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Abstract: this paper aims to present the limits of 2- refined neutrosophic, where we studied the of 

the neutrosophic factorization method and the neutrosophic rationalization method of the limits of 

2- refined neutrosophic, we verified the results of these methods using the L'Hôpital's rule. Also We 

introduced some special limits and 2- refined neutrosophic trigonometric limits. In addition to 

clarifying this by solving appropriate numerical examples. 
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1. Introduction and Preliminaries 

       To describe a mathematical model of uncertainty, vagueness, ambiguity, imprecision, 

undefined, unknown, incompleteness, inconsistency, redundancy, and contradiction, Smarandache 

suggested the neutrosophic Logic as an alternative to the current logics. Smarandache made refined 

neutrosophic numbers available in the following form: (𝑎, 𝑏1𝐼1, 𝑏2𝐼2, . . . , 𝑏𝑛𝐼𝑛) where 𝑎, 𝑏1, 𝑏2, . . . , 𝑏𝑛 ∈

𝑅 𝑜𝑟 𝐶 [1] 

Agboola introduced the concept of refined neutrosophic algebraic structures [2]. Also, the refined 

neutrosophic rings 𝐼  was studied in paper [3], where it assumed that 𝐼 splits into two 

indeterminacies 𝐼1 [contradiction (true (T) and false (F))] and 𝐼2 [ignorance (true (T) or false (F))].  

In addition, there are many papers presenting studies on refined neutrosophic numbers [4-5-6-7-8-9-

10]. 

Alhasan and Abdulfatah also presented the division of refined neutrosophic numbers [11], where: 

  

𝑎1 + 𝑏1𝐼1 + 𝑐1𝐼2  

𝑎2 + 𝑏2𝐼1 + 𝑐2𝐼2

≡
𝑎1

𝑎2

+ [
𝑎2

2𝑏1 + 𝑎2𝑏1𝑐2 − 𝑎1𝑎2𝑏2 − 𝑎2𝑏2𝑐1

𝑎2(𝑎2 + 𝑐2)(𝑎2 + 𝑏2 + 𝑐2)
] 𝐼1 + [

𝑎2𝑐1 − 𝑎1𝑐2

𝑎2(𝑎2 + 𝑐2)
] 𝐼2   

where: 𝑎2 ≠ 0  , 𝑎2 ≠ −𝑐2  and 𝑎2 ≠ −𝑏2 − 𝑐2 

 

      This paper addressed many topics, following the introduction and preliminary material 

presented in the first part, the limits of 2-refined neutrosophic were discussed in the main discussion 

section. The final section contained the conclusion. 
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2. Main Discussion  

2.1 The neutrosophic factorization method of the limits of 2- refined neutrosophic 

Let 
𝑓(𝑥,𝐼1 ,𝐼2)

𝑔(𝑥,𝐼1 ,𝐼2)
 is rational 2- refined neutrosophic function, if 𝑓(𝑥, 𝐼1, 𝐼2), 𝑔(𝑥, 𝐼1, 𝐼2)  contains some 

common factors, then we can eliminate out the common factors from the numerator and denominator 

and after that we calculate the limit. 

 

Example 1 

Evaluate:  

𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

𝑥 − 3 − 𝐼1 − 𝐼2

𝑥2 − 9 + 9𝐼1 + 7𝐼2

 

 

Solution: 

𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

𝑥 − 3 − 𝐼1 − 𝐼2

𝑥2 − 9 + 9𝐼1 + 7𝐼2

=
0

0
 

Method1: 

 

𝑥2 − 9 + 9𝐼1 + 7𝐼2 = (𝑥 + 3 + 𝐼1 + 𝐼2)(𝑥 − 3 − 𝐼1 − 𝐼2) 

 

 

𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

𝑥 − 3 − 𝐼1 − 𝐼2

𝑥2 − 9 + 9𝐼1 + 7𝐼2

= 𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

𝑥 − 3 − 𝐼1 − 𝐼2

(𝑥 + 3 + 𝐼1 + 𝐼2)(𝑥 − 3 − 𝐼1 − 𝐼2)
 

 

= 𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

1

𝑥 + 3 + 𝐼1 + 𝐼2

=
1

6 + 2𝐼1 + 2𝐼2

=
1

6
−

1

40
𝐼1 −

1

24
𝐼2 

 

Method2: 

 

by using L'Hôpital's rule 

 

    ⟹     𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

𝑥 − 3 − 𝐼1 − 𝐼2

𝑥2 − 9 + 9𝐼1 + 7𝐼2

= 𝑙𝑖𝑚
𝑥→3+𝐼1+𝐼2

1

2𝑥
 

 

=
1

2(3 + 𝐼1 + 𝐼2)
=

1

6 + 2𝐼1 + 2𝐼2

=
1

6
−

1

40
𝐼1 −

1

24
𝐼2 

2.2 The neutrosophic rationalization method of the limits of 2- refined neutrosophic  

 

Example 2 

Evaluate:  

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

√1 − (1 + 𝐼1 + 2𝐼2)𝑥 − √1 + (1 + 𝐼1 + 2𝐼2)𝑥

(2 + 3𝐼1 − 𝐼2)𝑥
 

 

Solution: 

 

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

√1 − (1 + 𝐼1 + 2𝐼2)𝑥 − √1 + (1 + 𝐼1 + 2𝐼2)𝑥

(2 + 3𝐼1 − 𝐼2)𝑥
=

0

0
 

 

Method1: 
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    ⟹     𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

√1 − (1 + 𝐼1 + 2𝐼2)𝑥 − √1 + (1 + 𝐼1 + 2𝐼2)𝑥

(2 + 3𝐼1 − 𝐼2)𝑥
 

 

= 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 − √1 + (1 + 𝐼1 + 2𝐼2)𝑥)(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 + √1 + (1 + 𝐼1 + 2𝐼2)𝑥)

(2 + 3𝐼1 − 𝐼2)𝑥(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 + √1 + (1 + 𝐼1 + 2𝐼2)𝑥)
 

 

= 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

1 − (1 + 𝐼1 + 2𝐼2)𝑥 − [1 + (1 + 𝐼1 + 2𝐼2)𝑥]

(2 + 3𝐼1 − 𝐼2)𝑥(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 + √1 + (1 + 𝐼1 + 2𝐼2)𝑥)
 

 

 

= 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

−(2 + 2𝐼1 + 4𝐼2)𝑥

(2 + 3𝐼1 − 𝐼2)𝑥(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 + √1 + (1 + 𝐼1 + 2𝐼2)𝑥)
 

 

= 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

−(2 + 2𝐼1 + 4𝐼2)

(2 + 3𝐼1 − 𝐼2)(√1 − (1 + 𝐼1 + 2𝐼2)𝑥 + √1 + (1 + 𝐼1 + 2𝐼2)𝑥)
 

 

=
−1 − 𝐼1 − 2𝐼2

2 + 3𝐼1 − 𝐼2

= −
1

2
+ 2𝐼1 −

5

2
𝐼2 

 

Method2: 

 

by using L'Hôpital's rule 

 

    ⟹     𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

√1 − (1 + 𝐼1 + 2𝐼2)𝑥 − √1 + (1 + 𝐼1 + 2𝐼2)𝑥

(2 + 3𝐼1 − 𝐼2)𝑥
 

 

= 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

−(1 + 𝐼1 + 2𝐼2)

2√1 − (1 + 𝐼1 + 2𝐼2)𝑥
−

(1 + 𝐼1 + 2𝐼2)

2√1 + (1 + 𝐼1 + 2𝐼2)𝑥

2 + 3𝐼1 − 𝐼2

 

 

 

=

−(1 + 𝐼1 + 2𝐼2)

2√1 − 0
−

(1 + 𝐼1 + 2𝐼2)

2√1 + 0
2 + 3𝐼1 − 𝐼2

 

 

=
−1 − 𝐼1 − 2𝐼2

2 + 3𝐼1 − 𝐼2

= −
1

2
+ 2𝐼1 −

5

2
𝐼2 

 

Example 3 

Evaluate:  

𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

1 − √𝑥 − 5 − 2𝐼1 + 3𝐼2

𝑥 − 5 − 2𝐼1 + 3𝐼2

 

 

Solution: 

 

𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

1 − √𝑥 − 5 − 2𝐼1 + 3𝐼2

𝑥 − 5 − 2𝐼1 + 3𝐼2

=
0

0
 

 

Method1: 



Neutrosophic Sets and Systems, Vol. 68, 2024     42  

 

 

Yaser Ahmad Alhasan, Mohamed Elghazali Ali Mohieldin Mohamed and Raja Abdullah Abdulfatah. The limits of 2- refined 

neutrosophic  

    ⟹    𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

(1 − √𝑥 − 5 − 2𝐼1 + 3𝐼2)(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)

(𝑥 − 5 − 2𝐼1 + 3𝐼2)(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)
 

 

= 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

1 − (𝑥 − 5 − 2𝐼1 + 3𝐼2)

(𝑥 − 5 − 2𝐼1 + 3𝐼2)(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)
 

 

= 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

−𝑥 + 5 + 2𝐼1 − 3𝐼2

(𝑥 − 5 + 𝐼)(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)
  

 

= 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

−(𝑥 − 5 − 2𝐼1 + 3𝐼2)

(𝑥 − 5 − 2𝐼1 + 3𝐼2)(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)
 

 

= 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

−1

(1 + √𝑥 − 5 − 2𝐼1 + 3𝐼2)
=

−1

2
 

 

Method2: 

 

by using L'Hôpital's rule 

 

    ⟹    𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

1 − √𝑥 − 5 − 2𝐼1 + 3𝐼2

𝑥 − 5 − 2𝐼1 + 3𝐼2

 

 

                         = 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

−1

2√𝑥 − 5 − 2𝐼1 + 3𝐼2

1
 

 

                         = 𝑙𝑖𝑚
𝑥→6+2𝐼1−3𝐼2

−1

2√𝑥 − 5 − 2𝐼1 + 3𝐼2

=
−1

2
 

 

 

Example 4 

 

Evaluate:  

𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 − √3𝑥

 √15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥
 

 
Solution: 

 

𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 − √3𝑥

 √15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥
=

0

0
 

 

  ⟹      𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 − √3𝑥

 √15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥
 

 

= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 − √3𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)

 (√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
 

 

= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 − 3𝑥

(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
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= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

𝑎 + 𝑏𝐼1 + 𝑐𝐼2 − 𝑥

(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
=

0

0
 

 

then: 

  𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

𝑎 + 𝑏𝐼1 + 𝑐𝐼2 − 𝑥

(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 4√𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
 

√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 + 4√𝑥

√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 + 4√𝑥
 

 

 

= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2 − 𝑥)(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 + 4√𝑥)

(15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 − 16𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
  

 

= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2 − 𝑥)(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 + 4√𝑥)

15(𝑎 + 𝑏𝐼1 + 𝑐𝐼2 − 𝑥)(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2𝑥 + √3𝑥)
 

 

= 𝑙𝑖𝑚
𝑥→𝑎+𝑏𝐼1+𝑐𝐼2

(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑥 + 4√𝑥)

15(√𝑎 + 𝑏𝐼 + 2𝑥 + √3𝑥)
 

 

=
(√15𝑎 + 15𝑏𝐼1 + 15𝑐𝐼2 + 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 4√𝑎 + 𝑏𝐼1 + 𝑐𝐼2)

15(√𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 2(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) + √3(𝑎 + 𝑏𝐼1 + 𝑐𝐼2))
 

 

=
√16(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) + 2√𝑎 + 𝑏𝐼1 + 𝑐𝐼2

15(√3(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) + √3(𝑎 + 𝑏𝐼1 + 𝑐𝐼2))
=

4√𝑎 + 𝑏𝐼1 + 𝑐𝐼2

30√3(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)
 

 

=
2√𝑎 + 𝑏𝐼1 + 𝑐𝐼2

15√3(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)
=

2

15√3
 

2.3 2- Refined neutrosophic trigonometric limits 

1) 𝑙𝑖𝑚
𝑥→0

𝑠𝑖𝑛 (𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑥 = 0 

 
2) 𝑙𝑖𝑚

𝑥→0
𝑐𝑜𝑠(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑥 = 1 

 

3) 𝑙𝑖𝑚
𝑥→0

𝑠𝑖𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥

𝑥
= 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

Proof (3): 

 

Put (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑦       ⟹   𝑥 =
1

𝑎+𝑏𝐼1+𝑐𝐼2
𝑦 

 

When 𝑥 ⟶ 0   then: 𝑦 ⟶ 0   

 

⟹    𝑙𝑖𝑚
𝑥→0

𝑠𝑖𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑥

𝑥
= 𝑙𝑖𝑚

𝑦→0

𝑠𝑖𝑛𝑦

1
𝑎 + 𝑏𝐼1 + 𝑐𝐼2

𝑦
 

 

                                                        

= (𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑙𝑖𝑚
𝑦→0

𝑠𝑖𝑛𝑦

𝑦
= 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 
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4) 𝑙𝑖𝑚
𝑥→0

𝑥

sin(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑥
=

1

𝑎 + 𝑏𝐼1 + 𝑐𝐼2

 

 

                                                         

=
1

𝑎
+ [

−𝑏

(𝑎 + 𝑐)(𝑎 + 𝑏 + 𝑐)
] 𝐼1 − [

𝑐

𝑎(𝑎 + 𝑐)
] 𝐼2 

 

Where 𝑎 , 𝑏, 𝑐 are real coefficients, 𝑎 ≠ 0  , 𝑎 ≠ −𝑐 and 𝑎 ≠ −𝑏 − 𝑐 
 

Proof (4): 

 

Put (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑦       ⟹   𝑥 =
1

𝑎+𝑏𝐼1+𝑐𝐼2
𝑦 

 

When 𝑥 ⟶ 0   then: 𝑦 ⟶ 0    

 

⟹    𝑙𝑖𝑚
𝑥→0

𝑥

𝑠𝑖𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑥
= 𝑙𝑖𝑚

𝑦→0

1
𝑎 + 𝑏𝐼1 + 𝑐𝐼2

𝑦

𝑠𝑖𝑛𝑦
 

 

                =
1

𝑎 + 𝑏𝐼1 + 𝑐𝐼2

𝑙𝑖𝑚
𝑦→0

𝑦

𝑠𝑖𝑛𝑦
 

 

                =
1

𝑎 + 𝑏𝐼1 + 𝑐𝐼2

 

 

                =
1

𝑎
+ [

−𝑏

(𝑎 + 𝑐)(𝑎 + 𝑏 + 𝑐)
] 𝐼1 − [

𝑐

𝑎(𝑎 + 𝑐)
] 𝐼2 

 

5) 𝑙𝑖𝑚
𝑥→0

𝑡𝑎𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥

𝑥
= 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

6) 𝑙𝑖𝑚
𝑥→0

𝑥

𝑡𝑎𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥
=

1

𝑎 + 𝑏𝐼1 + 𝑐𝐼2

=
1

𝑎
+ [

−𝑏

(𝑎 + 𝑐)(𝑎 + 𝑏 + 𝑐)
] 𝐼1 − [

𝑐

𝑎(𝑎 + 𝑐)
] 𝐼2 

 

where 𝑎 , 𝑏, 𝑐 are real coefficients, 𝑎 ≠ 0 , 𝑎 ≠ −𝑐 and 𝑎 ≠ −𝑏 − 𝑐. We can prove 5 and 6 by the 

same method in 3, 4 

 

Example 5 

 

1) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑠𝑖𝑛(2 + 𝐼1 + 3𝐼2) 𝑥

(1 − 4𝐼1 + 𝐼2)𝑥
=

2 + 𝐼1 + 3𝐼2

1 − 4𝐼1 + 𝐼2

 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑠𝑖𝑛(2 + 𝐼1 + 3𝐼2) 𝑥

(2 + 𝐼1 + 3𝐼2)𝑥
 

 

                         =
2 + 𝐼1 + 3𝐼2

1 − 4𝐼1 + 𝐼2

= 2 −
11

2
𝐼1 +

1

2
𝐼2 

 

2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑥

𝑠𝑖𝑛(1 + 5𝐼1 − 4𝐼2) 𝑥
=

1

1 + 5𝐼1 − 4𝐼2

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(1 + 5𝐼1 − 4𝐼2)𝑥

𝑠𝑖𝑛 (1 + 5𝐼1 − 4𝐼2𝑥
 

 

                            =
1

1 + 5𝐼1 − 4𝐼2

= 1 +
5

6
𝐼1 −

4

3
𝐼2 
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3) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

sin(3 + 4𝐼1 − 4𝐼2) 𝑥

tan(2 − 8𝐼1 − 4𝐼2) 𝑥
= 𝑙𝑖𝑚

𝑥→0+0𝐼

sin(3 + 4𝐼1 − 4𝐼2) 𝑥
𝑥

tan(2 − 8𝐼1 − 4𝐼2) 𝑥
𝑥

 

 

                              =
𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

sin(3 + 4𝐼1 − 4𝐼2) 𝑥
𝑥

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

tan(2 − 8𝐼1 − 4𝐼2) 𝑥
𝑥

 

 

                              =
3 + 4𝐼1 − 4𝐼2

2 − 8𝐼1 − 4𝐼2

=
3

2
+ 4𝐼1 − 𝐼2 

 

4) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

1 − cos(1 + 4𝐼1 − 𝐼2) 𝑥

𝑥2
= 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

2𝑠𝑖𝑛2(1 + 4𝐼1 − 𝐼2)𝑥

𝑥2
 

 

                                 = 2 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(
𝑠𝑖𝑛(1 + 4𝐼1 − 𝐼2)𝑥

𝑥
)

2

 

 

                                = 2(1 + 4𝐼1 − 𝐼2)2 = 2 + 32𝐼1 − 2𝐼2 
 
 

5) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(2 + 𝐼1 + 𝐼2)𝑥 − 𝑠𝑖𝑛(1 + 𝐼1 + 𝐼2) 𝑥

(2 + 𝐼1 + 2𝐼2)𝑥
= 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(
(2 + 𝐼1 + 𝐼2)𝑥

(2 + 𝐼1 + 2𝐼2)𝑥
−

𝑠𝑖𝑛(1 + 𝐼1 + 𝐼2) 𝑥

(2 + 𝐼1 + 2𝐼2)𝑥
) 

 

               = 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(
2 + 𝐼1 + 𝐼2

2 + 𝐼1 + 2𝐼2

−
𝑠𝑖𝑛(1 + 𝐼1 + 𝐼2)𝑥

(2 + 𝐼1 + 2𝐼2)𝑥
) 

 

              =
2 + 𝐼1 + 𝐼2

2 + 𝐼1 + 2𝐼2

− (
1 + 𝐼1 + 𝐼2

2 + 𝐼1 + 2𝐼2

) 

 

              = 1 +
1

20
𝐼1 −

1

4
𝐼2 − (

1

2
+

1

10
𝐼1 + 0𝐼2) 

 

              =
1

2
+

3

20
𝐼1 −

1

4
𝐼2 

 

2.4 Some special limits 

 
1) 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2
𝑒(𝑎+𝑏𝐼1+𝑐𝐼2)𝑥  = 1 

 

2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(𝑎+𝑏𝐼1+𝑐𝐼2)𝑥 − 1

𝑥
 = 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

Proof (2): 

 

put (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑦       ⟹   𝑥 =
1

𝑎+𝑏𝐼1+𝑐𝐼2
𝑦 

 

when 𝑥 ⟶ 0 + 0𝐼1 + 0𝐼2   then: 𝑦 ⟶ 0 + 0𝐼1 + 0𝐼2    

 

⟹    𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(𝑎+𝑏𝐼1+𝑐𝐼2)𝑥 − 1

𝑥
 = 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

𝑒𝑦 − 1

1
𝑎 + 𝑏𝐼1 + 𝑐𝐼2

𝑦
 



Neutrosophic Sets and Systems, Vol. 68, 2024     46  

 

 

Yaser Ahmad Alhasan, Mohamed Elghazali Ali Mohieldin Mohamed and Raja Abdullah Abdulfatah. The limits of 2- refined 

neutrosophic  

 

                   = (𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒𝑦 − 1

𝑦
= (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)(1) = 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

 

3) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑙𝑛(1 + (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥)

𝑥
= 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

Proof (3): 

 

Put (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑦       ⟹   𝑥 =
1

𝑎+𝑏𝐼1+𝑐𝐼2
𝑦 

 

When 𝑥 ⟶ 0 + 0𝐼1 + 0𝐼2   then: 𝑦 ⟶ 0 + 0𝐼1 + 0𝐼2    

 

⟹    𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑙𝑛(1 + (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥)

𝑥
= 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2
𝑙𝑖𝑚

𝑦→0+0𝐼

𝑙𝑛(1 + 𝑦) 

1
𝑎 + 𝑏𝐼1 + 𝑐𝐼2

𝑦
 

 

                     = (𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑙𝑛(1 + 𝑦)

𝑦
= (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)(1)

= 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 

 

4) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1

𝑥
= 𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 

 

                      = 𝑙𝑛 𝑎 + [𝑙𝑛(𝑎 + 𝑏 + 𝑐) − 𝑙𝑛(𝑎 + 𝑐)]𝐼1 + [𝑙𝑛(𝑎 + 𝑐) − 𝑙𝑛 𝑎]𝐼2 

 

where: 𝑎 > 0 , 𝑎 + 𝑏 > 0 , 𝑎 + 𝑏 + 𝑐 > 0  

 

Proof (4): 

 

Put (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1 = 𝑦       ⟹   (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑦 + 1 

 
𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 = 𝑙𝑛(1 + 𝑦) 

 
𝑥 𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) = 𝑙𝑛(1 + 𝑦) 

 

𝑥 =
1

𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)
𝑙𝑛(1 + 𝑦) 

 

When 𝑥 ⟶ 0 + 0𝐼1 + 0𝐼2   then: 𝑦 ⟶ 0 + 0𝐼1 + 0𝐼2   

 

⟹        𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1

𝑥
 =  𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

𝑦

1
𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑙𝑛(1 + 𝑦)

 

 

= 𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑦

𝑙𝑛(1 + 𝑦)
= 𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) (1) = 𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) 

 

= 𝑙𝑛 𝑎 + [𝑙𝑛(𝑎 + 𝑏 + 𝑐) − 𝑙𝑛(𝑎 + 𝑐)]𝐼1 + [𝑙𝑛(𝑎 + 𝑐) − 𝑙𝑛 𝑎]𝐼2 
Corollary 1 
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𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1

(𝑟 + 𝑠𝐼1 + 𝑡𝐼2)𝑥 − 1
=

𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)

𝑙𝑛(𝑟 + 𝑠𝐼1 + 𝑡𝐼2)
 

 

                            =
𝑙𝑛 𝑎 + [𝑙𝑛(𝑎 + 𝑏 + 𝑐) − 𝑙𝑛(𝑎 + 𝑐)]𝐼1 + [𝑙𝑛(𝑎 + 𝑐) − 𝑙𝑛 𝑎]𝐼2

𝑙𝑛 𝑟 + [𝑙𝑛(𝑟 + 𝑠 + 𝑡) − 𝑙𝑛(𝑟 + 𝑡)]𝐼1 + [𝑙𝑛(𝑟 + 𝑡) − 𝑙𝑛 𝑟]𝐼2

  

 

where: 𝑎 > 0 , 𝑎 + 𝑏 > 0 , 𝑎 + 𝑏 + 𝑐 > 0  𝑎𝑛𝑑  𝑟 > 0 , 𝑟 + 𝑠 > 0 , 𝑟 + 𝑠 + 𝑡 > 0 

 

Proof: 

 

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1
𝑥

(𝑟 + 𝑠𝐼1 + 𝑡𝐼2)𝑥 − 1
𝑥

=
𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)𝑥 − 1
𝑥

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(𝑟 + 𝑠𝐼1 + 𝑡𝐼2)𝑥 − 1
𝑥

 

 

                  =
𝑙𝑛(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)

𝑙𝑛(𝑟 + 𝑠𝐼1 + 𝑡𝐼2)

=
𝑙𝑛 𝑎 + [𝑙𝑛(𝑎 + 𝑏 + 𝑐) − 𝑙𝑛(𝑎 + 𝑐)]𝐼1 + [𝑙𝑛(𝑎 + 𝑐) − 𝑙𝑛 𝑎]𝐼2

𝑙𝑛 𝑟 + [𝑙𝑛(𝑟 + 𝑠 + 𝑡) − 𝑙𝑛(𝑟 + 𝑡)]𝐼1 + [𝑙𝑛(𝑟 + 𝑡) − 𝑙𝑛 𝑟]𝐼2

 

Example 6 

 

1) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(9+12𝐼1−15𝐼2)𝑥  = 1 

 

2) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(−5+13𝐼1−𝐼2)𝑥 − 1

𝑥
 = −5 + 13𝐼1 − 𝐼2 

 

3) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(2 + 4𝐼1 + 7𝐼2)𝑥 − 1

𝑥
= 𝑙𝑛(2 + 4𝐼1 + 7𝐼2) 

 

                                = 𝑙𝑛 2 + [𝑙𝑛 13 − 𝑙𝑛 6]𝐼1 + [𝑙𝑛 9 − 𝑙𝑛 2]𝐼2 

 

                                = 𝑙𝑛 2 + [𝑙𝑛 13 − 𝑙𝑛 6]𝐼1 + [2 𝑙𝑛 3 − 𝑙𝑛 2]𝐼2 
 

4) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(1 + 𝐼1 + 𝐼2)𝑥 − 1

𝑒(1+2𝐼1+3𝐼2)𝑥 − 1
 = 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(1 + 𝐼1 + 𝐼2)𝑥 − 1
𝑥

𝑒(1+2𝐼1+3𝐼2)𝑥 − 1
𝑥

     

 

                           =
𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(1 + 𝐼1 + 𝐼2)𝑥 − 1
𝑥

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(1+2𝐼1+3𝐼2)𝑥 − 1
𝑥

=
𝑙𝑛(1 + 𝐼1 + 𝐼2)

1 + 2𝐼1 + 3𝐼2

 

 

                          = (1 −
1

12
𝐼1 −

3

4
𝐼2) ([𝑙𝑛 3 − 𝑙𝑛 2]𝐼1 + [𝑙𝑛 2]𝐼2) 

 

5) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(2 + 3𝐼1 + 4𝐼2)𝑥 − 1

(2 + 𝐼1 + 𝐼2)𝑥 − 1
=

𝑙𝑛(2 + 3𝐼1 + 4𝐼2)

𝑙𝑛(2 + 𝐼1 + 𝐼2)
=

𝑙𝑛 2 + [𝑙𝑛 9 − 𝑙𝑛 6]𝐼1 + [𝑙𝑛 6 − 𝑙𝑛 2]𝐼2

𝑙𝑛 2 + [𝑙𝑛 4 − 𝑙𝑛 3]𝐼1 + [𝑙𝑛 3 − 𝑙𝑛 2]𝐼2

 

 
                               

                               =
𝑙𝑛 2 + [𝑙𝑛

3
2

] 𝐼1 + [𝑙𝑛 3]𝐼2

𝑙𝑛 2 + [𝑙𝑛
4
3

] 𝐼1 + [𝑙𝑛
3
2

] 𝐼2
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                              = 1 + [
𝑙𝑛 3 + 𝑙𝑛

9
4 − 𝑙𝑛

2
3 − 𝑙𝑛 4

𝑙𝑛 3 . 𝑙𝑛 4
] 𝐼1 + [

𝑙𝑛 6 − 𝑙𝑛 3

𝑙𝑛 2 . 𝑙𝑛 3
] 𝐼2 

 

                              = 1 + [
𝑙𝑛

81
32

𝑙𝑛 3 . 𝑙𝑛 4
] 𝐼1 + [

1

𝑙𝑛 3
] 𝐼2  

 
 

6) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(6 + 5𝐼1 − 2𝐼2)𝑥 − 1

𝑥
= 𝑙𝑛(6 + 5𝐼1 − 2𝐼2) 

 

                               = 𝑙𝑛 6 + [𝑙𝑛 9 − 𝑙𝑛 4]𝐼1 + [𝑙𝑛 4 − 𝑙𝑛 6]𝐼2 
 

                               = 𝑙𝑛 6 + [3 𝑙𝑛 2 − 2 𝑙𝑛 2]𝐼1 + [2 𝑙𝑛 2 − 𝑙𝑛 6]𝐼2 

 

7) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑙𝑛(1 + (6 + 6𝐼1 − 6𝐼2)𝑥)

𝑥
= 6 + 6𝐼1 − 6𝐼2 

 

8) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(3+𝐼1−𝐼2)𝑥 − 1

𝑠𝑖𝑛(3 + 2𝐼1 + 𝐼2) 𝑥
= 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

𝑒(3+𝐼1−𝐼2)𝑥 − 1
𝑥

𝑠𝑖𝑛(3 + 2𝐼1 + 𝐼2) 𝑥
𝑥

 

 

          = 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑒(3+𝐼1−𝐼2)𝑥 − 1
𝑥

𝑠𝑖𝑛(3 + 2𝐼1 + 𝐼2) 𝑥
𝑥

=
𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

𝑒(3+𝐼1−𝐼2)𝑥 − 1
𝑥

𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

𝑠𝑖𝑛(3 + 2𝐼1 + 𝐼2) 𝑥
𝑥

 

          =
3 + 𝐼1 − 𝐼2

3 + 2𝐼1 + 𝐼2

= 1 + 0𝐼1 −
1

2
𝐼2 

 

9) 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(7 + 𝐼1 + 4𝐼2)𝑥 − (6 + 3𝐼1 + 𝐼2)𝑥

𝑥
= 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(7 + 𝐼1 + 4𝐼2)𝑥 − (6 + 3𝐼1 + 𝐼2)𝑥 − 1 + 1

𝑥
  

 
  

          = 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(7 + 𝐼1 + 4𝐼2)𝑥 − 1 − ((6 + 3𝐼1 + 𝐼2)𝑥 − 1) 

𝑥
 

 

 

      = 𝑙𝑖𝑚
𝑥→0+0𝐼1+0𝐼2

(7 + 𝐼1 + 4𝐼2)𝑥 − 1 

𝑥
− 𝑙𝑖𝑚

𝑥→0+0𝐼1+0𝐼2

(6 + 3𝐼1 + 𝐼2)𝑥 − 1 

𝑥
 

 

  

= 𝑙𝑛(7 + 𝐼1 + 4𝐼2) − 𝑙𝑛(6 + 3𝐼1 + 𝐼2) = 𝑙𝑛 (
7 + 𝐼1 + 4𝐼2

6 + 3𝐼1 + 𝐼2

) 

 

= 𝑙𝑛 (
7

6
−

13

35
𝐼1 +

17

42
𝐼2) = 𝑙𝑛

7

6
+ [𝑙𝑛

6

5
− 𝑙𝑛

11

7
] 𝐼1 + [𝑙𝑛

11

7
− 𝑙𝑛

7

6
] 𝐼2 

 

3. Conclusions  
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One of the key concepts in calculus is limits. Its focus is on the study of derivation by studying the 

fundamental ideas of infinitesimal quantities. This was the goal of putting forward the idea of The 

limits of 2- refined neutrosophic in this paper. Several methods for solving The limits of 2- refined 

neutrosophic were discussed, in addition to presenting special rules to facilitate finding these limits. 

Also, We obtained the same results by solving the examples in different ways, such as L'Hôpital's 

rule. 
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