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Abstract: In various fuzzy multiple attribute decision making (MADM) applications, different
information descriptions and aggregation operators (AOs) play a crucial role. However, both the
Einstein sum and product can include their typical algebraic operation features, but they lack the
characteristics of periodicity operations. To fill the research gap of Einstein AOs for single-valued
neutrosophic values (SvNVs), this article aims to propose Einstein AOs of sine SYNVs and their
MADM model as their new extension. In this study, we first define a new sine SvNV, which
integrates sine functions into the membership functions of indeterminacy, falsehood, and truth, and
the Einstein operation laws of sine SYNVs. Then, we present the sine SYNV Einstein weighted
average and geometric AOs and their properties. Furthermore, we develop a MADM model based
on the proposed Einstein AOs in a SVNV circumstance. Lastly, we apply the developed MADM
model to a site selection example of a hydrogen power plant as the verification of its application in
a SVNV circumstance. The decision results reveal the rationality and validity of the developed
model with respect to the comparison of the related models.

Keywords: decision making problem; sine single-valued neutrosophic value; einstein operation law;
sine single-valued neutrosophic value Einstein aggregation operator

1. Introduction

Recently, various fuzzy multiple attribute/criteria decision making (MADM/MCDM) theories
and approaches have become research hotspots in uncertain decision applications. In MADM
applications, various fuzzy information descriptions and operations/aggregations imply their
importance and necessity. Fuzzy sets (FSs) [1] contain only membership degrees, but lack non-
membership degrees. Then, intuitionistic or interval-valued FSs (IFSs/IVESs) [2, 3] can contain both
membership and non-membership degrees and the dependent relationship of both, but cannot reflect
the independent relationship of indeterminate, false, and true membership degrees in inconsistent
and uncertain situations. As a general framework of different FSs, a neutrosophic set (NS) [4] can
reflect them. Regarding the subsets of NS, some scholars presented single-valued or interval-valued
or simplified neutrosophic values (SvNVs/IvNVs/SNVs) [5-7] and their operation laws and
aggregation operators (AOs) to effectively meet scientific and engineering applications. Zhang et al.
proposed the improved AOs of IvNVs for MADM [8]. Then, Yang and Li [9] introduced the power
AOs of SvNVs for MADM. Liu et al. [10] presented the power Muirhead mean AOs of SvNVs for
group decision making (GDM). Liu [11] also introduced the Archimedean AOs of SvINVs for MADM.
Garg [12] proposed the Frank norm AOs of SvNVs for MADM. Deli and Subas [13] introduced a
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SvNV sorting method for MADM. Liu and Liu [14] put forward a generalized weighted power
averaging operator of SvNVs for GDM. Karaaslan and Hayat [15] presented some operations of
interval-valued neutrosophic matrices and applied them to GDM. Garg [16] used the multiplicative
preference relation of SYNVs for MADM. Giri and Roy [17] introduced a neutrosophic programming
approach to solve the transportation problem of green four-dimensional fixed charges. Therefore, the
SNVs (SvNVs and/or IvNVs) have also revealed their merits in inconsistent and uncertain MADM
applications [18]. Consequently, many scholars have further developed SNV (SvNV and/or IvNV)
AQOs, such as ordinary weighted arithmetic and geometric AOs, Einstein AOs, generalized AOs [19],
Bonferroni mean AOs [20], Hamacher AOs [21], exponential AOs [22], subtraction and division AOs
[23], Frank AOs [24], prioritized interactive AOs [25], and fairly AOs [26] for SNVs (SvNVs and/or
IvNVs).

Recently, some scholars [27, 28] have proposed logarithmic SvNV operation laws and
logarithmic SNV Einstein AOs for GDM in view of t-conorm and t-norm. However, they reflect
some limitations, for example, logx(y) cannot be defined when x =1 or y = 0. Due to the periodicity
feature of the sine function, it implies some merit that satisfies the multiple periodicity MADM needs
in real problems. Therefore, the operation laws and AOs of sine SYNVs (5-5vINVs) [29, 30] have been
introduced in MADM applications. Then, there are the defects of some membership functions that
belong to the range of [0, 0.46) instead of the whole range of [0, 1] in S-SvNV [29, 30]. To overcome
this deficiency, AOs of tangent SYNVs (T-SvNVs), where the three membership functions belong to
the whole range of [0, 1], were presented for MADM [31]. Based on cosine, sine, arccosine, and arcsine
operations, Ye et al. [32] first proposed the single-valued neutrosophic credibility value trigonometric
AOs for MADM. However, the Einstein sum and product can include their typical algebraic
operation merits [19], but lack periodicity operation features. Furthermore, no Einstein operation
laws and AOs of S-SvNVs are presented in the existing literature. Therefore, it is necessary to develop
them for MADM issues with S-SvINV information to fill this gap. Motivated by the new ideas, this
article will propose the Einstein AOs of 5-5vNVs and their MADM model as a new extension to
address the defects and research gaps in the existing S-SvNV operation laws and AOs [29, 30]. In this
study, the objectives of this paper are to: (1) define a suitable S-SVNV including three membership
degrees belonging to the whole range of [0, 1] and Einstein operation laws (EOLs) of S-SvNVs, (2)
establish the S-SvNV Einstein weighted average (S-SVNVEWA) and geometric (5-SYNVEWG) AOs,
(3) develop a MADM model using the S-SYNVEWA and S-SVNVEWG AOs, and (4) apply the
proposed MADM model to a site selection example of a hydrogen power plant (HPP) in a SNV
circumstance. However, the comparison results with the existing related models indicate the
rationality and validity of the proposed model.

The remainder of this article is composed of these parts. Section 2 simply reviews the
preliminaries of single-valued NSs (SvNSs), including the operation laws and AOs of SYNVs and S-
SvNVs. In view of the integration of sine functions into indeterminate, false, and true membership
functions, Section 3 defines a new S-SvNV and the EOLs of S-SvNVs, and then presents the S-
SvNVEWA and S-SYNVEWG AOs and their properties. In Section 4, a MADM model is developed
in terms of the S-SYNVEWA and S-SYNVEWG AOs. Section 5 applies the developed MADM model
to a site selection example of HPP in a SYNV circumstance. The comparative results of the existing
related models reveal the validity of the developed model. Conclusions and future research are
summarized in Section 6.

2. Preliminaries of SvNSs

2.1. Operation laws and AOs of SUNVs

Set Xc as a fixed universe set. Then, the SYNS @ in Xc is represented as @n = {<xc, gni(xc), onu(xc),
ono(xe)> | xe € Xc} [6], where gno(xc), gnu(xe), on(xe) € [0, 1] are the membership functions of falsehood,
indeterminacy, and truth subject to 0 < @ni(xc) + @nu(xe) + gno(xc) < 3 for any xc € Xc. Then, <xc, gni(xc),
onu(xc), gno(xc)> in @n is represented as the SVNV gn = <gni, v, no> for simplicity.
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Set two SVN'Vs as ¢ns = <gniis), @nuts), pno> (s =1, 2) with g4 > 0. Then, their operation relationships
are presented below [7, 19]:

(1) v 2 N2 & N 2 PN, ENu(1) < PNu), and ENo) < ENo);

(2) pnv1 = 2 = v < vz and N1 D Pne;

3) P VP2 =Py ¥ Prrcys Pruscy A Pruay: Py A Prnizy )

4 P OOz = (Puy A Paiyr Pty ¥ Prniayr Poncty Y Prviay )

5) (241)° =Py 1~ Procyr Prugy) (Complement of pu);

©) PPy, = <(ﬂm(1) P2 ~ PuwPri) PruPrucz) PrvinPrviz) >?

7) Pu© @y, = <¢’Nt(1)¢’Nt(2) Pru@ T Pru) ~ PruwPru@ Pave T P ~ P Prviz) > ;
)t Py = (1= (A=) iy Py )

O oy = <¢N¥V(1) A== on)™ - (= ope)™ > .

Set @ns = <@nis), Enues), o> (=1, 2, ..., g) as a collection of SVNVs with their weight vector pw =
(tew1, po, ..., theq) subject to 0 < grs <1 and zz:l H,s =1. Then, SYNVWA and SYNVWG are denoted
as the SVNV weighted average and geometric AOs and expressed by the two formulae [19]:

a a a a
SVNVWA(q)Nl’ Pnzreen ¢Nq) = Zl:/uwsgoNs = <1_H(1_ ¢Nt(s) )‘uwS ! H(¢NU(S) )/JWS ’H(?Nv(s) )'UWS > / (1)

s=1 s=1 s=1
q q q q .
SYNVWG (@1, @y s -o-» ¢7Nq) = H((pNs )#WS = <H(¢7Nt(s) )”WS 1- H(l_ Dnugs) )FWS 1= H(l_ Pns) )! > -(2)
s-1 s-1 s-1 s-1

Set two SVNVs as @ns = <gnis), ¢nus), @Noe> (s =1, 2) with g > 0. Then, their EOLs are presented
as follows [19]:

1 | Pniwy T P PrnuPru2) PrnvayPrv2)
D) @y P @y, =
1+§0Nt(1)¢’Nt(2) 1+ 1- (PNu(l))(l ¢’Nu(z)) 1+ (1- §0Nv(1))(1 §0Nv(2))
@) oy ®e 0, = Pnie)Pri(2) Pauy TPw P TP
1+~ (DNt(l))(l ¢Nt(2)) 1+(PNu(1)¢Nu(2) 1+ Py Pr)
@) u - _ 1+ (pNt(l)) " _(1_¢Nt(1)) " 2(”Nu(1) Z(PN\V/V(l) .
v 1+ P ) +Q@Q- DOy e (2- §0Nu(1))yw + §0ﬁﬂv(1) (2- D )+ (0(113(1)
) pby = 2(/’@(1) L+ ¢Nu(1))#w -(- @Nu(l))ﬂw @+ (oNv(l))ﬂW -@1- ¢Nv(l))ﬂw
(2- goNt(l))#w + @ﬁ?(l) 1+ @Nu(l))ﬂw +(1- Prnuy ) @+ gDNv(l))#W +(1- P )

For a collection of SVNVs @ns = <gnis), @nus), gnes> (s =1, 2, ..., q) with their weight vector uw =
(tko1, phe2, ..., thog) subject to 0 < grs <1 and Zgzl Hys = 1, SYNVEWA and SYNVEWG are denoted as
the SVNV Einstein weighted average and geometric AOs and introduced by the two formulae [19]:

H(l“pm s)) H(l Pre s))#ws

0 —
H(1+ Pnics) )/WS H(l_(omt(s) )ﬂws , (3)
s=1

s=1

q
SVNVEWA((le, Dnosreen ¢Nq) = Z £ HusPns =

q q
- 2[ T(Pwi) ™ 2[ (o)™

s=1 s=1

q e 42 P W
H(Z_(pNu(s))/ +H(¢Nu(s))/ H(2_¢Nv(s))# +H(¢Nv(s))

s=1 s=1 s=1 s=1
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q
2H (th(s))#ws
s=1

q q
H (2= Ppys))™ + H (Prees) )™
s=1 s=1

q q
q P IT(:I'-i-quu(s))/uw5 _]‘_[(l_(pNu(s))#WS . (4)
SVNVEWG(¢N1’¢NZ""’¢Nq) :H E(QNS) "= sczll Sgl ,
s=1 H (1+ ¢)Nu(s))/—’ws +H (1_ (/,Nu(s))#ws
s=1 s=1

q q

| | (:I-—i_wNv(s))ﬂWs - I I (l_(DNv(s))ﬂWs
s=1 s=1

q

q
[T+ )™ + T~ o)™
s=1

s=1

To sort SVNVs gns = <), gnus), @Noe> (s =1, 2), the score and accuracy equations of SVNVs [19]
are presented below:

U (q)Ns) = (2 + ¢Nt(s) - ¢Nu(s) - Q)Nv(s)) / 3 for U ((DNs) € [Oll]’ (5)
\Y (¢Ns) = Onts) ~ Prves) for V(¢py) €[-11]. (6)

In terms of the score and accuracy equations, a sorting order of two SvNVs is defined by the
following rules:

(1) 1> e for U(ent) > U(en2);

(2) N1 > e for U(gpnt) = U(enz) and V(gn1) > V(pn2);

(3) on1 = @2 for U(gnt) = U(pn2) and V(gn) = V(gne).
2.2 Operation laws and AOs of S-SuNVs

Set SVNV as ov = <evy,  ong,  eno>. Then, S-SVNV  is  presented by
sin(p, ) = <Sin(0.5(0Nt7Z),1— sin(0.57 — ¢, ),1-sin(0.57 — (DNV)> [29, 30], where the membership

degrees of the indeterminacy, falsehood, and truth are 1-sin(0.57—¢,,)<[0,0.46) ,
1-sin(0.57 — ¢,,) €[0,0.46), and sin(0.5¢,,7) €[0,1], respectively.

Let Sin(@y,) = (SiN(0.505)), 1—SIN(0.57 — 9y, 5) ), 1= SIN(0.57 — 9y ))) for s = 1, 2 be

two S-SvNVs with & > 0. Then, their operation laws are introduced below [29, 30]:
1-(1-sin(0.5¢y,,, 7))L —sin(0.5¢y, 7)),

1) sin(py,) @sin(gy,) ={ L-sin(0.57 — @, )L -siN(0.57 — @y, ) );
(1-sin(0.57 — @y, 1)) (L —=SiN(0.57 — @y, 1))
sin(0.5¢>Nt(l)7z)Sin(O.S(oNt(z)ﬁ),

) sin(gpy,) ®sin(gy,) ={ 1-sin(0.57 — @y, ,)) SIN(0.57 — @y, »)): )
1-sin(0.57 — ¢y, 1)) SIN(0.57 — 9, )

1-(1-sin(0.5¢, 7)),

3) #,-sin(py,) ={ L-sin(0.57 =@y, )™, );

(L=sin(0.57 — @y, ;) )™

() (sin(py))™ = ((SIN(0.50yy )", 1= (SIN(0.57 — Py, 0))), 1= (SIN(0.57 — 2y )" ) -
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For a group of SVNVs @ns = <gnis), onus), gnos> (s =1, 2, ..., q) with their weight vector pw = (w1,
M2, ..., fhog) subject to 0 < pws <1 and ijl U, =1, S-SYNVWA and S-SVNVWG are denoted as the
S-SvNV weighted average and geometric AOs and introduced by the two equations [29, 30]:
q
S — SUINVWA(@y1, Pz s Prg) = Z/uws sin(gy,)
1
(7)

= (1_ ﬁ(l— sin (O.S(pNt(s)ﬂ))”ws , ﬁ (1—Sin (0.571' ~ Prugs) ))#WS : ﬁ (1—Sin (0.571' ~ Onus) ))#WS ]

s=1 s=1 s=1

q
S — SUNVWG (@1, Pz Pn) = [ ] (SiN(0e) )
s=1

= [ﬁ(sin(o.s%mn))““ 1-

s=1 S

-

.(8)
(in(0.57 = gy, ) ) ,1—ﬁ(sin(0.57r ~Pwe)) ]

s=1

I
[UN

2.3 Operation laws and AOs of T-SuNV’s

Set SYNV as ov = <env, ong,  ono> Then, T-SVNV  is  presented by
tan(¢, ) = (tan(0.25¢,,7),1-tan(0.257(1— ¢y, )),1-tan(0.257(1- ¢,)))  [31], where the

membership degrees of the indeterminacy, falsehood, and truth are 1—tan(0.25z(1-¢,,)) €[0,1],
1-tan(0.257(1-¢,,)) €[0,1], and tan(0.25¢,,7) €[0,1], respectively.
Let tan(py,) = (tan(0.25¢,, ), 1-tan(0.257 (L - Py ), 1~ tan(0.257 (- @y)))) for s

=1, 2 be two T-SvNVs with s > 0. Then, their operation laws are introduced below [31]:
1-(1-tan(0.25¢y,,y 7))L —tan(0.25¢y, 7)),
(1) tan(gy,) @tan(epy,) ={ —tan(0.257(1- @,y )))A—1an(0.257(1 -y, ) )
(1-tan(0.257(1- ¢y, 1)) —1tan(0.257(1- ¢y, (»))))
tan(0.25¢,,,,7) tan(0.25¢y », 7),
2) tan(gy,) ®tan(ep,,) ={ 1-tan(0.257(1-¢,)) tan(0.257(1 - @y,»))), );
1-1an(0.257(1 - ¢y, y)) tan(0.257z (1 - ¢, )))
1-(1-tan(0.25¢yy 7)™,
©) g1, tan(gy,) ={ (1—tan(0.257(L— @y, )™, )’
(1-tan(0.257 (1 - @y, ) )™
(tan(0.25¢,,,, 7)),
@) (tan(gy, )™ =( 1—(tan(0.257(1— @, ) ™
1- (tan(0.257z (1 — @y, ) )™
For a group of SVNVs @ns = <gnis), @nues), onos> (s =1, 2, ..., q) with their weight vector gw = (1,
w2, ..., fhog) subject to 0 < frs < 1 and Z; H,s =1, T-SYNVWA and T-SYNVWG are denoted as the
T-SvNV weighted average and geometric AOs and introduced by the two equations [31]:

q
T — SUNVWA(Qy 1, Pz Prg) = 2 L tAN(0y,)
s=1 4 (9)

- (1— f[(l- tan (0.25¢,,,)7)) ", ﬁ(l— tan (0.257(1-gy))) ﬁ(l—sin (0.257(1- g ) j

s=1 s=1 s=1
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q
T — SYNVWG(@;, @yss--s (oNq) = H(tan(ans))’Ws
s=1
.(10)

- (ﬁ(tan(o.zsgom(s);z))”“ 1- f[(tan(o.25;z(1— Pus))) ,1—ﬁ (tan(0.257(L- pye)))) j

s=1 s=1 s=1

3. EOLs and Einstein AOs of S-SvNVs

This part presents several EOLs and Einstain AOs of S-SvNVs and their properties.
First, we give a new S-SvNV definition below.
Definition 1. If ov = <ev, ong, o> is SVNV, then S-SvNV is defined by

sin(p, ) = <sin(0.5(pNt7z),1—sin(0.5(1— @y, )7),1—sin(0.5(1— (/)NV)7Z)> , where the membership
degrees of indeterminacy, falsehood, and truth are 1-sin(0.51-¢,,)7)<[0,1] ,
1-sin(0.5(1-¢,,)7) €[0,1], and sin(0.5¢,,7) €[0,1], respectively.

Definition 2. Let ¢ns = <gnis), ¢nuis), noe> (s = 1, 2) be two SYNVs and uw > 0. Then, the EOLs of S-
SvNVs are defined below:

sin(0.5¢y,4y7r) +5IN(0.5¢y () 7)

1+5in(0.5¢y,,7) SIN(0.5¢y ) 7)
(1-SiN(0.5(L— 9y, ) 7)) (A—SiN(0.5(L— 0y, ) )7))
1+sin(0.5(1— @y, q))7) SIN(0.5(1 - @ ) 7)
(1= SiN0.5(L— ) AL=SIN(0.5(1— Py ) 7))
1+sin(0.5(L— @y, 1)) 7) SIN(0.5(L— @y, ) 7)

1) sin(py,) ®¢ sin(p,,) =

H 4

Siﬂ(O.S(DNt(l)ﬂ')Siﬂ(O.SQ)Nt(z)ﬂ')
1+ (1-sin(0.5py,, 7)) (1—SiN(0.5¢ 7))’
1-sin(0.5(1— @y, p) ) 7) +1-5in(0.5(1 — @y, ) 7)
1+(1—sin(0.5(1—¢Nu(1))ﬁ))(1—sin(0.5(1—(pNU(Z));r))’ '
1-sin(0.5( - @y, ) ) 7) +1-5in(0.5Q - @y, () ) 7)
1+(1-sin(0.5(1- ¢y, ) 7))L =sin(0.5(L — ¢y, ) ) 7))
2(sin(0.5¢y, oy 7)™
(2—-sin(0.5¢,,,y 7)) +(sin(0.5¢y ;7)) ’
(2-5in(0.5(1— @y, ) 7))" — (SIN(0.5(1— 9y, ) 7))
(2—Sin(0.5(L+ @y, )) )™ +(SIN(0.5(L— @y, ) 7)™
(2-SiN(0.5(L P, ) 7)™ — (SIN(0.5(1L— 9y ) 7))
(2-5in(0.5(1— Py, ) 7)) +(SIN(0.501— Py, ) 7))

2) sin(gy,) ® sin(py,) =

@) (sin(py,))™ =
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(L+5IN(0.50 0, 7)) — (L—SIN(0.5 7))
(L+5iN(0.5¢y, 0y 7)) +(L—SIiN(0 5y 7))

2(1-sin(0.5(1— @y, ) ) 7)™

@ 4, -Sin(py,) =| —— : ,
" (l+5|n(0-5(1_(pNu(l))”))ﬂw +(1_S|n(o-5(1_¢Nu(1))7z))yw

2(1-sin(0.5(1L— @y q)) 7)™
(1+sin(0.5(1- ¢Nv(1))ﬂ-))yw +(1-sin(0.5(1- (DNv(l))ﬂ-))#w

In view of EOLs of S-SvNVs, we define the S-SVNVEWA and S-SvNVEWG AOQOs.
Definition 3. If ons = <gwis), onvues), gnes> (s=1, 2, ..., q) are a collection of SVNVs with their weight

vector uw = (w1, fhe, ..., fhg) for 0 < gws <1 and Z:zl M, =1, the SSSYNVEWA and S-SYNVEWG

AOs can be defined as follows:
q

S — SUNVEWA(@y 1, @211 Prg) = Haa SINO1) B 4, SIN(9,) B . B 1, SIN(0) = Z £ Hys SIN(Pys) 7 1)

q
S — SUNVWG (@, Py .- Prg) = (5IN(041) ) ®¢ (5in(py,) ) @ .. ®c (sin(pyg) ) =T [ e(sin(eye) )™ - (12)
s=1
Theorem 1. If gns =<@nis), @nus), pnoe> (=1, 2, ..., g) are a collection of SVNVs with their weight vector
pw = (lol, fo, ..., Hog) for 0 < pes <1 and Zj:l MU, =1, the aggregated result of the S-SYNVEWA AO

is still S-SvINV, which is yielded by the equation:
q
S — SUINVEWA(@y1, @+ Png) Z £ Hus SIN(Py)

s=1

ﬁ(1+sm(0 5Pni(s) )ﬂws ﬁ(
1 s=1

<1+Sin(0.5gom(s)7r )‘“ +f[(1 sin 05(/)Nt<s)7f))ﬂm

-1 .3

(1 sin (0. 5(1—(0Nu(s))7f))#ws

O 5§0Nt(s)ﬂ.))uws

73
I

=

»
I
[N

2

:jn

I
iN

S

(1+5in (050 py)7)) +f[(1—sin(0.5(1—%(5))7;))”“

s=1

-—

7
oL

2ﬁ(1 sin (0.5(L- gy ) 7))

s=1
f[(1+sin(0.5(1—¢)NV(S))”))”“ +ﬁ(l—sin(0.5(1—(pNV(S))7r))HWS
s=1 s=1

Proof. In terms of mathematical induction and Definition 2, we can give the proof of Theorem 1.
For g =2, the operational results are given below:

(1+5in(0.50y 7)) — (L—SIN(0.5 ) 7)) "
(1+5in(0.5¢y 1y 7)) + (1—siN(0.50,,, 7))
2(1—sin(0.5(1— @y, ) ) 7))
(L+5in(0.5(1— @y, 0y ) 7)) + (L—5in(0.5(1— @y, 0y ) 7))
2(1-sin(0.5(1- (DNv(l))ﬂ-))#l
(L+5in(0.5(1— @y, ) 7)) + (1= SiN(0.5(1— @y, 0y ) 7))

g -SIN(@y,) =
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(L+sin(0.5¢,,,)7))“* — (L—sIn(0.5¢,, ;7)) “*
(1+sin(0.5¢y, 5 7))* + (L—sIn(0.5¢y, ;7)) “ ’
2(1-sin(0.5(L— @y, () ) 7))
(@+sin(0.5(1 - @y, (2)) 7)) + (L —sIn(0.5(1 - @y, ) ) 7)) ’
2(1-sin(0.5(1— @y, ) 7))
(L+5in(0.5( — @y 5)) 7)) + (1 =SsiN(0.5(1— @y, ) 7))

Hy, -SIN(@y,) =

Then, there is the following result:

2
S — SYNVEWA(@y,,9y,) = Z £ Hys SIN(@,)

s=1

2 2
H(1+S|n(0 5¢, S)ﬂ')) " —H(l—Sin(OB(DNt(S)ﬂ))”WS
s=1 s=1
2 2 !
H(1+sin(0.5¢m(s)ﬂ)) " +H(1—sin(0.5¢m(s)7r))!
s=1 s=1
2 . 14
2[ T (1-sin (0.5~ @y )7)) 9
— s=1 ,
f[(1+sm (05(1-py)7)) +f[(1 sin (0.5(1- Py ) 7))
s=1 s=1
2
ZH(l sin (0.5(L— @y, ) )n)) "
s=1
H(1+sm(0 51— Pyuge) )n))ﬂw +H(1—sm(O.5(1—¢NV(S))7r))#WS
s=1 s=1
Suppose that Eq. (13) holds for q = p. Then, there is the equation:
S — SUNVEWA(@y, @z Pyp) = Zp: £ Hus SIN(Py)
s=1
ﬁ(1+ sin (0.5¢Nt(5)7z))#ws —ﬁ(l—Sin(0.5¢Nt(s)ﬂ'))ﬂW§
s=1 s=1
lﬂ[(1+sin(0.5gpm(s)7r))pws +1£[(1—sin(0.5gom(s)7z))”ws
s=1 s=1
15
Zﬁ(l sin(0.5(1- ¢NU(S))7Z)) =
— s=1 ,
ﬁ(l+sm (0.5(L— pyy) 7 )/l +ﬁ(l sin(0.5(1— (DNU(S))ﬂ)) "
s=1 s=1
2ﬁ(1 sin (0.5(L- oy )7))
P - Hs B s
H(1+S|n 0.5(1- ¢Nv5))ﬂ') +H(1 sin(0.5(1— (DNVS))ﬂ'))

S=.

1
EN

S

Based on Egs. (14) and (15) for g = p+1, we have
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p+1

S- SVNVEWA((DNI’ ¢N2 L (/)Np ' (0Np+1) E /uws Sln((oNs

s=1

(1-sin (050, 7))

(1-sin (050, 7))

zﬁ(l—sin (0.5(1—¢Nu(5))7z))”"“

s=1

(1+sm(o 51— Ppye)) 7 ))““+1£[(1—sin(0.5(1—¢NU(S));r))”"“

s=1

-

(1+sin(o.5¢m(s)n))”“ -

1 S

(1+ Sin(O.Squt(s)ﬁ))#WS +

i

S 1

o
-

-

I
oL

s=1

Hys

2f[(1—sin (0.5(1—§DNV(S))7Z'))#WS
(

(1+5in(0.5(1- g )7)) +ﬁ(l—sin 5= Pu)7))

s=1

-

Il
iN

(1+5in(0.5¢y,5.1)7)) ™" = (L=SIN(§ Py iy 7))

(1+ Sin(% Pre p+1)7[))”wp+1 + (1_ Sin(% ¢Nt(p+1)7r))ﬂwp+l ,
2(1-sin(0.5(L- @y, (pi) 7)) e

(S5 )2 + (A=A 07
2(1-sin(0.5(1- 7N Y7r)) e

(1+sin(0.5(1— @Nv(p+1))7z-))/1wp+l 4+ (L—sin(0.5(1— QNV(p+1))7Z.))/1wD+1

F1(esn(039,,) - la-so(o50,)
lj(h sin (0.5p7)) +H(1 sin (0.50y07)) |
2ﬁ(1 Sin(0.5(1- pyy)7))
: 1pili(hsin(0.5(1—¢>Nu<s))7r )"+ pﬂ(Hi”(0-5(1“”“““9”))#%, |
Zﬁ(l_sm (050-gu)7))”
ﬁ(1+sin(0.5(1—s_¢m<s))” )yws+ﬁ(1 sin (0.5(1- oy, )7))

Since Eq. (13) can hold for g = p+1, it can exist for all 4.

Then, this S-SYNVEWA AO reveals the features below.
Theorem 2. The S-SVNVEWA AO reveals some features in view of the sine function below.

(1) Idempotency: If @ns = <gNis), @Nus), ONos> = <Nt @Nu, @No>= @n (s =1, 2, ..., g), then there is
S — SUNVEWA(@y1, @z -+ (qu) =sin(gp,).

(2) Boundedness: Set (0& = <ms|n(¢Nt(S))’ msax(wNU(S))’ mSaX(¢NV(S))> and
40,; = <ma)((¢)Nl (s)), min ((PNu © ), min(goNV ©) )> as the minimum and maximum SvNVs. Then, there exists
S S S

sin(@y ) < S — SYNVEWA(@y;, Pypr-s Prg) < SIN(0) -
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(3) Monotonicity: Let ¢ns = <gni, ¢nus, gnes>and g = <¢:lt(s)’¢):lu (S),¢:‘V(S)> (s=1,2,...,q) be two
collections of SvNVs. Then S—SVNVEWA(@y,, @y, Pyg) < S — SYNVEWA(Qy,, 0y21 -+ Prg)
exists if @y, < (o:ls.

Proof. (1) Applying Eq. (13) for ¢ns = ¢n, we obtain
g

S _SVNVEWA(¢N1'¢N2""’¢Nq) =D & Has SIN(Py)

s=1

ﬁ(1+sin(0.5¢)m(s )" - f[( in(0.5p7)) "
s=1 s=1
li[(l-i-Sin(O.S(DNt(s )ﬂws+li[(1 sin (0.5, 7 ))#WS
s=1 s=1

Zﬁ(l sin (0.5(L— @y, )ﬂ))ﬂws
li[(1+sin(0.5(1—(pNu(s))7r ) +f[(1 sin (0.5(L- gy, )7)) |
2ﬁ(1—sm(0 51— pu)7))

Hys

li[(1+sin(0.5(1—(pNv(s))7r )"Mf[(l sin(0.5(1— (/)st))ﬂ))

s=1 521

(L+5iNn(0.50, 7)) =" — (L-sin(0.5, 7)) ="

(L+5iN(0.50, 7)) 2" + (1—Sin(0.5p 7)) ="
Nt Nt

2(1-sin(0.5(1 - ¢,,)7)) ¢ s
(L+SIN(0.5(L— @, )7)) =" + (L—sin(0.5(L— g, ) 7)) =

2(L-sin(0.5(L— gy, ) 7)) 25"
(L+5in(0.5(L ) 7)) 2" + (L—Sin(0.5(1— oy, ))) 25"
(1+5in(0.5¢,, 7)) — (1—sin(0.5¢,, 7))
(1+sin(0.5¢,, 7)) + (L-sin(0.5¢,,7))
_ 2(1-sin(0.5(1— ¢y, ) 7)) _sin(p,)

(1+5sin(0.5(1- @, ) 7)) + A—sin(0.5(1 - @, ) 7)) N
2(1-sin(0.5(1 - ¢y, ) 7))
(1+sin(0.5(1—py,)7)) + (L—sin(0.5(1— @, ) 7))
(2) For @y <@y <@y, Sin(p,) <sin(e,,) <sin(gy) exists since sin(z) for 0 < z < 7/2 is an

q g g
increasing function. Then, Z £ M, SIN(@y) < z £ M SIN(@) < Z U, SIN(py) is held. In view
s=1 s=1

s=1

of the feature (1), Sin(py)<S —SVNVEWA(@y;, @y, Pyq) <SIN(gy) can be also held.

(3) For @y, < @y, SiN(@y,) <sin(gy,) is held since sin(z) for 0 < z < m/2 is an increasing
g g
function. Z Mo Sin((oNs)SZ J7 sin((o;s) can be held in view of the feature (2). Thus,

S — SUINVEWA(@y 1, P21+ Pyg) < S — SYNVEWA(@y,, 0y, 9yq) can also hold.
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Example 1. Suppose that three SYNVs are gn1 =<0.6, 0.2, 0.3>, gn2=<0.8, 0.1, 0.1>, and ¢n3=<0.7, 0.3,
0.3> with their weight vector uw = (0.4, 0.3, 0.3). Using Eq. (13), we give the following aggregation
result of the S-SYNVEWA AOQ:

3
S — SYNVEWA(py,, Pyzs Pys) = Z £ Hys SIN(@,)

s=1

(1+sin(0.5%0.67))"* (1+sin(0.5x0.87))" (1+sin (05%0.77))"”
~(1-sin(0.5x0.67))"* (L-sin(0.5x0.87)) " (1-sin (0.5x0.77))""
(1+sin(0.5%0.67)) " (1+sin(0.5%0.87))" (L+sin (05x0.7x))"”

+(1-sin(0.5x0.67))* (1-sin (0.5x0.87))"* (1-sin (0.5%0.77))"”
2(1-sin(051-0.2)7))"* (1-sin (0.5~ 0.7))"* (L-sin (0.5(1-0.3)7))""
(1+sin(051-0.2)7))" (L+sin(0.50-0.1)7))"" (L+sin (0.5 -0.3) 7))’

+(1-sin(0.51-0.2)7))"* (L1-sin (0.5(-0.7)) (1-sin (0.5(1-0.3)7))"

2(1-sin(0.5(-0.3)7))* (L-sin (0.51-0.1)7))* (1-sin (0.5~ 0.3)7))""
(1+sin(0.51-0.3)7))" (L+sin (0.50-0.2)7)) (L+sin (0.5(1-0.3)7))"

+(1-sin(0.51-0.3)7)) " (1-sin (0.510.1)7))"” (1-sin (0.5~ 0.3)x))"’
=< 0.8918, 0.0414, 0.0573 >.

Theorem 3. Set gns = <@nis), Pnues), prus> (=1, 2, ..., q) as a collection of SYNVs with their weight vector

Hw = (Lo, ko2, ..., phog) for 0 < gees <1 and 25:1 M, =1.Then, the aggregated result of the S-SYNVEWG

AO is still S-SvNV, which is yielded by the equation:

S — SYNVEWG (@, Pz Png) ﬁ . Sln((,oNs ”WS

s=1

q
ZH (Sin(O.S(pNt(s)ﬂ))”Ws

s=1

q q
[ [(2-sin(0.5¢,, 7)) + ] [ (Sin(0.50y,)7))"

s=1 s=1

FqI(2—Si“<0-5<1—¢>Nu<s>)ﬂ>)”Ws—f[(sin(0.5(1—<oNu(s))fr»”ws - 19

H(Z sin(0.5(1- (ﬂNu(s))ﬂ))”m+H(Sln(O 5= Py )N™

s=1
q

H(2—Sin(0-5(1—¢Nv(s))7f))”“ —H(Sin(0-5(1—§0Nv(s))7r))#““

q

[[(@-sin(@5(- g, )m)* + ] [ GINO50-,) 7)™

s=1 s=1

However, the proof of Theorem 3 can be given based on a similar proof of Theorem 1, which is
omitted.

Similarly, the S-SSYNVEWG AO also indicates some features by the following theorem.
Theorem 4. The S-SYNVEWG AO reveals some features in view of the sine function below:
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(1) Idempotency: If @ns = <gnis), @Nus), PNus™> = <@nt, @Nu, @No> = N (s =1, 2, ..., g), then there is
S — SUNVEWG(py;, @y o0 (DNq) =sin(ey ).

) Boundedness: Set oy = <msin((pNt(s)), m?X((oNu(s)), m;’:lX((pNv(s))> and
40,; = <max(¢)Nl (s)), min ((pNu ®) ), min((pNV ©) )> as the minimum and maximum SvNVs. Then, there exists
S S S

sin(@y ) < S — SYNVEWG (01, @y 51+ Prg) < SIN(00y) -

(3) Monotonicity: Let ¢ns = <gnis, ¢Nuw, gnoe>and g = <(p;t(s)  Drs o ¢;V(S)> (s=1,2, ..., q) betwo
collections of SvNVs. Then, §-SVNVEWG(@py,,¢y,, " ¢y,) <S—SYNVEWG (w;l, ¢;2,-~-,(0;q)
exists if @y, < (/):‘s.

However, the proof of Theorem 4 can also be given in terms of a similar proof of Theorem 2,
which is omitted.

Example 2. Suppose that three SYNVs are ¢n1 =<0.8, 0.3, 0.1>, gn2=<0.7, 0.2, 0.2>, and ¢n3 =<0.9, 0.4,

0.4> with their weight vector uw = (0.5, 0.3, 0.2). Using Eq. (16), we give the following aggregation
result of the S-SYNVEWG AO:

3
S — SUNVEWG (@1, @y 2 Pys) = H E(Sin(QNs))#WS

s=1

2x(sin(0.5x0.87))**(sin(0.5x 0.77))**(sin(0.5x 0.97))**
(2-5in(0.5x0.87))*°(2—sin(0.5x 0.77))°%(2 —sin(0.5x0.97))*? |’
+(sin(0.5x 0.87))"*(sin(0.5x0.77))**(sin(0.5x 0.97))*? J
(2—-sin(0.5(1-0.3)7))**(2—sin(0.5(1-0.2) 7))**(2 —sin(0.5(1 - 0.4) 7))*?
—(sin(0.5(1—0.3)7))**(sin(0.5(1 - 0.2) ))**(sin(0.5(1- 0.4) r))"?
(2—-sin(0.5(1-0.3)7))**(2—sin(0.5(1-0.2) 7))**(2 —sin(0.5(1 - 0.4) z))*?
+(sin(0.5(1-0.3)7))**(sin(0.5(1 - 0.2) 7)) **(sin(0.5(1— 0.4) 7)) *?
(2-sin(0.5(1-0.1)7))* (2 —sin(0.5(1-0.2) 7)) **(2 —sin(0.5(1 - 0.4) 7))**
—(sin(0.5(1-0.1)7))**(sin(0.5(1—0.2) ))** (sin(0.5(1— 0.4) 7)) **
(2—-sin(0.5(1-0.1)7))** (2 —sin(0.5(1-0.2) 7)) **(2 —sin(0.5(1— 0.4) ))"*
+(sin(0.5(1—0.1)7))**(sin(0.5(1 - 0.2) 7)) **(sin(0.5(1 - 0.4) ))**
=<0.9403, 0.1077, 0.0595 > .

4. MADM model

This part develops a MADM model in view of the S-SYNVEWA and S-SYNVEWG AOs in the
circumstance of SYNVs.

A MADM issue commonly includes a set of several alternatives Yu = {Yu1, Yio, ..., Yy} and a set
of several attributes Xc = {xa, x2, ..., xq}. In the MADM process, the alternatives must meet the
requirements of the attributes, and then their SYNV assessment results are represented as their
decision matrix Qn = (¢nrs)pxq, Where ons (r=1,2, ..., p;s=1,2, ..., q) are SN Vs provided by decision
makers (DMs) according to the satisfactory assessment of an alternative Yur over attributes xe. The

weight vector of the attributes is specified by pw = (tw1, tier, ..., thog) for 0 < prws <1 and 22:1 He =1
Thus, the algorithm of the MADM model in the circumstance of SYNVs is described in detail below.

Step 1: The aggregated values of ¢nr for Yur (r=1, 2, ..., p) are yielded by one of the S-SYNVEWA
and S-SVNVEWG AOQs:
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q
= S SVNVEWA(¢er’ ¢Nr2’ '¢)qu = Z E:uws Sln(ris

s=1

(1+S|n(05(pNt(rs)7z))#W5 ﬁ( ( 5¢Nt(rs)7r))yws
(

T

s=1 s=1

-
::]g

(1+sin(0.5¢Nt<rs)ﬁ)) "+ (2-sin

0. 5§0Nt rs)ﬂ-))#wS

»
Il
[iN
Il

[iN

S

g ) , (17)
2 T(1-sin (0.5~ pu,)7))

s=1

(1+ sin (O S =gy

’
Hus

-

+f[(1—sin(0.5(1—¢Nu(rs))7z))““

s=1

(
)

2ﬁ(1 sin (0.5(L- gy )7))
)

7
1]
iN

s=1

q

(1+ Sln (O 5(1 (pNv(rs))ﬂ- " +H(1_Sin (0'5(1_¢NV(rs))ﬂ-))

S=.

Hys

-

o
I
N

q
Pnr =S = SUNVEWG (@y1) Pz Prrg) = | | & Sln(q)Nrs
4

S

,”ws

q
2] [ (5in(0.50, 7))

s=1

q q
[ [ (2=sin(0.5¢y,)7))" + ] T (SiN(0.5¢y,s5) 7))
s=1 s=1

O 0 (1)
[1(2-Sin(0.5(— 0y 09)7))" =T [ (SIN(O5(1~ 9y 5)2)) "

TT@-Sin(0.501- g 0))7))" + T [ SIN(O.5(— Py ) ))"

s=1 s=1

q q
H (2 —Sin(0.5(1— ¢Nv(rs))7z-))ﬂWS - H (Sln(05(1_ wNv(rs))ﬂ'))ﬂws
s=1 s=1

q q
H (2 _Sin(O'S(l_ quv(rs))ﬂ'))luWS + H (Sln(OS(l_ Q)Nv(rs))ﬂ-))#WS
s=1 s=1

Step 2: The score (accuracy) values of U(enr) (V(gnr) (r=1, 2, ..., p) are yielded by Eq. (5) (Eq
(6))-

Step 3: Alternatives are sorted in the descending order of the score values (the accuracy values),
and then the best alternative is decided.

Step 4: End.

5. MADM application

5.1 Site selection example of HPP

Since hydrogen is one of the most efficient and clean energy sources, its share of world energy
has increased significantly. Then, it is important to choose the most suitable location for a HPP project,
which is influenced by many factors, such as social, environmental, and economic factors. Hence, the
site selection problem of HPP is a MADM problem. To apply the proposed MADM model to the
actual MADM problem, this section adopts a site selection example of HPP in [30] for convenient
comparison.

In this site selection example of HPP, experts and DMs preliminarily provide five potential
locations, which are represented as a set of the five alternatives Yu = {Ynu1, Y2, Y3, Yrs, Yus}. Then they
must satisfy the five main factors/attributes: the economic factor (x«), the technical factor (x«), the
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social factor (xes), the location factor (xa), and the environmental factor (x.s). The weight vector of the
five factors is given by uw = (0.22, 0.2, 0.15, 0.15, 0.28). In terms of the satisfactory degrees of each
location corresponding to the five main factors, experts/DMs provide the SvNVs, which are
composed of the indeterminate, false, and true degrees due to incompleteness, inconsistency, and
uncertainty, including the judgements/opinions of the experts/DMs, and then their decision matrix
of SVN'Vs Qn = (¢nis)sxs is presented as follows [30]:

Q=

[<0.3,0.2,0.4 >
<0.6,0.4,0.2>
<0.5,0.,0.3>
<0.5,0.2,0.2 >

<0.4,03,06>

<0.2,0.2,0.6 >
<0.6,0.3,0.2 >
<0.6,0.1,0.2>
<0.4,05,0.2>
<0.4,0.1,05>

<05,0.3,0.4 >
<0.7,0.1,0.3>
<05,0.3,0.4>
<0.7,0.3,0.2 >
<0.4,0.1,0.3>

<0.3,0.3,0.4>
<0.7,0.1,0.2>
<0.6,0.4,0.3>
<0.4,05,04>
<0.3,0.2,04 >

<0.5,0.2,0.3> |
<0.7,0.2,0.3>
<0.6,0.2,0.4> |.
<0.7,0.2,0.2 >
<0.5,0.1,0.2 > |

In this site selection problem of HPP, we give its MADM algorithm below.

Step 1: Applying Eq. (17) or Eq. (18), the aggregated results of the S-SYNVEWA or S-SYNVEWG
AO are given below:

ont = <0.5540, 0.0624, 0.1928>, pn2 = <0.8616, 0.0520, 0.0693>, ¢ns = <0.7756, 0.0384, 0.1191>, gna =
<0.7792, 0.1055, 0.0604>, and ¢ns = <0.6073, 0.0247, 0.1594>.

Or gni =<0.5174, 0.0670, 0.2154>, pn2 = <0.8563, 0.0817, 0.0748>, ¢ns =<0.7707, 0.0642, 0.1326>, gpna
=<0.7393, 0.1455, 0.0705>, and ¢ns = <0.5979, 0.0392, 0.2126>.

Step 2: By Eq. (5), the score values of U(¢~r) are yielded below:

U(en1) =0.7663, U(pnz2) =0.9134, U(gns) = 0.8727, U(ena) = 0.8711, and U(¢ns) = 0.8077.

Or U(gn) = 0.7450, U(@n2) =0.8999, U(gns) = 0.8579, U(¢ne) = 0.8411, and U(¢ns) = 0.7820.

Step 4: The sorting order of the five selection locations is Y2 > YH3 > Yrs > Yus > Yu1 and then the
best one is Y.

It is obvious that the sorting orders corresponding to the S-SYNVEWA and S-SYNVEWG AOs
are the same.

5.2 Comparative analysis

In view of the above example, this part conducts a comparative investigation with existing
related MADM models in the circumstances of SYNVs.

Based on the decision making methods of the existing MADM models [19, 30, 31], we can obtain
all the decision results by different AOs of Egs. (1)—(4) and Eqs. (7)—(10) and the score function of Eq.
(5), which are tubulated in Table 1. For easy comparison, the decision results of the proposed MADM
model are also shown in Table 1.

Table 1. Decision results corresponding to different AOs

AO Sorting result Optimal location
SvNVEWA [19] YH2 > YH3 > YHa > Yrs > Yin Yh2
SvNVEWG [19] YH2 > YH3 > YHa > Yrs > Yin Yh2
S-SVNVWA [30] Yr2> Yns> Yu3 > Yus > Yhn Yh2
S-SYNVWG [30] YH2> Y3 > Yra> Yus > Y Yh2
T-SVNVWA [31] YH2> YH3> Yra > Yus > Y Yh2
T-SvNVWG [31] YH2> YH3> YHa > Yrs > Y Y2

Proposed S-SYNVEWA Yh2> Yrs > Yra > Yus > Y Y2
Proposed S-SYNVEWG Yr2> Yrs > Yra > Yus > Y Y2

In the decision results of Table 1, we see that the sorting results based on the proposed S-
SvNVEWA and S-SVNVEWG AOs are the same as those based on the SYNVEWA and SYNVEWG
AOs [19], the T-SVNVWA and T-SVNVWG AOs [31], and the S-SVNVWG AO [30], but different from
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the ranking order based on the S-SVNVWA AO [30]. Then, the optimal site selection is always Y2
among the five alternatives. In addition, in the representation of decision information, the newly
defined S-SvNVs can overcome the flaws of the existing S-SvNVs [30], which include the [0, 0.46)
range of membership degrees. In the aggregation operations of decision information, the proposed
S-SVNVEWA and S-SVNVEWG AQOs can overcome the defects of the existing SYNVEWA and
SYNVEWG AOs without including periodicity features [19]. In terms of algebraic operation
performance, the proposed S-SYNVEWA and S-SYNVEWG AOs are superior to the existing T-
SvNVWA and T-SvNVWG AOs. Hence, the proposed model can satisfy the real needs of DMs in the
multi-stage decision process. In general, the proposed model reveals obvious superiority over the
existing models [19, 30, 31]. The decision results reveal the validity and rationality of the proposed
MADM model and can help us to find the best solution in the practical decision application.

The obvious advantages of this study are presented below:

The defined S-SvINV concept contains the superiority of the membership functions belonging to
[0, 1], which can overcome the defects in the existing S-SvINV concept with the membership functions
belonging to [0, 0.46) [29, 30].

The proposed EOLs and Einstein AOs of S-SvINVs can reflect their typical algebraic operations
and compensate for the insufficiencies of the existing AOs [19, 30, 31].

(c) The developed MADM model using the proposed S-SVNVEWA and S-SvNVEWG AOs
reveals its superiority over the existing MADM models using the SYNVEWA and SYNVEWG AOs
[19], the S-SVNVWA and S-SvNVWG AOs [30], and the T-SVNVWA and T-SVNVWG AOs [31].

6. Conclusions

In this study, the defined S-SvNV EOLs and the proposed S-SYNVEWA and S-SvNVEWG AOs
based on the monotonic membership functions of indeterminacy, falsehood, and truth can overcome
the insufficiencies of the existing S-SVNV representation, operation laws, and AOs. In view of the
presented S-SVNVEWA and S-SVNVEWG AOs, the developed MADM model can effectively improve
the MADM models based on the existing SYNVEWA, SYNVEWG, S-SvNVWA, S-SvNVWG, and T-
SvNVWA, and T-SvNVWG AOs in the SYNV circumstance. Then, the validity of the developed model
was investigated by the actual site selection example of HPP and examined by comparative analysis
with the existing related MADM models in the setting of SYN'Vs.

In this paper, the presented S-SYNVEWA and S-SVNVEWG AOs and their MADM model were
used only for single-valued neutrosophic aggregations and MADM problems, which shows their
limitations. Furthermore, the presented S-SVNVEWA and S-SYNVEWG AOs are only based on EOLs
of S-SvNVs, but cannot imply the trigonometric EOLs of SN'Vs based on trigonometric Einstein t-norm
and t-conorm, which show their disadvantages. Therefore, in the future work, we need to develop the
trigonometric EOLs and AOs of SNVs (SvNVs and IvNVs) and their MADM models. Then, the
developed models will be used for decision making problems in the fields of engineering management,
economic management, and medical management.
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