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1. Introduction

Fixed point theory is an important tool to find the existence and uniqueness of solution of integral
and differential equations. Researchers in [1-9] worked on several generalized fixed point results.
After being given the notion of fuzzy sets by L. A. Zadeh [10], a large number of researchers provide
many generalizations. In this continuation, Kramosil and Michalek [11] originated the approach of
fuzzy metric spaces, George and Veeramani [12] diversify the approach of fuzzy metric spaces.
Garbiec [13] tossed the fuzzy interpretation of Banach contraction principle in fuzzy metric spaces.

The approach of intuitionistic fuzzy metric spaces (IFMS) was tossed by Park in [14]. Kirisci and
Simsek [5] tossed the approach of neutrosophic metric space (NMS). Simsek and Kirisci [6] and
Sowndrarajan et al. [1] proved some fixed point (FP) results in the setting of NMS. Kiran and

Khatoon [15] proved Kannan’s and Chatterjee’s FP results in the sense of IFMS by using (TS-IFa)

mappings for @: 12 — [0,1). Patel et al. [9] prove common fixed point (FP) results in the sense of
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Occasionally weakly compatible (OWC) maps on IFMS for integral type inequality. Authors in
[16-20] worked on different generalizations of NMSs and proved several fixed point results.

In this manuscript, we give the generalization of banach’s, Kannan’s and Chatterjee’s FP theorems in
NMS by using new (TS-IFa) mappings and for @: 2 X £2 = [0,1). Also, we establish common

fixed point results in NMS by using Occasionally weakly compatible maps for integral type

inequality. Our results are more generalized in the existing literature.

Theorem 1.1 [8] Let (12,1, ¢.%,2) be complete IFMS and a mapping h:f2 = 12 is named an
intuitionistic fuzzy contraction depends on @ (IFC,) if there exists a mapping @:f2 — [0,1)

where a(hx) < a() such that

1gaum—i—ﬂ

Y(hs, hy, t) B Y(x,y.t)

and

¢(hx, hy,t) < a(x)¢(xy,t)

V x,y € and t > 0. Then h has a unique FP.

Theorem 1.2 [7] Let (£2,%,¢.,¥,2) be IFMS and a mapping h:f2 = 2 is named to be
(DC — IF) contraction mapping if 3 & € (0,1) such that

Su(hs, hy, t) =Y, y,t), %qb (hx, hy, t) < ¢(x,v,1)

V x,y € and t > 0. Then h has a unique FP.

Definition 1.1 [5] Suppose 2 # @, assume a six tuple (2,1, ¢, 8,%,9) where * is a continuous
t-norm (CTN), @ is a continuous t-conorm (CTCN), ¥, ¢ and & NS on 2 X 2 X (0,00). If
(12,1, ¢, 8,%,9) meet the below circumstances for all #,¥, v € 12 and t,s = 0:

(NS1) ¥(,y,t) + ¢(x,y,t) + 8(xy,t) <3,

(NS2) 0 < Y(xy.t) =1,

NS3) Y(x,yt) =1 & x =y,

(NS4) Y(x,y, t) = w(y, =, t),
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(NS5) Y3, v(t +5)) =¥y D)*Y(y.v,.5),
(NS6) ¥(,¥,):[0,00) = [0,1] is a continuous,
(NS7) lim, _, ., (v, t) = 1,

(NS8) 0 = ¢p(x,y.t) =1,

(NS9) ¢(x,y,t) =0 = x =y,

(NS10) @ (s, y.t) = ¢(y. 2 t),

(NS11) @(x,v, (£ +5)) < @2y, D) og(y,v,5),
(NS12) @(,¥.):[0,00) = [0,1] is a continuous,
(NS13) lim, _, . ¢(», v, t) =0,

(NS14) 0 = B(x,y,t) =1,

(NS15) B(x,y,t) =0 = x =y,

(NS16) 8(x,y,t) = 8(y. 2 1),

(NS17) 8(x,v,(t + 5)) < 6(x,y,t)e8(y, v, 5),
(NS18) (3, ¥.):[0,00) = [0,1] is a continuous,

(NS19) lim, _, . 8(»,y,t) =0,

(NS20) If t = O then Y(x,y,t) = 0,¢(x,y,t) =1,6(x,y,t) = 1.
Then (2,1, ¢, &) Neutrosophic metric on 2 and (2,1, ¢, 8,%,2) is an NMS.
Definition 1.2 [6] Let ({2, ¢, 8,%,9) be an NMS. Then

(i) asequence {#,} in 2 is named to be G-Cauchy sequence (GCS) if and only if for all

t=0andm= 0,
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lim,, L. Y(x,, %pem t) =1, lim, . (s, 2,5, 1) =

0 and lim B(x ,x t) =0

T —+oo "nr T ntme

(i) asequence {#,} in 2 is named to be G-convergent (GC) to # in £2, if and only if for all

t>=10,

#,t) =0 and lim &(x

n’
n—oa

lim Y(x,,xt) =1, lim ¢(x #,t) =0.
n—oa

“nt
n—oa

(iii) an ENMS is named to be complete iff each GCS is convergent.

Definition 1.3 [2] A self mappings pair (h,g) of IFMS is named to be weakly compatible if they
commute at the coincident points i.e. hit = gu for some u € 12, then hgu = ghu.

Definition 1.4 [2] Let (2,y,¢,#2°) be an IFMS. h,g:2 =02 A point ¥ €12 is called
coincident point of h and g if and only if hx = gx.

Definition 1.5 [3] A self mappings pair (1, g) of IFMS is named to be OWC iff there is a point

# E 1 is coincident point if it commutes at the coincident points h and g at which h and g

commute.

Lemma 1.1 [3] Let (ﬂ; hfqubr'*"‘;‘:‘] be an IFMS. h,g:22 — @ and h, g have unique coincident
point, W = hx = gx, then h and g hasa unique common FP W
Lemma 1.2 [4] Let (2,4, ¢,%2) be an IFMS and ¥V #,y € £2,t = 0 and k € (0,1) such that

$(H!F! kt) = 11&(}:'!}?! t) and Gb(-’f';!r’r kt) = qb(}:'r}rf t) then ¥ = ¥.

2. Main Section-I

In this section, we give some theorems by using new (TS-IFa) mapping, also examine a result with

example.

Theorem 2.1 Let (2,1, ¢, 6,%,2) be a G-complete NMS and h: 2 — 12 be (TS-IFa) mapping, i.e.,

if3 c: 2 X 2 —[0,1) where
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alhx, hy) < a(xy)
such that

a4, y) (h(#),h(y). t) = Y(»,y.t),

¢ (h(x), h(y).t) < P (xy.t)
a(,y)

and

1
8(h(x), h(y).t) < 8(xy.t)
a(z,y)
¥ t = 0. Then h has a unique fixed point (FP).
Proof: Let #y € f2 be a random point. We build a sequence ¥,, € f1 by
Ho = hMxy =hs,

T

For m € M. Now ¥t = 0 we obtain

m ]1'&(}:'1’ HI}’ tj

]1'&(}:':'11 10 ¥ t) 22— m
- (a(ey35))

Now for 11,1 € M such that 11 = 1m, we deduce

1 t
e Hnapet) 2 W H Ho.
;Lr(ﬂ-’m Hntp ) [fx(}flﬁ‘!’.}]) '1{"'(}"1 #p P)

Hence, we get

1 t
1= 1l — (.-,.,—) < li s Hpgpr t) =1
mlﬂgu [Cx(}fl,}:’uj)m Y HisMp p ml_I']iu ]1{"'(_}{:'1'1 Hotp )
That is

lim .. ]10[}:';,“,}:’”+p,t) =1.
Again for m € M. Now ¥ t = 0 we obtain

@ (}:rm +1r Hpy t:] = [ﬂ! [:}:rl’ #p ) )m gb[}:rl’ o tj

Now for 11,1t € M such that 11 = 1m, we deduce
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1 t
b Epapit) S ———————5 @ | ¥, %0,
¢(_}"Jﬂ M +p ) [a[:}g"l’j:’ﬂ:]) qb(yj_ jl-'|} p)

Hence, we get
> 1 ! ( t) lim &( )= 0
m | —— My Hp,— = lim H oK L) =
m=e \ (a(sy,35))" # o p s, OV Yo
This implies

lim gb(}-'m,?’,,+p;t)

m—oa

Similarly, for m € M. Now ¥ t = 0 we obtain

m
E(Hp sy, ¥y t) = [rx (3, 5,) ) B3y, 2y, 1)

Now for m,n € M such that 1 = m, we deduce

1 t
onry) o)
100

Hence, we get

1 t
li —H(..,.,—) =z lim & . ) =0
mlﬂgu [a (}-’l, }"Dj)m My ¥y D ml_I.]iu (_‘ym 17"';.;+p )

This implies

lim 8 [}fm My t}

M —+og

Hence, {¥,,} € 2 GSC sequence. Due to the completeness of {2 there exists ¥ € f2 such that

H,, —* UV asm — 0. We have

lim @ (x,.v.t) =1,

m—+oa

lim ¢ (x,,v,t) =0

m—oa

And
lim 8(x,,v.t) =0.

m—+oa

Now we examine that ¥ is a FP of h. Therefore, ht is (TS-IFa) ¥ m € M we obtain

1

alv,x,,)

Ylhv, hx,,, t) =2 —— (v, ,,, t)
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1 1
lim @wlhv, hx_,t) = Im ————— (v, _,t) =—=1
m_@%”( m :] m—'mﬂf(b‘,}:’m)]’&[ ™ ) rx[u, Uj
This implies
1< lim y@(hv, hsx,,t) <1
T —og
Hence

lim y(hv, ha

m—+oa

t)=1

m*
Again, we have

¢(hv, hx,, t) < a(v, =, )@(v, x,,,t)
Now for t = 0,% m € N, we get

lim ¢(hv, ha

m—oa

t)=10

m'
Similarly, we have

6(hv, hx,,,t) < a(v,x,,)6(v,x,,t)

“mr
Now for t = 0,% m € N, we get

lim &(hv, hx

m—oa

t) = 0.

m'

Hence, h#,, — hv, this implies ¥ = hv. Now we examine the uniqueness of FP. Let ¥, be

another FP. We have

— (v, t) > Llasm— o

1
» 'rt = J JJ -,rt E—
(v, vy, t) = Plhv, hvy, t) [rx[u, Ulj)

This implies
1
1< lim ——x¢(v,v,t) =yP(v,v,t) =1
m—+oa [EJ.‘![:EJ, ulj)
Hence,

P(v,v,t) =1

Again, we have

¢(v, v, t) = ¢p(hv,ho,t) < [a:(u, vlj)mqb(u, v),t) 2 0asm—
This implies

0= o¢(vv,t) < nlqiﬂu[ja[u, ulj)mqﬁ[u, v, t) <0

Hence
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¢(v,v,t) =0

Similarly, we have

8(v, v, t) = 8(hv,hv, t) = [cx(v, ul))mﬂ(v, v, t) > 0asm— @
This implies

0=<6(vv,t) = nlqiEL[rx(u, ulj)’ﬂa[u, v, t) <0

Hence

(v, v, t) = 0.
This examine that ¥ = 17;.

Example 2.1 Let £2 = [0,1]. Define a: 12 X 2 — [0,1) by

0 if »=00ry=0,

= 1
() —  if otherwise vxyEeq
(max{,y})*
and define a G-complete NMS in [1] by
| — vl |2 — wl
#,y,t) = ——————, @, y,t) = ——— and B(x,y,t) =
(3, y,t) P — ¢(3,y.1) Py p— (3,y. 1) "

Also define h: 2 = 12 by
0 if =10,

= l
R =11 e (0]
}:"

Then the mapping is a new (TS-IF2t) contractive mapping.

We have for cases:

(i) If *x =y =0,thenhx =hy=0;
(i) If » =0andye€ (0,1],then hx = 0 and hy = f,

(i) If y = 0 and » € (0,1],then hy = 0 and hx = 2,

M

(iv) If »,v € (0,1], then hx = ,l_f and hy = f,

Then all the circumstances of theorem 2.1 are fulfilled and 0 is a unique FP of h.
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Theorem 2.2 Let (12,1, ¢, 8,%,9) be a G-complete NMS and h: 2 —= £ be a contractive mapping

such that 3 o 2 X 2 — (l:l, é), where
alhx, hy) < a(x,y)

Such that

a2, y) i (h(%),h(y), 1) = [Y(x, hx,t) + P(y, hy, t)],

a(i’}?) @(h(3), h(¥),t) < [@(x hx, t) + @(y, hy, t)]

And

ﬂ(}i}?) 8(h(x),h(y),t) < [8(x hx,t) + 8(y, hy, t)]

V¥ t = 0. Then h has a unique FP.

Theorem 2.3 Let (12,1, ¢, 8,%,9) be a G-complete NMS and h: 12 — 12 be a contractive mapping
1

such that 3 o 2 X 2 — (l:l, :), where

alhx, hy) < a(xy)
Such that

a2, y) (h(%),h(y), t) = [Y(x, hy,t) + @ (y, hx, 1)],

a(i’}?) ¢ (h(), h(y),t) < [¢(x hy, t) + ¢(y, hx, t)]

And

1
B(h(x), h(y),t) = [8(x hy, t) + B(y, hax, t)]
a(x,y)
¥ t = 0. Then h has a unique FP.
Theorem 2.4 Let (12,10, &, 6,%,5) be a G-complete NMS and h: 12 — £2 be a contractive mapping

such that 3 c: 2 X 2 — [0,1), where

alhx, hy) < a(xy)

Such that

! 1< al )( ! )
— 1= alxy)| ——|.
Y hs, hy,t) P (x,y.t)
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¢(hax, hy,t) < a(x,y)¢(x,y, 1)

and

8(hx, hy,t) < a(x,y)@(xy,t)

V x,y € and t > 0. Then h has a unique FP.

Theorem 2.2 and 2.3 are the generalizations of Kannan’s and Chatterjee’s FP theorems in NMS.
Theorem 2.4 is neutrosophic contraction mapping theorem. We can prove easily by using theorem
2.1

3. Main Section-II

Definition 3.1 Let (12,1, ¢,8,%2) be a NMS. h, g: 2 = N2 A point # € 1 is called coincident
point of h and g if and only if hx = g.

Definition 3.2 A self mappings pair (1, g) of a NMS is named to be weakly compatible if they
commute at the coincident points i.e. hit = gu for some u € 12, then hgu = ghu.

Definition 3.3 A self mappings pair (11, g) of NMS is named to be OWC iff there is a point # € {2
is coincident point if it commutes at the coincident points & and g at which h and g commute.
Lemma 3.1 Let (2,1, ¢,8,2) be a NMS. h,g:82 = 22 and h,g have unique coincident

point, W = hx = gx, then h and g hasa unique common FP W

Proof easily follows from [9] and [3].

Lemma 3.2 Let (12,1, &,8,%2) be an NMS and ¥ %, v E02,t = 0 and k € (0,1) such that

]1&(}:'!}?! kt) = 11&():'!}?.! t)r qb(}{r}rrktj = qb(}:'r}?r tj and B(J:',F, kt) = E(J:',F, tj then # = ¥.
Proof easily follows from [4] and [9].

Theorem 3.1 Let (2,1, ¢, 8,%,9) be an NMS with CTM * and CTCN o, Let 4,B,C,D: 12 —
and the pairs (4, C) and (B,D) are OWC.If 3 k € (0,1) such that

P Cardee £

{¢,-: Cre Dy, )b (By.Cret) b (Coradse, £) ) 'iag.aﬂ:,ar},}
min R
a0y i 5 6Y) f(Bat,

jnf-"iflxﬁ:rukr}f(tj it = j
0

o
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{t.f!':l‘.'xﬂ}ar]';tiﬁ':B:ral‘.'x;r]',ti!-':l‘.'xﬁlmr}';t.f!':&:;ﬂ}ur}}

i (Ase By, kt) max . @l Caradarat)

@ (s Dy, e | S

J ﬂﬂmg[ 7 a5y ) f(t)dt
o o

And

{s( Co.Dy.t),8(By.Cre.t).8 (Credse,t),8(By.Dy.c),

&1 A By.kt) max & [ Ase Ly, ). & Cada.t)

f ﬂﬂmgj }(m%%ﬂ F(t)dt
o o

V x,y € 2 and t = 0. Then, there exists a unique FP of A, B, C and D.
Proof: Because pairs (A,C)and (B,D) are OWC, so there exist ¥, ¥ Ef such that

Ax = Cx and By = Dy. We claim that A% = By, we have

{nb'iAx,B}-,r},;bEB}:Ax,r},nb (s, A3¢,8), 3 (By.By.t),
min

(o doe t) }
} f(t)dt

J i (Ase By ket) s By, e} |: W BBy
o

f(t)dt = J
o
{¢':B}'£}',r}4¢":31r'£}'Jf‘:'ﬁ.lf-":ﬁ'}';ﬁ'}';f':hE.lf-":Bjr'.-B'}'.uf':'J
min

{ B B ¢I:B}',E}'Jr} }
viav.eve) (el e f(e)dt

f(t)dt = J-

j i (By.By kt)
0 0

Y(By.By.t)
af f(v)t,
o

) & (Ao By. 1) (By.doc t). (., t).(By.By 2.
j plamirin Ft)dt < j mx{ & L By.c) | i"ui}xg}xrrﬁ}} } F(t)de
' ? ' tif”:B_'r'-'B_'r'.-r:'.-fi"':B}'-‘E_'r'.-r:'.-é'a&r'*&r':r}aél:-&!r'-'-&}':r};
o o

é':-&frﬁ-&fr'!r}
= J f(t)de
o

And
{e(.‘lx;&}ar},e-:&mx,r},e (A, 4s.£).8 (By.By.t),
8 (s By ki) max & (e g o) [ B L Azt)
L R
f ﬂﬂmgf uﬁﬁﬂ} f(t)dt
o o

{E(B_-;,B:,',r},e':&_';ﬂ_'ﬁ t),8 (By.By.t),6(By.By.t),
max

[ -y . g I: B}".: B:r'-'r} }
6 (By.87.2). i mes)) f()de

& (By.By.kt)
j fl)dt < J-
]

0
8 (By.By.t)
= J f(t)dt
o
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Hence, from lemma 3.2, A% = By i.e Ax = Cx = By = Dy. Assume V be another point such that
Av = Cv then, we obtain Av = Cv = By = Dy so Ax = Av and w = Ax = Cx is the unique
point of A and C. From lemma 3.1, only W is common FP of A and C. Likewise, there is v € 12 g

unique point such that v = Bv = Dv. Now we examine that V. = W,

wiw,eke) widw,Br.ke)
J flt)dt = f f(t)de
o

o
WilCw. Du )b (By, Cw,t), b (Cw.dw, )30 (B, Du,t),

min F Ao Thas Wi Cwdw.t) ]
EJ { ﬂbxﬂwﬂbgr}-(-ﬂbk_&yﬂer:—I} f(tjdt
o

TRPLE SR RTT RPN RIT GRURFLR RTTEERLR R

min (w L ]
= f { %bkwgv,r}{m} f(t)dt
o

ilw.nt)

F(B)dt = f fot,

o

j minid (w.e el lrw, el L L waee)}
o

& (warkt) & (Aw Br &t}
f f(t)dt = f f(t)dt
o

o
¢l Cw.Dv,t )¢ By, Cw.ie), ¢ Cw.dw,t). ¢ Br.Dv.t),

muax F s Fyas @l Cw,dw.t) ]
< j { éxﬂwﬂlgr}-(-éiﬁyﬂy}r:—l} f(t]dt
o

b D vatdh Coaw )b Cwnwn, £ (o, ),

max [ £l ]
_ J { ¢,.~w,u,r}-|1ay,T,:;T} f(t)dt
o

& (warnt)

f(t)dt = f f(t)dt

o

J max fgw.r.chélvw el L L@ lwee)}
o

And

elw.mkt) el dw.Br.kt)
J flt)dt = f f(t)de
o

0
g Cw.De.t), 8 Bv.cw.t .8 (Cw.dw,t),8(Bre.Dv.t),

max - 9':!':W,.AW_.?‘} ]
::_: J { E‘L_AW.-DE,E‘}-'I ELBL‘;DL‘I:}} f(tj dt
o
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g (w8 (rwe), 8 (wowe )8 (e ),

o j (.t}
= J { 2 lw, v, r}(%’?n:j_} ] f(t] dt
o

Slwant)

flt)dt = f f(t)de

i)

J max{e (w8 (mw,e), 1,18 (wae)}
o

Hence, from lemma 3.2, W = v. That is, V is a common FP of A, B,C and D. Now assume another

common FP w of A, B, C and D for examining the uniqueness. Then

widu,Br.ke)

Lwiu,mkr}f[tjdt _ J f(t)dt

o
U (Cw, Dt )il (Br, Cut ), b ( Condu, £, (B, Dw, £,

min ‘1 . Wi Cudu,t) ]
EJ { ﬂff'xA.a,DLJr‘:'-('ﬁmBy__D”i} f(t]dt
o

Wil elab (vt ab(u o, e (et ),
() }

_ J { ,‘b.:u,u,r}-lim ]f(tjdt
o

W lunt)

fF(B)dt = f F)dt,

o

J mini (o) (e e) 1L (uee)}
o

@ lur.ke) & Au.Bv k)
J flt)dt = I f(t)dt
]

o

¢ CuDv.t) b Br,Cut),d(Cuduc),G(Br.Ov,t),
q.’s-':l‘_'u,Au,r}}

< J { él:ﬂuﬂlfgf}-liél___&y*ﬂy_.ri ]f(tjdt
o

b (u vl (vt (wu ), dlvw.e),

max i SR ]
) f { luva) ($Ta5) f(t)de
o

o (wwt)

f(t)dt = J f(t)dt

o

J max g lurele(vae)llélure)}
o

And

&l Au.Bv,kt)

Le{u,mkr}f[tjdt _ f f(t)dt

]
2 Cubw,t), 8 (Br,Cu,t) 8 (Cuwdut),8(Br.Dv.t),

max . EI:Cu,Au,r} ]
::_: J { E‘kAu,DL‘,r':'-(QLBE;_,DL-JH} f(tj dt
o
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2 (uee), (el 8 (wut),e (et

max ( o
zf { E'l__u,l-‘:r}'li%k?‘,:j} ]f(t]dt
o

eluw,t)

f(t)dt = J f(t)de

o

j max i (wr.e),e(rue) 118 (uee)}
o

Hence, from lemma 3.2, ¥ = W. Hence V' is a unique common FP.
Corollary 3.1 Let (12,1, ¢,8,%5°) be a NMS with CTM
a *b = min{a, b} and CTCN as b = max{a,b} . Let A4,B,C,D:2 =1 and the pairs

(4,C) and (B,D) are OWC.If 3 k € (0,1) such that

{"“": CaDy. el By, Cat) e Co,doe ) sab ( By.Dy.t )+
min

Wi s By k) . 1+3 (Cradee,t) }
Yl Dye)| S5
J f(t)dt = J 7N ooy f(t)dt,
o o
{:f.:':Cx,n:;,r}u:iwia:,ucmr}u:i:-':cxm,r}u:.fwiay,ﬂ:.ar}u}
e ( Azt By, ket mazx ] L+l Coe, daeat)
@l e Dyt T
f f[tjdtij " F e 550) f(t)dt
o o
And
{e{cx,a}-,r}ueI:Bg,-,r:x,r}uslicx,Ax,r}neEBy,Dy,r}n
&1 A By.kt) max o (A, Drw,2). 1+8(Crdee,t)
f f(Hdt < f 7 Tty ome) f(t)dt
o o

V x,y € 2 and t = 0. Then, there exists a unique FP of A, B, C and D.

Proof: Easily can prove on the lines of theorem 3.1.
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