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Abstract: This paper is dedicated to defining and studying for the first time a
two-fold algebra over the neutrosophic real number ring by merging the fuzzy set
mapping with the algebraic operations of the neutrosophic real number ring.

Also, we study the elementary algebraic properties of the defined two-fold algebra
through its algebraic operations and substructures such as homomorphisms and
ideals.
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Introduction

The concept of fuzzy algebraic structure is considered as a direct application of
fuzzy sets and fuzzy mappings [1-2, 4, 6-8], where a fuzzy mapping with truth and

talsity value is used to build many algebraic structures.
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Also, the concept of neutrosophic set was used by many different authors to
generalize classical algebraic structures by using logical conditions instead of
algebraic elements [13], where we can see neutrosophic rings, neutrosophic
matrices, and neutrosophic mappings [5, 9-12].

Recently, Smarandache in [14] has defined two-fold neutrosophic algebras as novel
algebraic structures, and this new concept has been used in [16] to define two-fold
fuzzy algebra by combining the standard fuzzy number theoretical system defined
in [15], with the concept of two-fold algebraic structure, and many interesting
theorems and examples were illustrated about this topic.

On the other hand, Hatip et.al [17], have combined real vector spaces, complex
vector spaces, and algebraic modules with a fuzzy well-defined mapping to define
and study two-fold fuzzy vector spaces and two-fold fuzzy modules, where they
studied many elementary properties of these new structures.

This has prompted us to define and study for the first time a two-fold algebra over
the neutrosophic real number ring by merging the fuzzy set mapping with the
algebraic operations of the neutrosophic real number ring.

For more details about two-fold structures, and their properties, see [14, 16-17].

Main discussion

Definition:
| () =0 . .
Let f:R - [0,1] with: (1) =1 then f is called a fuzzy mapping.
. L . . f(0)=0 .
We use this definition of fuzzy mappings, that is because the property f) =1 is

very useful in algebraic structures and operations.

Example:

To understand the concept of fuzzy mapping, we will illustrate two different fuzzy
mappings defined on the real field R.

Define: f,g,h:R - [0,1] such that:
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x? if—-1<x<1 x°] if—1<x<1
flx) = I71|L'j"3c>1 or x<-1, glx) = ﬁifx>1 or x < —1
04 if x=-1 06 if x=-1

We can see that f and g lie in the closed interval [0,1], with £(0) = g(0) =0, f(1) =
g =1
Definition:

Let RU) ={x+yl ;x,y €R ,I? =1} bethe ring of neutrosophic real numbers,

£(0) =0
f() =1

We define f;: R(I) - [0,1] : f;(x + yI) = max(f (x), f(y))

and f:R - [0,1] with: { be a fuzzy mapping

And R, (I) = {(x+yD Fiesyn) %Y E R} is called the two- fold neutrosophic real
numbers fuzzy algebra (NRNFA).

Definition:

The algebraic operations on Ry, (I) are defined as:
K Ry, (I) X Re, (I) = such that: R, (1)

o: Ry, (D)X Ry, (1)~ Ry, (1)

X+ YD ey * @+ D pyzaen = [(x +2) + 7 + OIf x4+ 4000

X+ YDt 0490 © @+ tD p ey = [ X2+ I(Xt +YZ + YO £, xzt1(xt+yz+y0)]
Theorem 1:

1] *,0 are commutative operations.

2] ¥,0 are associative operations.

3] *has o, as anidentity, o has 1; as an identity.

4] o is distributive with respect to *.

5] Every (x + yI)f,(x+yr) has aninverse with respect to (¥).

6] (x + ¥I)f,(x+yn has an inverse with respect to (o) if and only if :x #0 . x+

y+0

Definition:
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Let P = A, + A4l be an ideal of R(I), then we define the corresponding two-fold

ideal as follows:

Pr={(x+yDf,ceyn € Ry (D ; x+yl €P}

Definition:

Let P = Ay + A;I be an AH-ideal of R(I), then we define the corresponding

two-fold AH-ideal as follows:
Pr = {(X + yl)f,(x+y,) € ]Rf,([) ; XEA, .y E Al}
Theorem 2:

Let Pr = (4p + A1I)r be a two-fold ideals of R, (1), then:

B x* C €E P
{ f1B) % Y10 F ;where B.C € Py .r € R(I)

Tra) © Brey € Pr

Definition:

Let ¢: R(I) » R(I) be a ring homomorphism, we define:
<P1(Bf,(3)) = ((p(B))fI((p(B)) ;oo Re, (1) = Ry, (1)

The mapping ¢, is called two-fold homomorphism.

If ¢ is anisomorphism, then ¢, is called two-fold isomorphism.
Theorem 3:

Let ¢; be two-fold homomorphism, then:

1] ¢;(00) =00 . ¢;(11) =14

21 oi(Brw * Cre) = o1B)*x 9:1(0)

3] ¢(BoC)= ¢, (B)o ¢;(C)
4] ¢,(-B) = - ¢;(B)

1 1 . . .
5] (p,(;)— P B is invertible.

6] k(@) is anideal of R, (I).

7]1 L,( ¢;) is a subring of R, (I).

8] If Py is anideal of R(I), then ¢,;(Pg) is an ideal.
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9] If Pr is an AH-ideal of R(I), then ¢;(Pr) is an AH-ideal.

Definition:

Let ¢;: Re,(I) » Re, (1) . Wp: Re,(I) = Re, (1), we define:

@ X ¥ Re, (D) - Ry, (1) such that: ¢; X ¥ (B, 5)) = ¢:(¥ (B )
Theorem 4:

Let .. ¥;: Re,(I) » Rf,(I) be two-fold homomorphisms, then:

1] ¢; x ¥, is two-fold homomorphism.

2]if ¢;.¥; are two isomorphisms, then ¢; X ¥; is an isomorphism.
Definition:

Let Pr be anideal of Ry, (1), then:

Re, (I)/Pp = {BfI(B) oP. ;BE ]R(I)} is called the factor of Pg.
Theorem 5:

Let P be anideal of R (1), then:

(R;(I)/Pg , #', 0")is aring, with:

«: R (1)/Pr X R (1)/Pp = R, (I)/Pg

o":R;(1)/Pr X R (1)/Pr = R, (I)/Pg

{(Bn(B) 0 Pg) #' (Cryc) © Pe) = (B*C) O Py
(Bfys) © Pr) ©' (Crycy© Pr) = (BOC) 0 Pp

Theorem 6:

Let R;(I)/Pr be the two- fold factor ring of P, then:

If S/Pg is anideal of R;(I)/Pr , thenSis anideal of R;(I) and contains (P).
Theorem 7:

Let ¢; be two-fold homomorphism, then:

Re, (D/ker C 1) = 1 1)

Proof of theorem 1:

Let B = bo + bll .C = Co + C]_I .D = do + dll € R(I), then:
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1] By * Cry0) = B+ Opyaee) = (C+ Bpycmy = Crio) * Brywy
Br,8) © Cric) = (B O)fy80) = (CB)gyemy = Cri0) © Brywy
2] B,y * (Cr0) * Dryp)) = Bryey * (€ + D)y copy = B+ C +D)fypicip) =
(B + O)pis+0) * Dryoy = Brys) * (i) * Doy
Bf,(8) © (Cry(c) © Dpy(my) = Bryy © (CD) gy cpy = (BCD) fy8cpy = (BC) gy(8¢) * Dy
= (Bri(®) © Cr0)) © Dry0)

3] Brys) * 00 = (B +9)£,(8+0) = Bry(s)

By © 11 = (B D1y = Bryay
4] Bf.8y © (Cr,c) * Dr,p)) = Bryy © (€ + D), c+py = (BC + BD) £, (gc+Bp) =
(BC)g,mcy * (BD)g,8p) = (Brys) © Cry(0)) * (Bry(s) © Dry ()
5] The inverse of (x + yI)¢,(x+yn for (*)is: (=x — yI) g —x—yn

6] The inverse of (x + yI)¢,x+yn for (0) is: G +I(—— l))f (

)
Proof of theorem (2):
Let .C €P .r e R(I) , then:
{B +CeP
r-BeP
B+C =B * C eP
So that: {( ri+c) = Bryy * Cry(c) € Pr
Tra) © Brey = (7 B)prmy € Pr
Proof of theorem (3):
1 { 91(00) = (9(0))f,(p(0)) = 0o
(17 = (W) s o)y =11
2] ©1(Br,8) * Cri0)) = ©1(B+ O +c) = (@(B) + 0(CO))f,08)+0(c)) =
PB s (p8)) * P Ofy(oc) = 21 Br) * 91( Cryc))
3] 1B,y © Cry(c)) = 01(BO)gyey = (9(BYO (O fypmro(cy) = P (B, (pay) ©

PO (o)) = ( Bry) © @ Crye))

4] (pl((_B)fI(—B)) = (_(P(B))f,(—qo(s)) = _<P(B)f,(<p(3)) = —¢;(Bs,))
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5] It can be proved by the same.

6] ker( @) = (ker @), = {BfI(B) ; B €k, ¢}, which is an ideal of R¢, (1), that
is because (k. @) isanideal of R(I).

71 InC @) = Um ®)5, = {Bf, s B €1Ln ¢}, which is a subring of Ry, (), that is
because (I, ¢) isasubringof R(I).

8]  ¢1(Pr) = (p(P))y, = {(‘P(B))f,(<p(3)): B € P}, and it is an ideal of R (1)
because ¢(P) is anideal.
9] It can be proved by the same.

Proof of theorem (4):
1] ¢; X ¥,(By, ) = 01(Y(B))s,(wimy) = (@¥YB)) s pw(m))
Thus q)l X lpI(BfI(B) * Cf,(c)) = ((pl'p(B + C))f1(<p‘P(B+C)) = ((pl'IJ(B) +

PY(O) s (pw@r+owc) = Lo+ (B oo« ¥ (O)].
2] It holds directly from the definition.

Proof of theorem (5):

(Bf sy © Pr) * (Crycy© Pr) = (BxC) 0 Pp = (C*xB) 0 Py
= (Crcc) © Pr) *' (Byy(s) © Pr)

(Bris) © Pr) ©' (Cryec) © Pr) = (BOC) 0 Pp = (COB) O Py
= (Crrec) © Pr) ©" (Bry(s) © Pr)

(Bis) © Pr) *' [(Crycy © Pr) *' (Dgyoy © Pr)| = (B * € # D) gy (poceny © Pr
= [(Bym) © Pr) * (Crycr © Pe)1# (D09 © Pr)

(Bys) © Pr) © [(Cryey © Pr) © (Dsy) © Pr)] = (B © € © D)fyaemy © Pr
= [(Bys) © Pr) © (Cr () © Pr)10" (D09 © Pr)

(BfI(B) © PF) * (—Bf,(B) © PF) = 0, O Pp.
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(Br,) © Pr) © [(Cryic) © Pr) *' (D0 © Pr)] = (Brys) © Pr) © [(C * D)gycpy © Pl =
[(Br,8) © Pr) © (Cryc) © Pe)] * [(Brym) © Pr) © (Dry0y © Pr)l.
(BfI(B) © PF) *' (00 O Pp) = BfI(B) O Pg,

(Bf,(B) © PF) o' (11 © Pg) = Bf,(p) © Pr.

Thus (R;(1)/Pg .+'.0") is a commutative ring with unity.
Proof of theorem (6):

Assume that S/Py is anideal of R,;(I)/P, then:

S € R(I) isanideal, with PSS .

Proof of theorem (7):

Since R)/k. (¢) =1, (@), we can write:

sz (I)/(ker(q)))f, = (Im(QD))fI, thus:

Rfl(l)/ker( = Im( Qol)

Example:
( f(0)=0
| j f=1
Consider f:R - [0.1] ; | £(2) :|?1| x> 1
G0 = Izl 50 <Ixl <1

For B=3+21€ R(D.  Bym=@G+20 .
For C=2+51€ R(M).  Cuo=@+5D .
BxC=(5+7D: . BoC=(6+29);
—-B = (—3—21)% . —C=(—2—51)%
Conclusion

In this paper, we have defined and study for the first time a two-fold algebra over
neutrosophic real number ring by merging the fuzzy set mapping with the

algebraic operations of the neutrosophic real number ring.
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Also, we studied the elementary algebraic properties of the defined two-fold
algebra through its algebraic operations and substructures such as
homomorphisms and ideals.
In the future, we aim to generalize our study to other neutrosophic algebraic
structures.
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