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Abstract: The goal of the research is to discover the required and sufficient conditions for R(I) to be
a neutrosophic regular as well as the properties of the neutrosophic ideals in the neutrosophic regular
ring. Despite differences in the form of the elements and ideals in neutrosophic and classical rings,
we discovered that the necessary and sufficient requirements for the classical ring to be regular also

apply to neutrosophic rings.
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1. Introduction

The notion of a regular element within rings was introduced by J. Von Neumann [1]. Since
then, regular rings and their properties have been comprehensively studied by numerous scholars
and researchers [2,3,4].

Neutosophy signifies an advanced interpretation of intuitionistic fuzzy logic. This concept
significantly influences decision making [5], and medical studies [6]. Further applications of
neutrosophy are detailed in [7,8,9,10,11].
Neutosophy, as a novel area of philosophy, may be used in algebraic structures, leading to a greater
understanding and evolution of these structures. Smarandache initially proposed the neutrosophic
idea in 1980. Neutrosophic structures, a new concept in algebraic structures, have many applications
and discoveries such as neutrosophic topologies [12, 13], and rings [14,15].
Kandasamy and Smarandache introduced neutrosophic groups, rings, and fields [16], which has been
widely investigated [17,18,19,20], and is still being studied.

Numerous intriguing discoveries about neutrosophic rings have recently been discussed

[21,22,23,24,25]. This study is still ongoing among researchers. Alabdullah discussed the basic
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features of regular neutrosophic elements and their relationship with the elements of the
neutrosophic ring [21].

In our research, we present the required and sufficient conditions for neutrosophic ideals
for R(I) to be neutrosophic regular.

Our motivation is to the display of properties determining properties of neutrosophic ideals

in neutrosophic regular rings.

2. Definitions and notations

Since academics conversant in classical regular rings possess comprehensive insight into
their properties, this section encompasses definitions and essential findings concerning neutrosophic
rings. Those interested in discovering more about neutrosophic rings can investigate the reference
list.

Definition 2.1 [16] Supposing R is a ring. The set R(I) = {a + bl ; a, b € R and I? = I}, is known as
a neutrosophic ring. When R is a field, R(I) is referred to as a neutrosophic field.

Properties 2.2 [16,17]

1) R is a unity commutative ring iff R(I) is a unity commutative neutrosophic ring with
neutrosophic unity L

2) I =1 foreverym € Z*
3)al =IlaVa € R.

4H0I=0, I+I1+1+... . +I=ml

mtime

Definition 2.3 [16,17] In any neutrosophic ring R(I), an element e that satisfies e = e is considered
a neutrosophic idempotent.

Theorem 2.4 [25] An element a + bI € R(I) is idempotent iff a is idempotent and b = ¢ — a, where
¢ € R is an idempotent.

Definition 2.5 [16] The neutrosophic ring's center is defined as C(R(I )) ={xeR)|yx=

xy for ally € R(D)}.

Theorem 2.6 [23]

If ]+ KI € R(I), then ] + KI is a neutrosophic ideal iff /] and K are ideals in R, where ] € K.
Definition 2.7 [21] An element x € R(]) is called neutrosophic regular if there is an element y where

x = xyx. R(I) is neutrosophic regular when all its elements are regular.
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3. Results

In this section, all neutrosophic rings are unity. In the R(I), we denote the collection of
neutrosophic regular elements as NRegg;), Nldg() is the set of neutrosophic idempotent elements,
NCg(py is the center of R(I), and NZy(; the set of neutrosophic ideals. In classical ring R, let Regp

denote the regular elements, Id, the idempotents, Cy the center, and Ty the ideals.

Theorem 3.1 In R(1), Vr; + 1,1 € NRegp) © 1, andr + 1, € Regy
Proof.
(=):If , + r,I € NRegg(), then 3x + yI € R(1), where, 1, + 1,1 = (r; + o D(x + yD(ry, +1,1) =
rxr + [nxr, +ryr +ryn +nxn +nxn Fnyn Frynll
So 1, =rxr, = r; € Regy
And ry, = ryxry, + ryr + i yr, + rxn +nxr, Fnyn Fryn
>1 41, =rnxn Fnxn Fnyn Fnyn Fnxrn Fnxn Fnyn Fnyn =0 F )+ y) + ).
Thusr, + 1, € Regg
(€):Ifr, and r; + 1, € Regg, then 3x,r € R, wherer; = ryxry andry +1, = (r; + rp)r(r, +13)
Firstly, Letsputy =r—x € R = r =x + y. Subsequently, r, + 1, = (r + n,)(x + y)(r; +13)
=51+ =nrnxr +nxr +nnyn +ryn +nxn +nxn +nyrn +nyn =rn
=nXn, +ryn +Ryn Fnxn +nxr, +nyn +nyn
Atother hand, we have r; + 1,1 = rixry + [rxr, + riyn + ryn, + nxn + nxr, +nyn +nynll =
(r + D) (x + yI)(ry +1,1), wherefore r; + 1,1 € NRegp()
The following corollary was mentioned in reference [21], and we have presented another proof for
it:
Corollary 3.2 Every neutrosophic field R(1) is a regular.
Proof. Vr; + 1,1 € R(I), whereryand r, € R.
We know that every classical field is regular, sor; and r; + r, € Regy . Subsequently, r; + 1,1 €
NRegg(), according to theorem.3.1.
Example 3.3 R(I), Q(1),C(I), and Z,(I) are neutrosophic regular, where p is the prime.
Corollary 3.4 R(I) is regular iff R is regular. (The proof results directly from the theorem.3.1)
Theorem 3.5 In R(I), Vr; + 1,1 € NCry & mpandn +1, € Gy
Proof.
(=):Ifr, + ,I € NCg(p), then Vx +yl € R(I); (n + ,D(x +yI) = (x + yD(1r; +1,1)
>nx+[ny+nx+nyll =xn +[yn +xr, +yr]l.So nx = xr,Vx ER =1, € Cy
Andny+nx+ny=yr +xn +yn
sincenx =xry 2@ nx+ny+nx+ny=xn +yn txrn+yn
S>h+r)+y)=G+y) i +n),Vx+y=r€eRr
=>n+mn €Cy
(€):Ifr,andr, + 1, € Cy, thenVx,r €ER; nx =xryand (r, +rp)r =r(r, + 1)
First, let us puty = r — x € R. Subsequently, r = x +y
Subsequently, (p +n)(x +y) = (x +y)(, + 1) @ nx+ny+nx+ny =xn +yn +xn, +yn

sincenyx =xr > ny+nx+ny=yn +xr,+yn
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At other hand, we have (r; + ,)(x + yI) = ryx + [ny + nnx + iyl = xry + [y, + xr, + y1 ]l

= (x +yD@ + 1) Vx +yl € R(1), thereforer; + 1,1 € NCg(p

Theorem 3.6 The center of the neutrosophic regular ring is also a regular.

Proof.

Suppose R(I) is a neutrosophic regular. We have NCg(;) is a neutrosophic subring. Using theorem
3.5,if r; + 1,1 € NCg(p), thenryand r; + 1, € Cp.

Since R(I) is regular, so R also is regular. Therefore Cy, is regular.

Thusryand r, + 1, € Regg. Subsequently r; + 1,1 € NRegp(py, according to theorem.3.1. Thus NCp(;
is regular.

Theorem 3.7 Assuming that R(I) is a neutrosophic ring, then NCp(;, is regular < Cy is regular.
Proof.

(=):Vr € (g > randr + 0 € Cg = r + 0l € NCp(;), according to theorem.3.5. Since NCp) is regular,
so r is regular according to theorem.3.1. Thus Cj, is regular.

(€):Vry + 1,1 € NCr(py = 11 and 1y + 1, € Cg, according to theorem.3.5. Since Cy, is regular, so

r and r; + 1, is regular. Therefore r; + 1,1 is regular according to theorem.3.1. Thus NCr(;) is
regular

Remark.3.8 Figure 1 shows the resulting relationship between the neutrosophic and classical regular

ring, as follows:

center
of Ris
regular

Figure 1. Relationship between the neutrosophic and classical regular rings.
Theorem 3.9 R(I) is a regular < every neutrosophic principal ideal is generated by a neutrosophic
idempotent element.
Proof.
(=): If R(I) = NRegg() and ] + KI is a neutrosophic ideal generated by r; + 1. SoJ + KI =
(rn +,DRU) = (r; + ,D)(R + RI) =1 R + [(r;, + r»)R]I. Therefore, ] = R and K = (r; + 1,)R are
principal ideals of R. Because R(I) = NRegg(), R is regular according to corollary.3.4. Therefore,
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J=1nR=e,Rand K = (r; + )R = e,R,where, e, ,e, € Idg. Thus ] + KI = e;R + e,RI = e;R +
e,RI —e;RI +e,RI =e;R+ [e;R+ (e, —e; )R]l =e;R+ [e;R+ (e, —e)R + (e, —e )R] =
[e; + (e, — eI][R + RI]
It can easily be verified that e; + (e, — e;)I € Nldg(;,. Therefore, the desired result is achieved.
(e):If ; + 11 € R(I), then (r; + n,DR(A) = (e, + e, )R(I) is the principal ideal of R(I) generated by
e; + el € Nldgyy. First, (r; +1,1) € (e + e,1)R(I) = 3s; + 5,1 € R(I),wherer; + 1,1 =
(er +e;.D)(sy +s,1) = (e + e, DN +1]) = (eg + e, 1)(sy +5,1) =1 + 151
At other hand, e; + e, € (e; + e,DR(I) = (r; + ,DR(D) = Is; + 5,1 € R(I),where,e; + e,] =
(r + 1D (s3+5,0) = (e + e, D)1y +131) = (1, + 11 (S5 + 5, 0) (1 +1,0)
=>n +1rl = +1r0)(s3+s,0)(ry +,I)=nr +1,] € NReggyy = R(I) = NRegg(
Example 3.10 In any neutrosophic field R(I), we have only three ideals. {0}, RI, and R(I).
We note that each of the previous ideals is generated by the idempotent elements 0, and 1,
respectively.
Theorem 3.11 R(!) is regular iff every neutrosophic finitely generated right (left) ideal in R(I) can be
generated by an idempotent element.
Proof.
(=): Suppose ] + KI is a neutrosophic right ideal generated by n elements. We will use the
principle of mathematical induction.
If n = 1, then using theorem 3.9, the desired result is achieved.
Ifn=2thenJ]+ K= +nnDR+RD+ (3 +1,)(R+RI) =rR+[(p + )R] + 3R +
[ +r)RI = +13)R+[(n+1)+ (3 +1)JRI=> J=+13)R and K=[(nh+1,)+
(r; + n,)]R =] and K are finitely generated. Because R is regular, ] and K are generated by an
idempotent element.
> J=(Mn+r)R=eR and K=[(r +1r)+ 03 +1,)]R =e,R where,e,, e, € ldy
Finally, ] + KI = e;R + e,Rl = e;R + e,Rl —e;RI + e;Rl = e;R + [e;R + (e, — e, )R]I
=e;R+[e;R+ (e; —e)R + (e, —e )R]l = [e; + (e, — eI][R + RI]
It can easily be verified that e; + (e, — e;)I € NIdg(;,. Therefore, the desired result is achieved.
(<): This results directly from theorem 3.9.
In the same way, we prove it in the case of the left ideal.
Theorem 3.12 R(I) is a regular iff every neutrosophic principal right (left) ideal is a direct actor in
R(D).
Proof.
(=): Suppose K; + K,I is a neutrosophic principal right ideal. Therefore, K; + K,I = (e; + e;)R(I),
where e; + e,I € Nldg(, according to theorem 3.9.
We have K; + K,I = [(1 — e;) — e,)]R(]) is a right ideal is generated by (1 — e;) — e,1,
where (1 — e;) — e,I € Nldg(;. Now let us prove that R(I) = (K; + K1) ® (K3 + K, ).
First, we have (K; + K,I) + (K; + K,I) € R(I). At other hand, if r; + r,1 € R(I), then
rn+nl=~(e+e, ), +1r,0)+[(r + 1) — (ey + e, D)1y +1,1)]
=(eg+e, D+, D) +[1—(e;+e,D](r, +1,0) € (e + e, DR + [(1 —ey) — e, I1R().
Thus R(I) = (K, + K,1) + (K3 + K,I).
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Finally, Vs + tI € (K, + K,1) N (K3 + K,I) = s+ tl € (K, + K,I) and s + tI € (K3 + K, I)
Therefore, s + tI = (e; + e, [)(r; + rpl) and s + tl = [(1 — e;) — e, 1] (15 + 1,1), where
n, +nplandry + 1,1 € R(I).
At other hand, we note s + tI = (e; + e, 1)(r; + 1) = (e, + e, (s +tl) =s + t]
Subsequently, s + tI = (e; + e;,1)(s + tI) = (e; + e;)[(1 —ey) — e, I](r3 + 1,1)

= [e;(1 —ey) + (—eje; + e, (1 —ey) — )] (r5 +1,0)

= [(e; —e;®) + (—eje; + e, —ere; —€,* +e.* — eI (r3 + 131)

= [(e; —e:®) + (—(e;* + ere; + eze; + €,°) + e, + eI (13 +130)

= [(e; —e:®) + (—(e; + €)* + ey + )] (5 +1,0)
Since e; + e,1 € Nldg(), so e, and e; + e, € Idg, According to theorem 2.4.
Therefore, s + tI = [(e; —e;) + (—(e; + e;) + e, + eI +1,I) =0
So,(K; + K,I) n (K5 + K,I) = {0}. Therefore, R(I) = (K, + K,I) @ (K5 + K,I).
Thus K; + K1 is a direct actor in R(I).
(&): Vry + i1 € R(I), then (r; + r,1)R(I) is a principal right ideal in R(I).
Therefore, according to this assumption, there is a neutrosophic right ideal K; + K,I, where, R(I) =
(n +n,DRI) @ (K, + K,I). Thus 1 = (ry + D) (x + yI)+ (j + kI), where x + yI € R(I) and j + kI €
K, +K,I.
And fromitwe findr; + Il = (i + D+ yD(ry + D + G+ kD@ + 1) ... (%)
Since K; + K, I is a neutrosophic right ideal, so (j + kI)(r; + 1,1) € K; + K, 1.
Atother hand, wenote j + kD(r, +1,0) =1, + 1l — (ry + D + yD(ry + 1) = (i + R, D[1 —
x+yD(ly +r,D] € (p + ,DRI). Thus (j + kD)(ry + 1) € (r; + ,DR(UI) N (K; + K,I ) ={0}.
Subsequently, (j + kI)(r; + r,I) = 0. Returning to (%), we find thatr, +r,/ = (i + ,D(x + yD(n, +
r,I). Therefore, r; + 1,1 € NRegg) = R(I) = NRegg).
In the same way, we prove it in the case of the left ideal.
Example 3.13 In any neutrosophic field R(I), we have RI a neutrosophic principal ideal is generated
by a neutrosophic idempotent /. At other hand, we have (1 — I)R(I) is a neutrosophic principal
ideal is generated by a neutrosophic idempotent 1 — 1.
Now , wenote (1 —DR(I) + RI = R(I). AlsoVx € (1 —DR()NRI=> x € (1 —DR()and x € RI.
Sox=QA-D@+nrl)=r+nrl—rl—rl=r —nl Sincex € Rl,sor, = 0. Therefore, x =
(1 — DryI = 0. Subsequently, (1 — DR(I) @ RI = R(I). Therefore, RI is a direct actor in R(I).
Theorem 3.14 R(I) is a regular < each neutrosophic finitely generated right (left) ideal in R(/) is a
direct actor in R(I).
Proof.
(=): If K; + K, 1 is a finitely generated right ideal, then K; + K,I = (e; + e,I)R(I), where,
(ey + e;1)* = e, + e,] according to theorem.3.11, and from it we find that

R(I) = (e, + e2DR() @ [(1 — &) — e;D]R()

(&): It results from theorem.3.11 and theorem.3.12.
In the same way, we prove it in the case of the left ideal.
Remark 3.15 Figure 2 shows the resulting relationship between the neutrosophic regular ring and

their ideals, as follows:
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Every neutrosophic

ideal isidempotent

Every neutrosophic

Every neutrosophic principal ideal is
finitely generated right generated by a
(left) ideal in R(I) is a neutrosophic
direct actor in R(I). idempotent
element.element.

o TRy o

Every neutrosophic

R(D) is a regular

Every neutrosophic The center of the i .
. . ' principal ideal is
principal right (left) neutrosophic
: . . . generated by a
ideal is a direct actor regular ring is also a s
in R(I) = 1 neutrosophic
. ’ reguiar. idempotent

Figure 2. Relationship between the neutrosophic regular ring and their ideals.
Theorem 3.16 R(I) = NRegp iff (Ky + Ko) 0 (K3 + K1) = (Ky + K,D (K + KuI) = K, Ky + K, K, I for
every neutrosophic right ideal K; + K,I and every neutrosophic left ideal K5 + K,I.
Proof.
(=): We have (K; + K,I) n (K5 + K,I) = (K; n K3) + (K, N K,)I and also K; and K, (K; and K,) are
right (left) ideals in R. Since R(I) is regular, so R is regular according to theorem.3.4. Therefore,
K, N Ky = KK and K, N K, = K,K,. Thus, (K, + K,1) 0 (Ks + K, I) = (K, 0 K3) + (K, N K)I =
K,Ks + KoK, I.
At other hand, we have (K; + K,I)(K; + K,I) € (K, + K,I) n (K5 + K,I) = K;K; + K,K,I € K, K3 +
K, K, I + [K,K, + K, K11 = (K, + K, ) (K5 + K, ).
Thus (K, + K,1) 0 (K5 + K, D) = (Ky + KD (K + Ko I) = K Ky + KoK, I
(€): V1 + 1l € R(), then (r; + ,DR(I) is aright ideal and R(I)(ry + ;1) is a left ideal. At other
hand, r, + I € (r; + ,DRI) N R (ry + 1,1

= (ry + R,DRWRUI) (ry +1,1)

Since R(I) is unity, so R(I) = R(I)%. Subsequently, r; + 1,1 = (r; + ,DR(D(ry + 1,1)
= 3r, +1l € R(J) suchthat ry + 1 = (1 + D (3 +1,1)(1; +1,1) = 1, + 1,1 € NRegg(
= R(I) = NRegg).
Example 3.17 In Z5(I), we have {0}, and ZsI are neutrosophic ideals, and it comes true {0} N ZsI =
{0} = {0}.Zs
Theorem 3.18 If R(I) = NRegg(y, then V K; + K,I € Ny is idempotent.
Proof. V K; + K,I € NTp(yy. First, we have (K; + K,1)* € K; + K,I.

Atotherhand, V1, + r,l €K, + K, =1 + 1,1 € R(I) ary + I € RU);
)

_
R(I)=NReggr(
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ntnl =0 +nD) 00D +nl) € (K + KI)?
€ K +Kyl € K1+Kpl

Thus K; + K,I is idempotent.
Example 3.19 In a neutrosophic field Zs, we have only {0}, ZsI, and Zs(I) are neutrosophic ideals,
and it comes true {0}? = {0}, (Zs)? = Zsl,and [Zs(1)]? = Zs(I).

4. Conclusion and Future Works

During our search, we created the essential and sufficient conditions for the neutrosophic
ring to become a regular. Furthermore, several instances were created to demonstrate the search’s
reliability. We intend to generalize the regular refined neutrosophic rings and their attributes in
future studies.
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