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1 Introduction
Zadeh [33, 34] introduced the concept of fuzzy set. Jun et al. [7] defined interval-valued fuzzy

set and discussed its properties. Jun et al. [8] presented the notion of cubic subgroups. Senapati et al.
[26] generalized the idea of cubic set to subalgebras, ideals and closed ideals of B-algebra. Imai and
Iseki [5, 6] introduced the two classes of algebra which were BCK algebra and BClI-algebra. Huang
[4] investigated the BCI-algebra. Jun et al. [10, 11] applied the idea of cubic set to subalgebras, ideals
and g-ideals in BCK/BClI-algebra. Neggers et al. [13] defined and studied the B-algebra. Cho et al. [3]
studied the relations of B-algebra with different topics. Park et al. [15] studied quadratic B-algebra
on field X with a BCI-algebra. Saeid [16] was given the idea of interval valued fuzzy subalgebra in
B-algebra. Walendziak [32] proved the conditions of B-algebra. Senapati et al. [21, 22, 23, 24, 31] was
introduced the fuzzy dot subalgebra of BG-algebra, fuzzy dot subalgebra, fuzzy dot ideals,
interval-valued fuzzy closed ideals and fuzzy subalgebra with respect to t-norm in B-algebra.
Senapati et. al. [17, 25] was introduced L-fuzzy G-subalgebra of G-algebra and bipolar fuzzy set
which was related to B-algebra. Khalid et. al. [20] studied the intuitionistic fuzzy translation. Many
researchers [12, 27, 28, 29, 30] have done a lot of work on BG-algebra which was a generalization of
B-algebra. Smarandache [18, 19] introduced the concept of neutrosophic set. Jun et al. [9] introduced
neutrosophic cubic set. Barbhuiya [2] studied the t-intuitionistic fuzzy BG-subalgebra. Takallo et al.
[37] introduced the MBJ-neutrosophic set, BMBJ-neutrosophic subalgebra, BMBJ-neutrosophic ideal
and BMB]J-neutrosophic -subalgebra. G. Muhiuddin et al. [38] studied the neutrosophic quadruple
BCK/BCI-number, neutrosophic quadruple BCK/BCl-algebra, neutrosophic quadruple subalgebra
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and (positive implicative) neutrosophic quadruple ideal. Park [39] introduced the notion of
neutrosophic ideal in subtraction algebra and discussed conditions for a neutrosophic set to be a
neutrosophic ideal. Borzooei et al. [40] introduced the concept of MBJ-neutrosophic set,
BMB]J-neutrosophic ideal and positive implicative BMBJ-neutrosophic ideal. Jun et al. [41] studied
the commutative falling neutrosophic ideals in BCK-algebra. Song et al. [42] investigated the interval
neutrosophic set and applied to ideals in BCK/BCl-algebra. Khalid et al. [43] interestingly
investigated the neutrosophic soft cubic subalgebra through significant results. Muhiuddin et al. [44]
was studied neutrosophic quadruple BCK/BCI-number, neutrosophic quadruple BCK/BCI-algebra,
(regular) neutrosophic quadruple ideal and neutrosophic quadruple g-ideal. Muhiuddin et al. [45]
investigated the (g, €)-neutrosophic subalgebra, (€, €)-neutrosophic ideal. Akinleye et al. [46] defined
the neutrosophic quadruple algebraic structures, also studied neutrosophic quadruple rings and
presented their elementary properties. Basset et al. [47] studied integrated neutrosophic ANP and
VIKOR method for achieving sustainable supplier selection. Basset et al. [48] studied the type 2
neutrosophic number, score and accuracy function, multi attribute decision making TOPSIS and
T2NN-TOPSIS.

The purpose of this paper is to introduce the idea of t-neutrosophic cubic set [t-NCS] and to
investigate this set through the concepts of subalgebra, ideal and closed ideal of BF-algebra.
Homomorphic image and inverse homomorphic image of t-neutrosophic cubic subalgebra [t-NCSU]

and t-neutrosophic cubic ideal [t-NCID] are also studied.

2 Preliminaries

In this section, basic definitions are cited that are necessary for this paper.

Definition 2.1 [32] A nonempty set X with a constant 0 and a binary operation * is called

BF-algebra when it fulfills these axioms.

1. t;*xt, =0

2.44+x0=0

3. 0% (t; xty) =t, xty forall t;,t, €X.
A BF-algebra is denoted by (X,*,0).

Definition 2.2 [1] A nonempty subset S of G-algebra X is called a subalgebra of X if t; *t, € SV
t,t, € S.

Definition 2.3 [14] Mapping f|X = Y of B-algebra is called homomorphism if f(t; *t;) = f(t;) *
f(tz) V tlltZ € X.

Definition 2.4 [23] A nonempty subset I of B-algebra X is called an ideal if for any t;,t, € X, (i) 0
€L (i) ty*t, Eland t, eI >t €L

Anideal I of B-algebra X is called closedif 0*t, € I, V t, € .

Definition 2.5 [33] Let X be the set of elements which are denoted generally by t;. Then a fuzzy set

C in X is defined as C = {< ty, uc(t;) > |t; € X}, where pc(t;) is called the existenceship value of
t; in C and pc(ty) €[0,1].
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For a family C; = {<ty, pc,(t;) > [t; € X} of fuzzy sets in X, where i € k and k is index

set, we define the join (V) meet (A) operations as follows:

v Ci= (v ue)(t) = supfug,li € k)
and

A G = (A He)(t) = influg i € k)
respectively, V t; € X.
Definition 2.6 [2] Let two elements D;,D, € D[0,1]. If D; = [(t)1, (t1)7] and D, = [(t)z, (t1)3],
then rmax(D;,D,) = [max ((t,)7, (t;)7), max ((t;)7, (t1)3)] which is denoted by D; V"D, and
rmin(D,, D;) = [min ((t;)7, (t;)7), min ((t;)7, (t;)3)] which is denoted by D; A" D,. Thus, if D; =
[((t))i, ((t1))*] € D[0,1] for i=123,.., then we define rsup;(D;) =
[sup; (((t1))i), supi(((t))N], Le, Vi Dy = [Vi ((t1)1)i Vi (
(t1)1)i ]. In the same way we define rinf;(D;) = [inf;(((ty),)i), inf;(((t)1)i)], i.e.,
AL Dy = [A; ((t) )i A ()i ] Now we call Dy 2D, & (ty)7 = (t1); and (t)f = (t,)3. Similarly
the relations D; < D, and D; = D, are defined.
Definition 2.7 [1,22] A fuzzy set C = {< ty, uc(t;) > |ty € X} is called a fuzzy subalgebra of X if
He(ty * t) = min{pc(ty), pe(tz)} V ty,t, € X. A fuzzy set C= {< ty, uc(ty) > |ty € X} in X is called a
fuzzy ideal of X if it satisfies (i) pc(0) = pc(ty) and (i) pc(ty) = min{pc(t; * t), pa(tz)} V ty,t; € X
Definition 2.8 [33] An IVFS B over X is an object of the form B = {<t;,pug(t;) > |t; € X}

Where pg(t;): X — DJ[0:1], Where DJ[0,1] is the collection of all subintervals of [0,1]. The interval
ng(t;) shows the interval of the degree of membership of the element t; to the set B, Where

ue(ty) = {uee(t), mus(t)} V t; EX
Definition 2.9 [16] A interval valued fuzzy set C = {< ty,pc(t;) > [t; € X} is called a interval
valued fuzzy subalgebra of X if it satisfies pc(t; * t;) = rmin{uc(ty), uc(tz)} V ty, t; € X

Definition 2.10 [15] A pair P, = (A, A) is called NCS where A = {(t;; At(ty), Ai(ty) , Ap(ty)) |t; € Y}
isan INS in Y and A = {(ty; Ar(ty), A[(t1), Ag (1)) ty € Y} is a neutrosophic setin Y.

Definition 2.11 [26] Let C = {(t;,k(t;),0(t;))} be a cubic set, where k(t;) is an interval-valued
fuzzy set in X, o(t;) is a fuzzy set in X. Then C is cubic subalgebra under binary operation * if

following axioms are satisfied:
C1: k(t; *t;) = rmin{k(t;), x(t,)},
C2: o(ty *ty) < max{o(ty),o(ty)} V t;,t, €X.

Definition 2.12 [9] Suppose X be a nonempty set. A neutrosophic cubic set in X is pair C = (x,0)
where k= {(t;; kg(ty), k(t1), kn(t1)) [ty €X} is an interval neutrosophic set in X and o=
{(ty; o(ty), o1(t1), on(ty)) |t; € X} is a neutrosophic set in X.

Definition 2.13 [9] For any C; = (k;, 0;) where
K = {(t1; kig(ty), kit (t1), Kin(t1)) |ty € X},

o; = {(t;; 0 (t)), 051 (t1), oin (1)) |t; € X} for i € k, P-union, P-inersection, R-un -ion and

R-intersection are defined respectively by
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P-union Up G = (U x;, V o;), P-intersection Np C; = (N x;, A 0;),
iek iek i€k iek iek i€k

R-union Uy C; = (U k;, A 0;), R-intersection: Ni C; = (N x;, V 0y),
iek iek i€k iek iek i€k

where
iLEJk K = {(ty; (iLEJk Kig) (t1), (igk ki) (t), (iLEJk Kin) ()t € XJ,
ié/k o; = {{ty; (igk oie) (t1), (igk oin) (ty), (igk o) ()t € X},
iQkKi = {(ts; (iQkKiE)(tl)v (igk ki) (t1), (iQkKiN)(tl))|t1 € X},

A 01 =t (A o) (t), (A oi)(t), (A o) ()]t € X},
Definition 2.14 [36] Let C = (p¢,vc) be an IFS in BF-algebra X and t € [0,1], then the IFS C' is
called the t-intuitionistic fuzzy subset of X wuat C and is defined as C'=
(<t pet(t), vee(ty) > |ty EY} =< pee,vee > where  pee(ty) = min{uc(ty),t}  and  pee(ty) =
max{vc(t;),1 -t} V t; €X.

Definition 2.15 [36] Let B' = (pgt, vgt) be a t-intuitionistic fuzzy subset of BF-algebra X and te€

[0,1] then B' is called t-intuitionistic fuzzy subalgebra of X if it fulfills these axioms.

(i) upt(ty *ty) = min{uge(ty), upe(ty)},

(i) vgt(ty * t;) < max{vgt(t;), vge(ty)}, V ty,t; €X

3 t-Neutrosophic Cubic Subalgebra of BF-algebra

Let C = (k¢, 0¢) be a neutrosophic cubic set [NCS] of BF-algebra X, then the NCS C is called the
t-neutrosophic cubic set (t-NCS) of X w.r.t C and is defined as C' = {< t;,R'(t;),0'(ty) > |t; €X} =
< R ot > such that®Y(t;) = {< RE(ty), RE(ty), R (t1) > |ty € X} and o(t;) = {< ok (t;), o} (t), 0N (t;) >
[t, € X} with two independent components where R'(t) =
{rmin(Rg(t;), ), rmin(R;(t;), t), rmin(Ry(t,),2 — t — t)}, o' (t;) =

{max(og(ty), t), max(oy(t;),t), max(on(t;),2 —t—t)} and V t,t,2 —t —t' € [0,1] and now concept
of cubic subalgebra can be extended to t-NCSU.

Definition 3.1 Let C = (R, 0) be a cubic set, where X is subalgebra. Then C is t-NCSU under binary

operation = if it satisfies the following conditions:
N1:
l/%tE (t; * t) = rmin{Rg(t1), RE(t2)},
R (ty * tp) = rmin{Rj(t,), Ki(t2)},
l’%tN (t; * t) = rmin{Ry(t,), ‘A{f\l(tz)};
N2:
GtE(t1 *tp) < maX{GE (t1), GE (t2)}
o'1(ty * t;) < max{oj(t,), o7(t)}

o'n(ty * t;) < max{oy(t,), o (t2)}
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Where E means existenceship/membership value, I means indeterminacy existenceship/membership
value and N means non existenceship/membership value. For our convenience we introduce new

notation for t-neutrosophic cubic set as
€ = (Rgin OEin) = {(t1, Rpn (), O n (£1))} = {(ty, RE(t1), 05(t1))}
and for conditions N1, N2 as
NIL: RE(ty *t,) > rmin{RE(t,), RE(t,)),

N2: o5 (t; * t;) < max{og(t;), 05 (t2)}-

Example 3.2 Let X = {0,t;,t,, t3,ty, ts} be a BF-algebra with the following Cayley table.

* 0 t t; ts ty ts
0 0 ts ty ts t, t
ty t 0 tg ty t3 t,
t, t, ty 0 ts ty tg
t3 t3 ty t 0 ts ty
t, t, ts t, t, 0 ts
ts ts ty t3 t, t 0
A t-neutrosophic cubic set C = (R'z, 0%) of X is defined by
0 ty ty ts ty ts
R [0.7,0.9] | [0.6,0.8] | [0.7,09] | [0.6,0.8] | [0.7,0.9] | [0.6,0.8]
RY [0.3,0.2] | [0.2,0.1] | [0.3,0.2] | [0.2,0.1] | [0.3,0.2] | [0.2,0.1]
R'N [0.2,0.4] | [0.1,0.4] | [0.2,0.4] | [0.1,0.4] | [0.2,04] | [0.1,0.4]
0 ty t, ts t, ts
o'g 0.1 0.3 0.1 0.3 0.1 0.3
o' 0.3 0.5 0.3 0.5 0.3 0.5
o'N 0.5 0.6 0.5 0.6 0.5 0.6

Both the conditions of definition are satisfied by the set C. Thus € = (', o%) is a t-NCSU of X.

Proposition 3.3 Let C = {(t;,Rs(t;), 05(t1))} is a t-NCSU of X, then V t; € X, RE(t;) = R5(0) and
05(0) < ok(ty). Thus, R5(0) and o%(0) are the upper bound and lower bound of RE(t;) and o§(t;)

respectively.
Proof. V t; € X, we have RE(0) = R'z(t; * t;) = rmin{RE(ty), R'z(ty)} = RE(ty) = RE(0) = RE(ty) and
0z(0) = o5 (t; * t;) < max{og(t1),05(t1)} = 0z(ty) = 0z(0) < o5(ty).

Theorem 3.4 Let C={(ty, R (t;), 05(t,))} be a t-NCSU of X. If there exists a sequence {(t,),} of X
such that lim,_,R'z((t;),) = [L,1] and lim,_,05((t;),) = 0.Then ®'5(0) =[1,1] and o5(0) = 0.
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Proof. Using above proposition, R5(0) = RE(ty) V t; € X, ~ RE(0) = RE((ty),) for n € Z*. Consider,

[1,1] = RE(0) > limy,eRE((ty),) = [1,1]. Hence R5(0) = [1,1].

Again, using proposition, o5(0) < ok(t;) V t; €X, ~ 05(0) < 05((t;),) for n € Z*. Consider, 0 <
05(0) <lim,_,05((t;),) = 0. Hence o5(0) = 0.

Theorem 3.5 The R-intersection of any set of t-NCSU of X is t-NCSU of X.

Proof. Let Cf = {(t;, (R")z, (6})z)|t; € X} where i € k, is family of sets of t-NCSU of X and t,,t; € X
and t € [0,1] Then

(N (R (ty * ty) = rinf(RY)z(ty * t3)

> rinf{rmin{(R%)z (t,), (R'D=(t2)}}

= rmin{rinf(&Y;)z (t,), rinf(R%) = (t;)}

= rmin{(N (&')z)(t,), (N (&')z)(t2)}

= (N (Rt *t) = rmin{(N (&)z)(t,), (N R)=)(t2)}
and

(V (61)2) (t1 * t) = sup(o))z(ts * t3)

< sup{max{(0})z(t1), (6})=(t2)}}

= max{sup(cj)z(t1), sup(07)z(t2)}

= max{(V (6})z)(t1), (V (01)=) (t2)}

= (V (0D)z) (ty * t;) < max{(V (6))=)(t), (V (6))=) (t2)},
which show that R-intersection of Cf is t-NCSU of X.

Remark 3.6 The R-union, P-intersection and P-union of t-NCSU need not to be a t-NCSU which is
explained through example.

let X = {0,t,t,,t5,t4,t5} be a BF-algebra with the following Caley table.

* 0 t t2 t3 ty tg
0 0 t t t3 ty tg
t t 0 ty tg t3 ty
t, t, t 0 ty ts t3
ts ts t, ts 0 t t;
ty ty ts t3 ty 0 t
tg ts t3 ty t t, 0

Let Cf = ((RHE, (6HY) and ¢} = ((RHZ, (cY)%) are t-neutrosophic cubic sets of X which are defined by
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0 ty t, ts ty ts
*E | [0.4,0.5] [0.2,0.3] [0.2,0.3] [0.4,0.5] [0.2,0.3] [0.2,0.3]
w1 [0.6,0.7] [0.3,0.4] [0.3,0.4] [0.6,0.7] [0.3,0.4] [0.3,0.4]
®IN | [0.7,0.8] [0.4,0.5] [0.4,0.5] [0.7,0.8] [0.4,0.5] [0.4,0.5]
®LE | [0.7,0.8] [0.3,0.4] [0.3,0.4] [0.3,0.4] [0.7,0.8] [0.3,0.4]
RSl [0.8,0.7] [0.2,0.3] [0.2,0.3] [0.2,0.3] [0.8,0.7] [0.2,0.3]
®EN | [0.7,0.6] [0.2,0.4] [0.2,0.4] [0.2,0.4] [0.7,0.6] [0.2,0.4]
0 t t, t3 ty ts
oiE 0.2 0.9 0.9 0.2 0.9 0.9
otl 0.3 0.8 0.8 0.3 0.8 0.8
oiN 0.5 0.7 0.7 0.5 0.7 0.7
o5E 0.3 0.6 0.6 0.6 0.3 0.6
3 0.4 0.8 0.8 0.8 0.4 0.8
o5N 0.5 0.8 0.8 0.8 0.3 0.8

(U (RYL)(as * a,) = ([0.3,0.4], [0.3,0.4], [0.4,0.5])= 2 ([0.7,0.8], [0.6,0.7], [0.5,0.6])= =
rmin{(U (RHL)(a3), (U (RHL)(a,)} and (A (c%)s)(as * a,) = (0.5,0.6,0.7)z £ (0.3,0.4,0.5)z = max{(A
(6')=)(@3), (A (6D)=) (a4)}-
Theorem 3.7. Let Cf = {(t;, (RY)z, (6D)z)|t; € X} be a collection of sets of t-NCSU of X, where i € k
and t € [0,1]. If inf {max {(c})z(t;), (6})=(t;)}} = max{inf(c})z(t;)

,inf(c})z(t;)} V t; € X, then the P-intersection of C is also a t-NCSU of X.

Proof. Suppose that Cf = {(t;, (R")z, (6})z)|t; € X} where i € k, be a collection of sets of t-NCSU of
X such that inf{max{(c})z(t;), (6})z(t;)}} = max{inf(c})z(t;),inf(c})z(t;)} V a € X. Then for t;,t, €
X and t € [0,1]. Then

and

(N (R)z)(ty *t;) = rinf{(R")z(t; * t2)}

= rinf{rmin{(R")z (t,), (K= (t2)}}

= rmin{rinf(RY;)z (t,), rinf(R%) = (t;)}
= rmin{(N (R)z)(t1), (N (K'Dz)(t2)}
= (N ®'De)(t *tz) = rmin{(N (R)z)(t), (N (R ()}

(A (6))=)(ts * tz) = inf(o))z(ty * ;)
< inf{max{(c7)z(t1), (61))z(t2)}}
= max{inf(0})z (t1), inf(0))z(t2)}
= max{(A (6})z)(t1), (A (61))=) (t2)}
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= (A (61)2) (4 * t5) < max{(A (6)z)(tr), (A (61))=) (t2)}
which show that P-intersection of G is t-NCSU of X.

Theorem 3.8. Let Cf = {(t;, (%)=, (c))z)|t; € X} where i € k, be a collection of sets of t-NCSU of X. If

sup{rmin{(R")z(t,), (k)= (tz)}} = rmin{sup(k*;)z(t), sup(R*)z(t)} and
inf{max{(c})z(t,), (6D)z(tz)}} = max{inf(c})z(t;),inf(c})z(t,)}, Vt; €X. Then P -union of Cf is
t-NCSU of X.

Proof. Let C! = {{t;, (R%)z, (6D))|t; € X} where i € k, be a collection of sets of t-NCSU of X such
that sup {rmin{(k")z(t,), (k)=(t2)}} = rmin{sup(R*)z(t1), sup(R*)z(t2)}
V t; € X. Then for t;,t, € X, and t € [0,1].
(U Rty * tz) = rsup(R')z(ty * tz)
> rsup{rmin{(R*)z(t1), (k)= (t2)}}
= rmin{rsup(R)z (t,), rsup(Rz(t2)}
= rmin{(U (R")z)(t), (U (RD=)(t2)}
= (U (R)z)(ty * t2) = rmin{(U (R*)z=)(t1), (U RD=)(t2)}
and
(V (0D (ty * t2) = sup(o])z(t * t3)
< sup{max{(o})z(t1), (6= (t2)}}
= max{sup(o})z(t,), sup(oDz (t)}
= max{(V (6})z) (tr), (V (6))=) (t2)}
= (V (0D)z)(t; * t;) < max{(V (6))=)(t1), (V (6))=) (t2)},
which show that P-union of €} is t-NCSU of X.

Theorem 3.9 Let Cf = {(t;, (R%)z, (cD)z)|t; € X} where i € k, be a collection of sets of t-NCSU of X. If

inf{max{(c})z(t1), (6})=(t2)}} = max{inf(c})z(t), inf(c})=(tz)} and sup{rmin{(R*)z(t:), (R)=(t2)}}
= rmin{sup(R;)z(t;), sup(R%)=(t,)} Vt; € X and t € [0,1]. Then R-union of C} is a t-NCSU of X.

Proof. Let Cf = {(t;, (RY)z, (6D)z)|t; € X} where i € k, and t € [0,1] be collection of sets of t-NCSU
of X such that inf{max{(cDz(t;),(c})=z(t)}} = max {inf (o)) (t,),inf(c})z(t,)}} and
sup {rmin{(R")z(t1), (k)= (tz)}} = rmin
{sup(R)z(ty), sup(Rt)z(t)} V t; € X. Then for t;,t, € X and t € [0,1]
(U (®')=)(ty * tz) = rsup(R)z(t; * t2)
> rsup{rmin{(R")z(t1), (k)= (t2)}}
= rmin{rsup(R*)z (t1), rsup(R*z (t2)}
= rmin{(U ®%)z)(t1), (U Rz=)(t2)}
= (U (R*)=)(t * tz) = rmin{(U (R*))(t1), (U (R )=)(t2)}
and
(A (0D (ty * t2) = inf(o])z(ty * t2)

< inf{max{(c})z(t1), (0)z(t2)}}
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= max{inf(c})z (t1), inf(0))z(t2)}

= max{(A (6))z)(t1), (A (61)=) (t2)}

= (A (0D)2) (t * t5) < max{(A (6)z)(tr), (A (0D)=)(t2)},
which show that R-union of ¢} is t-NCSU of X.

Theorem 3.10 If t-neutrosophic cubic set C* = (R'z, o%) of X is subalgebra, then V t; € X, R*z(0 *
t1) = R'z(t;) and 05(0 *t;) < o5(ty).
Proof. For all t; €X, ®'5(0*t;) =rmin{R'z(0),R'%z(t))} = rmin{R's(t; *ty),R%(t))} =
rmin{rmin{R*z (t,), R'z(t;)}, R'z(t;)} = R'z(t;)and similarly o5(0 * t;) < max{o(0),0%(t;)} = o%(ty).
Theorem 3.11 If t-netrosophic cubic set C' = (R'z, 0%) of X is subalgebra then C'(t; * t,) = C*(t; *
(0% (0xty))) V t;,t, €X.
Proof. Let X be a BF-algebra and t;,t, € X. Then we know by above lemma that t, = 0 * (0 * t,).
Hence R'z(t; *t,) =R'%s(t; * (0% (0*ty))) and o%(t; *t;) = o5(t; *x (0% (0*t,))). Therefore,
Ca(ty *tz) = Ci(ty * (0% (0 * t3))).
Theorem 3.12 If t-neutrosophic cubic set C' = (R}, %) of X is t-NCSU, then V t;,t, €, RE(ty *
(0 % t5)) = rmin{RE (t,), R%:(t;)} and of(t; * (0 * t;)) < max{og(t;), o&(t;)}-
Proof. Let t;,t, € X. Then we have RL(t; * (0 x t,)) = rmin{RE(t;), RE(0 * t;)} = rmin{RE (t,), RE(t2)}
and og(t; * (0 % t;)) < max{og(t;),05(0 * t;)} < max {o5(t;), 05(t;)} by definition and proposition.
Theorem 3.13 If a t-neutrosophic cubic set C* = (R'z, 05) of X satisfies the following conditions,
then C* refers to a t-NCSU of X:

1. RE(0 *t;) = RE(t;) and o5(0*t;) <o%(ty) V t; €X

2. Rg(t *(0%tp))  =rminfRg(ty), RE(tz)} and  of(ty * (0 * t3))
max{o%(t;),05(ty)}, V ti,t, €X and t € [0,1].

IA

Proof. Assume that the t-neutrosophic cubic set C* = (RE, 0%) of X satisfies the above conditions (1
and 2). Then by lemma, we have RE(t; *t;) = RE(ty * (0 (0 * t3))) = rmin{RE(t;), RE(0 * t;)} =
rmin{RE(t,), RE(tz)}  and o5 (ty * t;) = 0% (ty * (0 * (0 * t2))) < max{o%(t;), 05(0 * t;)} <
max{o%(t;),05(tz)} V t;,t, € X. Hence C' is t-NCSU of X.

Theorem 3.14 A t-neutrosophic cubic set C* = (R}, 0%) of X is t-NCSU of X & RE,RE and of are

fuzzy subalgebra of X.

Proof. Let RS ,RE" and of are fuzzy subalgebra of X and t;,t, €X and t € [0,1]. Then R§ (t; *
t;) = min{RE (t,), RE (t2)}, RE (ty * t5) = min{RE" (), RE (t,)} and o5ty *t;) <
max{oz(t;), o5 (t;)}. Now, RE(ty * tp) = [RE (ty * t2), Re" (t; * t5)] 2
[min{RE (t,), RE (t2)}, min{RE" (t,), RE" (t2)}] = rmin{[ RE (t,), R™ 2 (tz)], [Re (t,), Re"

(t)]} = rmin{RE(ty), RE(t,)}. Therefore, C* is t-NCSU of X. Conversely, assume that C* is a t-NCSU
of X . For any t;,t;€X , [RE(ty*ty), RE(t; *ty)] = RE(ty *t;) = rmin{RE(ty), RE(t,)} =
rmin{[ Rg (t1), Rz (t)], [ R (t2), Re"(t2)]} =[min{ R (t1), R

(t2)} min{Rg" (t,), RE" (t2)}]- Thus, R (t *tp) = min{ kg (t,), kg (t)} REF(ty *t) =
min{RE' (t), RET(t,)} and o%(t; *t;) < max{og(ty),05(t;)} . Hence RE,RY and of are fuzzy

subalgebra of X.
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Theorem 3.15 Let C* = (R}, o%) be a t-NCSU of X and n € Z*(the set of positive integer). Then
1. RE(Int; xty) = RE(ty) for n€ O,
2. og(Jpty *t;) < og(ty) for n €0,
3. RE(ILt *t;) =RL(ty) for n €E,
4. ot(JI,ty *t;) = o%(t;) for n € E.

Proof. Let t; € X and n isodd. Then n = 2q — 1 for some positive integer q. We prove the theorem
by induction. Now RE(t; *t;) = RE(0) = RE(ty) and o%(t; *t;) = 05(0) < 05(ty). Suppose that
RE(MIzq-1ty *ty) 2 RE(ty) and o5 (Izq_1ty * t;) < 0% (t;). Then by assumption, Rg(yqs1)-1t1 * t1) =
l’%t5(112q+1t1 *ty) = ﬁtE(-HZq—ltl * (b x (t xty))) = ﬁtE(-HZq—ltl *t;) 2 R'z(t,) and of (aqen)-1ts * t1)
= UtE(H2q+1t1 *ty) = UtE(HZq—1t1 * (g * (t % ty))) = Gts(JIZq—1t1 *t;) < 0 (ty), which prove (1) and

(2), similarly we can prove the remaining cases (3) and (4).

Theorem 3.16 The sets denoted by It and I are also subalgebras of X, which are defined
as:Toe ={t; € X|RE(t;) = RE(0)}, I,e ={t; € X|ok(t,) = 05(0)}. Let C* = (RL, 0%) be a t-NCSU of X.
Then the sets e and I are subzllgebras of X.

Proof. Let t;,t, € Is. Then RE(ty) = RE(0) = RE(ty) and RE(t; *t;) > rmin{RL(ty), RE(t)} =
R'z(0). By using Propo;ition 3.3, we know that RE(t; * t,) = R*z(0) or equivalently t, *t, € [ty
Again let t;,t, € It. Then og(t;) = 05(0) = o5(t;) and og(t; * t;) < max {og(ty), 05(t;)} =0%(0).
Again by using Prc;position 3.3, we know that o%(t; *t,) = 05(0) or equivalently t; *t, € ILu.
Hence the sets I+ and It are subalgebras of X. i

Theorem 3.17 Let A be a nonempty subset of X and C* = (R}, o%) be a t-neutrosophic cubic set of
X defined by

[Hzl» uEz]l iftl €A
[Vgl,VEZ], otherwise,

t o~ (b= ift; EA
oz(ty) = (55, otherwise

l/atE(tl) = <

,V [Mg,,bg,],[Vs,,vs,] € D[0,1] and ¢z, 8z € [0,1] with [ug ,ps,] = [vg,Vs,] and g
Then C' isa t-NCSU of X & A is a subalgebra of X. Moreover, It =A= It

IA
(o2}
(1]

Proof. Let C' be a t-NCSU of X and t;,t, € X such that t;,t, € A. Then RL(t; *t,) >
rmin{RE(ty), RE(t2)} = rmin{[pz,, ke, ], [Me,, He, ]} = [He,, He,] and o5 (ty *t;) < max{ot(ty), 0%(ty)} =
max{dz, =z} = ¢pz. Therefore t; *t, € A. Hence A is a subalgebra of X.

Conversely, suppose that A is a subalgebra of X and t;,t, € X. Consider two cases.
Case 1: If t;,t, € Athen t; *t, € A, thus RE(ty * t) = [ug,, pe,| = rmin{RE(ty), RE(t,)}
and og(t; * t;) = ¢z = max{ox(t;), o5 (t2)}.

Case 2: If t; & A or t, & A, then RE(t; *t,) = [vg,,
= max{og(t;), 0%(t,)}. Hence C*' is a t-NCSU of X.
Now, It ={t; € X,Rz(t;) = RE(0)}={t; € X, Rg(t;) = [az,, az,]} = Aand [t ={t; € X,0%(t;) = 05(0)} =
{t €X,05(t) = vz} = A ]

vg,] = rmin{RE(t), RE(tz)} and og(t; *t;) < 8z

Definition 3.18 Let C'=(R';0%) be a tneutrosophic cubic set of X . For
[SE,, SE, ] [S1,, 51,1, [Sn,» SN, ] € D[0,1] and tg, b, tn, €101] the set U(fct5|([SE1
,SE, ] [S1,, 81,1 [Sny sn, 1)) = {ts € X[Rg(ty) = [sg,, S, ) Ri(t) = [s1,,81,], Rn(ty) =[Sy, sn,]} is  called
upper  ([sg,, Sg, ), [s1,, 5,1, [Sny, Sn,]) -level of €° and  L(ot|(tg, ti,,ty,)) = {t; € X|o'g(ty) <
tg,, 0% (ty) < tj,, 0N (ty) < ty,} is called lower (tg,,ty,,ty,)-level of C*.
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For comfort, we introduce the new notions for upper level and lower level of C' as,
U(Rz|[sz,, sz,]={t1 € X|Rz(t;) = [sg,,55,]} is called upper ([sz,,sz,])-level of C* and L(o%|tz,)={t; €
X|og(t;) < tg,} is called lower tg, -level of C*.

Theorem 3.19 If C* = (RL, o%) is t-NCSU of X, then the upper [sz,,Sz,]-level and lower tg -level of

C" are subalgebras of X.

sz,] and Rg(ty) = [sg,,sg,]. It follows that

2y =

Proof. Let t;,t, € U(R%|[sz,,Sz,]). Then R:(ty) = [s

RE(ty * tz) = rmin{RE(ty), R (t2)} = [sg,,5z,] =ty *t; € U(RE|[sz,,
subalgebra of X. Let t;,t, € L(og|tz,). Then o5(t;) < tz, and oz(t,) < tg,. It follows that og(t; *
t;) < max{oz(t;),05(t;)} < tg, = t; *t, € L(og|tg,). Hence L(og|tg,) is a subalgebra of X.

sz,]). Hence, U(Rg|[sz,,sz,] is a

217

Corollary 3.20 Let € = (%, 0%) is -NCSU of X. Then ®4([ss,,5z,]; tz,)= U(RI[sz,,53,1) N L(ok|ts,)
= {t; € X|RE(t1) = [sg,, Sg,], 05(t;) < tg,} is a subalgebra of X.

=1’

Proof. We can prove it by using above proved Theorem. The converse of above corollary is not valid.

Theorem 3.21 Every subalgebra of X can be realized as both the upper [sz,,sz,]-level and lower
tg, -level of some t-NCSU of X.

Proof. Let A" be a t-NCSU of X, and t-neutrosophic cubic set C* on X is defined by

mer

R oz =

_ <[|»131.|»152] ift; €AY (vgl if t; €A
[0,0] otherwise.” =

0 otherwise .
V [Mg,,Mg,] € D[0,1] and vg, € [0,1]. We investigate the following cases.

Casel If V ty,t, €A" then RE(ty) = [pg,, ps,], ok(ty) =vg, and RE(ty) = [pg,, pe,|, oE(ty) =
vg,.Thus RE(t; *t,) = [ug,, u,] = rmin{{uz, ug, ], [1s,, vz, ]} = rmin{RE(t,), RE(t,)} and ok (ty *t,) =
vz, = max{vg,, vz, } = max{ok(t,), ot (t;)}.

Case2 If t; € A" and t, & A', then R&(t)) = [Wg,, 1s,], 0z(t;) =vg, and Ri(t;) = [0,0], ox(ty) =
1. Thus R%(t; * tp) = [0,0] = rmin{[pz , pg,], [0,0]} = rmin {RE(t;) ,RE(ty)} and of(ty *t) < 1=

max{vg,, 1} = max{oz(t;), o5(t;)}.

Case3 If t; € A" and t; € A, then RE(t;) =[0,0], o5(ty) =1 and RE(ty) = [pg,, Mg,], 05(ty) =
vg, . Thus RE(t; *t;) = [0,0] = rmin{[0,0], [ug,,v=,]} = rmin{R5(t;), RE(t,)} and oz(t; *t,) < 1=
max{1,vg, } = max{oz(t,), o5(t)}.

Case4 If t; ¢ A" and t, & A, then RL(t;) =[0,0], o%(t;) =1 and RE(t,) =[0,0], ok(t,) =1.
Thus R%(t; * t,) = [0,0] = rmin{[0,0],[0,0]} = rmin{R%(t,),RE(t,)} and oL(t; *t,) < 1 =max{1,1} =
max{o%(t,), 05 (t;)}. Therefore, C' is a t-NCSU of X.

Theorem 3.22 Let A" be a subset of X and C* be a t-neutrosophic cubic set on X which is given in

the proof of above theorem. If C* is realized as lower level subalgebra and upper level subalgebra of

some t-NCSU of X, then B' is a t-neutrosophic cubic one of X.

Proof. Let C* be a t-NCSU of X, and ty,t, € C'. Then Rz(t;) = R&(ty) = [ag,,
oz(ty) = Bz,. Thus Rz (t; * t;) = rmin{R(t,), Rz (ty)} = rmin{[az, az,],
[og,, az,]} = [ag,, az,] and o5 (t; * t;) < max{og(ty), 05(tx)} = max{Bz,, Bz, } = Bz, = t; *t; € A"

Hence proof is completed.

ag,] and oz(t)) =

4 Image and Pre-image of t-Neutrosophic Cubic Subalgebra
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In this section, homomorphism of t-neutrosophic cubic subalgebra is defined and some results are
studied.

Suppose T' be a mapping from X into Y and €' = (R§, 0%) be a t-neutrosophic cubic set in X. Then
the inverse-image of C'is defined as I'"*(CY) = {(t;,T*(RL), I (c5))It; € X} and T H(RE) (L) =
RE(C(ty))and I'*(o5)(ty) = o5(I(ty)). It can be shown that I'"1(C") is a t-neutrosophic cubic set.

Theorem 4.1 Suppose that I'|X - Y be a homomorphism of BF-algebra. If C* = (R§, of) is a t-NCSU
of Y, then the pre-image I'"*(C%)={(t,, [1(RL),["*(c%))|t; € X} of C* under T isa t-NCSU of X.

Proof. Assume that C'= (R},0%) is a t-NCSU of Y and t;,t, €X. Then T 1(RL)(t; *t,) =
RE(T(ty *t)) = RE(T(ty) * T'(t)) = rmin{RE(T'(ty)), RE(T(t2))} = rmin{T~*(RE) (t,), T (RE)(t2)} and

I (05)(ty * tz) = o (I'(t; * t;)) = o&(I'(ty) * I(ty)) < max{og(T'(t,)), o (I'(t))} =
max{I' (o) (t;), I (0L) ()} «~ T7HEY) = {{ty, T7H(RY), (o)), € X} is t-NCSU of X.

Theorem 4.2 Consider I'|X - Y be a homomorphism of BF-algebra and €} = ((%)z, (6})z) be a
t-NCSU of Y,where j€ k. If inf {max {(0])z(t;), (6])=(tz)}} = max {inf (6))z(t;) ,inf(c))z(t;)}, V
t, €Y. Then I'*(Ng C) is t-NCSU of X.
jek
Proof. Let Cf = ((k))z, (6})z) be a t-NCSU of Y where j € ksatisfying inf{max{(c})z(t,), (6))=(t;)}}
= max{inf(c})z (t,), inf(6])z(t,)}, V t, € Y. Then by Theorem 3.7 we know, Ng Cf is a t-NCSU of Y.
jek
Hence I''(Ng C) is t-NCSU of X.
jek

Theorem 4.3 Let T'|X - Y be a homomorphism of BF-algebra. Assume that Cf = ((k))z, (6})z) be a
collection of sets of tNCSU of Y where je€k If rsup{frmin{(R)z(t;), (R)z(tx)}} =

rmin{rsup(R)z(t,), rsup(R)z(t)}, V (t,), (t2)" € Y. Then ' (Ug €}) is t-NCSU of X.
jek

Proof. Let Cf=({®)z(c)z) be a t+NCSU of Y where jek satisfying
rsup{rmin{(&})z (t,), (&)= (t,)} = rmin{rsup(R)z(t,), rsup(R)z(t;)} V t;,t," € Y. Then by Theorem

3.8 we know, Ug Cf isa t-NCSU of Y. Hence I'"'(Ug C}) is t-NCSU of X.
jek jek

Definition 4.4 A tmneutrosophic cubic set C'= (R}, 0%) in BF -algebra X is said to have

rsup-property and inf-property for any subset P of X, 3 p, € T such that R%(p,) = rsupkE(py) and
Po€S

o5(se) = infok(ty) respectively.
to€T

Definition 4.5 Let I' be mapping from X to Y. If C* = (RE, of) is neutrosphic cubic set of X, then
the image of C* under T is denoted by I'(C*) and is defined as T'(C)={(ty, Tysup (RE), Tins(R)t; €
X}, where

rsup (Rp)(th), if T7H(t) # &

r‘rsup(ﬁts)(tz) = ( t1 €7 1(tp)
[0,0], otherwise,

and

inf obt(t)), if I''(t,) #
rinf(oa)(tz)=<tler'1<tz> =) ()= ¢
s otherwise.

Theorem 4.6 Suppose I'|X = Y be a homomorphism from a BF-algebra X onto a BF-algebra Y. If
C' = (Rg,0%) is a t-NCSU of X, then the image I'(C") = {(ty, [1sup (R%), Tine(02))|t; € X} of A under
' is t-NCSU of Y.
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Proof. Let C* = (R}, 0f) be a t-NCSU of X and t,,t,’ € Y. We know that {t; xt,'|t; € T"(t,) and
t €7t} € {t; €X|t; € T7H(t, * )} Now Fgyp (RE) (t, * tp)=rsup{Rz(t)|t; € T71(t, *t,)} =
rsup{Re(t; *t;)|t; ET7'(t;)  and  t," €T7N(t,)} =  rsup{rmin{Rg(t,), Re(t; )}t € T7H(ty)

and t,' €ET71(t,)} = rmin{rsup{Rg (t,)|t; € I1(t,)}, rsup{Rz(t; )|ty € T71(t,)}} =
rn’lin{l—‘rsup (ﬁts)(tz)'

Frsup(ﬁta)(tzl)} and Finf(cta)(tz *t,') = inf {Gta(tl)|t1 €I *(t, *t,")} < inf {O'ta(tl *t)|ty €
r-1(t,) and t;’ € I'"(t,")} < inf {max {o%(t;), o5 (t;)}|t; € I"1(t,) and t, e ()} =

max {inf {05 (t;)[t; € T (t)}, inf {o5 (t;)|t," € T71(t;")}} = max {Tine(0) (t2), Tins(08) (t2)}.  Hence
F(Ct):{(tl' Frsup(ﬁtE)r Finf(GtE) )ltl € X}
isa t-NCSU of Y.

Theorem 4.7 Assume that '|X - Y is a homomorphism of BF-algebra and Cf = {(R)z, (o))} is a
t-NCSU of X, where i € k. If inf{max{(c})z(t;), (6})z(t;)}} = max{inf(c))z(t,), inf(c})z(t})}, Vt; € X.
Then T'(Np C}) is a t-NCSU of Y.

iek
Proof. Let Cf = {(R)gz (c})z} be a collection of sets of t-NCSU of X, where i€ k satisfies
inf{max{(c})z(ty), (6)z(t;)}} = max{inf(c))z(ty), inf(c))z(t;)} V t; €X. Then by above stated

theorem, Np Cf is a t-NCSU of X. Hence I'(N

p C) is t-NCSU of Y.
iek iek

Theorem 4.8 Suppose I'|X > Y be a homomorphism of BF-algebra and Cf = {(R)z, (6})z} be a
t-NCSU of X where i€ k.If rsup{rmin{(xD)z(t;), (R)z(t;)}} = rminfrsup (RD)z(t,), rsup(RD)z(t,")},

V ty,t;" € Y. Then I'(Up C) is also a t-NCSU of Y.

iek
Proof. Let Cf = {(RD)z, (6})z} be a collection of sets of t-NCSU of X where i€k satisfies
rsup{rmin{(R))z (t;), (RDz(t;")}} = rmin{rsup(RD)=z(t;), rsup(R)=(t;)}, Vt;,t;' €X. Then by above
stated theorem we know that Up Cf is a t-NCSU of X. Hence T'(Up C{) is t-NCSU of Y.

iek iek

Theorem 4.9 For a homomorphism I'|X - Y of BF-algebra, the following results hold:
1. If v i€k, ¢ ist-NCSU of X, then T'(Ng C) is t-NCSU of Y,

iek

2. If Viek, Df is t-NCSU of Y, then I'"1(Ng D)) is t-NCSU of X.

iek
Proof. Straightforward.
Theorem 4.10 Let ' be an isomorphism from a BF-algebra X onto a BF-algebra Y. If C* is a t-NCSU
of X. Then I'}(r'(cY)) = c*.

Proof. For any t; €X, let I'(t;) =t,. Since I is an isomorphism, TI''(t,) = {t;} . Thus
reYH(rty)) =rEeH(t,) = tlerL—Jl(tz)Ct(tl) = C'(t,).For any t, € Y,T is an isomorphism, I'"*(t,) =
{t;} so that I'(ty) = t,. Thus T71(€Y)(t;) = C*(T(t,)) = C'(t,). Hence, I"X(T'(CY)) = C".

Corollary 4.11 Consider T is an Isomorphism from a BF-algebra X onto a BF-algebra Y. If C' is a
t-NCSU of Y. Then I'(T~1(¢Y) = ct.

Proof. Straightforward.

Corollary 4.12 Let I'|X » X be an automorphism. If C*' is a t-NCSU of X. Then I'(C") =C' &
r-icY = ct.
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5 t-Neutrosophic Cubic Closed Ideal of BF-algebra

In this section, t-neutrosophic cubic ideal and t-neutrosophic cubic closed ideal of BF-algebra are

defined and investigated through related results.

Definition 5.1 A t-neutrosophic cubic set C* = (R, 0%) of X is called a t-NCID of X if it satisfies

following axoims:

N3.
N4.
NB5.

k'5(0) = ®E(t;) and o05(0) < oz (ty),
'%ta(tl) 2 rmin{f{ts(tl * 1), ‘Act: (t2)},

o (t;) < max{og(t; *t,),0%(t2)}, Vi, t, €X

Example 5.2 Consider a BF-algebra X = {0,t;,t;,t3} and binary operation * is defined on X as

and

% 0 t t, ts
0 ty ty ts
t, t; 0 ts t,
[ iy i3 0 t
t3 t3 t, t 0
Let C* = {R's, oL} be a t-neutrosophic cubic set in X is defined as,
0 t ty ts
Rty [1,1] [0.8,0.7] [1,1] [0.4,0.6]
Kt [0.8,0.8] [0.5,0.7] [0.8,0.8] [0.6,0.4]
Rty [0.7,0.8] [0.4,0.5] [0.7,0.8] [0.8,0.4]
0 t t, ts
oty 0 0.7 0 0.6
ot 0.1 05 0.1 0.6
oty 0.2 0.3 0.2 0.4

Then it can be easy verify that C' satisfies the conditions N3, N4 and N5. Hence C' is t-NCID of X.

Definition 5.3 Let C* = {R§, o5} be a t-neutrosophic cubic set X then it is called t-neutrosophic cubic

closed ideal of X if it satisfies N4, N5 an . Ke(0*t)) =2 Kz(ty) and o05(0*ty) < o0z(ty), Vt, €EX.
losed ideal of X if fies N4, N d N6. RL RE d of 5

Example 5.4 Let X = {0,t;,t,,t3,ty, ts} be a BF-algebra as in Example 3.2 and C' = {R§, 05} be a

t-neutrosophic cubic set in X is defined as

0 ty t, t3 ty ts
R [0.4,0.7] [0.3,0.6] [0.3,0.6] [0.2,0.4] [0.2,0.4] [0.2,0.4]
RY [0.5,0.8] [0.4,0.7] [0.4,0.7] [0.3,0.6] [0.3,0.6] [0.3,0.6]
Rty [0.6,0.9] [0.5,0.8] [0.5,0.8] [0.3,0.4] [0.3,0.4] [0.3,0.4]
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0 t t, ts ty ts
o'g 0.3 0.6 0.6 0.8 0.8 0.8
oY 0.4 0.5 0.5 0.7 0.7 0.7
o'y 0.5 0.6 0.6 0.9 0.9 0.9

By calculations it is clear that C' is a t-neutrosophic cubic closed ideal of X.

Proposition 5.5 Every t-neutrosophic cubic closed ideal is a t-NCID.

Proof The converse of proposition 5.5 is not true in general as shown in the given example.

Example 5.6 Let X = {0,t,t,,t3,ty,ts} be a BF-algebra as in Example 3.2 and C' = {R§, ot} be a

t-neutrosophic cubic set in X is defined as

0 t t, ts ty ts
gt | [0.5,0.7] [0.4,0.6] [0.4,0.6] [0.3,0.4] [0.3,0.4] [0.3,0.4]
Y [0.6,0.8] [0.5,0.7] [0.5,0.7] [0.4,0.6] [0.4,0.6] [0.4,0.6]
RN [0.7,0.9] [0.6,0.8] [0.6,0.8] [0.5,0.4] [0.5,0.4] [0.5,0.4]

0 t; t, t; ty ts
o'g 0.2 0.5 0.5 0.6 0.6 0.6
oY 0.3 0.4 0.4 0.7 0.7 0.7
o'y 0.3 0.5 0.5 0.8 0.8 0.8

By calculations verify that C* is a t-NCID of X. But it is not a t-neutrosophic cubic closed ideal of X
since R'z(0 *t;) & RL(t;) and o%(0 *t;) £ ok(ty), V t; €X.

Corollary 5.7 Every t-NCSU which satisfies N4 and N5 becomes a t-neutrosophic cubic closed ideal.
Theorem 5.8 Every t-neutrosophic cubic closed ideal of a BF-algebra X is also a t-NCSU of X.

Proof. Suppose C' = {R}, 0%} be a t-neutrosophic cubic closed ideal of X, then for any t, € X we
have RE(0 * t;) = RE(t;) and o5(0 * t;) < ok(t;). Now by N4, N6, Proposition 3.3, we know that
Rg(ty * tp) > rmin{RE((ty * t5) * (0% t5)), K5 (0 * t5)} = rmin{Rg(t,), Rg(0 * t5)} > rmin{Rz(ty), Rx(t2)}
and  og(t; * tp) < max{og((ty * tz) * (0 * t3)), 05 (0 * t;)} = max{og (t;), 05 (0 * t;)} =

max{o%(t,), 05(t,)}. Hence C' is a t-neutrosophic cubic subalgeba of X.
Theorem 5.9 The R-intersection of any set of t-NCIDs of X is a t-NCID of X.
Proof. Let Cf = {(RD)z, (6})z} where i € k, be a collection of sets of t-NCID of X and ty,t, € X. Then
(N (®)=)(0) = rinf(Rk)=(0)
> rinf(RD)z (t1)
= (N (®)=)(t1)
= (N ®D=)(0) = (N (®RD=)(tr),
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(v (6))=)(0) = sup(c;)=(0)

< (0D)z(t)

= (V (oD=)(t1)

= (V (6)=2)(0) < (v (6D)z)(t),

(N (®D=)(ty) = rinf(R)z(t,)

> rinf{rmin{(%)z (t; * t2), (kD= (t2)}}

= rmin{rinf(R})z(t; * t;), rinf(R)z(t,)}

= rmin{(N (&)z)(t: * t;), (N ®D=)(t2)}

= (N ®RD=)(t) = rmin{(N (®&)z)(ts * t2), (N (®)=)(t2)}
and

(v (6D)=) (tr) = sup(c)z(ts)

< sup{max{(6})z(t1 * t;), (6= (t2)}}

= max{sup(6})z(t: * t;), sup(c)z(tz)}

= max{(V (6)z)(t: *t2), (V (6)=)(t2)}

= (V (0D2)(t1) < max{(V (6D)=) (t1 * t2), (V (6D)=)(t2)},
which show that R-intersection is a t-NCID of X.

Theorem 5.10 The R-intersection of any set of t-neutrosophic cubic closed ideals of X is also a

t-neutrosophic cubic closed ideal of X.

Proof. It is similar to the proof of Theorem 5.9.

Theorem 5.11 For a t-neutrosophic cubic ideal €' = {RE, oL} of X, the following assertions are valid:
1.if t; *t, <z then RE(t;) = rmin{RL(t,), RE(t3)} and o%(t;) < max{ok(t,),o%(t3)},

2.if t; < t,, then RE(ty) = RE(t,) and o%(t;) < ok(ty), V ti,t,t; €X.

Proof. 1. Assume that t;,t,,t; € X such that t; *t, <t;. Then (t; *t,) *t; = 0 and thus R%(t;) =
rmin{RE (t; * t,), RE(t;)} = rmin{rmin{RE((t; * t,) * t3), RE(t3)}, RE(t2)} =
rmin{rmin{R% (0), RS (t3)}, RE(t,)} = rmin{RL(t,), RE(t3)} and o%(t)) < max{oL(t; *t,),05(t,)} <
max{max{c%((t; * t;) * t3),05(t3)}, 0k (t,)} = max {max {o%(0), 65 (t3)},

05(t;)} = max{og(b), o%(ts)}.

2. Again, take t;,t, €X such that t; <t,. Then t;*t, =0 and thus RE(t;) = rmin{RE(t; *

t2),Re(t;)} =  mmin{Rz(0),Rz(tz)} = Re(t;) and  oz(ty) < rminfoz(ty *ty),05(t2)} =
rmin{oz(0), 05 (t;)} = ox(ts).

Theorem 5.12 Let C' = {R%, oL} is a neutrosophic cubic ideal of X. If t; xt, < t;,V ty,t, € X. Then
C' is a t-NCSU of X.

Proof. Assume that C' = {R}, 0%} is a t-neutrosophic cubic ideal of X. Suppose that t; *t, <t; V
ty,t; € X. Then

RE(t; *t,) = RE(t)) (+ By Theorem 5.11)
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> rmin{RE (L, *t,), RL(t,)} (+ By N4)

> rmin{RL(t,),RE(t,)} (+ By Theorem 5.11)
= RE(ty * t) = rmin{RE(ty), RE(t2)}
and
og(ty *ty) < o%(ty) (~ By Theorem 5.11)
< max{og(t; *t;),05(t2)} (¥ By N5)
< max{o%(t;),05(t;)} (+~ By Theorem 5.11)
= o (t; * t,) < max{ok(ty), o5(t)}
Hence C' = {R}, ot} is a t-NCSU of X.
Theorem 5.13 If €' = {k}, 0%} is a t-neutrosophic cubic ideal of X, then (.. ((t; *x1) *X;) * ..) *
X, = 0 for any ty,X;,Xy, ..., Xy € X = R'z(t;) = rmin{RE (%), R (X)), v
Rt (xn)} and og(t;) < max{og(x,), 05(X2), -, 05(Xn)}-

Proof. We can prove this theorem by using induction on n and Theorem 5.11.

Theorem 5.14 A t-neutrosophic cubic set €' = (R§, o%) is a t-neutrosophic cubic closed ideal of X &
U(Rg|[sz,,s5,]) and L(o%|tg,) are closed ideals of X for every [sz,,sz,] € D[0,1] and tz, € [0,1].

Proof. Assume that C* = (%, o5) is a t-neutrosophic cubic closed ideal of X. For [sg,,sz,] € D[0,1],
clearly, 0*t; € URg|[sz,,Sz,]), where t; €X. Let t;,t, €X be such that t; *t, € U(Rg|[sz,,Sz,])
and t, € U(RE|[sz,, Sz, 1) Then RE(ty) = rmin{Rg(t; * t;), RE(t;)} = [sg,,85,] = 4 €

D.
U(Rg|[sz,, sz,]. Hence U(RE|[sz,, sz,]) is a closed ideal of X.

For tg, € [0,1]. Clearly, 0 *t; € L(og|tg,). Let t;,t, € X be such that t; *t, € L(og|tz,) and t, €
L(og|tz,). Then o%(t;) < max{ok(t; *t,),05(ty)} < tz, = t; € L(ok|tz,). Hence L(ot|tz,) is a
t-neutrosophic cubic closed ideal of X.

Conversely, suppose that each nonempty level subset U(f{tgl[sgl,sgz]) and L(o‘5|t51) are closed
ideals of X. For any t; € X, let RE(t;) = [sg,,Sz,] and o%(t;) = tg,. Then t; € U(Rg|[sg,,sz,]) and
t; € L(ok|tg,). Since 0x*t; € URE|[sz,,Sz,]) N L(ok[tg,), it follows that Rg(0*ty) = [sg,,sz,] =

21 217
21

RE(ty) and oz(0*ty) <tz =o%(ty) V t; €X. If there exists az,Bz, €X such that Rg(ag,) <

rmin{RE (az, * Bz,), Bz, ), then by taking [sg,,sg,] = 5 [RE(ag, * Bz,) + rmin{RE (az, ), RE(Bz, )}

It follows that ag, * Pz, € URE|[st,,st,]) and Pg, € U(RE|[st,,st,]), but oz, & URE|[sE,, st,]),

which is contradiction. Hence, U(Rg|[sz,,sz,]) is not closed ideal of X.

Again, if there exists ag
tt, = 5[0k (az, * Bz,) + max{of(az,), 65 (Bz,)}]

Bz, €X such that o%(ag,) = max{ot(ag, * Bz,), 05 (Bz,)}, then by taking
It follows that ag, *Bz, €L(ok|tz,) and Bg, € L(og|tz,) , but ag, & L(ok|tz,), which is
contradiction. So L(o%|tz,) is not closed ideal of X. Hence C' = (R, 0%) is a t-neutrosophic cubic
ideal of X because it satisfies N3 and N4.

6 Neutrosophic Cubic Ideals under Homomorphism
In this section, t-neutrosophic cubic ideals are investigated under homomorphism through some

results.
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Theorem 6.1 Suppose that I'|X - Y is a homomorphism of BF-algebra. If C* = (R, o%) is a t-NCID
of Y. Then pre-image I'"(CY) = (I"'(RY), [ (0%)) of C* under T of X isa t-NCID of X.

Proof. For all t; € X, T7*(RE) () = RE(T'(ty)) < RE(0) = RE(T(0)) =T 1(RE)(0) and T *(cb)(ty) =
ot (N(t))) = 05(0) = o4(T(0)) =I2(o%)(0).  Let  t;,t €X,T1(RY) (t) = RS (T(t) =
rmin{RE(T(t,) * [(t,)), RE(T(t;))} = rmin{RE(T(t; * t,)), RE(T(t;))} = rmin{T~* (RE) (¢, *

t2), T ®D) (L)} and T'7'(o%)(a) = o&(T(t) < max{ek(T'(t;) * (), (I (tz))} = max{ok (T (t, *
t2)), 05(T(t;))} = max{T (&) (ty *t,), T (08)(t;)}. Hence TI1(CH=(T'(RE),T'(ck)) is a
t-NCID of X.

Corollary 6.2 A homomorphic pre-image of a t-neutrosophic cubic closed ideal is a t-NCID.

Proof. Using Proposition 5.5 and Theorem 6.1, we can prove this corollary .

Corollary 6.3 A homomorphic preimage of a t-neutrosophic cubic closed ideal is also a t-NCSU.

Proof. Using Theorem 5.8 and Theorem 6.1, we can prove this corollary.

Corollary 6.4 Let I'|X - Y be a homomorphism of BF-algebra. If ¢ = ((RD)z, (c6})z) is a t-NCID of
Y where i € k then the pre image F‘l(_ﬂk (€He) = (l"‘l(_r]k ®Ha),
ieEkR 1ekr

I (69)z)) is a t-NCID of X.
1EKR
Proof. Using Theorem 5.9 and Theorem 6.1, we can prove this corollary.

Corollary 6.5 Let [|X—>Y be a homomorphism of BF -algebra. If Cf = ((R)z, (c))z) is a
t-neutrosophic cubic closed ideals of Y where i€k then the pre-image T ‘1(_ﬂk (€H2)
1EKR

TN ®)z), TN (o)) is a t-neutrosophic cubic closed ideal of X.
iekr iekr

Proof. Straightforward, using Theorem 5.10 and Theorem 6.1.

Theorem 6.6 Suppose that I'|X > Y is an epimorphism of BF-algebra. Then C'= (RL,0%) is a
t-NCID of Y, if T1(CY = (I"*(RE), T1(0%)) of €' under T of X isa t-NCID of X.

Proof. For any t, €Y,3 t; €X such that t, =T(t;). Then RE(t,) =RE(T(t)) =T 1(RY(t) <
I*(Rg)(0) = RE(I'(0)) = R':(0) and o%(t;) = o5(I'(t,)) = (o%)

(ty) = T7'(0%)(0) = o5 (I'(0)) = 05(0).

Suppose  (t2)1,(t2)2 €Y. Then T((t1)1) = (tz); and T((t)2) = (tz)2 for some (t1)1,(t1); €
X. Thus R ((tz)1) = Re(T((t)1)) = TR ((t1)1) = rmin{l 1 (RY)

((t)1 * (t1)2), TTHRE)((t)2)} = rmin{Rg (T((t)1 * (t1)2)), Re(T((t1)2))} = rmin{Rg

(T((t1)1) * T((t1)2)), RE(T((t1)2))} = rmin{RE((t2)1 * (t2)2), RE((t,)2)} and

0:((t)1) = o5 (T((t1)1)) = I (05)((t1)1) < max{T~*(o5)((ty)1 * (t1)2), T (08)((t1)2)}
= max{og (I'((t))1 * (t1)2)), 05 (T'((t1)2))} = max{ot (T ((t1):) * T((t1)2)), o5 (T((t)2))}
= maX{GtE((tZ)l * (t2)2), Gts((tz)z)}-

Hence C' = (R'g,0%) isat-NCID of Y.

7 Conclusion
In this paper, the concept of t-neutrosophic cubic set was defined and investigated it on BF-algebra

through several useful results. For future work this study will provide base for t-neutrosophic soft
cubic set, t-neutrosophic soft cubic (M-subalgebra, normal ideals) and different algebras like

G-algebra and B-algebra.
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