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Abstract. This paper discussed the indefinite plithogenic trigonometric integrals, where we
presented the integrating products of plithogenic trigonometric function, also studying the
plithogenic trigonometric identities, which facilitated finding the integral of the associated formulas.

In addition to a set of exercises that clarify each idea.

Keywords: trigonometric integrals; plithogenic trigonometric function; plithogenic trigonometric
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1. Introduction and Preliminaries

To The genesis, origination, formation, development, and evolution of new entities
through dynamics of contradictory and/or neutral and/or noncontradictory multiple old entities is
known as plithogenic. Plithogeny advocates for the integration of theories from several fields.

We use numerous "knowledges" from domains like soft sciences, hard sciences, arts and
literature theories, etc. as "entities" in this study, this is what Smarandache introduced, as he
presented a study on plithogeny, plithogenic set, logic, probability, and statistics [2], in addition to
presenting introduction to the symbolic plithogenic algebraic structures (revisited), through which
he discussed several ideas, including mathematical operations on plithogenic numbers [1]. Also, an
overview of plithogenic set and symbolic plithogenic algebraic structures was discussed by him [3].
It is thought that the symbolic n-plithogenic sets are a good place to start when developing algebraic
extensions for other classical structures including rings, vector spaces, modules, and equations [4-5-
6-7].

Paper is divided into four parts. Provides an introduction in the first portion, which includes a
review of Plithogenic science. A few definitions of a Plithogenic and operations with plithogenic
numbers are covered in the second section. The third section defined plithogenic functions. The
paper's conclusion is provided in the fourth section.

Alhasan also presented several papers on calculus, in which he discussed neutrosophic definite
and indefinite integrals. He also presented the most important applications of definite integrals in
neutrosophic logic [8-9]. Alhasan, Smarandache and Abdulfatah presented the indefinite
symbolic plithogenic integrals [10].
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Division of Symbolic Plithogenic Numbers [1]
Let consider two symbolic plithogenic numbers as below:
PN, =ay+ a,P, + a,P, + -+ a,B.

PNy = by + by P, + byP, + -+ byP,

PN, { none,one many r>s
PN, @ r<s

This paper covered a number of topics; the indefinite plithogenic trigonometric integrals were
covered in the main discussion section after the introduction and preliminary information were

presented in the first section. The paper's conclusion is provided in the final section.

Main Discussion

We will consider C the constant of the symbolic plithogenic integral defined as:
C=ay+a P +a,P, +:+a,P, , where: a,,a,,0a,, ..., a, are real numbers.

Integrating products of symbolic plithogenic trigonometric function:

L [ PN, sin™(PNyx) cos™(PNsx) dx, where m and n are positive integers.
To find this integral, we can distinguish the following two cases:

» Case n is odd:
e split of cos(PNgx)
e apply cos?(PNsx) = 1 — sin?(PNgx)
e we substitution u = sin(PNx)

» Case m is odd:
e split of sin(PNyx)
e apply sin?(PNgx) = 1 — cos?(PNgx)
e we substitution u = cos(PN,x)

Example 1

Find: [(P; + 1) sin?(P, + 2)x cos3(P, + 2)x dx
Solution:

J-(P3 + 2) sin?(P; + Dx cos®(P; + Dxdx = f(P3 + 2) sin?(P; + 1)x cos?(P; + 1)x cos(P; + 1x dx

= f(P3 +2)sin?(P; + Dx (1 — sin?(P; + 1)x) cos(P; + Dxdx

= f[(P3 +2) sin?(P; + 1)x — (P; + 2) sin*(P; + 1)x] cos(P; + 1)x dx

By substitution:
u = sin(P; + x = du=(P; +1)cos(P; + )x dx

_ P42\ (P3+2) 4]
= _”<P3+1)” PV |
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P +2\ (u® u® 1 sin3(Py + D)x  sinS(P; + Dx
=( ) — +C=(2——P3) - +C
P,+1/\3 5 2 3 5

where:
C=ay+aP,+a,P, +a;P; ; a, a,, a, a; arereal numbers.

and:
P;+2
P, +1 =xo+x1P + x,P, + x3P;
Py +2=(P,+1)(xg +x.P +x,P, +x3P;)
P3+2=x0P3+x1P3+x2P3+X3P3+X0+X1P1+X2P2+X3P3
P3+2=xO+xlpl+xZP2+(xO+xl+xZ+ZX3)P3 ,thel"ll
1

Xo=2 ,x,=0 ,x,=0 X3 =3

hence: 22 =2_-1p,
P3+1 2

let’s check the answer:

d 1 sin®(P; + Dx  sin®>(P; + Dx
x (2—51’3)( 3 5 te

B (2 1 P (B(P3 + 1)sin?(P; + Dx.cos(P; + Dx  5(P; + Dsin*(P; + 1)x.cos(P; + 1)x)
“\"72 3) 3 B 5

- (2 - %Ps) (P + Dsin®(P; + Dx(1 = sin®(P; + 1x) cos(P; + 1)

= (P; + 2)sin?(P; + 1)x(cos?(P; + 1)x) cos(P; + 1)
= (P; +2)sin*(P; + 1)xcos®*(P; + 1)x  (The same integral function)
II. [ tan™(PN,x)sec™(PNyx) dx , where m and n are positive integers.
To find this integral, we can distinguish the following cases:
» Case n is even:

e split of sec?(PNx)

o apply sec?(PNsx) = 1+ tan?(PN,x)

e we substitution u = tan(PNx)

» Case m is odd:

e split of sec(PNyx) tan(PNgx)
e apply tan?(PNsx) = sec*(PNyx) — 1
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e we substitution u = sec(PN,x)
» Case m evenand n odd:

e apply tan?(PNsx) = sec*(PNyx) — 1
e we substitution u = sec(PNsx) or u = tan(PN;x), depending on the case.

Example 2
Find: [(—3P, + 4P,) tan?(Psx) sec*(Psx)x dx
Solution:

n =4 (even)

f(—BP7 + 4P;) tan?(Pgx) sec*(Pgx) dx = f(—3P7 + 4P,) tan?(Pyx) sec?(Pgx) sec?(Pyx) dx

= j(—3P7 + 4P,)(tan?(Pgx) + tan*(Pgx)) sec?(Pgx) dx

by substitution:
u = tan(Pyx) = du = Pgsec?(Pgx) dx

= J(—3P7 + 4P,) (tan?(Pgx) + tan*(Pgx)) sec?(Pyx) dx

—3P, + 4P,
= %J(uz +u?) du

ud  ub
=(x0 +x1P1 +x2P2 +X3P3 +X4P4 +.x5P5 +x6P6_3P7)<?+?)+C

tan3(Pyx)  tan®(Pgx)
= (xg+ x. Py + x,P + x3P; + x4 Py + x5 Ps + xg Py — 3P;) 3 + 3 +C

where:
C=ay+a.P, +a,P, +a3P; + x,P, +asPs +agPs +a,P;, ; ayay,a,,a3,0,, 05,06 0, are real
numbers.

and:
—3P, + 4P,
P—6 =Xo+x1P + %P + X3P + x4 Py + x5 Ps + X6 P + X7 P,
—3P, + 4P, = (Pgx)(xg + x, P, + X3Py + X3Py + 4P, + x5 Ps + xoPg + x5 P,)
—3P; + 4Pg = xgPs + x1 Pg + X, Py + X3P + x4 Pg + X5 Pg + X P + x7P;
—3P, + 4P, = (g + %1 + x5 + x5 + x4 + x5 + x6) P + X, P,
then:

Xo+ X +X, +X3+X,+X5+Xg=4 and x, = -3
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hence:

—3P7+4Pg

5 =Xo+ X1 P + x, P, + x3P; + x4 Py + x5 P5 + xPg — 3P;
6

where: xq +x; +x;, + x5 +x, + x5 + x5 =4
Example 3

Find:
f(P4 —3) tan®(P, + Dxsec®(P; + Dx dx

Solution:

m =3 (odd)

f(P4 —3) tan®*(P; + Dx sec3(P, + Dx dx

= f(P4 —3) tan?(P, + Dx sec?(P, + 1)x sec(P, + 1)x tan(P, + Dxdx

= f(P4 —3)(sec*(P, + 1)x — sec?(P; + 1)x) sec(P, + D)x tan(P; + Dxdx

by substitution:

u =sec(P, + 1x = du= (P, + 1) sec(P, + Dx tan(P, + Dx dx

= J(P4 —3)(sec*(P; + Dx — sec*(P, + 1)x) sec(P, + Dx tan(P; + 1)x dx

P,

—<3+3P+1P> LARLA T
- 217 2%)\3 5

3 1 sec®(P, + Dx sec3(P; + 1x
=<—3+EP1+EP4>< (; ) _ (; ))+C

P, -3
:+1j(u4+u2)du

where:
C=ay+aP, +a,P, +asP; +a,P, ; ay a4,0a, a5 a, arereal numbers.

and:

Pl Xo+x. Py +x,P, + %3P + x, P,
1

P4—3=(Pl+1)(X0+X1P1+X2P2+X3P3+X4P4)

P4—3=X0P1+X1P1 +X2P2 +X3P3 +X4_P4 +X0 +x1P1 +x2P2 +X3P3 +X4P4
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P, —3=xq+ (xg+ 2x)P; + 2x,P, + 2x3P; + 2x,P,

then:

3 1
Xo =—3 Xy =3 , X, =0 ,x3 =0 and Xy =3

hence:

Py-3
Pi+1

~3+2P +-P,
III. [ cot™(PNyx) csc™(PNyx) dx , where mzand 7 are positive integers.
To find this integral, we can distinguish the following cases:
» Case n is even:
e splitof csc?(PN;x)

e apply csc?(PNyx) =1+ cot?(PNgx)
e we substitution u = cot(PN,x)

» Case m is odd:
e splitof csc(PNsx) cot(PNgx)
e apply cot?*(PNyx) = csc?(PNsx) — 1
e we substitution u = csc(PN,x)

» Case m evenand n odd:

e apply cot?*(PNyx) = csc?(PNsx) — 1
e we substitution u = csc(PN;x) or u = cot(PNx), depending on the case.

Example 6

Find: [ 2Py\/cot(Pgx) csc*(Pyx)dx
Solution:

n =4 (even)
J-ZPgw/cot(ng) csc*(Pygx) dx = fZPg cot'/?(Pgx) csc?(Pyx) csc?(Pgx) dx

= J-ZPg(cotl/z(ng) + cot3?(Pyx)) csc?(Pyx) dx

by substitution:
u = cot(Pgx) =  du=—Pgcsc?(Pyx) dx

1 3
= f 2P, (cotf(ng) + cotf(ng)> csc?(Pgx) dx
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2P
——gf(ul/2 +u¥?) du
Py
3 5
uz 2 u2
= —(xg + % P, + %, Py + x3P5 + x, P, + x5 Ps + xcPg + X7, P; + xgPg + 2Py) 3 + 3 +C

3
2 cotz(Pgx)

= (xg+ 2, Py + %3P + x3P5 + x, Py + x5 Ps + xg P + x; P, + xg Py + 2P,) 3

2 cot5/%(Pgx)
5
where:

C=ay+a,P;+a,P, +a3P; +x,P, +asPs + agPs + a,P; + agPg + agPy
5 Qg Q4,05 03,0,,0s, g, A7, Ag, g are real numbers.

and:
2Py
7 Xo + X1 Py + x,P) + X3P + x4 Py + x5P5 + X6 P + x,P; + xgPg + xoPy

8

2Py = (Pg)(xg + %1 Py + x,P) + X3P + x4 Py + x5 P5 + x¢Ps + x,P; + xgPg + xPs)
2Py = xogPg + x1 Py + x5, Py + x3Pg + x, Py + x5 P3 + xPg + x,P3 + xgPg + 9P
2P9 = (x0+x1 +x2 +X3 +.x4 +.x5 +.x6 +.x7 +.x8)P8 +x9P9
then:
Xo+ X + X+ X3+ X, +X5+X5+%x;,+x3=0 and x9=2
hence:
P—=X0 +X1P1 +x2P2 +X3P3 +X4P4 +x5P5 +X6P6 +X7P7 +x8P8 +2P9
8

where: xq +x; +x, +x3+x, + x5+ x5 +x,+x53=0

Plithogenic trigonometric identities:

1) sin(PN,x) cos(PN.x) = i [sin(PN, + PN,)x + sin(PN,. — PN)x]
2) cos(PN,x)sin(PNyx) = i [sin(PN, + PN;)x — sin(PN,. — PN)x]
3) cos(PN,x)cos(PNsx) = § [cos(PN, + PN,)x + cos(PN, — PN,)x]
4) sin(PN,x)sin(PNsx) = _71 [cos(PN, + PN )x — cos(PN, — PN,)x]

Example 7

Find:
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1
1) f Pysin(P, + 3)x cos(2P, — 1) x dx = IEPZ‘ [sin(P, + 2P, + 2)x + sin(P, — 2P, + 4)x] dx

)cos(P2 + 2P, + 2)x — ( ) cos(P, — 2P, + 4)x] +C

_1[ ( Py 3
20 \p,+2p +2 P, —2P +4

171 1 1
=3 [—§P3(:os(P2 + 2P, + 2)x — §P3 cos(P, — 2P, + 4)x] +C

1 1
= —1—0P3(:05(P2 + 2P, + 2)x —EP3 cos(P, = 2P, +4)x + C

where:
C=ay+a P, +a,P, +asP; ; ay a,a, a; are real numbers.

and:

P3
P, + 2P, +2

=Xo+x1P +x,P + x3P
P3 = (PZ +2P1+2)(X0+X1P1 +x2P2 +X3P3 +X0+X1P1 +x2P2 +X3P3 +XO+X1P1 +X2P2 +X3P3)
Py = 2xy + 2x,P; + 2x,P5 + 2x3P; + 2xo Py + 2x,P; + 2x,P5 + 2x3P; + xoP, + x4, P, + X, P, + X3P

Py = 2xy + (2x + 4x,)P; + (xg + %1 + 5x,)P, + 5x3P;

then:
1
x0=0 ,x1=0 ,x2=0 ,x3=g

hence:
P, 1
- = _P3
P,+2P,+3 5
and we have:

P
P2_2P1+4

=x0 +X1P1 +.x2P2 +X3P3
Py = (P, — 2P, + 4)(xg + X, P, + x, P + %3P + xg + %, Py + %, + x3P5 + xo + X, P, + %, P, + x3P;)
P3 =4X0+4X1P1 +4X2P2 +4X3P3 _ZXOP]_ _lepl _2x2P2 —ZX3P3 +XOP2 +X1P2 +x2P2 +X3P3

P3 = 4X0 + (_ZXO + le)Pl + (XO + X1 + 3x2)P2 + 3X3P3

then:
1
X=0,%=0,x,=0 ) X3 =73

hence:

P, 1
—=_P3
P2_2P1+4’ 3

Z)IPZCOS(PZJC) cos(2Px) dx = f%P2 [cos(3P,x) + cos(P,x)] dx
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N| -~

[(xg + %, P, + x,P,)sin(3P,x) + (xg + x, P, + x,P,)sin(Px)] + C

where:
C=ay+aP,+a,P, ; aya,,a, arereal numbers.

and:
P,
3P, = X9+ xP, +x,P,
2
P, = (3Py)(xo + ;1 Py + X, P,)
PZ = 3x0P2 + 3x1P2 + 3x2P2
P, = (3xy + 3x; + 3x,)P,
then:
Xo + X1 + Xy = %
hence:
:T? =xy +x, P, + x,P, , where: x, +x; + x, =§
2

and we have:
P, .
_=x0 +.x1P1 +.x2P2
P,
PZ = (Pz)()éo +.’21P1 +.’22P2)
PZ =)20P2 +.’21P2 +.’22P2
Py = (%o + %, + %3)P,
then:

)20 + )21 + )22 = 1
hence:

P, . Lo
P—2= %o + %, P, + %,P, , where: %,+ %, +%, =1
2

-1
3) J. Bsin(P, + 3)x sin(Py —3)x dx = f7P4[cos(P7 + P, + 6)x — cos(P, — Pg)x] dx

= dose not exist

because:
P,
——— = (dose not exist
P, +Ps+6 ( )
and 2 _4 2 = (dose not exist)
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5. Conclusions

In this paper, we studied the indefinite plithogenic trigonometric integrals by presenting integration
methods specific to the plithogenic field; we concluded that we could obtain an integration that does
not exist in the plithogenic field, as the division process is not possible according to the concept

presented by Smarandache.
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