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Abstract. This work presented the refined neutrosophic indefinite integral, where the substitution
method for calculating integrals in the refined neutrosophic field that contain two part of

indeterminacy (I, 1,) was presented. We also proved a theorem through which we were able to find

most of the integrals for the refined neutrosophic functions.
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1. Introduction and Preliminaries

To describe a mathematical model of uncertainty, vagueness, ambiguity, imprecision,
undefined, unknown, incompleteness, inconsistency, redundancy, and contradiction, Smarandache
suggested the neutrosophic Logic as an alternative to the current logics. Smarandache made refined
neutrosophic numbers available in the following form: (a,bily,b,1,,...,b,1,) where
a,by,by,...,b, € R or C [1]

Agboola introduced the concept of refined neutrosophic algebraic structures [2]. Also, the refined
neutrosophic rings [ was studied in paper [3], where it assumed that [ splits into two
indeterminacies I; [contradiction (true (T) and false (F))] and I, [ignorance (true (T) or false (F))]. It

then follows logically that: [3]

Lh=L*=1 )
LI, = 122 =1, 2
LL, =6LL1 =1 3)

In addition, there are many papers presenting studies on refined neutrosophic numbers [4-5-6-7-8].
Smarandache discussed neutrosophic indefinite integral (Refined Indeterminacy) [11]
Let g:R— RU{[;}VU{I,} VU {I3}, where I;,I,, and I; are types of sub indeterminacies,

g(x) = 7x = 21, + x2I, + 4x31I,
then:
F(x) = [[7x = 2I, + x2I, + 4x31;]dx
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7x? x3
=T—2x11 +?12 + x*I; +a+ bl +cl, +dI;
where a and b are real constants.

Alhasan also presented several papers on calculus, in which he discussed neutrosophic definite
and indefinite integrals. He also presented the most important applications of definite integrals in
neutrosophic logic [9-10].

Integration is important in human life, and one of its most important applications is the
calculation of area, size and arc length. In our reality we find things that cannot be precisely defined,
and that contain an indeterminacy part. This is the reason for studying neutrosophic integration and
methods of its integration in this paper.

This paper dealt with several topics, in the first part of which introduction and preliminaries

were presented, and in the main discussion part the refined neutrosophic indefinite integral that

contain two part of indeterminacy (I, I). In the last part, a conclusion to the paper is given.
2. Main Discussion

The refined neutrosophic indefinite integral

Definition 1

Let f:R(I,1,) » R(I, 1), to evaluate [ f(x,I,1,)dx
put: x = g(w) = dx = g(uw)du

by substitution, we get:

[ remiax = [ radgaan

then we can directly integral it.

Theorem 1
If ff(xl [ll IZ)dx = (p(x: Il: IZ)/ then:

ff ((a +bI +¢h)x + 1+ sl + tlz) dx

(1 —ab ¢ Ty c
_(E+[d(d+(f)(d+b+(f)]ll_[a(a+é)]12>¢((a+ 11+c12)x+r+511+t12)+

where C is an indeterminate real constant (i.e. constant of the form a + bl; + cl,, where a,b,c are

real numbers, while I,I, = indeterminacy) and d, #0 , d, # —¢, and d, # —b, — ¢,
Proof:
put: (d +bI, + c'Iz)x +r+sh+thb=u = (a+bl +¢l)dx = du
1
=

X=—————-—

=>d —(1 [ —ab ]1—[ ¢ ]I)d
*=\a* aa+e(a+b+e)]" laa+o) 2 )

. 1 —ab .
ff((a+b11+c‘12)x+r+sll+t12)dx=ff(u)<a+[d(d+6)(z+b+é)]11—[m]lz)du
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_<1 [ —ab ]I [ ¢ ]1) c
“\at aa+o(a+b+e¢) " lat@a+o)l? o)+

back to the variable x, we get:

(1
a

Using the previous theorem, we get on:

ff ((a + bl + ¢L)x + 7 +sl; + tlz) dx
—ab
aa+e)(a+b+¢)

¢ S
]Il - [a(a T c)] ’2)"’((‘1 FBIy + L)X+ 7+ sk + thy) 4 C

1 f ((a+bL +cL)x+r+sl + tlz)n dx

. n
1 —ab ¢ ((d+b11+c'lz)x+r+sll+t12)
=_+ A A - .Il_[.. .]2
a lata+e)(a+b+¢) ala +¢) n+1

+C

1

2) f - - dx
(a+b11+clz)x+r+511+tl2

(1+[ —ab ]l [ ¢ ]I)l (@ + bI, + ¢L,)x + 7+ sI, + tI
=\|-= n — | " nia c X T S
a la@+o(a+b+e¢)] "t lat@+ol™? v rhoe

+C
3) e(d+b11+c'12)x+r+sll+t12 dox

_ (1 + [ —ab ‘ ]I _ [ ¢ ]I )e(a+bll+élz)x+r+sl1+tlz +C
a la@+e)(a+b+¢) " la@+ol™

1
4) dx

\/(a + b+ ¢h)x + 1 + sl + tl,

:2(1+[ —db ]1—[ ¢ ]1)J(a+bl+él)x+r+sl+t1
a la@+o(a+b+e)|t la@+ol™ v e

+C

5) f cos ((d +bI, + c'Iz)x +r+sh + t12) dx

(1 —ab ¢ ] + b .
= (E + [d(d n c')(d e C)] I — [m] 12) sin ((a + bl + clz)x +r+sh+ tlz)

+C

6) fsin ((d + bl + élz)x +r+sh + t12) dx

(1 —ab ¢ T
__<a+[d(d+é)(d+b+c')]11_[m]lz)cos((a-l_ 11+clz)x+r+sll+t12)

+C
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7) fsec2 (((’1 + bl + ¢lL)x + 1+ sl + tIz) dx

—(1 b 1>t ((a+ b1, +e1,) L+th)+C
= a_a(a+b) an({la+bly+chL)x+r+slh+tl, )+

8) f csc? ((a + bl + ¢L)x +r +sl; + tIZ) dx

=_<1+[ —db ]1—[ ¢ ]1)cot((a+bl+c'1)x+r+sl+t1)
a la@+o(a+b+e)] " la@+ol™ v L

+C
9) fsec ((a+ bl +eL)x+r+ sl +tl,) tan((a+bl +¢L)x +1+ sl +tl,) dx

=<1+[ —ab ]I —[;‘]I)sec((d+bl +¢l)x+ 1+l +t1)
@ la@+ro(a+b+e)t la@+ol™ L T

+C

10) f esc((a+bl +cl)x+r+sh +th) cot ((a+bL +¢L)x +7+ sk +tl, ) dx

_(1_,_[ —ab ]I —[;.]I)csc((d+bl + ¢l )x+r+s] +t1)
a laa+e)(a+b+e)|t la@+ol™ o e

+C
pamrie] 1 3 (2 =4l +3L)x+7)
8 _ (2 _ — 2
1) J((z — 41, +30)x +7) dx = (2 + [(2)(5)(1)] L [(2)(5)] 12> 5 +C
1 4 ((2- 41+31)x+7)
=(Grgn-gph) e
2 f(7 51 +611)x+21 T,
- 1 2 1 2
(1 35 ] [ ]12> In|(7 -5, +6l,)x+ 2+ |+ C
7 L(7)(13)(8) (7)(13)

1 5 6

3) fe(1+12)x—612 dx =< [(1)(2)(2)] [(1)(2)] ) (1+)x—6l 4

1
— (1 _ EIZ> €(1+Iz)x—612 +C

4) fcos((S + 30 +9)x + 71,) dx
( [—(3)(12)(15)] [(3)(12)] 12>sin((3 + 3L +9L)x + 71,) + C

11 1\ .
= (§ —5h- Z12>sm((3 +3L+9L)x+71)+C
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5) f sec?((—4 + 31, + 8L,)x — 2I,) dx

( [W] [( 5 (4)] 12) tan((—4 + 31, + 8L,)x — 2I,) + C

-1 3 1
= (T Sghts 12>tan(( 4+ 31 +8L)x —2I,) +C

6) fcsc((1 =3I+ 1,)x) cot((1 -3, +1,)x) dx

=—(1+ [m] [(1)(2)]’2>C“((1_3’1+IZ)X)+C

3 1
=— (1 - Ell _EIZ> csc((1 =31+ L)x) +C

31
= (—1 +5h +512> csc((1 =31 +L)x) +C

1

7) f dx
JA0 =1, +8,)x +9 — 4l

2(110+[(10)(18)(17)]11—[ 8 ]12>\/(10—Il+812)x+9—411+C

(10)(18)
2(1 ! 1)J(10 L+8L)x+9—4I,+C
10 " 3061 2 1F B8R 1
1 2
(5 Joeh IZ)J(10 I, +8L)x+9—4I, +C

Theorem 2
Let f:R(,1,) = R(,,1,), then:

f(x, I, 1)
———dx =Inlf (x,I,[,))| + C
f(.x, I]_; 12) f( 1 2)
Proof:
put: f(x,I,L)=u = f(x,1,1,)dx = du
=>dx=——— du

f(x'lplz)
>dx=—- du
1
f(x 1;,15) ful f
——“dx=| —=du= du=Inlul+C
f(x I, 1) uu

back to the f(x,I,1,), we get:

fOo L, 1) 4

—— “dx =In|f(x,1;,1,)| +C
f(x;11;12) f( 1 2)

Example 2

(1 — 21, + 31,)x®
”f G-

1
dx==In|3—6I,+9L)x*+ 41, + I,| + C
61+ Ol + 4l + 1, X = 3G — 6L+ 9L)x + 4l + 1]
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(4 _ 11 + 12)6(4—11+12)x+5
2) f

_ (4—11+1)x+5 __
eW-h+)x+5 — 10], dx = ln|e v 1012| +C

sin((1 + 1, + L)x + 71;)
cos((1 + I, + I)x + 71,)

[(1)(2)] Iz) ln|cos((1 + 1+ 1L)x + 711)| ic

3)] tan((1 + I, + L)x + 71;) dx = f
( [(1)(2)(3)]

11
= (—1 +2h +512> In|cos((1 + I, + L)x + 7I,)| + C

1 1
4)f T+ tanGs — 2L =22 = f | 4 sin(5 =2l = 2L)x dx
cos(5 — 21, — 2I,)x

_ 1] 2cos(5— 21, — 21,)x
cos(5 — 2I; — 2L,)x + sin(5 — 2I; — le)x

1 f cos(5 — 21, — 2I,)x + sin(5 — 21, — 2I,)x +cos(5 — 21, — 21,)x — sin(5 — 21, — 212)x
dx

2 cos(5 =21, — 2I,)x + sin(5 — 21, — 21,)x

1 f p 1 f cos(5— 21, — 2I))x — sin(5 — 21, — 21,) x
x cos(5 — 21, — 21,)x + sin(5 — 21, — 21,)x

1

1/1 10 -2
=X + E(g + [(5)(3)(1)] L - [(5)(3)] lz) Inlcos(5 — 21; — 21,)x + sin(5 — 21, — 2I,)x| + C

1 1 1
= Ex (10 3 =L+ = Iz)lnlcos(S 21, — 2I)x + sin(5 — 2I; — 2L)x| + C

Theorem 3
Let f:R(l,1,) = R(l,,1,), then:

Jde=2\/m+C

VI ILL)
Proof:
put: f(x,I;,I)=u = f(x,1,1L)dx = du
1
=>dx =

— du
f(x'llplz)

>dx=—- du
u

feolul) _
f,/f(xll,lz x/ﬂu f\/_u Wt

back to f(x,I;,1,), we get:

f fx, 11.12)
VIx, 11'12

=2 f(x, 11,12) + C

Example 3
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—(1 + 21, + 21,)x + 51
1)f\/ ( 1+ 20) 2_dx = —/(2 + 4, + 41,)x? — 10L,x + C

(2 + &I, + 41)x? — 101,x
(5 — 31, + 81,)x?

2
2)[ dx ==./(5 — 31, + 81,)x® — 2I, + 7, + C
JG =31, + 8L)x% — 2, + 71, 3V v v

Theorem 4
f:R(,,1,) =» R(I4,1,), then:

f [F (e, L, I (1, 1) dx = % +e

Proof:
put: f(x,1;,1,) =u = f(x,1,1L)dx = du

x =—— du
[ 1y, 1)

1
>dx=—- du
u

B 1 un+1
n — ny _ — n —
f[f(x,ll,lz)] flx 1, 1) dx fu uﬁdu ju du n+1+C
back to f(x,1;,1,), we get:
; ,I ,I n+1
[ree bt by ax =2 o

Example 5
1
1) J- x2[(3 + 21, + 2I,)x3] %dx = §_[ 3x%[(3 + 21, + 21,)x3] 2dx

B 1 [(3 + 21, + 21,)x3]*3 N
T 9+6l, +6l, 13

c

6 ] 2) [(B+ 21, + 21,)x3]'3 i

= (% + [(9)(3}(21)] h= [(9)(15) ! 13

(1 2 2 >[(3 + 2y + 202

9 105" 45° 13

c

1
2|
JC+ 1L+ L)x—1; + 21,

14
(V@+L+Lx—1I,+2L,) dx

15
JC+ L+ L)x—1;+ 21
22(%_[(3)1(4)]’1_[(2)1(3)]’2>( - 21;: +%) +C
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+C

15
(1 L 11>(J(2+11+12)x—11+212)
et 3 15

3. Conclusions

The integral is very important in our life, and is used especially for example in calculating areas
whose shape is not familiar. This led us to study the refined neutrosophic indefinite integral that
contain two parts of indeterminacy (Iy,1;). Where the method of integration by substitution are
applied to the neutrosophic functions by presenting several theorems through which we were able

to apply them to directly find the refined neutrosophic indefinite integral.
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