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Abstract: The neutrosophic cubic averaging and Einstein averaging aggregation operators are
presented and applied to the air pollution model of the city of Peshawar, Pakistan. Neutrosophic
cubic set (NCS) is a more generalized version of the neutrosophic set (NS) and an interval
neutrosophic set (INS). It is in a better position to express consistent, indeterminant and incomplete
information, thus it is able to be applied to aggregate the air pollution model. Aggregation operators
have a key role in science and engineering problems. Firstly, the neutrosophic cubic weighted
averaging (NCWA) operator, neutrosophic cubic ordered weighted averaging (NCOWA) operator,
neutrosophic cubic hybrid aggregation (NCHA) operator, neutrosophic cubic Einstine weighted
averaging (NCEWA) operator, neutrosophic cubic Finstine ordered weighted averaging
(NCEOWA) operator and neutrosophic cubic Einstine hybrid aggregation (NCEHA) operator are
defined. Secondly, these operators are applied to the air pollution model of particulate matter with
the size of less than 10 micron (PM10) in Peshawar. Subsequently, the results are compared with the
World Health Organization (WHO) standards using score/accuracy function. The pollution of PM10
is found to be very much higher than WHO standards. Hence, strong measures are required to
control air pollution.

Keywords: Air pollution; neutrosophic cubic weighted averaging; neutrosophic cubic hybrid
averaging; neutrosophic cubic Einstein weighted averaging; neutrosophic cubic Einstein hybrid
averaging.

1. Introduction

The uncertainty is a complex phenomenon that occurs in the real world. Since uncertainty is
inevitably involved in problems, it occurs in different areas of life such that conventional methods
have failed to cope with such problems. The big task is to deal with uncertain information. Many
models have been introduced to incorporate uncertainty into the description of the system. The fuzzy
set was initiated by Zadeh [1]. Henceforth, it is applied in different fields of sciences like artificial
intelligence, information sciences, medical sciences, decision making theory and much more. Due to
its applicability in sciences and daily life problem, fuzzy set has been extended into interval valued
fuzzy sets (IVES) [2,3], intuitionistic fuzzy set (IFS) [4], interval valued fuzzy set (IVIES) [5] and cubic
set [6] among others, besides Q-fuzzy [7-11] and vague soft set [12]. IFS consists of two components,

membership and non-membership whereas the hesitant component is considered under the
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condition that sum of these components is one. Smarandache presented the idea of neutrosophic sets
(NS) [13], which provides a more general form to extend the ideas of classic theory and fuzzy set
theory. The NS expresses three components namely truth, indeterminacy and falsity and all these
components are independent, which makes NS more general than IFS such that NS can be seen as a
generalization of IFS [14]. For sciences and engineering problems Wang et al. [15] presented a single
valued neutrosophic set (SVNS), while Wang et al. [16] introduced the interval neutrosophic set (INS).
Jun et al. [17] combined INS and NS to form a neutrosophic cubic set (NCS) which enables us to
choose both interval value and single value membership, indeterminacy and falsehood components,
hence presenting a more general form for uncertain and vague data.

Aggregation operators are an imperative part of decision making. The lack of data or knowledge
makes it difficult for decision maker to give the exact decision. This uncertain situation can be
minimized due to the vague nature of NS and its extensions. Researchers [18-27] introduced different
aggregation operators and multicriteria decision making methods in NS and INS. Khan et al. [28]
presented neutrosophic cubic Einstein geometric aggregation operators. Zhan ef al. [29] worked on
multi criteria decision making on neutrosophic cubic sets. Banerjee et al. [30] used grey rational
analysis (GRA) techniques to neutrosophic cubic sets. Lu and Ye [31] defined a cosine measure to
neutrosophic cubic set. Pramanik et al. [32] used similarity measure to neutrosophic cubic set. Shi and
Ji [33] defined Dombi aggregation operators on neutrosophic cubic sets. Ye [34] defined aggregation
operators over the neutrosophic cubic numbers. Alhazaymeh et al. [35] presented a hybrid geometric
aggregation operator with application to multiple attribute decision making method on neutrosophic
cubic sets.

According to WHO, air pollution causes millions of premature deaths every year globally. 90%
of these deaths are caused by air pollution in middle and low income countries, mainly in Africa and
Asia. Indeed it is a great threat to the environment. Inhaling polluted air may cause different types
of diseases like lung cancer, respiratory diseases etc. In the last few years Pakistan witnessed a
significant increased in cancer, asthma and chronic lung disease. The particulate matter (PM) is one
of the major factors that cause such types of diseases. The data extracted from Alam et al. [36] consists
of particulate matter with the size of less than 10 micron (PM10) in Peshawar, Pakistan.

The collection of accurate data has always been a tough job which may cause some uncertain
results. That is why the need was felt to analyze the data using vague set. The neutrosophic cubic set
is one of the better choices to deal with vague and inconsistent data. For this purpose, firstly the
neutrosophic cubic averaging and Einstein averaging operators are defined. Then these operators are
used to analyze the air pollution of PM10 model for the city of Peshawar, Pakistan with WHO
standards. In this paper, the NCWA, NCOWA, NCHA, NCEWA, NCEOWA and NCEHA are
defined. Both algebraic and Einstein operators are applied to an air pollution model [36] and
compared. The goal of this work is to analyze the PM10 in the city of Peshawar and compare it with
WHO standards.

The methodology to measure the aggregate value of neutrosophic cubic values is as follows.
Firstly, the data is extracted from [36] and converted to neutrosophic cubic values so that the
aggregated value can be measured. Secondly, the data is analyzed using the WHO standard. It is to

be noted that the neutrosophic cubic set is the combination of both interval neutrosophic and
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neutrosophic set, which enable us to deal with both interval-valued neutrosophic and neutrosophic
set at the same time.

This paper is structured as follows. In section 2, some preliminaries are reviewed. In section 3,
the air pollution data is formed. In section 4, neutrosophic cubic averaging operators are defined and
applied over the data of section 3. In section 5, neutrosophic cubic Einstein averaging operators are
defined and applied over the data of section 3. The analyzing results are concluded by both
numerically and graphically. We hope to expand the study further to numerical analysis [37-42],
construction management [43-45], Q-neutrosophic soft environment [46], geometric programming

[47] and binomial factorial problem [48].

2. Preliminaries

This section consists of some definitions and results which provide the foundation of the work.

Definition 2.1 [13] A structure N = {(TN (), Iy (), Fy (u)) lue U} is neutrosophic set (NS), where

{TN (), Iy (), Fy (u) e ]0_,1+|:} and Ty (u), 1y (u),Fy(u) are truth, indeterminancy and falsity
function respectively.

Definition 2.2 [15] A structure N = {(TN (u), Iy (), Fy (u)) lue U} is single value neutrosophic set
(SVNS), where {TN (u), Ty (U), Py (u) € [0,1]} respectively called truth, indeterminancy and falsity

functions.,simply denoted by N = (TN S INELEY )
Definition 2.3 [16] An interval neutrosophic set (INS) in U is a structure

N = {(fN (). Ty (). Fy (U)) lue U} where
{fN (), Ty (W), Fiy (u) < D[O’l]} are respectively called truth, indeterminacy an falsity functionin U .

Simply denoted by N = (fN SINHLEY ) for convenience being actually

N :(fN =\ Jin=[ e A [FNLFH)

Definition 2.4 [17] A structure N = {(u,fN (), Ty (u), Fyy (), Ty (), 1y (), Py (u)) [u eU} is
L ) oo+ [-LUT: _T,LUTge _ToL UT) .
neutrosophic cubic set (NCS) in U in which Ty =Ty Ty Iy =|In/IN ['Fn = FnoFy |) I8 an
interval neutrosophic set and (TN N INELaY ) is neutrosophic setin U, where
N = (T TN P T I P ) 0,01 Ty + T +Fy <[3,3] and 0<Ty + 1y +Fy <3

such that NV denotes the collection of neutrosophic cubic setsin U .

Definition 2.5 [22] The t-operators are basically union and intersection in the fuzzy sets which are

denoted by t-conorm (F*> and t-norm (F) . The role of t-operators is very important in fuzzy

theory and its applications.
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Definition 2.6 [22] r: [0,1] X [0, 1] — [0, 1] is t-conorm if the following axioms hold.

Axiom 1 F*(l,u =1 and F*(O,u):o
Axiom?2 T (

)
* u,v) =r" (v,u) for all u and v.
Axiom3 (u, r (v, w)) =r" (F* (u,v) , w) for all u, v and w.
Axiom4If USU and V<V, then I"(u,v)<T" (u' ,v')
Definition 2.7 [22] T: [O, 1] x [0,1] - [0,1] is t-norm if it the following axioms hold.
Axiom 1 F(l,u) =u and F(O,u) =0
Axiom 2 F(u,v) = F(v, u) for all u and v.

Axiom 3 F(u,r(v, W)) = F(F(u,v),w) for all u, v and w.

Axiom 4 If ugul and VSVI, then F(u,v)sl‘(ul,vl)

The t-conorms and t-norms families have a vast range, which correspond to unions and
intersections, among these Einstein sum and Einstein product are good choices since they give the
smooth approximation like algebraic sum and algebraic product, respectively. Einstein sums @

and Einstein products ®; are the examples of t-conorm and t-norm respectively:

1“*(uv)—u r (uv):*
EX _1+uv, BT 1+(1—u)(1—v)

Definition 2.8 [28] The sum of two neutrosophic cubic sets (NCS),

A:(fA'fA'IEA’TA'IA'FA) and B :(fB’ I~BJEB,TB, Ig FB),where

. [LUT: _[\LUTs oL U . [LUT: _[,L U]z _[cL_U
TA-[A,TA]IA—[IA,IA]FA-[FA,FA} and TB-[TB,TB]IB-[IB,IB]FB-[FB,FB}

is defined as

L L .LLU U _UUJfL L LLU U UUIT.L.L_UU
A@B_([TA +Tg -TaTg Tp +Tg ~Tp Tg ],[IAHB—IAIB,IA +lg —IAIB][FAFB,FA F3 ]TATB,IAIB,FA+FB—FAFB).

Definition 2.9 [28] The product between two neutrosophic cubic sets (NCS),
A=(Tp Tp FaTaIa Fy) and B=(Tg.Tg.Fg.Tg. 15, Fg). where
= L_ U7 L U = L _U = L_U]JT L U]: L U
Tp = [TA Ta ],IA = [IA,IA]FA :I:FA,FA ]andTB :[TB,TB ]IB =[IB,IB],FB :[FB,FB }
is defined as
A®B:([TALTBL,T:T;],W;,|§|§],[FAL+FBL—F;FBL,F;’ +F —FIR T+, —TATB,IA+IB—IAIB,FAFB)
Definition 2.10 [28] The scalar multiplication on a neutrosophic cubic set (NCS)

A:(fA,fA,IfA,TA,IA,FA) and a scalar K where

is defined as
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- ([1_(1_T;)k,1—(1—T,§’)k],[1—(1— 1L 1-(1- |g)k],[(FAL)k (FY )k](TA)k (1) 1-(1- FA)k)

Definition 2.11 [18] The Einstein sum between two neutrosophic cubic sets (NCS),
A= (fA, rA, ﬁA]TA] IA' FA) and B= (fB' |~B, IEB,TB, IB' FB),Where

LU L U u LU ) u LU
Ty = I:TA TA:|IA [A A] ) = [FA FA:|and Tg = [TB TB}IB—[I ,IB:'FB |:FB FB}

is defined as

po.p=| | TatTe T+Te [[1i+ls 1X+1g FrFe FUFY T.T, g Fu+Fy
€ LT T LT LI LR | 1+ (- F) (1-Fy ) 1+ (- R (1-F ) | 1+ (@-T,) (1-T,) '1+@2-1,)(1-1,) "1+ F,F,

Definition 2.12 [28] The Einstein product between two neutrosophic cubic sets (NCS),
A=(Tp T FaTala Fy) and B=(Tg.Tg.Fg.Tg.Ig. Fg ). where
. [-L-U7l- _[,L Ul= _[.L_U L U L U L ey

is defined as

_ TATY TITY 5 110 FreRl FU+R) | T,4T, 1,41 F.F
A®: B= L Ly’ U v\ |’ L ' U u) |’ L Upu | ' ’
L+ (=T (A-Ty ) 1+ @A-TH-T) ) | [1+ Q-1 (1= 15) T (@= 10 (1= 1) [ 11+ PRy e FVRY [ 14 TT, Lo 11 1 (1-F) (1-F)

Definition 2.13 [28] The Einstein scalar multiplication on a neutrosophic cubic set (NCS),

A= (fA' |~A’ IfA,TA, Ias FA), and a scalar k where

L. Ul~ _[.L,U L _U
Tp [TATA]IA—[IAIA]FA [FA FA]

is defined as

kA=
{(m:)*—(l—m* (m:)*—(l—T:)*}{(ul,t)*—(l—lx)* (hlf)“—(l—lf)ﬂ 2(F;) 2(F) ) AL RS -0-F)
T T QT T L )+ (@1 @ 1)+ @-10) (2-F§)k+(F;)“'(Z-F:)k+(F;)k (2-T) (1) (2-1,) +(1,) (R + (=R

Definition 2.14 [28] Let N =Ty iy, Fy. Ty, Iy, Fy ), where Ty =Ty | in =[ 113 |.fy = |y Fy | be a
neutrosophic cubic value. The score function is defined as

_[-L _L. U _U
Scr(N)—[TN ~Fy +TN -FN TN —FN:' (1)

If the score function of two values are equal, the accuracy function is used to compare the
neutrosophic cubic values.

o e fx & g L_U LU L U
Definition 2.15 [28] LetN = (Ty.Ty . Fy Ty Iy, Fy ), where Ty =| Ty Ty |y =| Iy Iy [ Ay =| Ry Fy | be a

neutrosophic cubic vlaue. The accuracy function is defined as
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L L L U U U } @)

1
Acu(u) = T + 1y + R +TY + IR+ R+ Ty
9
The following definition describes the comparison relation between two neutrosophic cubic
values.

Definition 2.16 [28] Let N;, N, be two neutrosophic cubic values, with score functions

Scr ( Nl) , Scr ( N, ) and accuracy functions Acu ( Nl) , Acu ( N, ) . Then

1).5cr(Ny ) > ser (N, ) = Ny > N,
2).IfScr(Nl):Scr(Nz),then
(@. Acu(Ny)> Acu(Ny) =Ny >Ny, (ii). Acu(Ny)=Acu(Ny)=N; =N,

3. Model Formulation of Air Pollution

Air pollution is a great threat to the environment. It causes different diseases to the human being.
Inhaling polluted air may cause different types of disease like lung cancer and other respiratory
diseases. According to WHO, air pollution causes 7 million premature deaths globally in 2016.
Ambient air pollution alone caused 4.2 million deaths, while the atmospheric contamination of
households from the kitchen with fuels and contaminating technologies led to an estimated 3.8
million deaths in the same year. More than 90% of deaths related to air pollution occur in middle-
and low-income countries, mainly in Africa and Asia. In the last few years Pakistan witnessed a
significant increase in cancer, asthma and chronic lung diseases. The particulate matter (PM) cause
such type of diseases. The PM size is categorized as PM25, PM10 and PM2.5. The recommendation
of the WHO for air quality call the countries to reduce their annual air pollution to the annual mean
value of 20ug/m? for PM10. In this model, the data for PM10 was considered.

The collection of data is a hard task to do since most of the time we are unable to collect the
correct and appropriate data. The problems may arise due to unskilled data collectors,
inappropriate methods of collecting data and others. These obstacles can be minimized by using
neutrosophic cubic sets which provide a vast variety to choose and decide. In this paper, a problem
regarding PM10 in Peshawar, Pakistan is considered and their values aggregated using a
neutrosophic cubic environment. Data is taken from [36] and converted to neutrosophic cubic form.
To consider overall values, data aggregation operators are being proposed so that its value can be
compared with WHO standards. According to WHO recommendation, the neutrosophic cubic

value for PM10 is calculated as

Nyho = ([0.15,0.30],[0.10,0.30], [0.70, 0.85], 0.20, 0.40, 0.75) (3)

The neutrosophic cubic data for 1st , 5%, 10th, 15t and 20t April 2014 are respectively shown as

follows.

Ny = ([0.82,0.92],[0.39,0.66],[0.18,0.38],0.88, 0.7,0.42), Ng = ([0.59,0.78],[0.68,0.73],[0.22,0.41],0.68,0.78,0.32),

Nc =([0:86,0.96],[08,0.85][0.24,0.36],017,08,04), N =([0.8,093],[0.11,0.41],[0.5,09],0.9,05,0.4)
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and N = ([061,0.79], [0.41,0,53],[0.39, 0.56], 0.45,0.30, 0.45) .

The accuracy function is used to rank the air pollution in their relevant dates, in which day the air

is most polluted by PM10.
Acu(N ) = 05944, Acu(Np) = 0.5766, Acu(N¢) = 0.6044, Acu(Npy) = 0.6055, and Acu(N) = 04988,

We observe that

Acu(Np ) > Acu(Ng ) > Acu(N, ) > Acu(Ng ) > Acu(Ng ).

0.8

06
04
02
NA NB NC ND NE "

Figure 1. Pollution Graph in Peshawar City in April 2014

RANKING

The graphical analysis can be seen in Figure 1. To analyze the overall pollution of PM10, the
aggregation operators are needed. To fulfill this desire, the notion of neutrosophic cubic

aggregation operators and neutrosophic cubic Einstein aggregation operators are proposed.

4. Neutrosophic Cubic Weighted Averaging Aggregation Operator

This section consist of some fundamental definitions of neutrosophic cubic weighted
averaging (NCWA), neutrosophic cubic ordered weighted averaging (NCOWA) and neutrosophic
cubic Einstein hybrid avregaing (NCEHA) aggregation operator, which are defined as follows.

Definition 4.1 The neutrosophic cubic weighted averaging is a function, NCWA: R" - R defined
by

NCWA, (Ng, No, ..y Ny ) = I(%zlwka,where 4)
W = (W, Wy, ... Wn)T of Ny (k=1,23,..,n), be the weight such that w, <[0,1]and k%lwk =1
Note that in NCWA, the neutrosophic values are weighted first and then aggregated.
Definition 4.2 The neutrosophic cubic ordered weighted averaging is a function, NCOWA: R" 5 R

defined by

n
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S, denotes the ordered position of neutrosophic cubic (NC) values whereby the NC values are
ordered in descending order, W = (W, Wy, ., W )T of Ny (k =1,2,3,..,n), be the weight such that
n
w, €[0,1]and kélwk =1.
Note that in NCOWA, the neutrosophic cubic values are first ordered and then aggregated. The
basic concept of NCOWA is to rearrange the neutrosophic cubic values in descending order and
then aggregate them.
R - - L .U |- L U ¢ L U

Theorem 4.3 Let N =(T Oy By LTy LI L F ),where T, :[T T },l :[I | ],F :[F F }

k Nk Nk Nk Nk Nk Nk Ne 71N NN TN N N TN TN
(k=1,2,..,n) be a collection of neutrosophic cubic values, then the neutrosophic cubic weighted

average operator (NCWA) operator of N is also a neutrosophic cubic value and

k=1 k=1 k=1 k=1 k=1 k=1

NCHAN [{1 (-t Tl e Tloetg - Te-tt e | T 1 LI 10 2T, ))wj

where W = (wl,wz,___,wn)T oka(k =1,2,3,...,n),be the weight such that w, €[0,1] and Zwk =1.
k=1

Proof: By mathematical induction for n =2,

wlNl@szz-[{1—1j(1—TNLk)WK,l—lj(l—TNUk)WkHl—ﬁ(l— ) - ]j Hﬁ( NLK)WK,f:[(FN“k)Wﬂ,ﬁ[(mk)%,1‘[(|Nk)wk ,1-f[(1-(FNk))Wk]

k=1

Assume that, the result holds for n = m. That is

oo s o T

k=1 k=1

Consider n=m+1, the following result will be proven.

o
=
—_=
<
=
7,
7=
=\
—
=
=
—=
=\
£
L
—-=
b
.
o
=
- =

[{1-M(l—TNi)Wk,l-lﬂ[(l-T#k)W*}'{l-ﬁ1 )1 Hl , H

=1

ZWka OW Ny, = L W L
=1 @([1—(1—'[“:'“1)%1yl—(l—TyiJkﬁ)quJ[l—(l— |b';k+1)wk+1'1—(l— kail)wk 1} {( Flbk 1) et ,(F

m+l

:[{1—]%(1—%)”,1-]'[(1—TNUK)Wk},{l—mvl(l—lkk)wk ,1—:(14&)Wk},{ﬁ(ﬁk)wk,ﬁ(FN“k)Wﬂ,H(TNk)WK,H( W) ]‘[(1 )’ ]

k=1 k=1

Hence proved.
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Example 4.4 The NCWA operator is applied on the data as stated in section 3 with corresponding

weight, w=(0.21,0.14,0.25,0.29, 0.11)T . This weight calculated by Xu and Yager [27] is an essential part
of aggregation operators and will be used throughout this paper.

The value of NCWA = ([0.7871,0.9171],[0.5311,0.7292],[0.2912,0.5075], 05216, 0.6071,0.3995) .
[T i = B LU |- L U |¢ L U
Theorem 4.5 Let N, = (TNk , INk , FNk ,TNk , INk , FNk ), where TNk :|:TNk’TNk}INk {INkYINk}FNk :[FNk,FNk},
(k=1,2,...,n) be collection of neutrosophic cubic values with weight w = (Wy, Woy ..y Wy )T of
n

N (k=1,2,3,..,n), suchthat w, <[0,1]and kélwk =1. The following properties are true.

1. Idempotence: If for all N, = (ka,iNk , ﬁNk T I Py, ),where ka :[TNLK,TNUJJM :[Ihk’lbk]ﬁm :[FNLK'F'H

(k=1,2,..,n) areequal, i.e. N =N forall k, then NCWA (N, Ny,...,Np) =N
2. Monotonicity: Let B, = (ka , ka Fo Ta, e P, ) where T, :[T;,TBUJ, |”Bk :M, ';}"fsk {ﬁtfﬂ

be the collection of neutrosophic cubic values. If Sg (u) > Sy (u) and By (u) = Ny (u), where u €

U, then

NCWA (Ny, Ny, ... Ny) < NCWA (B}, By ..., By)
3.Boundary: N < NCWA, {(Nl),(NZ),...,(Nn)} < N+, where

N~ ={minTNL ,minly ,1-max F; ,minT, ,minl, ,1-maxF. ,minT, ,min 1, ,1-max F, }
k k k k k k k k k k k k k k k k k k

N* ={maxTNL ,max I ,1-min Fy ,maxT, ,max I, ,1-minFy ,maxT, ,max I, ,1-minF }
k k k k k k k k k k k k k k k k k k
Proof.
1. Idempotence: Since N, =N so

NCWA(Nk ) - NCWA(N)

[{1— To-ta| <1—T#)Wk},{1— To-19 a-[Jo- Ix)WﬂH(FNL)Wk T1(7 Mﬁm LT [T ()

=('fN,IN,IfN,TN,IN,FN)
2. Monotonicity: Since neutrosophic cubic ordered weighted average operator (NCOWA) is

strictly monotone function, hence the proof is trivial.
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3. Boundary: Let U=minN and Yy =maxN", then by the idempotent law we have

U< NCOWA(N,) <y = N~ < NCOWA(N,)<N*

LY ),where T, :[TNLk,Tﬂ,iNk :[Irbwlm"fm =[F¢'FNH'

Tn

Theorem 4.6 Let N, = (ka s

(k=1,2,...,n) be the collection of neutrosophic cubic values and W = (W, Woy, .oy Wiy )T is weight of

n
the NCOWA with w, €[0,1]and Zwk =1. The following properties will hold, where N, is
k=1

the largest kth of (N;,N,,..,N,).

LIf W =(10,..0, then NCOWA (Nj, Ny, ..., Np) = max N,

2.1 W = (0,0,.,1)", then NCOWA (N, Ny, ..,Np) = min N,

3.1f W, =1, w, =0,and k #1, then NCOWA (N;,N,,...Np) = N, .

Proof: Since in NCOWA, the neutrosophic values are ordered in descending order, hence NCWA
operator aggregates the weighted values. On the other hand NCOWA weights only the ordering
positions.

The idea of neutrosophic cubic hybrid aggregation operators (NCHA) is developed to not only

weigh the values but also weigh their ordering position as well.

Definition 4.7 NCHA: Q" 5 Q isa mapping of n-dimension, which has associated weight
T n
W = (W, W,,...,w,) , wherew, e[0,21]and > w, =1, such that
(W, W ..., W) k cfo1jand 2 wy
_ @ @ @
NCHA\N(Nl’ N2,..., Nn) = W].NG(].) ®W2NU(2) (‘B@Wn NO'(n) Where
Nk is the largest kth of the weighted neutrosophic cubic values Nf(ﬂ . The NI? can be calculated

n
by the following formula Nf =nw Ny, k=1,23,,,n, W = (Wl,wz,...,wn)T Wy € [0,1] and kz-lwk =1
, where 1 is the balancing coefficient.

a  _(+ T. g oL Tul . =it VT F =[pt pv
Theorem 4.8 Let No (k) = (TNk AN P T T P ), where T —{TNK,TNJ, I, —[INK,INJ, Ry —[FNK,FNJ

(k =1, 2,n. be acollection of neutrosophic cubic values. Then the aggregated value by NCHA is

also a neutrosophic cubic value and
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NCHA (N, )

2N o 1 A Ry T o o a1 G o (B

n
where the weight W = (W, Wy, ., W )T is such that w, €[0,1] and kélwk =1

Proof: The proof is directly concluded by Theorem 4.3.

Theorem 4.9 The NCWA operator is a special case of NCHA operator when all the components of

w are equal, i.e. W =W, =...=Wy.

1
)

n

Proof. Let W = (—, T

11
n n
Then NCHAWW(Nl, Ny, .. Np)
_ @ @ @
=N ONT L ©.ONT ) = Ny Ny N
= ;( o) ONg2) @O Ngp)) = ;( 1'Np. . Np)
=W Ny, WoNy Wy Ny = NCWA(Nl, No, .o Np)-
Theorem 4.10 The NCOWA is a special case of NCHA when all the components of w are equal, i.e.
Wl :W2 :...:Wn.
Proof. Let W = (—,
Then NCHA,W(N,N,.,...Np)
_ @ @ @
= WlNO'(l) @WZNO'(Z) @'"@WnNa(n)

Example 4.11 The NCHA is applied to the data as stated in section 3 with corresponding weight

W= (021,014,025,029,011)" of Xu and Yager [27].
Solution The weighted values are

N7 = ([0.8384,0.9204], [0.4049,0.6778],[0.1652, 0.3620] ,0.8744, 0.6876, 0.4355 )

Ng = ([0.4643, 0.6535],[0.5496, 0.6001,[ 0.3465, 0.5357], 0.7635, 0.8404, o.3170)
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NG = ([0.9143, 0.9821],[0.8662,0.9066] ,[0.1679,0.2788] , 0.1091, 0.7566, 0.4719)

Ng = ([0.9030, 0.9788],[0.1555, 0.5347],[0.3660, 0.8583], 0.8583, 0.3660, 0.5232)

Ng = ([0.4042, 0.5761],[0.2519,0.3398] [ 0.5958,0.7269] , 0.6446, 0.5157, 0.2802)

sr (N ) =1.6759, Ser (N ) = 0,682, Ser (N, ) =1.0856, Ser (N ) = 0.9926, Ser (Ng ) = 0.0220.,

Here, Scr(NA) > Scr(NC) > Scr(ND) > Scr(NB) > Scr(NE).
According to their ranking, the values are

Ny = ([0.8384,0.9294],[0.4049, 0.6778] [ 0.1652,0.3620] ,0.8744, 0.6876, 0.4355)
N2y = ([09243,0.9821] [0.8662, 0.9066] [0.1679, 0.2788]  0.1091,0.7566, 0.4719)
N3y = ([0.9030,0.9788],[0.1555, 0.5347] , [0.3660,0.8583] ,0.8583, 0.3660, 0.5232)
Noay = ([0.4643,0.6535] [0.5496, 0.6001] [ 0.3465,0.5357] ,0.7635, 0.8404, 0.3170)

w- —
Nes) = ([0.4042, 0.5761],[0.2519,0.3398] [ 0.5958,0.7269], 0.6446, 0.5157, 0.2802)
The new associated weight is derived by the normal distribution method [19]. Here the associated

weight W =(0.110,0.237,0.303, 0.235, 0.115)T is the weighting of the NCHA operator.
@ @ @ @ @
NG No@ No@) Now) NoE)

:[{11_111(1(R€>)T)W' o) ) ,1H(1(|;n),)w'H 1% ,ﬁ(a“n)ﬂv

5
i i i i=1 i i=1

= ([0.8165, 0.9367],[0.5533,0.6932],[0.2911, 0.5251], 0.4966, 05893, 0.4322)

In order to analyze these results with WHO standard, the scores of NCWA and NCHA operators

are calculated and indicated as follows.

Ac(Npcwa) = 05879, Ac(Nycpa) = 05927 and  Ac(Nyyo) = 0.4166
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The graphical analysis is illustrated in Figure 2. It is observed that in both scores that Peshawar has

highly polluted air.

Figure 2. Comparison of aggregations with WHO standard

5. Neutrosophic Cubic Einstein Aggregation Operators

This section consist of some fundamental definitions of neutrosophic cubic Einstein weighted
averaging (NCEWA), neutrosophic cubic Einstein ordered weighted averaging (NCEOWA) and
neutrosophic cubic Einstein hybrid avregaing (NCEHA) aggregation operator, which are defined
as follows. These are defined using the Einstein addition, Einstein multiplication and Einstein scalar

multiplication.
Definition 5.1 The neutrosophic cubic Einstein weighted averaging is a function, NCEWA

:R" > R defined by

n
NCEWAy, (Ng, No, s Npy) = kél(Wka)E ©

n
where W = (W, Wy, .oy wn)T is the weight of Ny (k=1,23...,n)w, €[0,1] and kzlwk =1.

This implies that the neutrosophic cubic values are weighted and then aggregated using Einstein
operations.

Definition 5.2 Order neutrosophic cubic Einstein weighted average operator (NCEOWA) is

n
defined as NCEOWA :R" >R by NCEOWA,(Ny,N5,...,Np) = kzl(wk By )E where, B, denotes

the ordered position of neutrosophic cubic (NC) values in descending order, W = (W, W .o, Wiy )T

n
is the weightof N, (k =1,2,3,...,n), be such that w, <[0,1] and kzlwk =1

Note that, NCEOWA values are ordered and then weighted. Thereafter, the ordering values
are aggregated using Einstein operations. The basic concept of ordered weighted operator is to

rearrange the values in descending order.
A
0.6

0.4

RANKING

0.2

NCWA NCHA WHO

v
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Theorem 5.3 Let N, =(Tu, Ty Fu Ty 1y, Fy, Jiwhere Ty :[TNLk,TN“J,TNk :[|;k,|“ } Fy, = {F Y }
(k =1,2,...,n) be the collection of neutrosophic cubic values. Then their NCEWA operator is also a
neutrosophic cubic value where W = (W, W ., Wiy )T is the weight vector of Ny (k =1,2,3,..,n),

n
such that w <[0,1] and kzzlwk =1

Proof. By mathematical induction for n =2, using Einstein’s addition and ascalar multiplication,

we will have the following.

T H(”'E)%(“Ni)%’(“'ﬁl)%(1'51)%]’
(o1 ) (-1 )" () e )

(WN,), ®(W,N, ). =

Z(Fﬁ)wz

1£=[(1+|;k)wk—f[(l-lgk)wk f[(m” K f[(llﬁk)wﬂ

g

(Wka)E =t k=1 k=1 k=1 k=1

N
‘:N
= | —
T
=r
—_
N
-
rZC
-

= Lk kel k1
- (WKNK)E “Ir "

)
—
ny)
=
-
)
T =
=
—_

The result is proven for n=m+1, since
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—(1+TNLm+1)W”””-(1-TNLM)WW1 (S B ol T ST Rl T A

(
_(1+TNLM )1 T )1 | 1T )1 -T2 )1 | [141s | )1 -1y )1 | 141y )1 -1y )1

Z(FNLM)WM Z(FN”M )1 ofr, )1 o, )1 (1+ F )1 —(1—FNM )1

mid el T

kgl(wk Ny )E @ (Wm+1Nm+1)E =

ﬁ(m;k)wk—]i(l-m ' ]kﬂ!(mN“k)wk—]kj(HN“k)wk ]j(lw)wk H( L ﬁ(1+|“)wk-1j(1—lﬁ)
ﬂ(m; )wH]i(l—TL)Wk ﬁ(m# )wk+]j(1—TN“k)wk | ﬂ(w )W“qi(l—lh ' ]i(m“ )W“+]i(1- ')

El

FNLk )Wk ZU(F;k )Wk Zﬁ(TNk )wk Zﬂ(lNk )wk (1+ FNK )wk _ﬁ(l_ = )wk

k:

I8

(1+F Wu]‘[l R

:3

6 e n
Z(FNLM )Wm-1 ) ( = NU,M )Wm 5 (TNM )Wm ) ( | . )Wm+1 (1+ FNM )Wm+1 ~ (1_ FNM )Wm
_(2_ FNLmA )WM * FNLm~1 y(2_ F;mu )WM * F’bjmu '(Z_TNerl )WM +TNm+l ’(2_ le+1 )WM * INmAl ’(1+ FNm~1 )WM +(l_ FNm+1 )WM
:2;1 (Wk Ny )E -
]ﬁ(1+TNLk)Wk—ﬁ(1—TNLk)Wk H(uwk)wk—]ﬁ(ywk)wk “1( L) M( L) ﬁ(lnxk)wk—t:(l-lﬁk)wk
m+l W Ml m+l W m wo '] md m+l ' mid W m W
(e [ <fTn * fens o flfone | s <l e - [ies
- mil i " mil mil mil L om .
2H( )" 2[](r) 2]‘[( W) 2H( W) H(1+ R -Tla-Fy )"
sl il y Ml = W M W | ol il W il m+1 . r:(njll .
H( B Nk) +H( Nk) E(Z_Fﬁk) +H(Fﬁk) H( B Nk) +H( Nk) H( B N) H( ) H(HFNK)”HG_FNKV

Hence proved.

Example 5.4 The NCEWA is applied to data in section 3 with corresponding weight of Xu and Yager

[27], w= (021,0.14,0.25,029,0.11) .
Then NCEWA = ([0.7848,0.9163],[0.5058, 0.6650] ,[0.2957, 0.5241], 0.5652, 0.6187, 0.3990)
Note that the NCEWA operator aggregates the weighted value whereas the NCEOWA operator

weight the ordering position and then aggregates the values. The idea of NCEHA is developed to

overcome to not only weight the neutrosophic cubic values but their order positioning as well.
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In order to analyze these results with WHO standard, the score of NCEWA and NCEHA operators

are compared in terms of the accuracy functions as follows as illustrated in Figure 3.

Ac(Nycgwa) = 05861, Ac(NycEpa) = 0.6099 and Ac(Nyy o) = 0.4166.

0.8
0.6
0.4

RANKING

0.2

NCEWA NCEHA WHO

Figure 3. The comparison of Einstein aggregation with WHO
Observe that using both operators NCEWA and NCEHA, Peshawar has highly polluted air as
shown in Figure 3. The overall graphical presentation is illustrated in Figure 4. Hence we conclude

that serious measures by the relevant government agencies are needed to overcome the situation.

0.7

0.6
0.5
0.4
0.3
0.2
WHO
0.1
NCWA, NCHA

B NCWA, NCHA = NCEWA,NCEHA = WHO

RANKING

Figure 4. Comparison of neutrosophic cubic aggregation operators with WHO

6. Conclusions

In this research, NCWA, NCHA, NCEWA, NCEHA operators are compared with WHO
standards. The aggregation operators are applied to the numerical data of PM10. These aggregation
operators enabled us to analyze the air pollution model in the city of Peshawar, Pakistan. We
computed the accuracy functions of all of these aggregation operators and WHO standard. The
analysis is then presented graphically to illustrate the comparison. It is observed that in the month of
April 2014, the pollution of PM10 is very much higher than WHO standards. Strong measures are
thus required to control air pollution. Our future research will be to apply further the NCWA, NCHA,
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NCEWA, NCEHA operators to construction management, geometric programming, binomial

factorial problem, and numerical convergence of polynomial roots [49-50].
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