + (

15

29
𝐼) 𝑗̆ + (

3

10
+

243

290
𝐼) 𝑘̆ 

 

2.5 Inverted Neutrosophic quaternions numbers 

Definition4 

We define Inverted 𝑞𝐼 ∈ 𝐻𝑁 as 𝑞𝐼
−1 ∈ 𝐻𝑁, whereas: 

 
𝑞𝐼 . 𝑞𝐼

−1 = 𝑞𝐼
−1. 𝑞𝐼 = 1𝐻𝑁

 

whereas: 𝑞𝐼 ≠ 0𝐻𝑁
 

 

Remark3: 



Neutrosophic Sets and Systems, Vol. 64, 2024    55   

 

Yaser Ahmad Alhasan, Basel Hamdo Alarnous and Iqbal Ahmed Musa, The neutrosophic quaternions numbers 

|𝑞𝐼|2 = 𝑞𝐼 . 𝑞𝐼̅       ⟹    𝑞𝐼 =
|𝑞𝐼|2

𝑞𝐼̅

    ⟹    𝑞𝐼
−1 =

𝑞𝐼̅

|𝑞𝐼|2
 

Proof: 

Let  𝑞𝐼 ∈ 𝐻𝑁 where: 𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + 𝑣𝐼́ = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆, then: 

𝑞𝐼
−1 =

1

𝑞𝐼

=
1

𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + (𝑐2́ + 𝑑2

́ 𝐼)𝑗̆ + (𝑐3́ + 𝑑3
́ 𝐼)𝑘̆

 

 

=
𝑐́ + 𝑑́𝐼

(𝛼́ + 𝑏́𝐼)
2

+ (𝛼1́ + 𝑏1́𝐼)
2

+ (𝛼2́ + 𝑏2́𝐼)
2

+ (𝑐3́ + 𝑑3
́ 𝐼)

2

−
(𝑐1́ + 𝑑1

́ 𝐼)

(𝛼́ + 𝑏́𝐼)
2

+ (𝛼1́ + 𝑏1́𝐼)
2

+ (𝛼2́ + 𝑏2́𝐼)
2

+ (𝑐3́ + 𝑑3
́ 𝐼)

2 𝑖̆

−
(𝑐2́ + 𝑑2

́ 𝐼)

(𝛼́ + 𝑏́𝐼)
2

+ (𝛼1́ + 𝑏1́𝐼)
2

+ (𝛼2́ + 𝑏2́𝐼)
2

+ (𝑐3́ + 𝑑3
́ 𝐼)

2 𝑗̆

−
(𝑐3́ + 𝑑3

́ 𝐼)

(𝛼́ + 𝑏́𝐼)
2

+ (𝛼1́ + 𝑏1́𝐼)
2

+ (𝛼2́ + 𝑏2́𝐼)
2

+ (𝑐3́ + 𝑑3
́ 𝐼)

2 𝑘̆ 

Example 8 
1

2 + 𝐼 + (1 − 4𝐼)𝑖̆ + (8 − 3𝐼)𝑗̆ + (6 + 4𝐼)𝑘̆
=

2 + 𝐼

105 + 38𝐼
−

(1 − 4𝐼)

105 + 38𝐼
𝑖̆ −

(8 − 3𝐼)

105 + 38𝐼
𝑗̆ −

(6 + 4𝐼)

105 + 38𝐼
𝑘̆ 

 

=
2

105
−

29

15015
𝐼 + (−

1

105
+

458

15015
𝐼) 𝑖̆ + (−

8

105
+

619

15015
𝐼) 𝑗̆ + (−

6

105
−

192

15015
𝐼) 𝑘̆ 

 

Remark4: 

               (𝑝𝐼𝑞𝐼)−1 = 𝑞𝐼
−1. 𝑝𝐼

−1       , whereas: 𝑝𝐼 . 𝑞𝐼 ≠ 0𝐻𝑁
 

 

Remark5: 

 

Since any neutrosophic complex number   𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ can be written in the form: 

 

𝑞𝐼 = 𝑐́ + 𝑑́𝐼 + (𝑐1́ + 𝑑1
́ 𝐼)𝑖̆ + 0𝑗̆ + 0𝑘̆ 

then: 

𝑅𝑁 ⊆ 𝐶𝑁 ⊆ 𝐻𝑁 

5. Conclusions  

In this paper, we introduced the neutrosophic quaternions numbers, where all algebraic operations 

were studied on it. Also, we studied the absolute value of a neutrosophic quaternions number and 

its inverted. 

 

    Acknowledgments "This study is supported via funding from Prince sattam bin Abdulaziz 

University project number (PSAU/2024/R/1445)". 

References 

1. Smarandache. F; "Introduction to Neutrosophic Measure, Neutrosophic Integral, and 

Neutrosophic Probability", Sitech-Education Publisher, Craiova – Columbus, 2013.  

2. Smarandache. F; "Finite Neutrosophic Complex Numbers, by W. B. Vasantha Kandasamy", Zip 

Publisher, Columbus, Ohio, USA, PP:1-16, 2011. 

3. Smarandache. F; "Neutrosophy. / Neutrosophic Probability, Set, and Logic", American Research 

Press, Rehoboth, USA, 1998. 



Neutrosophic Sets and Systems, Vol. 64, 2024    56   

 

Yaser Ahmad Alhasan, Basel Hamdo Alarnous and Iqbal Ahmed Musa, The neutrosophic quaternions numbers 

4. Smarandache. F; "Introduction to Neutrosophic statistics", Sitech-Education Publisher, PP:34-44, 

2014. 

5. Smarandache. F; "A Unifying Field in Logics: Neutrosophic Logic, Preface by Charles Le, 

American Research Press, Rehoboth, 1999, 2000. Second edition of the Proceedings of the First 

International Conference on Neutrosophy, Neutrosophic Logic, Neutrosophic Set, Neutrosophic 

Probability and Statistics", University of New Mexico, Gallup, 2001.  

6. Smarandache. F; "Proceedings of the First International Conference on Neutrosophy", 

Neutrosophic Set, Neutrosophic Probability and Statistics, University of New Mexico, 2001. 

7. Alhasan. Y; "Concepts of Neutrosophic Complex Numbers", International Journal of 

Neutrosophic Science, Volume 8, Issue 1, pp. 9-18, 2020. 

8. Smarandache. F; "Neutrosophic Precalculus and Neutrosophic Calculus", book, 2015. 

9. Madeleine Al- Tahan, "Some Results on Single Valued Neutrosophic (Weak) Polygroups", 

International Journal of Neutrosophic Science, Volume 2, Issue 1, PP: 38-46, 2020. 

10. Alhasan. Y; "The neutrosophic integrals and integration methods", Neutrosophic Sets and 

Systems, Volume 49, pp. 357-374, 2022. 

11. Chakraborty. A; "A New Score Function of Pentagonal Neutrosophic Number and its Application 

in Networking Problem", International Journal of Neutrosophic Science, Volume 1, Issue 1, PP: 

40-51, 2020 

12. Chakraborty. A; "Application of Pentagonal Neutrosophic Number in Shortest Path Problem", 

International Journal of Neutrosophic Science, Volume 3, Issue 1, PP: 21-28, 2020. 

13. Smarandache. F; "Neutrosophy and Neutrosophic Logic, First International Conference on 

Neutrosophy", Neutrosophic Logic, Set, Probability, and Statistics, University of New Mexico, 

Gallup, NM 87301, USA 2002. 

14. Alhasan.y; "The General Exponential form of a Neutrosophic Complex Number", International 

Journal of Neutrosophic Science, Volume 11, Issue 2, pp. 100-107, 2020. 

 

Received: 15 Dec 2023     Accepted:  3 Feb 2024 


