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Abstract: this article's goal is to present the indefinite refined neutrosophic integrals by parts. All
situations where integration by parts can be used are covered, including the use of rotating integrals
to solve recurring and non-terminating functions like the product of trigonometric and exponential
functions. Furthermore, the Tabular method has been implemented in the computation of the

indefinite refined neutrosophic integrals.
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1. Introduction and Preliminaries

To describe a mathematical model of uncertainty, vagueness, ambiguity,

imprecision, undefined, unknown, incompleteness, inconsistency, redundancy, and contradiction,
Smarandache suggested the neutrosophic Logic as an alternative to the current logics. Smarandache
made refined neutrosophic numbers available in the following form: (a, by, b,1,,...,b,1,) where
a,by,by,...,b, € R or C [1]
Agboola introduced the concept of refined neutrosophic algebraic structures [2]. Also, the refined
neutrosophic rings I was studied in paper [3], where it assumed that I splits into two
indeterminacies I; [contradiction (true (T) and false (F))] and I, [ignorance (true (T) or false (F))]. It
then follows logically that: [3]

Lh=L*=1 (D
LI, = 122 =1, 2
LL, =6LL1 =1 3)

In addition, there are many papers presenting studies on refined neutrosophic numbers [4-5-6-7-8].
Smarandache discussed neutrosophic indefinite integral (Refined Indeterminacy) [11]
Let g:R— RU{[;}VU {I;} VU {I3}, where I;,I,, and I; are types of sub indeterminacies,

g(x) = 7x = 21, + x2I, + 4x31I,
then:
F(x) = [[7x = 2I, + x2I, + 4x31;]dx
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x? x3

=== 2xl, + ?Iz +x*l; +ag + aly + ayl, + asl;

where ay,a,,a, and a; are real constants.

Additionally, Alhasan gave multiple calculus presentations in which he covered neutrosophic
definite and indefinite integrals. Also, he introduced the most significant uses of definite integrals
in neutrosophic logic [9-10]. Several studies were also presented in the field of neutro logic in
statistics and others [12-13].

2. Main Discussion

2.1 The indefinite refined neutrosophic integration by parts

Let: f:Dy € R(I;,I,) = R(I;,1,) and g:D, € R(Iy, I,) = R(I,, 1)

then, for the product rule:

d .
E[f(xi 11'12)-g(x' 11'12)] = f(x' Il'lz)g(x' 11'12) +f(x' Il,Iz)g'(x, 11»12)

integrating both sides of this equation gives us:

[ Z Gk gl )] = [ fle b bgle by dx+ [ FGngee ) dx

ff(x, I, )G I, 1) dx = f(x, 1, 1,). g(x, 1, 1) — jf(x, I,1)g(x, 1, 1,) dx
it is usually convenient to write this using the notation:
uy = f(x, 1y, 1) = duy = f(x,1,,1;) dx
dvoy =g 1,L) dx =  vy=gkx1I,1,)

so the neutrosophic integration by parts algorithm becomes

juN va = Uy.VUy _jUN duN
There are four cases of the neutrosophic integration by parts:
> statel:

f(a + bl + cl)x™ e+shtti)x gy

where a, b, c,1,s,t are real numbers, while I,I, = indeterminacy), r #0 , r # —t
and r # —s — t.

uy = (a + bl + cl)x™ = duy =n(a + bl + cl)x™ ! dx
dv. = e(r+311+t12)x dx N U = 1 e(r+sll+t12)x
N N r+sl+tl;

fuN dUN =uN.UN—fUN duN
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f(a + bl + cl)x™ e+shittl)x gy

— (a + b11 + Clz) (xne(r+511+t12)x _ fnxn—l e(r+sll+t12)xdx) +C

r+sl; +tl,
a ([rb+bt—as—sc rc —at
— (_ + [ 11 + [—] 12> (xne(r+sll+t12)x _ nxn—l e(r+sll+t12)xdx) +C
r lor+t)(T+s+t) r(r+t)

by repeated the integration, then we can find the required integral
where C is an indeterminate real constant (i.e. constant of the form a, + a,Il; + a,l,, where
ay,a; and a, are real numbers, while I;,I, = indeterminacy).

Example 1
Find:
f(Z + 21, + I)x eB+3h+2)x gy
Solution:
uy = Q+2L+1L)x = duy = Q2+2I,+1,) dx
dv. = eGH3L+2L)x gy — vy = 1 e (3+3h+21)x
N N ™ 3431 +21,

juN dvy =uN.vN—ij duy

2+20, +1,
J(Z + 2[1 + Iz)x e(3+311+212)x dx = <m> <xe(3+311+212)x _ f e(3+311+212)x dx)
= (E + 18+12-12-9 I+ 3- 412> (xe(3+311+212)x _ ;e(3+311+212)x>
3 3(5)(8) 3(5) 3+31, + 21,

2 9 1 1 3 2
-7 - R i (3+3I1+21)x
(3 20 1512) (x 3Tl +1512>e TR

> state2:

f(a + bl + cl)x™ sin(r+ sl +tl,)x dx or j(a + bl + cl,)x™ cos(r + sl

+tl)x dx
uy = (a + bl + cl)x™ = duy =n(a + bl + cl)x™ 1 dx
dvy =sin(r +sl; + tl,)x dx = Uy _ cos(r + sl + tl,)x

=r+511+t12
fuN vazuN.vN_va duN

f(a + bl + cl)x™ sin(r + sl +tl)x dx

(a + b, +cl,

m) ((a + bl + cl)x™ sin(r + sl + tl,)x

+ f nx™ 1 cos(r + sl + tl)x dx) +C
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a [rb+ bt—as—sc rc—at
= [+

=|- I 1) bl L)x™ si I, +tl
r+ TG Ts+D r(r+t)]2 ((a+ 1+ ch)x™ sin(r + sl +tl,)x

+ f nx" cos(r + sl + tl,)x dx) +C

By repeating the integration, we are able to find the required integral.
We calculate the second integral using the same method:

f(a + bl + cl,)x™ cos(r + sl; + tl,)x dx

Example 2
Find:
f(3 + 1, +6l,)x sin(1+2I, +3I,)x dx
Solution:
uy =B+ 1L +6L)x = duy = (3 +1, +6l,) dx
dvy =sin(1+ 2l +3L)x dx = Uy _ cos(1+ 21, + 31,)x

~1+20 +3l,
juN dvy =uN.vN—ij duy

f(3 + 1, + 6l,)x sin(1+ 21, +3,)x dx

_<3+h+65

1+ 20+ 312) (—x cos(1+ 2I; + 31,)x + j cos(1+ 21 + 31,)x dx)

7 3
= (3 L ——12) (—x cos(1+ 2L, + 31,)x +

=T 2 sin(1+ 21, + 312)x>

1
1+ 21, +3I,

= (3 - %Il - Z[Z) (—x cos(1+ 2I; + 31,)x + (1 - Ell - 212>sin(1 + 21 + 312)x> +C
» state3:
fe“”blﬁdz)x sin(r + sl + tl))x dx or je(‘”b’lﬂ’z)x cos(r + sl + tl,)x dx
Uy = ela+bli+ch)x N duy = (a + bl, + Clz)e(a+bll+clz)x dx
dvy =sin(r +sl; + tl,)x dx = Uy _ cos(r + sl + tl,)x

=r+511+t12
fuN vazuN.vN_va duN

f e(@+bli+cl)x gin(r + sI + tl)x dx
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-1

_ (a+bly+cly)x

=|——]e cos(r + sl + tl,)x
(r + sl + tIz) ( 1+ )

(a + bl +cl,

(a+bly+cly)x
e cos(r +sl, + tl,)x dx *
r+511+t12)f ( 1) )

by using integration by parts again to evaluate:
f el@tbli+cl)x cos(r 4 s, + th)x dx
uy = e(a+b11+clz)x = duN — (a + bIl + Clz)e(a+bll+clz)x dx

dvy =cos(r+sl, +th)x dx = Uy sin(r + sl + tl,)x

T+ sl + th,
fuN dvy =uN.vN—va duy

f elatbhitcx cog(y 4 sl +th)x dx

1

=|(———]si I+ t]

<r+511+t12)sm(r+51+ 2)%
<a+b11+cl2

(a+bly+cly)x :
e sin(r + sl + tl,)x dx
r+511+t12)j ( v+ th)

by substitution in (*):

J e@+bli+el)x gin(y + sI, + tl)x dx

-1
= (m)e(a+bll+dz)x COS(T‘ + Sll + tlz)x

a+ bl +cl, 1 )

( ) [( )sm(r + s, + tl)x
r+sl; +tl, r+ sl +tl,
a+bl; +cl

(—12)-[6(“””1”’2)" sin(r + sl + tl,)x dx]
r+sl; +tl,

-1 a+ bl +cl
= (—————) el@tbhci)x + sl +th)x + <#> in(r + sl, +tl

(a +bl; +cl,

2
(a+bly+cly)x :
e sin(r + sl + tl,)x dx
r+sll+t12> f ( ! 2)

a+ bl +cly\?
= (1- (—12) f e(@*bhtel)X gin(r + sly + tl)x dx
r+ sl +tl,

a+ bl +cl,

-1
= (—) €(a+b11+612)x COS(T + SIl + tlz)x + (m
1 2

in(r + sl +tl
r+ sl + tl, )Sm(r sh+th)x

= fe(a”b’i*‘:lz)x sin(r + sl + tl)x dx
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(r+ sl + tl,)? [( -1 )
= (a+bly+cly)x + sl +t]
(U+Sh+tby—(a+bh+cby r+sh +th) ¢ cos(r+ sl + th)x

+ ( a+ bl +cl,
(r+sl +tl,)?

>sin(r + sl + tl,))x + C]

We calculate the second integral by using the same method:

f el@tbli+cl)x cos(r 4+ s, + th)x dx

Example 3
Find:
f e(-h+)x cos(1 41, 4+ I,)x dx
Solution:
uy = e(-hith)x = duy = (1 =1, + 1) 1+=2)% gy
dvy=cos(1+L +L)x dx = Uy sin(1+ 1, + I)x

T140 41,
juN dvy =uN.vN—ij duy

f e(-I1+p)x cos(1 + I+ Iz)x dx

1

_ 1_Il+12
T4 L+,

e h+R)xgin(1 + I, + I,)x — (1 4L+

*)

>je(1—11+12)x sin(l+1; + L)x dx (

By using integration by parts again to evaluate:

J‘eu-h+hn sin(1+1 +1)x dx

uy = e-l+i)x = duy = (1 =1, + I,)e@-l+)x gy
dvy =sin(l+L+L)x dx = vy = mcos(l +1, +1)x
J-e(l‘ll”Z)x sin(l1+1; + I)x dx
-1 1-L+1
=—— U htdxcog(1 4+ 1, +1 +(——i—i)f(PhW” 1+ +1)xd
1+L+1, ¢ cos( 1 h)x 1+L+1, ¢ cos( 1 )xdx

by substitution in (*):

fe@ﬁﬂﬂfmﬂ1+h+bh‘ﬂ
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1

=———— (U h+Ixgin(1 + 1, +1
T+, +1,° sin(L+ 16+ I)x

(1—Il+12>[ -1
1+L+L/ 11+ +1,

1-1L+1 _
(m)fe(l Ii+1z)x cos(1 + L + Iz)x dx ]

eU-+)¥cos(1 4+ 1) + I,)x

1 1-1,+1

=— = pQ-hbxgin(l + [, — 2] +— 172 ,(-h+h)x 141 +1
T+L+15° Sin(l+ 1 = 2L)x + 7= =7 e cos(L+ 1+ I2)x
(1 — I, +1,

1+1L+1,

1—1, 4+ 1,\° _
- (1 * (m) fe(l W)X cos(1+ 1) + I)x dx

2
) fe(l_ll‘Hz)x cos(1+1; +1,)xdx

1 1-L+1,

—— = ,-K+L)xgj 1 I I 1 4 S (a-n+L)x 141 I
1+11+Ize sin( +1+2)x+(1+11+12)2e cos(1+ 1 +L)x

2 2
= (1 + (1 - §I1) )fe(l"l”z)x cos(1+1; + I,)xdx

1 1-L+1,

—— = ,-K+)xc; 1 I I 1 2 S (a-n+h)x 141 I
1+11+12e sin( +1+2)x+1+511+312e cos(1+1, +I,)x

8
= (1 _611)J€(1_11+12)x cos(1+1; + I)x dx

B 1
T4 L+,

1_Il+12

1 2 (a-n+L)x 141 I
1+511+312e cos(1+1; +1)x

e +R)xsin(1 + I, + I,)x +

1 11
= [(1 —zh- 212) eU-h+l)xgin(1 4+ I, + I,)x

7 1
+ (1 - E[1 _Elz) eU=+)* cos(1 + 1, + Iz)x] +C

= (1+8I,) [(1 - %11 - %12) eU-htl)xgin(1 + I, + I,)x + (1 - 17—811 - %Iz) eU~h+l2)x cos(1 +
L+ L)x|+¢
» stated:

f(a + bl + cly)x™ In(r + sl + tl))x dx

1
uy = In(r + sl + tl)x = duy = < dx

a+ bl +cl
dvy = (a + bl; + cl)x™ dx = vy = #xnﬂ
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fuN dvy =uN.vN—va duy

f(a + bl + cl)x™ In(r + sl; + tl,)x dx

a+ bl +cl a+bl,+cl, (1
= (#>x”“.ln(r + sl +tl)x —#szn“ dx

n+1 n+1
a+b11+C12 a+b11+C12
_ (T) x™ L In(r + sl + tl)x — T n+l 4 o
a+ b11 + CIZ) [ n+1
_(atohtch . I I _ n+1]
( n+1 X An(r + sk + th)x —— te
Example 4
Find:
1(1 +3L —2L)x Im(2+1, + L)x dx
Solution:
1
uy =@ +L+L)x = duy=— dx
1 2
dvy = (1+3I, —2I,)x dx = vy =5 (1430 = 2I)x

JuN va =uN.UN_JUN duN

1 1

1 1 x?

1 3 1
= (E +oh - I2> [len(Z + 1L +1)x— Exz] +C

Remark:

To find the following integrals:

1) f(a + bl; + cl)x™ sin™1(r + sl + tl)xdx
2) f(a + bl; + cl)x™ cos™ (r + sl + tl)x dx

3) f(a + bl + cl)x™ tan~'(r + sl + tl)xdx
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we are following the same state 4, whereas:

u= sin"(r+sl +th)x Or cos™Y(r+sl+th)x Or tan™(r +sl,
+tl)x

and dv = (a+ bl + cl)x™ dx

Example 5
Find:
Solution:
tan Y(1—1I, + 21 d —atr d
= - = =
wy = tan (L~ I, +21,)x WETra-sh e
1
dvy = (2 -2, — I)x dx = vn =g @2k — )t
juN va =uN.'l7N_ij duN
J(Z =2l —I))x tan (1 —1I, + 2I,)x dx
1 2 -1
=22 =2 —L)x* tan™ (1— L +21)x
Yoo —1pa-1 *'21)_f - d
> 1— 1 1) T =51, + 82 &

1
=5 (2-2I; - I))x?* tan™*(1 =1, + 2I,)x

1
==(2 -2 - L))x?* tan™*(1 = I, + 2I,)x

2
2_511+I2< 1 1_11+212
— — tan 1(1 -1 21 ) C
2 T-sL+8L" 1-si,ts, ‘o (-h+2hkx)+
1
= (1 -1, - Elz)xz tan™'(1 —1I; + 21)x
5 1 5 8
- (1 —gll +g[2> [(1 _%Il +§IZ>X
- (1 - g[l _§IZ> tan_l(l - 11 + le)x] + C
2.2 Tabular method

We use this method to find the integrals by parts in the states 1 and 2, as following;:
¢ Differentiate the polynomial function, and we repeat that until we get to zero.
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Example 6

Integrate the second function, repeat that, and stop once we reach the zero that

resulted from the differentiation.

Put the derivative products in one column and the integral products in the column

that corresponds to it.

Draw an arrow from each first-column entry to the second-column entry one row

below it.

Beginning with a +, label the arrows with alternating + and - signs.
Compute the product of the expressions at the tip and tail of each arrow, and then
multiply the result by + or —, depending on the arrow's sign.

We can find the following integral by using tabular method:

f(l +3I, — le)xz e@+ii+l)x gy

Derivation Integration
(+) (1431 —21,)x? ~_ e 2+ +12)x
(- 2(1+3I - 2)x T~ e
T~ 2+ L +1,
(+) 2(1+31, —21,) — 1 e
4471, +5I,
0 N 1 2+ +I)x
16 + 1751, + 651,
hence:
J(l + 311 _ 212)x2 e(2+11+12)x dx
= (M) x2e@+h+)x _ (M)xe(ﬂhﬂz)x + ( 4+ 61, — 4 )e(2+11+12)x
241, + 1, 4+ 71, + 51, 16 + 1751, + 651,
1 5 5 3 1 3 1
— (Z + Ell _ EIz)xze(z+11+12)x _ (1 + §11 _ 12> xe(2+11+12)x + <Z + mll _ le> e(2+11+12)x +C
Example 7

We can find the following integral by using tabular method:

f(ll +I)xcos(1+ 1, +1,)x dx

derivation integration
(+) (I, +L)x cos(1+1, + L)x
(=) (h+1) > L nan
1+11+Izsm( +1 + I)x
]
(+) 0 ~ 141 +1
1+ 51, + 31, cos(L+1, +12)x
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hence:

L +1
J-(Il +L)xcos(1+ 1, +)x dx = L2

1451, + 31,

L +1,

172 sin(l4+ 1+ L)x+
131, 15, s+ L+ l)x

cos(1+ 1 +L)x

1 1 1 1
= (gl1 + Elz)x. sin(1+1, +I,)x + (_ﬁll + le)cos(l + 1, +1)x

3. Conclusions

This paper is an extension of the papers that were presented on the indefinite refined
neutrosophic integrals. The importance of this paper lies in that it presented the indefinite refined
neutrosophic integrals by parts and the Tobler method, as we found that applying the Tobler method
is easier to calculate the indefinite refined neutrosophic integrals than the indefinite refined
neutrosophic integrals by parts for some cases.

Acknowledgments "This study is supported via funding from Prince sattam bin Abdulaziz
University project number (PSAU/2024/R/1445)".

References

[1] Smarandache, F., * (T,I,F)- Neutrosophic Structures", Neutrosophic Sets and Systems, vol 8, pp. 3-10, 2015.
[2] Agboola,A.A.A. "On Refined Neutrosophic Algebraic Structures"”, Neutrosophic Sets and Systems, vol 10, pp. 99-101, 2015.

[3] Adeleke, E.O., Agboola, A.A.A.and Smarandache, F., "Refined Neutrosophic Rings I", International Journal of Neutrosophic Science, Vol.
2(2), pp- 77-81. 2020.

[4] Smarandache, F.,"n-Valued Refined Neutrosophic Logic and Its Applications in Physics", Progress in Physics, USA, vol 4, pp. 143-146, 2013.
[5] Vasantha Kandasamy,W.B; Smarandache,F. “Neutrosophic Rings" Hexis, Phoenix, Arizona, 2006, http://fs.gallup.unm.edu/NeutrosophicRings.pdf

[6] Zeina, M., Abobala, M., "On The Refined Neutrosophic Real Analysis Based on Refined Neutrosophic Algebraic AH-Isometry”, Neutrosophic Sets and
Systems, Volume 54, pp. 158-168, 2023.

[7] Agboola, A.A.A.; Akinola, A.D; Oyebola, O.Y., "Neutrosophic Rings I", Int. J. of Math. Comb., vol 4, pp.1-14, 2011.

[8] Celik, M., and Hatip, A., " On The Refined AH-Isometry And Its Applications In Refined Neutrosophic Surfaces", Galoitica Journal Of Mathematical
Structures And Applications, 2022.

[9] Alhasan,Y., "The neutrosophic integrals and integration methods", Neutrosophic Sets and Systems, Volume 43, pp. 290-301, 2021.
[10] Alhasan,Y., "The definite neutrosophic integrals and its applications"”, Neutrosophic Sets and Systems, VVolume 49, pp. 277-293, 2022.
[11] Smarandache, F., “"Neutrosophic Precalculus and Neutrosophic Calculus”, book, 2015.

[12] Jdid, M., Smarandache, F., and Al Shagsi, K., "Generating Neutrosophic Random Variables Based Gamma Distribution”, Plithogenic Logic and
Computation, VVol. 1, pp. 16-24. 2024.

[13] Smarandache, F., "A Refined Neutrosophic Components into Subcomponents with Plausible Applications to Long Term Energy Planning Predominated

by Renewable Energy", Plithogenic Logic and Computation, Vol. 1, pp. 45-60. 2024.

Received: Mar 3,2024. Accepted: May 28, 2024

Yaser Ahmad Alhasan, Ahmad Abdullah Almekhlef, Mohamed Elghazali Ali Mohieldin Mohamed, and Raja Abdullah
Abdulfatah, The indefinite refined neutrosophic integrals by parts



