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Abstract: In linguistic decision theory, multi-attribute group decision-making (MAGDM) of
linguistic neutrosophic numbers (LNNs) is one of the crucial research topics. Existing LNN
aggregation algorithms do not consider trigonometric periodicity. In this case, they cannot perform
MAGDM problems including periodic/multitemporal applications in LNN scenarios. To fill this
gap, this article aims to present a MAGDM technique using the LNN tangent Dombi aggregation
operators (TDAOs) for addressing MAGDM issues including multitemporal/periodic applications
in LNN scenarios. First, we present the linguistic tangent Dombi t-norm and t-conorm and the LNN
tangent Dombi operation laws. Second, we propose the LNN tangent Dombi weighted average and
geometric operators and investigate their properties. Third, a MAGDM technique is built based on
the two presented operators to tackle MAGDM problems in a LNN scenario. Lastly, the built
MAGDM technique is applied to a choice of new energy design schemes in Ningbo City, China, and
then its efficiency and appropriateness are verified by comparing with the existing MAGDM
technique in the LNN scenario.

Keywords: linguistic neutrosophic number; linguistic tangent Dombi operation; linguistic
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1. Introduction

In multi-attribute (group) decision-making (MADM/MAGDM) problems, neutrosophic MADM
methods have obtained wild applications [1-3]. Then, linguistic information can be adapted to human
cognition and expression forms. Therefore, decision information is given in the form of linguistic or
uncertain linguistic variables in MADM/MAGDM problems such as supply chain management,
medical diagnosis, and risk investment. In the evaluation process, decision makers often provide
qualitative information (e.g., bad, good, or other natural language forms) directly when evaluating
decision objects such as the overall quality of people, performance of equipment, engineering
projects, business partners. Linguistic decision theory and methods are not only of great academic
value, but also have broad application prospects. Under linguistic scenarios, many scholars have
proposed various MADM/MAGDM methods to tackle linguistic MADM/MAGDM issues [4-9]. In
uncertain linguistic scenarios, some researchers also presented uncertain linguistic MADM/MAGDM
models to carry out uncertain linguistic MADM/MAGDM applications [10-15]. Based on true and
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false linguistic variables, some researchers [16-20] developed linguistic intuitionistic fuzzy numbers
(LIFNs) and some LIFN aggregation operators to perform MADM/MAGDM issues in LIFN scenarios.
Concerning true, indeterminate, and false linguistic variables, many scholars have introduced the
linguistic neutrosophic number (LNN) aggregation operators (AOs) [21], the LNN Bonferroni mean
AOs [22], LNN Hamy mean AOs [23], the LNN Hamacher AOs [24], the LNN power Heronian AOs
[25], the LNN Einstein AO [26], the LNN Maclaurin symmetric mean AOs [27], the LNN Muirhead
mean AO [28], and the LNN Dombi AOs [29], and then developed their MADM/MAGDM
approaches in LNN scenarios. However, all these AOs and MADM/MAGDM approaches lack
trigonometric AOs and periodic MADM/MAGDM capability in different linguistic scenarios.

Regarding the trigonometric AOs and periodic MADM issues of single-valued neutrosophic
numbers (SVNNs), some researchers [30-32] have proposed the trigonometric AOs and
trigonometric Dombi AOs of SVNNs and their MADM techniques to handle periodic/multitemporal
MADM/MAGDM issues. However, all these existing SVNN trigonometric AOs and
MADM/MAGDM techniques cannot deal with MADM/MAGDM issues under a linguistic
neutrosophic scenario.

As mentioned above, neither the linguistic trigonometric operations and AOs nor their
MADM/MAGDM methods/applications are present in the existing literature, which shows the
obvious research gap. Since LNN contains a more universal linguistic framework including true, false
and indeterminate linguistic variables in uncertainty, the existing linguistic value and LIFN can be
viewed as special cases of LNN. Furthermore, Dombi operations show the merit of the flexible
operations due to an adjusting parameter. Motivated by the trigonometric Dombi AOs of SVNNs
[32], this study aims to develop a novel MAGDM technique using the LNN tangent Dombi AOs and
apply it to a choice issue of new energy design schemes (NEDSs) to fill the research gap.

In this study, we first propose the linguistic tangent Dombi t-norm and t-conorm and the LNN
tangent Dombi operation laws (LNNTDOLs). Next, we propose the LNN tangent Dombi weighted
average and geometric (LNNTDWA and LNNTDWG) operators in terms of the LNNTDOLs. Based
on the proposed LNNTDWA and LNNTDWG operators, a MAGDM technique is developed in a
LNN scenario. Finally, the developed MAGDM technique is applied to a choice case of NEDSs. By
comparing with the existing MAGDM technique, the efficiency and appropriateness of the developed
MAGDM technique is investigated in the LNN scenario.

Generally, this original study mainly provides the following novel contributions:

® The novel linguistic tangent Dombi t-norm and t-conorm and LNNTDOLs are proposed to

obtain the multitemporal/periodic operations in the LNN scenario.

® The LNNTDWA and LNNTDWG operators are presented to yield the periodic aggregation

tools for MAGDM modeling in the LNN scenario.

® The MAGDM technique using the proposed LNNTDWA and LNNTDWG operators is built

based on the multitemporal/periodic requirements to effectively solve the choice issue of
NEDSs and in LNN scenarios.

The rest of the article is constructed as follows. Section 2 reviews some basic knowledge of LNNSs.
Section 3 presents the linguistic tangent Dombi t-norm and t-conorm and LNNTDOLSs. Section 4
proposes the LNNTDWA and LNNTDWG operators based on LNNTDOLSs. In Section 5, a MAGDM
technique is built by the proposed LNNTDWA and LNNTDWG operators in a LNN scenario. In
Section 6, the built MAGDM technique is applied in a choice case of NEDSs, and then its
appropriateness and validity are examined by comparing it with the existing relative MAGDM
technique in the LNN scenario. In Section 7 some conclusions and future work are mentioned.

2. Some Basic Knowledge of LNNs

Set ¥={p, B, ..., By} asaset of linguistic terms (SLT) with odd cardinality g+1. Then LNN is defined
as A = <P, P, P> [18] over s for S, P, Pus € Wa where B, S, and fis are the true, indeterminate, and
false linguistic variables, respectively.
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If two LNNSs are Sy = <fuw, S, fun> and fLe) = <fue), Pue), Pue™> over ¥zand n > 0, then their
Dombi operation laws [29] are introduced below:

(1) ﬂL(l) Dy ﬂL(Z) = B B N ;
. 1 1 1
9 £ & Ve 9 & 5 Ve g 5 s Ve
1+{[ L@/ g ] +( L@/ g ) } 1+{[1—Lu(l)lgj +[1—Lu(2)/g] } 1+{[1-|_f (1)/g] +[1—Lf (2)/g) }
1-Lt(1)/g 1-Lt(2)/g Lu(1)/g Lu(2)/g Lf(1)/g Lf(2)/g
(2) ﬂL(l) ®, ﬂL(Z) = B B B ;
1 1 1
g s s Ve g 1 s s Ve g 1 P 5 Ve
l+{[H_t(l)/g) +[1—Lt(2)l4g] } 1+{( Lul)/g ] +[ L)/ g ] } 1+{[ LW/ g J +[ L@ig J }
L)/ g L@!/g —ig) @i UMig)  \U@lg
(3) nﬂL(l) ={ B B B ;
i1 I b :

- P e
1+{'7( Lt/ g ) } 1+{”(1—Lu(l)/g) } 1+{’7(1—Lf (1)19] ‘[
Lig W@)/g @y

4) ﬂf(l) =\ B B pB

1 1 1
9 7 9t A 9y1

A s v, . Ve
1+{,7(1—Lt(1)/g] } 1+{'7[ Lu(1)/g ) } - {”[ Lf(1)/g J }
Lt(1)/g 1-Lu(l)/g 1-Lf (1)/g

If BLo) = <Bua), Puay, Pui> (=1, 2, ..., e) are e LNNs with their weights 7; and 2;771 =1, then the

LNN Dombi weighted average and geometric (LNNDWA and LNNDWG) operators [29] are introduced below:

LNNDWA(B, oy By 1 Brey) = _®1D mPLg) = B v b - (1)
j=
| 1 1 J 1
! JE LtG)/g ) B [& (1-LuygY A ERNE 1-Lf )/ g) Y v
“[%”'[wu)/g)} “1%”'( L0)g )} Hé”( L0/ j}
LNNDWG(,BLa) 'ﬂL(Z)""’ﬂL(e)) = @10 ﬂ&) = B B v ' (2)
j=
1 , 1 | 1
9 9 v

Ve Ve Ve
& (1-LtG)lg) & ( Lugylg Y & (L) Y
1+ q( . ) } 14{ 17-( - ] } l+{ n [ - ] }
{é o LGy/g JZ:; N1-LuG)/g ]z:; Na-Lt )/ g

Then, the score and accuracy equations of £ = <fL«j), fru), P> are introduced below [21]:
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D(Bp) = (2g + Lt(j) — Lu(j) — Lf(j))/(3g) for D(fy) € [0, 1]; 3)
E(Bui) = (LHG) — LfG))/g for E(Bo) < [-1, 1]. (4)
Comparative laws of two LNNs Sy and S are introduced below [21]:
(i) pray> Bre if D(BLwy) > D(Bre);
(i) Ay > frey if D(Buw) = D(Be) and E(fim) > E(BLo);
(iii) Sy = Bre if D(Bw) = D(Bre) and E(BLo) = E(BLe).
3. Linguistic Tangent Dombi Operations and LNNTDOLs

This part proposes the linguistic tangent Dombi operations (LTDOs) and LNNTDOLSs.
First, we propose LTDOs below.

Definition 1. Let Sy and S be two linguistic values on the SLT ¥ = {fo, A, ..., Gy} and £> 1. Then the
linguistic tangent Dombi t-norm and t-conorm of Sy and Sy are defined, respectively, by the LTDOs:

TTD (ﬂLt(l)’ﬁLt(Z)) = ﬂ = ﬂ
4910t ! o 490t ! o ’
z 1J 1-tan(kz+Lt (1) 7/ (49)) "‘+ 1-tan(kz+Lt(2) 7/ (49)) ) i 1)Lt @)/ (49)) ‘+ 1-tan(Lt () 7/ (49)) )
1 tan(kz+Lt(1)7/ (49)) tan(kz+Lt(2)z/ (49)) tan(Lt(1)7/ (49)) tan(Lt(2)7/ (49))
@)
Tso(ﬁua)vﬁu(z)) = ﬂ = ﬂ
ﬂtanil 1 ! Ve 479(&"71 1 ! Ve (6)
z 1+J tan(kz+Lt()z/4g) |, (_tan(kz+Lt@)z/(49)) z 1 [t (4g) Y, ( tan(Lt@/ (49)) ‘|
|\i-tanr+Lt@7/4g)) " \1tan(ka+Lt@)7/ (49)) L@/ (49)) ) (=-tan(Lt@)x/ (49))) |

Especially when Sy = fo or Sy and Sue) = fo or fy in Egs. (5) and (6), let Tro(fo, (o) = To(fo, fo) =
Tro(By fo) = Bo, To(Bo, fo) = Po Tso(Bo, By) = Tso(Be fo) = Tso(B, Bo) = By and Tso(fo, o) = fo. Clearly, the
LTDOs of Egs. (5) and (6) imply kr periodicity for k =1, 2, ..., n. According to Egs. (5) and (6), LNNTDOLs
are proposed below.

Definition 2. Let SLa) = <fua), S, fuan™> and Sie) = <Bue), e, Pue> be two LNNs, 7> 0, and > 1. Then,
the LNNTDOLSs are defined below:

4901l ! Tz
6 L[ i@zl (49) Y, [ sint@)r/(4g) ) )
1-tan(Lt(1)z/(49)) 1-sin(Lt(2)z/(49))
(1) Bray O By = B ' ;
49 it L T
" 1,)[ L)z (49)) ”+ 1-tan(Lu(2)7/ (49)) )
tan(Lu(1)z/(4g)) tan(Lu(2)z/(49))
49 0t 1 =
L [l—tan(Lf ()7l (49)) ]”+ (l—tan(Lf (zl(4g ))]‘
tan(Lf (1)7/(49)) tan(Lf 2)7/ (49))
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B ,

49, 1
ZZtan 7
l+{[1—tan(Lt W)/ (49)) J . (1—tan(Lt @)l (49)) ]}

tan(Lt(1)z/(49)) tan(Lt(2)z/(49))

(2) ﬂL(l) ®TD ﬁL(Z) = ﬁ ) ;

1) _en(Lu)z/ (4g) "+ tan(Lu(2)7/(49)) *’]ﬂi
1-tan(Lu(1) 7/ (49)) 1-tan(Lu(2)z/(49)) J

29501y
T

B

490011 1
T

1 ( tan(Lf (1)7/(49)) T{ tan(Lf (2)7/(49)) ]g v
1-tan(Lf (1)z/ (49)) 1-tan(Lf (2)z/ (49))

3) "By =\ P N B ;

! 49 gyt e 49 gt L

1+ ”[MJH Ve T " ”[MJ” e = N ”(MT -
Ttan(Lt@)7/ (49)) tan(Lu(1)7/ (49)) tan(Lf (1)7/ (49))

4911
T

@) Bly=( B B B
E ’ 49pan1y ! 49 a1y !

4q,
7gta” ! BYD T Ve T Ve
1+J [l—tan(Lt(l)zrl(Ag))j L ( tan(Lu(1)7/ (49)) ] ( tan(Lf (1)7/(49)) ]
NN ——— N 9| ————————
l tan(Lt(1)z/ (49)) 1-tan(Lu(1)7/(49)) 1-tan(Lf (1)z/(49))

Example 1. Set two LNNs on the SLT %= {f, £, ..., B8} as froy=<f, B3, fo>and fre) =<, B, pr> with
n=0.8 and &=2. Then, using the TDOLs (1)-(4) in Definition 2, their operations are shown below:

2. 1
—tan {1 2
d L[ en(132) 2+ tan(77/32) Y\
1-tan(77/32) 1-tan(7z/32)
ﬂL(l) @TD ﬂL(Z) = ﬂ ) = <ﬂ7.7626' ﬂ0.865’ ﬂ1.0043>}

32, 1

—tan
2 2 2
1 )(1tnG/32) ) (1-tan(27/32)
tan(37/32) tan(27/32)

32, 4 1

—tan 7z
" L) (1-ten(2a132) 2+ 1-tan(47/32) \’
tan(27/32) tan(47/32)
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ﬁ 1
32t 1
V'3 2 2 12
1+[ Ltan(77/32) Y, (1-tan(77/32) Y|
1 tan(77/32) tan(7/32) j
/BL(l) ®TD ﬁL(Z) = ﬂ ) = <ﬁ7.7626' ﬁl.lSZl’ ﬂ2.1935> ;
32, 1
;tan 1 5 7
1+ tan(37/32) . tan(2z/32)
1-tan(37/32) 1-tan(27/32)
320 th 1
7 2 2 V2
1+ tan(2/32) + tan(4/32)
1-an(27/32) ) \1-tan(4z/32)
By =\ B B B
;
321 1 7 2t 1 5 3201 1 5
& tan(77/32) Y d 1-tan(37/32) \’ T 1-tan(27/32) \’
1+{0.8) —oLATSE) 1410, —AMSAISE) 14108 T AMEZIS)
1-tan(77/32) tan(37/32) tan(2z/32)
= <,37.42691 ﬁ3.1692’ 51.3523>
no_
Bloy={ B B i
it E o 2l E o 2l 1 7
T 1-tan(77/32) ¥ z tan(37/32) Y z tan(27/32) Y
1408 ——oNZIE) 14108 —RSEISE) 1+ {0.8| —MeZLSE)
tan(7/32) 1-tan(37/32) 1-tan(27/32)

= <IB7.9037 ! ﬁ0.7169 ! ﬂ0.2451>

It is clear that the above LTDO results are still LNNs.

4. Tangent Dombi AOs of LNNs

According to the LNNTDOLs in Definition 2, the LNNTDWA and LNNTDWG operators of
LNNs are built, and then their properties are investigated in this section.
Definition 3. Let fL.j) = <fi), Py, Prp> (=1, 2, ..., €) be e LNNs with their weight vector 7= (17, 72,

..., 1) for mj € [0, 1] and Z?:l n; = 1. Thus, the LNNTDWA and LNNTDWG operators of LNNs are

defined below:

e

LNNTDWA(ﬂL(l) ’ﬂL(z) ""’ﬂL(e)) = _®1TD 77]:BL(J') ' ()
J:

LNNTDWG(,BL(l) ’ﬂL(Z) ,...,ﬂL(e)) = _®1TD ﬂ&) (8)
J:
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Theorem 1. Let fig) = <), gy Pui™ (=1, 2, ..., ) be e LNNs with the weight vector = (11, m2, ..., )
with 7; € [0, 1] and quni =1. Then, the LNNTDWA operator can obtain the aggregated LNN by the

following equation:

LNNTDWA(B,_ ) Briy - Briey) = TDnﬁLU)

9)
49011 E ; 4950t E - 4950t E
g & tan(Lt()al(4g)) ¥ ol e (1tan(LuG)e/(4g) Y| T & (1-tan(Lf )=/ (4g)) ) v
1+{é’“[1—tan<u(j)zr/(49))j o é’“[ tan(Lu(j)/ (49)) ] o %’“[ tan(Lf )7/ (49)) ]
Proof:
Here, Theorem 1 can be verified by mathematical induction.
Set e = 2. Based on the LNNTDOLSs in Definition 2, we can give the result:
LNNTDWA(ﬂL(l) 7ﬂL(2)) = ﬂL(l) @TD ﬂL(Z)
ﬂ ’ ﬂ il
490ty 1 o 49 a1 £ o
z ) ( tan(Lt(1)/ (49)) ]”+ ( tan(Lt(2) 7/ (49)) ] i w ZZZ’ [ tan(Lt() 7/ (49)) ]
M Tan(tW)r/ (4g)) ) P\ I-tan(Lt@) 7/ (49)) & i Ttan(Lt ()7 / (49))
(10)
= ﬂ , = ﬂ , .
47gtan’1 1 o ‘%gtan’1 L o
1-tan(Lu(1)z/ (4g))\ 1-tan(Lu()z/(4g)) )" 1-tan(Lu() =/ (49))
14'“( tan(Lu(L)/ (49)) ) * "2[ tan(Lu(2)7/ (49)) ] } “{Z"J[ tan(Lu) 7/ (49)) ] }
B B
49 4ant { E = 4G 1ant 1
L ’h[l—tan(Lf (l)zr/(4g))]£+ . (Ltan(Lf (z)z/<4g))]” ‘ i i [M]
tan(Lf (1) 7/ (49)) 2 Ttan(Lf @71 (49)) Z1 Tan(LE Gyl (49))
Set e = n. Eq. (9) can keep the equation:
LNNTDWA(ﬂL(l) ’ﬂL(Z ﬂL(n)) = TD 17; ﬂL(j)
11)
= /B lﬁ 1ﬁ
47gtan’1 1 E e 47gtan ! 479tan’1 J ! s
-, (_en(LtG)x/(49)) Y\ 1-tan(Lu(j)7/ (49)) 5 (1-tan(Lf ()7l (49) )
”{; ”[1—tan<uo>n/(4g))]} {Zl e ]} [ “[;"‘[ (LT )/ (49)) ]}

Set e =n + 1. Based on Egs. (10) and (11), there is the result:
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LNNTDWA(ﬂL @1 ﬂL(Z)’ ﬁL ﬂL n+1)) = TD nj ﬂl.(;) ™ 77n+1ﬂ|_ n+1)
=1

B B ,
49ty L - 4901 1 -
i et/ () Y| z @ aeriagy 1

w3y S mstpecen ]

49 gt ! = 49 gnt ! e

" 1+Iznlr7 [Mj" ’ 4 " fr] [M]f ¢
157 anuG)a/(49) <"\ “n(LuG)xl (49))

ian : Ve 290 2 ! e

i N j 5 z n+l " &

13 o et e e
ia tan(Lf ()z/(49)) & (Lt G)2/ (49))

Therefore, Eq. (9) exists for any e. Thus, Theorem 1 is true. m

Theorem 2. The LNNTDWA operator of Eq. (9) contains the properties below:

(i) Reducibility: When n=1/e (j=1, 2, ..., e), the operation result of Eq. (9) is
LNNTDWA(ﬂL(l) :ﬁL(Z)’ ﬂL(e)) = TD 7; IBL(j)
ﬂ 1 ﬂ [l ﬂ
495011 E 4940t ! \ 4950t E
i 1{21[ ten(Lt()z/ (49)) ]F g {21 [1 tan(Lu(;)zz/(4g))] } ’ g {21 (1 tan(Lf@)nMg»j }
e 1-tan(Lt(j) 7/ (49)) e | tan(Lu(j)z/(49)) e | tan(Lf (j)z/(49))
(if) Idempotency: Set Sy = <fi), P, P> (=1, 2, ..., €) as e LNNs. When prp =4 (=1, 2, ...,
e), LNNTDWA(fLq, pre), ..., Pue) = P

(iii) Commutativity: Set (ﬂll_(l), ﬂ;_(z), ey ﬂl'_(e)) as any permutation of (S, fie), .., fue). Then

LNNTDWA (B, By - B ) = LNNTDWA (B By Bl )-

(iv) Set the
ﬂl_min = <mjin (ﬁLt(j))! mjax(ﬁLu(j))l m?x(ﬂu(j))> and :BLmax =
. Then Bimin < LNNTDWA(LL0), fr), ..., Pie) < Prmax.

and LNNs as
(max (). min (By). min (4 ))

Boundedness: minimum maximum

Proof:

(i) The property of Eq. (9) is obvious.
(ii) Using Eq. (9) for g = <P, Pub), Prro> = Pr=<Pu, fuu, P> (j=1,2, ...,

given below:

e), the result of Eq. (9) is
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LNNTDWA(,BL(l) 'ﬂL(Z) ""’ﬂL(e)) = @].TD UjﬂL(j)
=

vij B

4g ZtanH1 L _ 49 0t 1 49 0t

Ue Ve B Ve
_ tan(Lt(l):rl(4Q)) J T S, [Han(Lug)n/(ag))j‘ . S, [Han(u_(j)”mg))j |
1 tan(Lt(j) 7/ (49)) ‘ tan(Lu(j)z/(49)) =t tan(Lf (j)z/(49)) J

B B
] E T . A—Qtan’J !

e T N A A e i B W e
1 tan(Ltz/(4g)) tan(Luz/(4g)) tan(Lf 7/ (49))

4gtan - E

4gtan 1 1 1/,;1 ‘%’tan’1 ! = ‘%gtan’l E
tan(Ltzr/(Ag)) 1-tan(Luz/(49)) & 1-tan(Luz/(49))
- tan(Ltzr/(4g))] Z" } J “{( tan(Luz/ (49)) J ;"J} ”{[ tan(Luz/ (49)) ] Z”}

={ p B B :<ﬂLt’ﬂLu’ﬂLf>:ﬂL'
4g 1 49, 1 49, 1
tan - Ty [ L ten(Lur/ (4g) B e T
1-tan(Ltz/(49)) tan(Luz/(49)) tan(Lf 7/ (49))

Subsequently, LNNTDWA(fLa), fe), ..., Pue) = B exists.
(iii) It is clear that this feature is true.

(iv) Since mjin(ﬂLt(j))SﬂLt(j)Smjax(ﬂLt(j)) ’ mjin(ﬂLu(j))SﬂLu(j)Smjax(ﬂLu(j)) , and

mjin (B (j)) < B S mjaX (B (j)) , there are the inequalities:

1- ! e <1- ! 1z <1- : e ?
R min (tan(Lt() / (49))) {Z [ (tan(Lt() 7 / (49)) j} . max (tan(Lt () 7/(49))) 3
Z'L - mln(tan(Lt(J);z'/(4g))) T \I-tan(Lt()7 / (49) 1+ Z”' - max(tan(Lt(J)zr/(4g)))

1 - 1 - 1

NVe — N1le — Nle ?
e 1-min (tan(Lu() = / (49))) ’ & 1-tan(Lu()z / (49)) ) e 1-max (tan(Lu(j)z / (49))) ’
1443 n ] 1+ I\ tan(Lu( e/ (40)) 1+ B; I
1| " min (an(Lu() 7 / (49)) =\ tan(LuG)z 7/ (49)) 7| max(an(uG) 7/ (49))
1 < 1 < 1
e 1-min (tan(Lf (j) / (49))) i : 1-tan(Lf (j)z / (49)) i N 1-max (tan(Lf (j) = / (49))) °
1+ 7 i 1+ 277; T RN T A 1+ 7 i
| “min(@n(LT ()7 ] (49)) L et O)7/ (49) | max(tan(L ()77 (49))

Then, we also have the result:
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B <p <p :
49010 1
4g. 1 s\Ye 49, 1
7gtan U1 7 g L 2’7'( (an(Lt()7/ (49)) ] Fant =
e min(tan(Lt(j) 7/ (49))) =t N 1-tan(Lt(j) 7/ (49)) e max (tan(Lt )/ (49))) |
1+ i 1 _ I 1+ 2771 -
=l 1—mj|n(tan(Lt(J);r/(4g))) =l 1—mjax(tan(Lt(J);r/(4g)))
s <p <p
490t !
47gtan’1 ! T 7z " Z” 1-tan(Lu()~/ (49)) ) Y 47gtan’1 1 —7
e l—m]in(tan(Lu(j)zr/(4g))) =t I\ tan(Lu()z/ (49)) e 1—mf1x(tan(Lu(j)/z/(4g)))
& i@ B =Ty
B <p <p
1 49 nt L - .
Dean? mr B P ES T ETOLTC N “gant 7z
e, (1-mingan(Lt )=/ (49)) 25\ Tan(Lf )7/ (49) o (1-max(tan(Lf )7/ (4g)) )
B et |
1+ JZ:;”J min (L ()/(49)) ¥ ;"J max(an(Lf )/ (49))
According to the property (ii), we have the inequalities:
g property q
- 7
mjm (ﬂLt(j)) <p < m?x (ﬂLt(j))
49 antl1 e o
" & ( (an(LtG)z/ (49)) |
h ;"'[Han(u(j)n/(z;g))]
- 7
mjln(ﬁLu(j)) Sﬂ < m].ax (ﬁLu(j)k)
49 401 1 =
" & (1-tan(Lu)/ (49) )
" ,Z;'“( n(Lu()/ (49)) ]
mjin(ﬂu(j)) <p < m?x (ﬁLf(j))
49t L o
r & (1-tan(Lf G)x/ (49)) Y
" é”"[ tan(Lf )/ (49)) J

Thus, fimin < LNNTDWA(SL), S, ..., Pue) < Pumax can also held.
Based on the proof of the above properties, Theorem 2 is true. m

Theorem 3. Let Sy = <Bu, Prug, Puy> for j=1, 2, ..., e be e LNNs with the weight vector 7= (1, 7,
..., 1), subject to 7 € [0, 1] and Z?:l n; = 1. Then, the LNNTDWG operator can obtain the
aggregated LNN by the following equation:
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h
LNNTDWG(/BL(D YﬂL(Z) ""YﬂL(e)) = V(?TD ﬁl’j(Jj)
j=
12)

=\ B B B
.

1 1

49401y ! ; 49

49,
T Lanu@eleo) )] | " : worrag) Y| : w@legy V|
~tan 7l (49 tan(Lu(j)z/ (49 tan 7l (49
“{;”J( n(Lt()7/ (49)) j ] l+{].z:£m[1—tan(Lu(j)ﬂ/(4g))j ] l+{jzzl:”'[l—tan(Lf(i)ﬂl(4g))} }
A similar proof of Theorem 1 can also be used for Theorem 3 (omitted).

Theorem 4. The LNNTDWG operator of Eq. (12) has the properties:

(i) Reducibility: When n=1/e (j=1, 2, ..., ), Eq. (12) has the result:

LNNTDWG(ﬂL(l),ﬂL(Z),___,ﬂL(e)) = ‘(?TD ﬁ&)
j=

B B v

4950t ! 49011 ! 49011
V4

s aeuemeen T T e mwemeo (17T 5l e ]
ae tan(Lt() =~/ (49)) = 1-tan(Lu(j)~/(49)) ae 1-tan(Lf (j)z/(49))

1

(ii) Idempotency: Set S = <Bu), Py, P> (=1, 2, ...,e)ase LNNs. If B.p=6.(=1,2, ..., €), then
LNNTDWG(BLay, A, Bie) = A
(iii) Commutativity: Set (5 y), By -» BLey) @S @y permutation of (A, Bi@, - A)- Then

LNNTDWG (8, ), Biy» -+ Biigy) = LNNTDWG (B Briyre--1Buey )
(iv) Boundedness: Set the minimum and maximum LNNs as
Bimin = <mjin(/8|_t(j))v m?x(ﬂLu(j))’ m?x(ﬂLf(j))> and Brlinax = <mjax(,8|_t(j))x mjin By mjin (,Bu(j))> :

Then Simin < LNNTDWG(LLa), A, ---» Pie) < Brmax.
A similar proof of Theorem 2 can be also applied to Theorem 4 (omitted).

Example 2. Set two LNNs on the SLT %= {fo, A1, ..., Fs.} as By = <Br, B, > and fLe) = <fe, fs, Po> With
m =0.3, 7= 0.7, and £= 2. Then, using Egs. (9) and (12), their aggregation results are given by the following
calculation:
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2

LNNTDWA(B,8.,) = @15 138

1

=

1

1+[0.3
|

tan(77/32)

tan(67/32)

[1—tan(77r/32)

1

2
J +0.7

[

1-tan(67/32)

0

32

1-tan(27/32)

1-tan(37/32)

fot

tan(277/32)

1

tan(37/32)

i

—tan
V4

[
|

1+

o

LNNTDWG(f, ), A,

1-tan(37/32)

1-tan(47/32)

fut

tan(37/32)

tan(4z/32)

2
n
(2)) = _®1TD ﬂLEj)
J:

1

I

il

' = <ﬂ6.9969’ ﬁ1.9070’ IB3.8883> .

2 12
1—tan(6/z/28)] }

2
103 LEIZI28) )
tan(77/28) tan(67/28)

= <ﬁ7.5455: ﬂo.msa 131.7058>'

32ty !
= ) 22
1403 tan(27/28) 407 tan(37z/28)
1-tan(27/28) 1-tan(37/28)
4901y !
s

tan(37/28)

140, tan(47/28)
1-tan(37/28)

1-tan(47/28)

J oz 1

5. MAGDM Technique Using the LNNTDWA and LNNTDWG Operators

In terms of the LNNTDWA and LNNTDWG operators, this part establishes a MAGDM
technique to perform MAGDM issues in the LNN scenario.
Regarding a MAGDM issue, there usually are a set of alternatives & = {&a1, &, ..., &g} and a set

of attributes s = {¢1, {po, ..., B}, subject to the weight 7 € [0, 1] of each attribute ¢z with 21177 ;=1
. In the MAGDM process, a team of decision makers, denoted as ¢b = {p1, b2, ..., bs} with the weight
& € [0, 1] of each ¢bx with Ziﬂ 0, =1, will provide their suitability evaluation of the alternatives &

on the attributes ¢s by the LNNs ﬂll_((ij) =< ﬂuk (i) .ﬂLuk(ij) 1ﬁ|_fk(ij) > (=12 .,6i=12.,qk=12
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..., 5) yielded from the SLT ¥3={f, A, ..., fk}. Thus, the k-th LNN decision matrix is represented as
M; = (ﬂLkan )qxe :

Based on the LNNTDWA and LNNTDWG operators, a MAGDM technique is built to tackle a
MAGDM issue in the LNN scenario by the following algorithm.

Step 1: Obtain the aggregated matrix Mp= (fLi))sxe by one of the LNNTDWA and LNNTDWA
operators:

ﬂL(ij) = LNNTDWA(,BE(”) vﬂLZ(ij) ""'/BLS(ij)) = E_BlTD 5k:BIl_<(ij)

(13)
= IH UB lﬂ
4901l 1 49 an-t 1 49t L
P R - e p . - e = R - e
L 5{ lan(L[kflj?.n/(4g)) J | 1J25k[1-1an(|_.:k>(}])”/(4g))} L r"k[l_‘an('{k_(_”)”mg))]
& 1-tan(Lt (ij) 2/ (49)) J IH tan(Lu (ij)z/ (4g)) S tan(LE X Gij) 7/ (49))
LNNTDWG (B, , 2 s o (g )
ﬂL(ij) = (ﬂL(ij) ’ﬂL(ij) ""’ﬂL(ij)) = kE@lm (ﬂL(ij))
(14)
B B Nij
4gtanj 1 wlanlﬁ 1 4901l 1 ]
T e T Ve T BYG
S\ [1-tan(Lt* (ij)z/ (49)) S [ tan(Lu¥ (ij) 7/ (49)) l JS [ tan(Lf ()7 /(49))
“{é‘”[ tan(Lt* ij) 7/ (49)) ] } o ébk(l—tan(Luk(ij)zr/(4g))) | h[ébk I-tan(Lf* () x/ (49))

Step 2: Yield each aggregated LNN fi for each alternative &i (i =1, 2, ..., ) by one of the
following LNNTDWA and LNNTDWG operators with ¢ 1:

ﬂL(i) = LNNTDWA(ﬂL(n) 'ﬂL(iZ) l---uBL(ie)) = _®1TD UjﬂL(ij)
j=

+ (15)
49011 L 49401 1 490t 1
g & tan(Lt(ij)z/ (49)) o S (1-tan(Lu(ij)z/ (4g)) | v i S (1-tan(Lf (ij)x/ (49)) ) v
l{z”(mJ o Z”EWJ . z’[ i)
e '
BLiy = LNNTDWG (B 1y, BLizy s+ Briey) = _®1TD B
j=
(16)
49 4ant 1 49 4ant)y 1 49 4an 1)y E
TS, e e o Ll Enuteroy | o w0y [ =i o) ]‘lm
2\ " tan(Lt () (49)) 2\ 1 tan(Lu(if) e/ (49)) 2 1tan(l Gi)e/ (49))) |
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Step 2: Get the score (accuracy if necessary) values of D(fo) (E(fw)) (i=1, 2, ..., q) by Eq. (3) (Eq.
(4))-

Step 3: Sort the alternatives and decide the optimal one.

Step 4: End.

6. MAGDM Application

6.1 Selection of NEDSs

This section applies the built MAGDM technique in the selection of NEDSs for an investment
project in Ningbo City, China, in the LNN scenario.

New energy development is becoming increasingly important and necessary to diversify energy
sources and reduce carbon emissions. To effectively develop new energy sources, an energy company
wants to develop some new energy generation as an investment project in Ningbo City. Therefore,
the energy engineers provide four potential design schemes: solar energy (&a1), wind energy (&a2),
wave energy (&), tidal energy (&as), which are denoted as their set & = {&a1, a2, &13, &as). In the
assessment process, they must meet the requirements of important factors/attributes: technical
performance (¢{p1), cost-effectiveness in terms of benefits and return on investment (<p2),
environmental condition (¢ps), and operational adaptability ({ps), then their importance is specified
by the known weight vector 7 = (0.3, 0.25, 0.23, 0.22). The energy company invites a panel of three
decision makers/experts, referred to as their set b = {¢p1, {p2, {3}, subject to their specified weight
vector 6= (0.37, 0.33, 0.3), to evaluate the suitability degrees of each scheme & (i =1, 2, 3, 4) over the
factors ¢pj (=1, 2, 3, 4) in terms of the SLT ¥s= {/ (Extremely unsuitable), £ (Very unsuitable), 5
(Unsuitable), f (Slightly unsuitable), i (Medium), £ (Slightly suitable), fs (Suitable), f7 (Very
suitable), & (Extremely suitable)}. Thus, their true, false and indeterminate linguistic assessment
values can be constructed as the LNNs ﬂf(ij) =< ﬂLtk(ij)'ﬁLuk(ij) "Buk(ij) > (G,1=1,234k=1,2 3).

Subsequently, the LNNs provided by the three decision makers/experts can be constructed as the
three LNN evaluation matrices:

(B, BB,

( Bo. Bor By
(B, BB,

{

{

)

1 1 ﬁ ﬂlvﬂS
Mﬂ = (ﬁL(ij))4x4 - ﬁﬁ,ﬂzaﬂii i
)

)
)
)
(B B 1)
)
)
)
)

M z(ﬁf(ij>)4x4 -

“Vo)i| (g

(B Bas B) (B Bas By

Thus, the proposed MAGDM technique is utilized to tackle the MAGDM issue in the LNN
scenario by the following decision algorithm.

First, set ¢ =1 as a calculational example in this MAGDM application. By Eq. (13) or (14), the
aggregated LNN matrix is obtained below:

) (B
NNARIY)
) (B
) |
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My = (B ) e
<ﬁ5.7765 1 ﬁ1.1982 1 ﬂl.5903 >
<ﬁ6.823 ' ﬂl.l982 ’ ﬂl.177 >
<ﬂ5.7765 1 182 ' 161.7032 >
<ﬂ5 ' ﬂ1.4617 ﬂl.8098>

M, = (ﬂL(in )M
ﬁ5.6645 ' 1813599 ' ﬁ2A0642 >

(B, Bor )

(B, Bo )

<
or — <ﬁ6.6715 ' ﬂ1.3599 ' ﬂ1.3285> <ﬁ6.5987 ! ﬂl’ ﬂ2.7335 >

<ﬂ5.6645 ! ﬂz ' 182.1688>

<ﬂ5.591’ﬂ2.6675’ IB3>

<185 ' ﬁl.6605 ' 1828167 > <ﬁ5.2946 ' ﬂ2.4653’ ﬂ2.7664 >

Second, the aggregated LNNs S for the schemes &i (i=1, 2, ..., q) are yielded by Egs. (14) or

(15) as follows:

<ﬁ5.3893 ) ﬂl.284l’ ﬂz >
<ﬂe.7723’ ﬂ1 , 182.6107 >

<165.717l' ﬂ2.5337 ! ﬂ3 > <ﬂ5 ' ﬂ2.5771’ ﬂl.5777 >

<ﬁ5.2665 ' ﬁl.7966 ' ﬁz >

<ﬁ5 ) ﬂ2.7054 ) ﬂ2.0294 >
<ﬂ52665 1 ﬁ2.6675’ ﬂz >

<ﬂ6 ' ﬁ2.2485 ! ﬂ2.2235 >

<ﬂ6.823’ ﬂ1.505 ! ﬂl.629 > <ﬂ6.4603 ! ﬂ1.177 ! ﬂ2.3574 >
<135.157 ' ﬂl.5777 ' ﬂ2.2485 >
<ﬂ5.4229 ' ﬂ1.8129 ' ﬂ2.3574 > <ﬂ5.3893 ! ﬁ2.5337 ' ﬂz > <ﬂ5.4663 ! ﬁ2.4002 ' ﬂ1.881>

<156 ! ﬁ2.3672 ! ﬂ23355 >

<ﬂ6.6715 ' ﬂl.6988 ! ﬁ2.0639 > <ﬂ6.2728 ! 181.3285 ' ﬂ2.7664 >
<ﬂ4.8063 ' ﬂ2.0294 ' ﬁ2.3672 >
<185.3325 ' ﬁ2.8333 ' 182.5181 >

Pray = <Lo2s2s, 15338, P18958>, Pre) = <LPersas, Br1004, [17107>, Pre) = <[b.48%, [F.0959, [r9s93>, and Lra) = <3110,

Prooss, [r.9853>.

Or fray = <541, Prseis, frowsr>, Pre) = <fosexn, [i3ss, 20>, fue) = <528, Prasse, Prane>, and fra) =

<2047, [h38s6, [h5668>.

Lastly, using Eq. (3), the score values of D(f.(i)) (i=1, 2, ..., ) are in the following:
D(frm) = 0.7855, D(fr@) = 0.8268, D(f.i)) = 0.7252, and D(fw) = 0.7259.

Or D(fray) =0.7486, D(fL@) = 0.7914, D(fe) = 0.6882, and D(f@) = 0.6772.

Subsequently, the sorting orders of the four NEDSs are &2 > &1 > &aa > &z or &az > S > &as > &us,
then the optimal one is .

Similarly to the above calculation process, all the evaluation results with ¢={1, 3, 5, 7, 9, 11} are
shown in Table 1 and Table 2.

Table 1. Evaluation results based on the proposed MAGDM technique using the LNNTDWA operator

I3

Score value

Sorting

Optimal one

e=1
e=3
e=5
e=7
e=9
e=11

0.7855, 0.8268, 0.7252, 0.7259
0.8174, 0.8482, 0.7627, 0.7653
0.8372, 0.8581, 0.7868, 0.7876
0.8481, 0.8629, 0.8001, 0.8000
0.8544, 0.8657, 0.8078, 0.8075
0.8584, 0.8674, 0.8127, 0.8123

ar > Em > ban > Ens
ar > Em > ban > Ens
ar > Em > ban > Ens
Ear > Em > Eaz > Ena
Ear > Em > Eaz > Ena

Ear > Em > Eaz > Ena

Table 2. Evaluation results based on the proposed MAGDM technique using the LNNTDWG operator

€ Score value Sorting Optimal one
e=1 0.7486, 0.7914, 0.6882, 0.6772 Ei> En > En> Eu &
£=3 0.7184, 0.7568, 0.6620, 0.6391 G2 > En> En> Eu &
£=5 0.6962, 0.7325, 0.6438, 0.6139 G2 > En> En> Eu &
e=7 0.6805, 0.7170, 0.6309, 0.5974 G2 > En> En> Eu &
£=9 0.6696, 0.7068, 0.6218, 0.5863 G2 > En> En> Eu &
e=11 0.6620, 0.6999, 0.6153, 0.5786 G2 > En> En> Eu &
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From the results of Table 1, we see that the different values of € can affect the ranking of the four
schemes, but the optimal one is always &a.

From the results of Table 2, we see that the four schemes corresponding to the different values
of & show the ranking robustness, and then the optimal one is always &az.

According to the sorting results in Tables 1 and 2, the energy company should select &2 (wind
energy) as the investment project in Ningbo City. The wind power generation is reasonable because
Ningbo City is closer to the east see.

6.2 Comparison with the Existing MAGDM Technique Using the LNNDWA and LNNDWG Operators

In this part, the proposed MAGDM technique is compared with the existing MAGDM technique
using the LNNDWA and LNNDWG operators [29] by the selection case of NEDSs to demonstrate
the validity and appropriateness of the former.

Based on the existing MAGDM technique using the LNNDWA and LNNDWG operators [29], it
can be applied to the selection case of NEDSs. Using Egs. (1) — (3), all the evaluation results with € =
{1,3,5,7,9, 11} are shown in Tables 3 and 4.

Table 3. Evaluation results based on the existing MAGDM technique using the LNNDWA operator [29]

£ Score value Sorting Optimal one
e=1 0.7858, 0.8270, 0.7256, 0.7264 Ear > Em > Ean > Ens En
=3 0.8184, 0.8487, 0.7640, 0.7666 Ear > Em > Ean > Ens En
=5 0.8381, 0.8585, 0.7881, 0.7888 Ear > Em > Ean > Ens En
e=7 0.8488, 0.8632, 0.8011, 0.8010 Ear> Em > Ens> Em En
£=9 0.8549, 0.8659, 0.8086, 0.8083 Er> Em > Ens > Ema En
e=11 0.8588, 0.8676, 0.8133, 0.8130 Ear > Em > Ens > Ema Ea

Table 4. Evaluation results based on the existing MAGDM technique using the LNNDWG operator [29]

£ Score value Sorting Optimal one
e=1 0.7476, 0.7903, 0.6872, 0.6758 Ear > Em > Ens > Ema En
=3 0.7164, 0.7547, 0.6603, 0.6366 Ear > Em > Ens> Ema En
=5 0.6939, 0.7303, 0.6418, 0.6112 Ear> Em > Ens> Ema En
=7 0.6783, 0.7150, 0.6290, 0.5949 Ear > Em > Ens > Ema En
=9 0.6676, 0.7051, 0.6200, 0.5842 Ear> Em > Ens> Ema En
e=11 0.6603, 0.6984, 0.6138, 0.5768 Ear > Em > Ens> Ema Ea

According to the sorting results in Tables 14, it is obvious that the sorting orders between the
proposed MAGDM technique and the existing MAGDM technique [29] are very consistent in this
decision application, which investigates the validity and appropriateness of the proposed MAGDM
technique in the LNN scenario. However, the proposed MAGDM technique contains the
periotic/multitemporal MAGDM capability, while the existing MAGDM technique [29] cannot imply
it and shows its research gap in the LNN scenario. Therefore, the former fill the research gap of the
latter in the LNN scenario.

7. Conclusions

This article first presented the linguistic tangent Dombi t-norm and t-conorm and the LNNDOLSs,
which imply the trigonometric periodicity. To overcome the inadequacy of existing LNN aggregation
operators without periodicity, the LNNTDWA and LNNTDWG operators were developed to provide
periodic aggregation tools for building periodic MAGDM techniques in the LNN scenario. Next, the
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developed MAGDM technique using the LNNTDWA and LNNTDWG operators can reasonably tackle
MAGDM problems with periodic/multitemporal requirements in LNN scenarios. Finally, the
developed MAGDM technique was applied to the decision case of NEDSs and compared with the
existing MAGDM technique using the LNNDWA and LNNDWG operators in the LNN scenario. Then
the decision results demonstrated that the developed MAGDM technique was effective and applicable.
Meanwhile, the developed MAGDM technique has filled the research gap of the existing MAGDM
techniques, which lack periodic/multitemporal capability in LNN scenarios.

Generally, this paper has developed the LNNTDWA and LNNTDWG operators and their
MAGDM technique and used them for the first time in the choice of NEDSs. To present much more
research work in the future, we need to further propose LNN trigonometric Einstein, Heronian, and
Bonferroni operators and to apply them in supply chain management, medical diagnosis, and risk
investment in LNN scenarios.
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