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Abstract:

The objective of this paper is to study the two-fold fuzzy algebra based on n-refined
neutrosophic rings for some different special values of n, where we study some of
the special elements in the case of two-fold 2-refined neutrosophic ring and
3-refined neutrosophic rings such as units, idempotents, and nilpotent elements.
Also, we present the concept of two-fold ring homomorphism with its elementary
properties.
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Introduction

The concept of fuzzy algebraic structure is considered a direct application of fuzzy
sets and fuzzy mappings [1-2, 4, 6-8], where a fuzzy mapping with truth and falsity
values is used to build many algebraic structures.

Also, the concept of neutrosophic set was used by many different authors to
generalize classical algebraic structures by using logical conditions instead of
algebraic elements [13], where we can see neutrosophic rings, neutrosophic
matrices, and neutrosophic mappings [5, 9-12]. The concept of n-refined
neutrosophic rings was defined in [18], and then it was studied by many authors in
[19], where ideals, Diophantine equations and other related structures were
classified and provided [20-21].

Recently, Smarandache in [14] has defined two-fold neutrosophic algebras as novel
algebraic structures, and this new concept has been used in [16] to define two-fold
fuzzy algebra by combining the standard fuzzy number theoretical system defined
in [15], with the concept of two-fold algebraic structure, and many interesting
theorems and examples were illustrated about this topic.

On the other hand, Hatip et.al [17], have combined real vector spaces, complex
vector spaces, and algebraic modules with a fuzzy well-defined mapping to define
and study two-fold fuzzy vector spaces and two-fold fuzzy modules, where they
studied many elementary properties of these new structures.

Main Discussion

Definition:
| L (f(0)=0 . .
Let f:R - [0,1] with: (1) =1 then f is called a fuzzy mapping.
W . L . . f(0)=0 .
e use this definition of fuzzy mappings, that is because the property () =1 is

very useful in algebraic structures and operations.

Example:
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To understand the concept of fuzzy mapping, we will illustrate two different fuzzy
mappings defined on the real field R.
Define: f,g,h:R - [0,1] such that:

min(xz,i2 if x+0,x+-1 ) x3] if —1<x<1
flx) = 0 if x=0 , g(x) = ﬁifx>1 or x < —1
09 if x=-1 0.1 if x=-1

We can see that f and g lie in the closed interval [0,1], with £(0) = g(0) =0, f(1) =

g(1) =1

Definition:
Let Ry(D) ={ap+X1,ail; ;@ €R L= Iningi.j) }

be 2-refined commutative neutrosophic ring with unity, let f:R — [0,1] be any

tuzzy mapping such that {;E(B : (1) , we define:
fa + Ry(I) - [0,1] i f2 (ag +Xi ail; ) = max(f(ay)), and
[R:(D]y, = {(ao + 22 a;l; )r. (ao+32, ail; ) ; a; € ]R}, is called the two-fold

fuzzy 2-Refined neutrosophic ring.

Definition:

Operations on [R,(I)]f, are define as follows:
* [Ro(D]y, X [R2(D]y, = [R2(D]y,

O:[RZ(I)]fZ X [Rz(l)]fz - [RZ(I)]fz

X0 * Y = X+ V) g x4m

Such that:{
X, ° Yo = (X Y) g,

Definition:
Let P an ideal of R,(I), we define the corresponding two-fold fuzzy 2-refined

neutrosophic ideal as follows:
Py, = {sz(X) X € P}

Definition:
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Let Pf, be a two-fold fuzzy 2-refined neutrosophic ideal, we define the two-fold
fuzzy 2-refined factor as:
[R2(D]y, /Pr, = XP, ; X €[R,(D]y, -

Definition:

Let h: R,(I) = R,(I) be a ring homomorphism, we define:

H,: [R,(D]s, — [R,(1)]f, such that:

Hy (Xp,00) = (RCO) ,cn -
The mapping (H,) is called two-fold fuzzy 2-refined neutrosophic homomorphism.

The kernel k,,(H,)is:
ker(Ha) = {X € [R(D]y, Ho(Xp00) =00} = (ker (W), -
The direct image I,,(H;) is:
In(Hz) = (Im(R))y, -
Definition:

Let H, .G, : [R,(D]r, — [R:(I)]f, be two homomorphisms, then: H, X G,

(H; X 62)(Xp,00) = Ha (Ga(Xp,00))-

Theorem (1):

1] *, o are commutative.

2] ¥, o are associative.

3] (o) is distributive on (¥).

4] *, o has identities.

5] (*) is invertible, i.e any elementX; (x) € [R,(I)];, has an iverse with respect to (¥).

Theorem (2):

Let P, be a two-fold ideal of[R,(I)], , then:

Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Mowafaq Omar Al-Qadri, Abdallah Al-Husban, On
The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 2<n=3



Neutrosophic Sets and Systems, Vol. 68, 2024 12

{sz w0 * Yo €EP

; X.YEP .reR,()
) " Xpx) € P, 2

Theorem (3):

[R2(D]y, /Py, is a commutative ring with unity.
Theorem (4):

Let Hy: [R,(I)]f, — [R2(D)]s, be a homomorphism, then:
11 Hy(Xp0 * V) = H2(Xp00) * Ha (V)

2] Hy(Xp0 © Vo) = Hz(Xp00) © Ha (V)

3] ker(Hy) isanideal of [R,(D]y, -

4] I,(Hy) isasubringof [R,(D]g, .

5] [RZ(I)]fZ / ker(HZ) = Im(HZ)-
6] If Py, isanideal of [R,(I)]y, , then H, (sz) is an ideal.

7] Hz(oo) =0y -H2(11) =1

Theorem (5):

Let H, .G, : [R;(D]y, = [R.(I)]f, be two homomorphisms, then:
1] Hy(=Xp,00) = —Hz2(X5,00)-

2] H, ( ];%X_l)) = [Hy(Xp, )17, if X is invertible.

3] H, X G, is a homomorphism.

Definition:

Let X, x) € [R2(D]y, , then:
1] sz(X) is idempotent if sz(X) 9 sz(X) = sz(X)'

2] Xf,x) is a nilpotent if there exists m €N such that: Xy x) © X (x)©...0

Xe,xy (m—times) =0,
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3] Xf,(x) is a zero divisor if there exists Y, y) such that: X x) © Yy, vy = 0
Theorem (6):

Let X, (x) € [R2(D]y, , then we have:

1] Xf,(x) is idempotent if and only if X is idempotent in R,(I).

2] Xg,(xy is nilpotent if and only if X is nilpotentin R,(I).

3] Xf,(x) is azero divisor if and only if X is a zero diviso in R,(I).

Theorem (7):

Let Hy: [R,(D]f, — [R2(D]y, , then:

111If X¢,x) € [R2(D]y, is idempotent, then H, (sz(x)) is idempotent.

2] If X, (xyis nilpotent, then H, (sz(X)) is nilpotent.

3] If Xy, (x)is a zero divisor, then H, (sz (X)) is a zero divisor.

4] If Xy, (x)is a unit, then H, (sz(x)) is a unit.

Proof of theorem (1):

0 Xpo0 * Yo = X+ gy = Y+ X p040 = Yom * X
Xr0 © Y = AV pa) = VX pen = Ym © Xpm-

2] X0 * Ve * Zp,@) = Koo * VW + D pvizy = X+ Y + 2 pixavezy =

X+ Vpxen * 2@ = Koo * Yom) * Zp,2)-

Xe00 © Y © Zry2) = XYZ) fyixvzy) = (XY) 1) © Zgy2) = Ky ©

Ye.0) © Zg,2)-

3] X © Vo) * Zpz) = XY + X2 xvaxz) = (XY 9y * (XZ) 029 = Xy ©

Ye,on) * (X0 © Zgy(2))
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4] X0 * 00 = (X + 0) x40 = X 00)-

Xro0 © i = (X Doy = X0

5] For X¢ (x), we have (—X)(,(_x) such that:
X0 * (X)) -0 = X=X px-x) = 0.

Proof of theorem (2):

Xeoo)* Yo = X +Y)g,(x+y) € Pp, thatisbecause X +Y € P.

er(T) o sz(X) = (TX)fz(TX) € sz, that is because rX € P.
Proof of theorem (3):
Define: *': (' [Ry(D]1f,/P;,) x ( [Ro(D1y, /P,) = [Ry(D1y,/Py,

O's ( [Ry(D]y,/Pr,) x ( [R:(D]g, /Pg) = [R(D]g, /Py,

Such that:
K0P * (YmPs) = Ko * Yam) P

Xr,0Pr) © (Y Pr) = Kpoo © Yam) Py,

We have:

XraoPr) * (00Pr,) = X5, ) Pry

Xro0P) o (11Py) = X Py

Xr00Pp) * (X0 Ps) = 00 Ppy,

Xr00P) * (G Pr) * (ZooPr)l = (KpooPp) * [(Y < 2) P =[X+Y 2] Py =
[(Xr00P) ¥ (G PR+ (ZaPr)s

K0P © [(YoonPr) © (ZroPr)] = (X P)o'[(YoZ) Pil=[xoYoz] Py =

(X0 Pr) © (Yo Pe)19" (ZpyayPr,)-
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(XrmPr) o (Yo Pr) ¥ (ZryPr) = [X o (Y * 2)] P, =[(X0Y) * (X0 Z)] Py,

= (sz(X)sz) o (YfZ(Y)PfZ)] *! [(sz(X)sz) o (Zfz(Z)sz)]

Thus, our proof is complete.

Proof of theorem (4):
1] Hy(X *Y) = (h(X + Y)) r,hexsry) = (R + (V) nxy+heryy = Ho(Xpy0) *
H2 (Y}z(y))'

2] Hy(X 0 Y) = (h(XY)) f,nixryy = (MR gy cneonern = Hz(Xry00) © Ha (V).
3] since k. (Hy) = [ker (M), and k., (h) is an ideal of R,(I), we get: k,.(H;) is an
ideal of [R,(D]y,.

4] It can be proved by the same.
5] We have that:

Ry(DN/ker(h) =  I,(h), thus:
[R:(D]g,/ [ker(W], = [Im(W)]f, therefor:
[R2(D]y,/ ker(Hn) = In(Hyp).

6] H,(P;,) ={ [h(P)];}, and h(P) is an ideal of R,(I) , thus H,(P;) is an ideal of
[R2(D]y,.

{Hn(oo) = (h(o))fz(h(o)) = 0o
H,(1,) = (h(l))fz(h(1)) =1y

Proof of theorem (5):
1] Hy(=X5,x)) = (=X, (n-x0) = [FR)] <) = —H2 (X 0)-
20 H (X tan) = (X "Ny (ax-) = (OO 00y = Ko )17

31C Hy X G)[Xpo0 * Yamn] = ( He X GIX + Vg xay) = [(R O @)X + Vg rogycxery)
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=[(ho g)(X) + (ho @) (N g oy +ogyry] = C Hy X G)(Xpi0) * ( Hy X
G2) Yy r)-
( Hy X G)[Xp00 © Y] = [(R 0 @)XV nogyry = [(h 0 gCO) (R 0

IO (ogon)(nog )
=( H; XG)(Xpi0) °( Hy X G)(Yryr))-
Proof of theorem (6):
11 X © Xp0 = Xpm) © (XZ)fZ(XZ) =X, e X=X , and X s
idempotent in R, (I).
2] X, 0.0 Xpxy (m—times) =0y (X™)yf xmy =0, thus X™ =0,

and X is nilpotent in R,(I).
3] Its proof is similar to 1 and 2.

Proof of theorem (7):

11 Hy(Xp,m0) © H2(Xp00) = [(RCO) 1oty = (RED) fyaxzy = (R fy(nexy) =
Ha (Xp,x))-

2] Hy(Xp,00)" = (RX™) pynxmyy = [A(O)] 1y00) = Oo-

311t X, (x) © Yy, (v) = 0o, then:

Hy(Xp,000) © Ha(Yin) = (X)), (nixvy) = Oo-

4] If X¢,(x) © Yy, (v) = 14, then:

H;(Xp,0) © Ha (Y ) = (RXY) 1, (nxry) = (D) gy nny) = 1

Definition:

Let Rs(D =f{ap+Xi,al; ;a4 €R LI = Ininajy

be 3-refined commutative neutrosophic ring with unity, let f:R — [0.1]
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f(0)=0
fW=1"’

f3 : R;(1) - [0.1] i fs (ag+ X3, ail; ) = max(f(q;)), and

Such that { we define:
[R:(D]f, = {(ao + 23 al; )r, (ao+T3, ail; ) ; a; € R}, is called the two-fold

fuzzy 3-Refined neutrosophic ring.

Definition:

Operations on [R3(I)]f, are define as follows:
“ [Rs(D]y, X [Rs(D]y, = [R3(D]y,

o:[Rs(D]y, X [Rs(D]y, = [Rs(D]y,

X, 0¥ Yy o = X +Y)p xany

Such that:{
X, 0 %Y, 0 = (X Y)p v

Definition:
Let P an ideal of R;(I), we define the corresponding two-fold fuzzy 3-refined

neutrosophic ideal as follows:

P =Xp oy XEP]

Definition:

Let P, be a two-fold fuzzy 3-refined neutrosophic ideal, we define the two-fold
fuzzy 3-refined factor as:

[Rs(D]g, /Py, = XPy, ; X E[Rs(D]y, -

Definition:

Let h : R3(I) » R3(I) be a ring homomorphism, we define:
H,: [R3(D]g, - [R3(1)]f, such that:
Hy(Xz, ) = (h(X)D)g, (nexy-

The mapping (Hs) is called two-fold fuzzy 3-refined neutrosophic homomorphism.

The kernel k., (H;)is:
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ker(Hy) = {X € [Rs(D]y, s Hs(Xp, x0) = 00} = (ker(R))y, -
The direct image [,,(H3) is:

In(H3) = (I;m(R))y, -
Definition:

Let H; .G3 : [Rs(D]y, — [R3(I)], be two homomorphisms, then: H; .Gj
[R3(D]f, - [Rs(D]y, with:

(Hs X G3)(Xp,x)) = H3(Gs(Xp,00))-

Theorem (8):

1] *, o are commutative.

2] ¥, o are associative.

3] (o) is distributive on (¥).

4] *, o has identities.

5] (*) is invertible, i.e any elementX, ) € [R,(I)];, has an iverse with respect to (*).
Theorem (9):

Let Pr, be a two-fold ideal of[R3(I)], , then:

T Xpoo € P
Theorem (10):

[R3(D]y,/Pf, is a commutative ring with unity.
Theorem (11):

Let H3: [R3(1)]f, = [R,(I)]f,be a homomorphism, then:
11 H(X00 * Yay) = H2(Xp0) * He (stz(Y))

2] H(Xp00 © Vo) = Ha(Xp0) © Ha(Yn)

3] ker(Hs) isanideal of [R3(D]y,.
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4] I,(H3) isasubring of [R3(D]y,.

5] [RS(I)]f3/ ker(HS) = Im(HB)'
6] If P;, isanideal of [R3(I)]s, then Hj (Pfs) is an ideal.

7] H3(00) =0, .Hs(1) =1,

Theorem (12):

Let H; ,G3 : [R3(D]g — [R3(I)]g,be two homomorphisms, then:

1] Hs(=Xp00) = —Hs(Xr00)-
2] H3( A%X—l)) = [Hs(X;,x))]7%, if X is invertible.

3] H; X G3 is a homomorphism.

Definition:

Let X (x) € [R2(D)]y, , then:
1] Xf3(X) is idempotent lf Xf3(X) 9 Xf3(X) = Xf3(X)-

2] Xr(x) is a nilpotent if there exists m €N such that: X¢ x) © Xg,(x)© ...0
Xr. oy (m—times) = 0,

3] X, (x) is a zero divisor if there exists Yf,(y) such that: X, x) © Vg, vy = 0
Theorem (13):

Let X, (x) € [R3(I)]f,, then we have:
1] Xf,(x) is idempotent if and only if X is idempotent in R3(/).
2] Xg,(xy is nilpotent if and only if X is nilpotent in R3(/).

3] Xf,(x) is a zero divisor if and only if X is a zero divisoin R3([).
Theorem (14):

Let H3: [R3(I)]f, = [R3(D],, then:
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11If X¢,(x) € [R3(D]y, is idempotent, then Hj (st(x)) is idempotent.
2] If Xg, (x)is nilpotent, then H; (Xf3(X)) is nilpotent.
3] If X¢,(x)is a zero divisor, then Hj (Xf3 (x)) is a zero divisor.
4] If X, (x)is a unit, then H;(Xf,(x)) is a unit.
Proof of theorem (8):
1 Xpoo * Y = X+ gy = Y+ D paen = Yam * X
X0 © Y = BV paon = VX pen = Yem © Xpw-
2] Xe.oo * Y * Zr@) = X * VY + D vy = X+ Y + Z) f(xav4z) =

KX+ Vrxen * Zpo = K * Yam) * Zro)-
Xr,0 © Y © Zr) = XY 2D pxvzy = XY g xr) © Zpyzy = Kpy ©
Yem) © Zp(2)-
3] Xpoo© Vam *Zhw) = XY + X2) £ ixvaxz) = XY 00 * XZ) ,x2) = Kpyx0) ©
Vo) * Ko © Zp2)

4] Xe, 0 * 09 = (X + 0)f,(x+0) = Xp,(x0)-

Xron 0 i = (X Doy = Xpo-

5] For X, (x), we have (—=X),—x) such that:
X0 * (X)) -0 = X=X px-x) = 0o

Proof of theorem (9):

Xeoo) * Yo = X+ Y) g (x+y) € Pp, thatisbecause X +Y € P.

T © Xpx) = (PX) £, rx) € Py, that is because rX € P.

Proof of theorem (10):
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Define: +': ( [R3(D]f,/Pr,) x ( [Rs(D1,/Pr,) = [Rs(D]y, /P,

o' ( [Rs(D]s,/Pr) X ( [Rs(D],/Pr,) = [R3(D]g,/ Py,

Such that:
KrcoPs) * (Y Pr) = Kem * Vo) P

Kr,0Pr) © (Y Pr) = Keoo © Yam)Pr,

We have:

Xro0Pr) * (00Pr) = X5, o P

Xr00Ps) © (14Pg) = X Pr,s

Xr00Pe) * (X0 Pp) =00 P,

Kr00P) * (G P) ' (ZeoPe)l = (KpooPs) * [(Y+2) Pl = (XY «2Z] Py =
Xr00Pr) ¥ (VP (Zra Pr),

K0P O [(YamnPs) © (ZrayPr)l = (X Pp)o'[(Yo2) Prl=[XoYoZ] P, =
Xr00Ps) © (Vs Pe)1© (Zro Pr)-

(XrwPs) o [V Pr) ¥ (ZroPs)] =X o (Y« 2)] P =[(XoY)*(X02)] P,

= (Xf3(X)Pf3) o’ (Y}3(Y)Pf3)] o [(Xf3(X)Pf3) o’ (Zf3(Z)Pf3)]
Thus, our proof is complete.

Proof of theorem (11):
1] Hs(X *Y) = (h(X + Y)) s hexsry = (RX) + h()) £ nr+neryy = Ha(Xpx) *
Hs (stz(Y))'

2] Hy(X oY) = (h(XV)) g, nxry) = (RCOR) gy reony = Hs (K 0) © Hs (Y m))-
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3] since k., (H3) = [ker (M), and k., (h) is an ideal of R;(I), we get: k,.(H3) is an
ideal of [R3(D)]y,.

4] It can be proved by the same.
5] We have that:

R;(I)/k.-(h) = I,(h), thus:

[Rs(D]r,/ [ker(W)]y, = [Ln(W)]y, therefor:
[R3 (I)]f3/ ker(Hn) = Im(Hn)-
6] Hs (Pf3) ={ [h(P)]f3}, and h(P) is an ideal of R;(I) , thus Hj (Pfg) is an ideal of
[R3(D].
{Hs (0o) = (h(o))f3(h(0)) = 0
H3(11) = (h(l))f3(h(1)) =1;
Proof of theorem (12):
It is similar to that of theorem 5.
Proof of theorem (13):
It holds by a similar argument of theorem 6.
Proof of theorem (14):
It is similar to that of theorem 7.

Conclusion

In this paper we studied the two-fold fuzzy algebra based on n-refined
neutrosophic rings for some different special values of n, where we studied some of
special elements in the case of two-fold 2-refined neutrosophic ring and 3-refined
neutrosophic ring such as units, idempotenets and nilpotent elements. Also, we
presented the concept of two-fold ring homomorphism with its elementary
properties.
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