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Abstract: Neutrosophic set is a generalization of classical sets, fuzzy set, intuitionistic sets etc. A
mathematical notion neutrosophic set dealing issues containing inconsistent, indeterminate and
imprecise data. In this manuscript, we toss the notion of Neutrosophic b-metric-like spaces and
obtain some fixed point results in the sense of Neutrosophic b-metric-like spaces. Our results are
improvements of recent results in the existing literature. For the validity of these results some

non-trivial examples are imparted.
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1. Introduction and Preliminaries

The notion of fuzzy sets (FSs) given by Zadeh [9], this auspicious concept gave a new direction of
research and this idea has deeply influenced many scientific fields. In this connectedness, Kramosil
and Michalek [10] initiated the notion of fuzzy metric spaces (FMSs) by reformulate the notion of
probabilistic metric spaces to FMSs. George and Veeramani [11] derived a Hausdorff topology
originated by FMS. Afterward, the utility of FMS appeared in applied sciences such as fixed point
theory, image and signal processing, medical imaging, decision-making. Later on, the existence
theory of fixed point in FMS has been enriched with a number of altered generalizations. Fuzzy
version of Banach contraction principle was given by Garbiec [12] in the sense of FMS. For some
necessary concepts please see [13, 14].

In recent times, Harandi [7] originated the notion of metric-like spaces (MLS), which generalized the
concept of metric spaces in beautiful manners. In this connectedness, Shukla and Abbas [8]
reformulated the notion of (MLS) and originated fuzzy metric-like spaces (FMLS). The approach of
intuitionistic FMS was tossed by Park in [2]. Kirisci and Simsek [1] generalized the approach of
intuitionistic FMS and tossed the approach of neutrosophic metric space (NMS). Simsek, Kirisci [5]
and Sowndrarajan et al. [6] proved some fixed point (FP) results in the setting of NMS.
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In this article, we tossed the notion of Neutrosophic b-metric-like space (NBMLS) in which self
distance may not be equal to 1, 0 and 0. So, our approach is more generalized in the existing
literature. Also this article is enriched with fixed point results and non-trivial examples. For some
necessary results see [3, 4, 15]. Authors in [16-20] worked on different generalizations of NMSs and

proved several fixed point results.

The main objectives of this manuscript are:
1. To introduce the concept of neutrosophic b-metric-like space.
2. To prove some fixed point results in the sense of neutrosophic b-metric-like space.

3. To enhance existing literature of fuzzy metric spaces and fuzzy fixed point theory.

This manuscript is organized with some rudimentary concepts of FMLS and NMS. The concept of
NBMLS is discussed in detail and some fixed point results with non-trivial examples are imparted. A
conclusion is provided for the obtained results.

In this section, some basic definitions are given that are helpful to understand the main results.
Shukla and Abbas introduced the concept of FMLS and utilized this idea to investigate fixed point
results. Shukla and Abbas defined the notion of FMLS as follows:

Definition 1.1 [8] A 3-tuple (@, %,#) issaid an FMLSif @ # © is arandom set, * is a continuous
tnorm (CTN) and ¥ is a FS on Q@ X Q X (0,02) meet the points below for all
3,7, peQ,d s =0

FL1) ¥(8,7,8) = 0;

FL2)If ¥(8,7,d) = 1, then 8 = T;

FL3) ¥(8,7,8) = ¥(7,9,9);

FL4) ¥ (9, p,d + 5) = ¥(9,7,0) = ¥(I,u,s5);

FL5) ¥(9,7, -):(0,00) — [0,1] is continuous.

Example 1.2 [8] Assume @ = R, @ € R¥ and 1 > 0. Define CTN by & * kK = 0K and the FS

q’onQKQK(ﬂ,mjby

ad
ad + n(max{d,7})

w(8,7,8) = ,W8,7€Q,d > 0.

Then (@,¥ ,#) is a FMLS.
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The concept of neutrosophic metric spaces was discussed by Kirisci and Simsek in his work and he

defined the said concept as follows:

Definition 1.3 [1] Suppose @ # @, assume a six tuple (@, ¥, <, 2,#,5) where * is a CTN, @ is a
continuous t-conorm (CTCN), ¥, ® and 12 are (Neutrosophic sets) NSs on @ X @ X (0,00). If
(Q,¥, ¥, 12,%,5) meet the below circumstances for all ¥,7, ¢ € @ and 2,5 = 0:

(NS1) #(9,7,8) + €(8,7,9) + n(8,7,9) <3,

(NS2) 0 < ¥(4,7,9) =1,

(NS3) ¥(1,7,8) =1 & #=1,

(NS4) ¥ (8,7,8) = ¥(7,9,d),

(NS5) ‘P’[ﬂ,_u, (0 + s)) =¥(8,7,9)"¥(7, 1 5),

(NS6) #(8,3,): [0,00) — [0,1] is a continuous,

(NS7) lim, ., ¥(4,7,8) =1,

(NS8) 0 = (14,7,9) < 1,

(NS9) ?(9,7,8) =0 = 9 =17,

(NS10) ©(8,7,8) = €(3,96, ),

(NS11) 2(8, . b(d +5)) < #(8,7,8)o2(7, 1, 5),

(NS12) #(1,7,-):[0,00) — [0,1] is a continuous,

(NS13) lim, .. €(8,7,8) = 0,

(NS14) 0 = (4,7,8) < 1,

(NS15) 2(3,7,8) =0 = 3 =7,

(NS16) 2(9,7,8) = n2(7,8,8),

(NS17) 2(9, 1, (8 +5)) < 02(8,7,8)00(7, 1, 5),
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(NS18) £2(8,7,-):[0,e0) — [0,1] is a continuous,
(NS19) lim,_, .. 2(8,7,8) = 0,
(NS20)If 2 = 0 then ¥(4,7,8) = 0,¢(4,7,9) = 1,1n(4,7,8) = 1.

Then (Q,%¥, <, 17) Neutrosophic metric on @ and (Q,¥,¢,0,%2) is an NMS.

2. Main Results

In this section, we introduce the concept of NBMLS and prove some FP results.

Definition 2.1 Suppose @ # @, assume a six tuple (@, %, ®, 2,%,2) where * is a CIN, @ is a
CTCN, ¥, andf are NSs on QX QX (0,00) . 1f (Q¥,®,1,%5) meet the below
circumstances for all 3,7, 4 € Q@ and 2,5 > 0:

(NL1) ¥(4,7,9) + €(8,7,8) + n(8,7,9) =3,

(NL2) 0 < ¥(,7,9) =1,

(NL3) ¥(#,7,8) = 1 implies 9 =17,

(NL4) #(8,7,8) = ¥(7,48,9),

(NL5) ¥ (0,1, b(d +5)) = ¥(8,7,9)*¥(T, 1, 5),

(NL6) ¥ (8,7,):[0,00) — [0,1] is a continuous,

(NL7) lim,_, . ¥(4,7,8) =1,

(NL8) 0 = #(18,7,9) = 1,

(NL9) 2(,7,8) = 0 implies & =7,

(NL10) @(8,7,8) = €(7,8,3),

(NL11) ‘}"’[ﬂ,_u,b(ﬂ + s)) < @(9,7,d)0®(7, u,s),

(NL12) #(8,7,-):[0,00) —= [0,1] is a continuous,
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(NL13) lim,_, .. €(4,7,8) = 0,

(NL14) 0 = 2(8,7,8) < 1,

(NL15) 2(#,7,8) = 0 implies 3 =7,

(NL16) 2(#,7,9) = 12(7,9,9),

(NL17) 2(8, 1. b(8 + 5)) < 02(8,7,8)00(7, p, 5),

(NL18) £2(8,7,):[0, 0) — [0,1] is a continuous,

(NL19) lim,_, . 12(4,7,8) = 0,

(NS20)If 2 = 0 then ¥(4,7,8) = 0,¢(4,7,9) = 1,1n(84,7,8) = 1.

Then (Q.%,®, 1) is known as NBML on @ and (Q,%,®,.12,#,5) be an NBMLS.

Remark 2.2 In definition (2.1), a set @ is gifted a NBMLS with a CTN (*) and CTCN (). (NL3),
(NL9) and (NL15) circumstances of NBMLS, that is, the self-distance may not be equal to 1, 0 and 0,

ie, ¥(8,0,8) #1,#(0,0,8) # 0 and 2(F,9,9) # 0 for all & > 0, for some or may be for
all ¥ € Q.
Proposition 2.3 Let (Q.o) be any BMLS. Then (Q@,%,®,11,%,2) is a NBMLS, where “* and ‘¢’ are

defined respectively @ * k = gk and g°ox = max{g,k} and NSs ¥, and 2 are given by

aa?!
¥(8,7,9) = T r——— v3,7€Q,8 =0,
®(9,7,8) = ma(B.9) s 0,8 >0,
ad® + ma(,7)
ma (09, 7)
ﬂ(ﬂ,.],a) :W A ﬂ’j e Q,E} =0.

Where, @ € R, m > 0and n = 1.

Then (Q.¥,,2) bea Neutrosophic b-metric-like on @ and (Q.¥,®,1,%,5)be an NBMLS.
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Remark 2.4 Note that the above proposition also holds for CTN & * k¥ = min{e, k} and CTCN
ook = max{o,x}.
Remark 2.5 The proposition (2.3) shows that every BMLS induces a NBMLS. For @ = n=m =1

the induced NBMLS (Q,%, €, 2,%,0) is called the standard NBMLS, where @ € R*

‘Pb:[ﬂ,lﬂ] :(H—I-HL[M v3,7e Q,a >0,
2(9,7,8) _ 9@ v9,7€0,8>0,
3 +o(0,7)
(8, 7)
0(9,7,8) =—3" V9,7 € Q3 > 0.

Example 2.6 Let Q = R @ € R¥and m > 0. Define *by ¢ * k = ok and © by

gok = max{g,k} and NSs ¥, ® and 2 in @ X Q X (0,0) by
ad

w(§,7,d)= — V9,70, d =0,
( ) ad + m(max{d, 7} ) Q
m(max{d,7}* )
#(7,7,d) = — V3,70, d=0,
( ) ad + m{max{?, 7} ) Q
8,7
a8,7,9) =0TV ) s e a0

ad

Then, since (¥, 7) = max{d,7 }: Vv 3,7 € @ is a BMLS on @. Therefore, by proposition (2.3)

(Q.¥,,1,%,5) is a NBMLS, but self-distance not equal to 1, 0 and 0.

As,
ad .
?‘(ﬂ,ﬂ,a) =m¢ 1vd8,J7e@,d =0,
_ mi° .
‘?’(ﬂ',ﬁ,aj —m# ova3,7e@ad =0,

-

mid
(8,8,9) :ﬁ¢ 0v&,7€Q,d =0.

Definition 2.7 A sequence {¥,} is NBMLS (@, %, %, 12,%,2) is said to be convergent to # € @ if

lim % (&

r
n—oa mn

8,8) = ¥(8,8,8) va =0,

lim (3

nr
n—oa

8,8) =2(8,0,8) va =0,

and
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lim (43

nr
n—oa

8,8) = 0(8,8,d) va > 0.

Definition 2.8 A sequence {¥,} in a NBMLS (Q.%,®, 12,%,2) is said to be Cauchy sequence (CS)

if
lim ¥(9,,9,...d),
n—oo
lime(d, .0, ,..8),
—+oo
and

lim 2(4,,9,...d),

n—oa

forall @ = 0,2 = 1 exist and is finite.
Definition 2.9 A NBMLS (Q.¥, ¥, 12,#,2) is said to be complete if every CS {#,} in @ converge

to some ¥ € @ such that

lim, . ¥(08,,9,d) =%¥(8,9,9) =lim,_,_, ¥(I,,0,:..0) forall d =0,e = 1,

lim, . ®(8,,8,8)=2(8,0,0) =lim, ., &(0,0,,.,d)forall d =0, =1,
and

lim, . 2(8,,8,8) =02(8,9,0) =lim,_,_ 2(8,,08,,.,9) forall d =0, = 1.

Remark 2.10 In NBMLS, the limit of a convergent sequence may not be unique for instance, for a

NBMLS (Q,%¥,®,0,%2) given in propositon (2.3) with o(8,7) = max{d 7}

and = a = m = 1. Define a sequence {¥,} in @by ¥, =1 — %,‘v’ n€M.If 3 =1 then

d d
lim ¥ (4 ,0,8) = li — = - =¥ (4,8,0)vd =0,
:lzl—Ir]:u ( n j :zl—{]ju d =+ max{ﬂ”, ﬂ}‘ d + max{ﬂ, ﬂ}‘ ( j
max{®d_, 9}° max{9, 9}°
lim ¢(3,,0,d) = li = = - =¢(d,8,d) vd = 0,
:lzl—Ir];lu ( n ) :111—1330 d+ nlﬂx{ﬂ”, ﬂ}‘ d+ I]].HX{JB, 19}' ( j
max{?_, 9% max{d,J}°
lim 2(8,,9,d) = lim {a” j = Ea } = (9,0,8) vd = 0.

Therefore, the sequence {1, } converge to all # € @ with ¥ = 1.
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Remark 2.11 In an NBMLS, a convergent sequence may not be Cauchy. Assume an NBMLS

(Q.W,®,0,#,°) given in above remark (2.10) Define a sequence {,} in @ by

g, =14+ (-1)", YynEMNIf 0 = 2 then

d i)
lim (4 _,4,9) = li — = - =¥ (8,9,d) vd = 0,
:lzl—Ir]:u ( n j :zl—{]ju a -|- max{ﬂ”, ﬂ}‘ 8 + max{ﬂ, ﬂ}‘ ( )
max{®_, 9}" max{9, 9}°
lim €(d_,8,4d) = li — = - =¢(#,9,d) vd = 0,
:lzl—Ir]:u ( n ) :lzl—]a:\‘-lu a -|- max{ﬂ”, ﬂ}‘ 8 + max{ﬂ, ﬂ}‘ ( :]
8,, 5} 9,0
lim 2(8,,8,d) = lim max{ - L maxz Y _ as,0,0)va > o.

Therefore, a sequence {17, } convergestoall ¥ € @ with ¥ = 2, but it is not a Cauchy sequence as
lim, . ¥(8,9,,.0), lim _,_ #2(8,79,,.,9) andlim_,_ 2(3,,8, ,.,d) does not exist.
Theorem 2.12 Let (Q.%¥, %, 12,%,2) be a complete NBMLS such that
%1_13; w(3,7,9) = l,éi_IHu #(8,7,0) = 0 and é@;ﬂ(ﬂ,ﬂ,ﬁ] =0
forall #,7 € Q,d = 0 and &:Q — @ be a mapping fulfill the circumstances
W(&9,¢87,@d) = W(9,7,3), P(&8,87,a0) < £(8,7,9)
and (9,7, ad) < n(6,7,9), (1)
forall 3,7 €@, =0, where & € (0,1). Then & has a unique FP T € ¢ and
¥Y(m,md) =1,2¢(mmd)=0and 2(m,7,d)=0 Vd=0.
Proof: Let (@, %, ®,1,%#,2) be a complete NBMLS. For a random ¥y € @, define a sequence {17, }
in @ by
8, =&, 0, =¢808,=8&9,...0, =0, =E§0,_, forall n EN.
If &, = ¥,_, forsome 1 € M then U, isaFP of {. We suppose that ¥, # #,_, forall n € M.
For @ = 0 and 1 € N, we obtain from (1) that

qj(ﬂn’ ﬂ”+1, aj = i’U[:ﬂ:lz+lf ﬂ:szxa) = !P(fﬂnf E::ﬂ:lz—lf ﬂ!aj = ip(ﬂw ﬂ:z—lf a)f
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¢(ﬁw ﬁ”+1,5j = I‘;’I[:ﬂ:lz+lf ﬂ:szxa) = ‘;’[fﬂuf fﬂn—lffxa) = ¢(ﬂn’ﬁn—1F a)
and

ﬂ(ﬂ”, ﬁ”+1, a) = ‘ﬂ(ﬂn+lf ﬂ:szxa) = ﬂ(fﬂn’ E::ﬂ:lz—lf ﬂ!aj = ﬂ(ﬁazf ﬂ:z—lf a)f

forall n € M and d = 0. Therefore, by using the above inequalities, we obtain that

w(0,.,,8,,3) = ¥(,,,, 0, ad) = (8, &0,_,,ad) = ¥(d,,9,_,,d)
= ¥(§0,-1,80,5,8) 2 ¥ (0,-1,0,5,2) = 2% (0,0, %), @)
#(9,.,,0,,8) <®(0,,,,5, ad) = &(¢5,,9,_,,ad) < #(9,,9,_,,9)
= @(80,.,,80,5,8) <®(9,.0.9,,,2) < <2 (8,5,%) )
and
0(8,.,,8,,8) <0(8,,,,9,,ad) = 0(¢5,,&5,_,,ad) <0(8,,9,_,,9)

= 0(¢9,-1,89,,,0) =0(8,_,9,,,2) < <0(0,,5,%) @

forall m EM, £ = 1 and @>0. We obtain that

d d
EII'Ir(ﬂl:lzfﬂ:lz+e'!'aj = i’U(ﬂ:lzf:ﬂ:lz+1J'E) * EII'Ir(ﬂ:lz+1f ﬂ:z+s’£)f

d d
‘;’(ﬂn’ ﬂ:lz +5r a) = (ﬂ”, ﬂ:lz+1f E) o (ﬂn+1f ﬂ:lz+£f E)

and

d d
ﬂ(ﬂ”, ﬁ:lz+£f a) =1 (ﬂuf ﬂ:z +1r E) o1} (ﬁn +1r ﬂ:z+s’£)'

Ongoing in this track, we deduce

d d d
qi(ﬂn’ﬁn+£’a) = i’U(:ﬂ:'w'ﬂ;-z+1’£) = (ﬂn+l’ ﬁ?z+2’E) R (ﬂn+z—1’ ﬂ?!+£’b;—1)

and

d d d
#’(ﬂn’ ﬂ:z +sr a) =% (ﬂazf ﬂ:lz+1f E) o P (ﬂn+1F ﬂ:z+2’§) oo P (ﬂu+s—1’ ﬂ:'!-l's’ b;—l)’

and

a d d
ﬂ(ﬂ”, ﬁ:lz+£f a) =1 (ﬁn’ ﬂ:z +1r E) oM} (ﬂn +1r ﬂ:lz+2f E) ool (ﬂn +s—1r ﬁ:'! +E’b;——1)'

Using (2), (3) and (4) in the above inequality, we deduce
3\, a . s g
W(0,,8,:00) 2 ¥ (05,0, )+ ¥ (85,0, o) s ¥ (8, 0 ). O

Bigftl 1 pe—1n+e-1
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P(0,0,400) < P (05,0, ) 0 2 (8,0 mr) -0 2 (B, 0 s ), ©)
and
08, 8,40,9) < 08,9, ) 2 2 (8,9, =) @ -0 0 (85, 8 e rrs) @)

We  know  that lim,_ ¥(8,7,9)=1,slim,_ @(4,79)=0vVHIEQ and

d = 0,a € (0,1). So, from (5), (6) and (7) we deduce that

lim ¥ (J,,3

T
n—toa

108)=1#1l#-x1=1V¥d>0e=1,

lim ¢(4,,3

T
n—oa

z_,_E,ﬂ:]=DODO--'OD=D,V6}D,EE 1,
and

lim 0(9,,8,.,,8) =000a--00=0,¥3>0,z21,

n—oa

Hence, {1, } is a CS. The completeness of the NBMLS

(Q,¥,P,1,%.2) agrees that there exists T € @ such that

lim, . ¥(0, 7 d)=lm, ¥, 9,,.90)=¥(r,md)=1vad=0:=z2=21, (8)
lim, . ®(9,,m9) =lm,__ ®#(I,08,,.,0)=2(m7,d)=0Vvd=0ec=1, 9)
and

lim, . 2(8,,7d) =lim,_ 2(8,,08,,.,9)=02(7md) =0vd=0¢c=1 (10)

Now, we examine that T € @ is a FP of €. We have

ad
7oL, ,—),va}u,
ntl fﬂ‘- 2h

8
—_—

d
¥(m,ém,d) =¥ (H,ﬂnﬂ,ﬁ) ®

—ap( 9 a)-'iff(ﬂ a)
- T, ?z+1’2b - f ?z’fﬂ‘-’zb
}ap( 9 a)"*P(ﬂ a)
= T, Jz+lfzb v n' ’Ebcx ’
d
#(m,ém,d) < & (H,ﬂnﬂ,ﬂ) 0#’(1’5',”1,{?1,—1}),‘?’ d=0,
(wergg) = (308 3)
- I, J!+1-’2b f szfﬂ‘-fzb
d a
<#(mtngy) e ? (fmg)

and
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2b

i d
=1 (EF ﬂ:z+1’£) of} (fﬂuffﬂ‘-f E)

< (8,00 2) o 2 (8m 2L )
—= T, Jz+lfzb :lz’Hfzba: .

d d
(m, ém,d) <N (n:, ﬂ:z+1fﬂ) a ] (ﬁuﬂ, fﬁ,—),‘?’ d =0,

Taking limit as 1 =+ +09, and by (8), (9) and (10), we get
Y(rémd)=1%1=1,

P(m,ém,d)=020=0

and

m,ém,d) =0=0=0.

That is, T is a FP of &,
¥(m,md) =1,¢(mmd)=0and 2(m,7,d)=0,¥vd = 0.
Now, for proving the uniqueness of FP, assume that ¥ and T are two FPs of &, then by (1), we get
d
q‘(ﬂ:r};ra) = q‘(fﬂ‘-rf};! 'aj = i}-‘(ﬂ;’ }'rr_)
o
d
¥(m,y,d) = ‘P(H, }-f,—),‘v’ d =0,
o
d
‘;’(R’r ¥ aj = ‘?’[f]‘l’,f}", a) =P (Hrrr_)
o

d
¢(m,y,0) <& (]‘I,}’,—),"ﬁ"a =0
a

and
i
ﬂ(]"ﬂ.’, Fraj = ﬂ[:f]"!.’, f}'rr a) =N (Hr }'rr_)
o
i
m,y,d) Eﬂ(n,}-’,—),‘v’ﬁ‘ = 0.
o
We get
d
¥(m,y,d) = ‘P(H, F,T),‘v' n e N,
e
d
$(m,y.0) < #’(H,}*,ﬁ),‘ﬁ"ne I
o
and
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d
ﬂ(:ﬂ‘-r Yfaj =n (R’; }",F),lﬁr n € .
Taking limit as n— +o and applying the circumstance

lim,_, ., ¥(9,7,8) =1 and lim,__, €(8,7,d) =0and lim,___ 2(8,7,3) =0, so 7=y,

hence the FP is unique.

Example 213 Assume @ = [0,1], CTN and CTCN respectively defined as & * k = gk

and ¢ ° k¥ = max{g, k}. Also, ¥, ® and 12 are defined as

d
w(g,71,d)= - V4,7 0,8 =0,
( ) d+ max {#,7} Q

max {8,7}"

#(4,7,0) = - v3,7€Q,d>0,
( ) d + max {8, 7}~ ¢
max {0, 7}°
n(5,7,9) A — v#,7€Q,d=0.

Then (@,%¥,%,12,%,2) be a complete NBMLS. Define £: @ — @ by

1

0, JE [G,E
9=1s 1

Y se (—, 1]
4 2

Now,
d
I%im ¥(9,7,0) = lim =1,

d—w d + max {0, 7}

lim #(5,7,8) =1i e 07 =0
31_1:,; oty _al_l.ljua-kmax{ﬂ;j}:_ ’

max {#,7}° B

e, A(9,2,0) =i =

For ¢ £ [%, l), we have four cases:
Case.1)If 0,7 € [D,%], then &8 = &7 = 0.

1 ) 1 ) 7
Case2)If 7 £ [l:l,:] and J € (;, l], then {8 = 0 and &7 = "

Case.B) If ﬂ,:} E (é, 1], then fﬂ :g and é_"] = %_

Case4)If 7 £ G, 1] and J € [D,%], then & =§ and €7 = 0.
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From all 4 cases, we obtain that

w(&0,87,@d) = ¥(0,7,9),
P(809,87,ad) = €(08,7,9),
N(&9,87,ad) = 12(9,7,9).
Hence all circumstances of Theorem 2.12 are fulfilled and 0 is the unique FP of £. Also,
¥(mw,md)=%(0,0,8)=1v¥a >0,
¢(m,m,d) =#(0,0,3)=0,vad >0,
2(m,w,d) =1(0,0,d)=0,va = 0.
Definition 2.14 Let (Q,%, %, 1,#,2) be an NBMLS. A mapping ¢: @ — @ is named to be NBML

contractive (NBMLC) if @ € (0,1) such that

1 1

W —l=a w(8,7,d) - 1|, (0,87,0) < a®(0,7,0)

and 2(£8,¢7,9) < an(8,7,0) (11)

forall #,7 € Q and @ = 0. Here, @ is called the NBMLC constant of €.
Theorem 2.15 Let (@, ¥, %,1,%,°) be a complete NBMLS and &: @ — @ be a NBMLC mapping
with a NBMLC constant @, then ¢ has a unique FP T € @ so that Y(mr,md) =1,
#(m,m,d) =0 and 2(m,m,3d) =0, forall @ = 0.
Proof: Let (@, ¥, %, 12,%,2) be a complete NBMLS. For a random %, € @, express a sequence {7, }
in @ by

8, =&, 0, =¢808,=89,...0, =0, =E&0,_, forall n EN.
If 0

., = U,_, for some n EMN, then ¥, is a FP of {. We suppose that ¥, # ¥, for all

n € M. For d = 0 and n € M, we obtain from (11)
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1 1 1

—-1= —1=a -1}

qi[:ﬂn!ﬂ:lz+1fa] w(fﬂn—llfﬂn?a] !’U[:ﬂ -1 J!-’a)
We have
1
= 1—a),va=n,
EIE'Ir[:]'l-]l:lzi':I'Iil:lz+11'a] !’U[:ﬂ:-z -1 J!-’a) +[: a:]
a a’
+(1—a) < +a(l—a)+(1—a).

!F[:':-ﬂu —2r Ef-:ﬂ:l:—lf a]
Ongoing in this track, we obtain
1 e n

<
if-"[:ﬂm ﬂ:lz+1f a) B i’U(ﬂDf ﬂlf'aj
- an
~ ¥(D,9,,9)

!’U[ﬂ:z—fr ﬂu -1+ a]

a"” t1l-a)+a* " (1—a)++a(l—a)+(1—a)

+(at+a" "+ -+ 1)(1-a)

T

< _1(1-a").
TR R

We have

< ¥(9,,0,,,,9),Yd>0,n€EN (12)
Fage, 3 Limat)
Now,
¢(ﬁn’ ﬁ”+1, a) = ‘;’Efﬂu—lf fﬂn’a) = a‘;’[:ﬂu -1 :lzfa) =a® (fﬂu—fffﬂn—lf aj
= a° ¢(ﬂn—2f n— J.faj << ‘:‘r”‘;’(ﬂ[ﬁfﬁlﬁaj (13)
and

ﬂ(ﬂ:wﬁn+1f a) =ﬂ(fﬂn—1f fﬂ”,a) < afl (ﬁn -1 :lzfa) = aﬂ(fﬂn—fffﬂn —1r j

= a*n(d

n—2r :lz 1r a) 5 5 ‘:‘r”ﬂ(ﬂ[ﬁ! ﬂlf aj (14)
Now, for &€ = 1 and 1 € M, we get

a d
( n' ?z+£’a) = i’U(]'lal;'z"]‘lil;'z+1_r b) ¥ ip(ﬂ”+1; ﬂ?z+E’E)

d d d
=¥ (ﬂuf ﬂ:z 1 E) = (ﬂn +1r ﬂ:z +2r F) = (ﬂn +2r ﬂ:z+s’E)'
Ongoing in this track, we derive

P (8, 0,:08) 2 ¥ (0,,,00,2) * ¥ (B0, Osnrz) # o # ¥ (B0 ey B i )
d G]
( nt ”"’5’ a) = I‘;’I(ﬂ:'!"ﬂn+1’£) o P (ﬂn+1fﬁn+£f3)

a g 9
- (ﬂu’ ﬂ?z+l’3) o (ﬁ?z-l'l’ ﬂ?H_:,E) o g (ﬂn+f-' ﬂ;-z-l'er)

and
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3 2
0(8,,8,,.,8) < 0 (ﬂ,!, 8. v E) -0 (:5',! " ﬁ,m,g)
<0(6,,0,41.2) 0 0(8,41, 800 %) 0 2(Brs2 Bps s ).

Ongoing in this track, we deduce that

d d d
ﬂ(ﬂ”, ﬁ:lz+£f a) =1 (ﬂuf ﬂ:z +1r E) ol (ﬂu +1r ﬂ:z+2fE) o--ofl (ﬂn +=-1* ﬂ:'! +s’ b;—l)

By using (12), (13) and (14) in the above inequality, we have

1 1
iF(]E":IEJ'ﬂ;-z+£r'a) = ar & a-:'z+l . -
3 +(1—am) . +(1— antl)
(0,9, 7) # (85,8, 2%)
) 1
® a-:lz+£—1 ¥

+(1—an+ey)
w(ﬂﬁ,ﬁl,%}

-~ 1 - 1 e 1
_a—”—kl..Lﬂ{_l” .. artet _|_j_’
e @nd) (e

d _ d _ d
q’(ﬂn! ﬁ:z +sr aj sa'® (ﬂﬂ" ﬁl’E) °a"ie (ﬂl’ ﬂ:’E) oot (ﬁl}’ ﬁl’ F)’

and

d _ d _ d
ﬂ(ﬂ:zf ﬂn+£’ a) <a'fl (ﬁ'}’ ﬂl’E) °a™n (ﬂl’ ﬂ:’E) oo (ﬂu’ ﬂl’bf—_l)

Here, a € (0,1), we deduce from the above expression that
11111;,! oo izu(ﬂu, ﬂu”,a) =1foralld =0,e=1,

lim ¢(J,,9,,.,8) =0foralld =0, =1,

—+oo
and

lim 2(8,,0, ,.,8) =0foralld > 0, = 1.

n—oa
That is, {ﬁu} is a CS in (@, ¥, 02,%,2). By the completeness of (Q,¥,¥,1,%,0). There is

T € I, such that

lim ¥(J,,7,0) = lim ¥(&_,9,,.,0) = lim ¥(m,%,d)=1,vd =0, = 1. (15)

n—*ca n=—+0oo
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lim ¢(J,,7,d) = lim ¢(J,,9,...8) = lim ¢(r,7,d) =0,v3d >0, = 1. (16)
and
lim 2(8,,m,d) = lim (8,_,9,,.,8) = lim 2(n,7,d)=0,vd>0,¢=1 (17)

Now, we examine that 7 is a FP for £. By using (11) we get

1 1 a
S ) I S| P S—
P (20,2, 0) —‘I[w(ﬂ,l,ma) ] w00, ma) -
1
_ < w(£8,,¢m,d).
-
w(d ,m,ad)

applying the above expression, we deduce

d d
¥(mémd) =¥ (]‘I,ﬂ”_l_l,—) * ‘P’(ﬂ”ﬂ, fﬁ,—)

2b 2b
—qx( 9 a)--w[ 9 a)
- T, ?z+1’2b o f ?z’fﬂ‘-’zb
- iP( 2 6') 1
—_— H.l' n+1r & r
+1 Eb a _|_j__|._-2'

y {ﬂ,!,n,za—b)

d d
‘;’(R’r fﬁraj =@ (Hf ﬂ:z +1IE) o P (ﬂn+1’ fﬂ’”ﬂ)

d d
= (m0hegp) o # ($0m 8757

d d
¢ (H’ﬂ:z +1xﬂ) oad (ﬂ,;r J‘T;E)r

M

and

d d
Am, ém,d) <N (]‘I, ﬂn+1rﬂ) o (ﬂ”_ﬂ, fﬁ;ﬁ)

d d
=0(m.0,01.55) > 2 (80, 677

ﬁﬂ( 9 c"“) ﬂ(ﬂ ‘a)
—= T, :lz+1f2b a szﬁfzb

Taking limit as 7 — 02 and using (15), (16) and (17) in the above inequalities, we
examine ¥(m,&{m,d) = 1, ®(m,ém,d) = 0 and 2(m,ém,d) =0, therefore, £ = 7. That is,

T is a FP of f and ‘P(H,rr,ﬂ) =1, ¢(n,n,6] =0 and ﬂ(n,n,ﬂ] =0 forall @ = 0.
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Now, for proving the uniqueness of the FP 7 of £. Let ¥ be another FP of ¢, such that ¥ (.},

ty= 1,®(m,y,8) # 0 and 2(m,y,d) #0 forsome & = 0. It monitors from (11) that

1 1

P(my.0) - wCmina)
1

SiTc R BT
&(m,y,d) = ®(&n.éy,d) < a®(m,y.d) < €(mwy. ),
and
Nm,y,d) = 0(&m, &y, d) = anl(m,y,d) < 2(m,y, ),

a contradiction.

That is, we have ¥(m,¥,d) = 1,2 (m,y,d) = 0 and 2(m,y.d) =0, for all @ = 0, and hence
=Y.

Corollary 2.16 Assume (@,¥,%,1,%#,2) be a complete NBMLS and &: @ — @ be a mapping

satisfying
! 1= [ ! 1]
J— a _— N
w(&ng,&n7,9) - w(8,7,9)
P(&n9,&"7,9) < a®(9,7,9),
and

n(&ne,$"1,0) < al(d,7,9)
for some n EN,VHTE Q,d =0, where 0 <a < 1. Then { has a unique FP T E Q
and ¥(m,m,d) =1,®(r,m,d) =0and 2(w,m,d) =0V ad =0,
Proof: TEQ is the unique FP of &" by applying theorem 215 and
Y(r,md)=1, &(m,m,0d) =0and(r,7,d)=0v¥3=0. &7 is also a FP of £" as
£ (f R’) = &m and from Theorem 2.15, ™ = @, T is the unique FP, therefore, the unique FP of &

is also the unique FP of £".
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Example 2.17 Assume @ = [0,2], CTN and CTCN respectively defined as @ * ¥ = gk and

g o k = max{e, k}, given ¥, ® and 2 as

d
w(s,71,d) = - v3,7€0,d =0,
( ) d+ max {#,7} Q

max {#,7}"

#(4,7,0) = - vY3,7€Q,d=0,
( ) d + max {8, 7}~ ¢
max {8, 7}
0(5,9,0) =———— V8,7€Q3 >0.

forall #,7 € Q and @ = 0.Then (Q,¥,%,12,%,°) is a complete NMLS. Define £: Q@ — @ as

0, =1
£9 = g ?e[0,1)

v

5 ¢ e (1,2].
Then we have 8 cases:
CaseN)If 3 =T =1 then{¥ =<7 =0,
Case2)If # =1 andJ € [0,1), then 0 = 0 and &7 = %
Case3)If # =1 and 7 € (1,2] then {0 = 0 and &7 = %
Case.4)If ? € [0,1) and 7 € (1, 2], then &3 =§ and {7 = %
Case.5)If # € [0,1) and 7 € [0,1), then &3 =§ and £7 = %

Case.6)If ? € [0,1) and 7 = 1, then &0 =§ and £7 = 0.
Case.7)If # € (1,2] and T = 1, then &89 =§ and £7 = 0.

Case.8)If 3 € (1,2] and 7 € (1,2], then &9 :; and &7 = %

All above cases satisfy the NBMLC:

—1 1= —1 1
w(20,87,0) —‘I[w(ﬂ,u,aj_ ]

®(&80,87,8) < a®(9,7,9),

n(&8,83,8) < an(d,71,9)
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with @ E [é, 1) the NBMLC constant. Hence &€ is a NBMLC mapping with @ € [é, l). All

circumstances of theorem 215 are fulfilled. Also, 0 is the unique FP of ¢ and
¥(0,0,8) = 1,#(0,0,8) = 0and 2(0,0,d) = 0,v 3 = 0.

Theorem 2.18 Let (@, %, %, £2,%,2) be a complete NBMLS and &: @ = @ be a NBMLC mapping
with  an NBMLC constant @ . Suppose that their exist TE (), such that
Y(mwém,d) =2 ¥(0,88,0), &(mémd) < 2(5,89,0) and 2(m, ém,d) < 02(8,88,9) for
al #EQ@andd >0, we claim that ¥(mémd)=1 , @(mémd)=0 and
(m,ém,d) =0 for all TEQandd >0, then & has a unique FP TE @ so that
¥(m,md) =1, &(m,md) =0and #(m,7,d) =0 forall @ = 0.

Proof: Let ¥5(9) = ¥(0,80,9), #4(8) = ®(8,88,9) and R4(8) = 2(8,88,8) for all
J€Qandd > 0. Then by the assumption ¥.(9) = ¥s(d) , 2.(d) < £5(8) and
n_(8) =n05(9) for all ¥ € Q and d = 0. We claim that ¥(mw,{m, d) =1, &(m,ém,d) =0
and 2(mém,d) =0 for all @ =0. Indeed, if ¥, (d)=%¥(mémd)=<1 ,

¢ (0) =®(m,ém,d) = 0 and N,.(8) = 2(mw,ém,d) =0 for some @ = 0, then it examine
from (11) that
1 1

7@ | PGriimd)
1 1
=a ¥(m, ém,d) B 1] -4 [m_ l] = [q{r(a) - l]’

P:,(0) = 2(¢m. & ém,d) < al®(m,im )] = a[#,(9)] < €.(9).

N (8) = 2(En,¢ ¢m,0) < al2(min, d)] =aln, (d)] <2.(3).
That is ‘fﬂ?(ﬂ] = ‘an(a], EmeqQ a  contradiction.  Therefore, @ we  have

() =¥(mémd)=1, 245(0) =2(m,émrd)=0 and 2,4(9) = 2(m,éw d) =0 for all
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d = 0, and so {m = 7. Following the similar argument as in theorem (2.15), uniqueness of FP of £

follows. If ¥(m,m,d) < 1,®(m,m,d) =0 and 2(m,7,d) =0 for some d =0, then from

(11), we have
! 1 ! 1= ! 1] < [ ! 1
_— i ———m 1| —— _— N

¢(m,m,d) = ¢(ém,ém,d) < a[®(m,md)] < &(m,md),
N, m,d) = N(¢n,én,d) < al(m,md)] < 2(mx,mwd),

a contradiction. Therefore, ¥ (m,m,d) = 1,¢(m,m,d) = 0 and 2(m,m,d) = 0.
Remark 2.19 In the above theorem it is shown that in an NBMLS, the self-Neutrosophic distance of
the FP of a NBMLC mapping with a NBMLC constant ¢, is always 1, 0 and 0. That is, the degree of

self-nearness of the fixed point of a NBML contractive mapping is perfect.

3. Conclusion

In this article, the concept of neutrosophic b-metric-like spaces is introduced with some fixed point
results and non-trivial examples. This work is more generalized in the existing literature. This work
can easily extend in the structure of neutrosophic extended b-metric-like space, controlled

neutrosophic b-metric-like spaces and many other structures.
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