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1. Introduction

In 2004, utilising the intuitionistic fuzzy set [1], Fuzzy Metric Spaces (FIMGS) has been
widened to Intuitionistic Fuzzy Metric Space (JFONS) by Park [13]. Park used continuous
triangular norms as well as continuous triangular conorms to describe this idea. For §MNG,
Changqing et al. [4] developed Statistical Convergence (&€) sequences in 2020. On IFMNGS,
similar ideas were used by several auhtors and their work, who achieved considerable outcomes.
Fast [5] established the concept of G€ in 1951, garnering interest from researchers across both
purely mathematical and practical disciplines. $MGS and JFS were used for investigating
several new breakthroughs, including fixed point theories and convergence by Granados et.
al [7]. In MIINGS, similar outcomes can be derived by Jeyaraman et al [9]. In [10], Kramosil
and Michalek presented the idea of FOMGS. Fuzzy sets were first presented by Zadeh [21],
and numerous writers have since addressed their notions under numerous contexts, including

SMG.
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The concept of generalization of convergence, denoted by &€, is defined as follows: Let
9 C JN, where JN represents the set of all positive integers. For every n € JN, M(n) is
defined as {\ < n: X\ € M}. The natural (or asymptotic) density of 9, denoted by A(9MN), is
defined by A(9M) = nh_}rglo min)‘ if the limit exists, where |9t(n)| represents the cardinality of
the set M(n). The value of A(IM) lies in the interval [0, 1] and satisfies A(TN\IM) = 1 — A(M)
if A(ON) exists.

For instance, A(Jp) = 1, A(B) = % where P denotes the set of even positive integers,
and A(*B) = 0 where B is a finite subset of JN. A set 9 is considered statistically dense if
A(ON) = 1. A sequence ((n) C IR is said to be &€ to {p € TR if for every ¢ > 0, the condition
A({n € TN : [y — Co| < e}) = 1 is satisfied, where JR denotes the set of all real numbers.

Numerous significant results on &€ have been presented by various authors ( [?]- [19]).

in this work, convergent and &€ relations in 9I9NGS are then investigated. On MIMNGS, we

also investigate GC€a sequences and statistical completeness.

2. Preliminaries

Definition 2.1. [7] Let &, o, and ¢ be fuzzy sets on Q2 x (0,00), where ® is a continuous
triangular norm and @ is a continuous triangular conorm. We say that (k,, ) forms a

Neutrosophic Metric (9190%) on Q if k and p satisfy the following conditions:

(1) k(¢,& @)+ 0(C & @) +9(C, €, @) <3
(2) 0 < k((, &) <1,0<0((,&,w) <land 0 < ¢((,&w) < 1;
(3) k(¢ & @) >0

(4) k((,{w) =1 = (=&

(5) s(¢,§ @) = k(& ¢, @);

(6) K(¢,& @) © k(S 0,u) < K(C, D, @ +u);
(7) k((,€,.): (0,00) — (0,1] is continuous;
(8) o(¢; &, @) > 0;

(9) o(C,&m) =0 <= (=&

(10) o(¢.& @) = 0(§. ¢, @);

(11) o(¢.& @) @ 0§, B,u) = 0(¢, 0, @ + w);
(12) o(¢,¢&,.) : (0,00) — (0,1] is continuous.
(13) (¢, &, @) > 0;

(14) o(¢,§@) =0 <= (=¢;

(15) »(¢,& @) = »(§, ¢, @);

(16) ¢(¢,& @) ® @(§,0,u) > (¢, 0, @ +u)
(17) ©(¢,€,.) : (0,00) — (0,1] is continuous
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A 6-tuple (2, k, 0, 0, ®, D) is called NMNEGS.
The functions k((, &, @) , 0(¢, &, w) and ¢((, &, w) denote nearness degree, non-nearness degree

and indeterminacy degree of { to £ at w, respectively.

Example 2.2. Let Q = TR, Y Ow = Yw and 9 ®w = min{d +w, 1} for all J,w € [0, 1]. Define

K, 0 and @ by £(C, 6, @) = B, 0(C, 6, @) = e, (¢ & @) = L= and for all ¢, € € ©
and w > 0. Then (JR, Kk, 0,®, D) is a NMNGS.

Definition 2.3. Let (Q,k, 0,9, ®,®) be a MMES and @w > 0,0 € (0,1) and ¢ € Q. The set
Be(o,w) ={£€Q: k(&) >1—0,0(&w) <v,0((, & w) < v} is described as an open

sphere with center ¢ and radius v with regard to w.

Example 2.4. Let Q@ = JR, ¥ ©®w = Yw and ¥ ®w = min{d +w, 1} for all ¥,w € [0,1]. Define

k, 0 and o by #(C, €, @) = . 0(¢, & @) = 2y, @(( & @) = K and for all ¢ ¢ € ©
and w > 0. Then (JR, Kk, 0,®, D) is an NMMNGS.

L n=X.,1eIN
Now define a sequence () by G =< V"

0, otherwise
Then, for every v € (0,1) and for any w > 0. we have ((,). Here (¢n) € B¢(0,w).

Definition 2.5. Let (2, &, 0, p, ®,®) be a MMNGS.

(i) A sequence ((,) is known to be convergent to ( if for all @w > 0 and v € (0,1) there exists
ng € IN so that (¢, ¢, @) > 1 — 0, 0(¢n, ¢, @) < v and p((n, ¢, w) < v for every n > ny.
It is symbolised as (, — ¢ as n — oc.
(ii) ©K(, () = 1, 0(Cny ¢, @) — 0 and w((n, ¢, @) — 0 as n — oo for each w > 0.
(iii) (¢n) is known to be a Cauchy sequence if, for @ > 0 and v € (0,1), there is ng € IN such
that £(Cny Cmy@) > 1 — 0, 0(Cay Gy, @) < 0 and @(Cn, Gm, @) < b for all n,m > ny.
(iv) (Q, K, 0,¢,®,®) is called (k, g, p)-complete if every Cauchy sequence is convergent.

Example 2.6. Let Q = TR, ¥ ©Ow = Jw and Y ®w = min{d +w, 1} for all J,w € [0, 1]. Define
K, 0 and @ by £(C,6,@) = =B, 0(¢, & @) = Sl 0(¢ & @) = L and for all ¢, € € ©
and w > 0. Then (JR, Kk, 0,®, D) is an IFMS.

2=, n=MN A€ IN;

Now define a sequence (¢,) by ¢y =< Vv’
0, otherwise

Then, for every v € (0,1) and for any w > 0,
“(Cm 07 w) S ]- - Ua Q(Cﬂv 0) ’(D) Z Ua SO(CI’U Oa ’Zﬂ) 2 v.

(n is both convergent and Cauchy sequence in 2.

Definition 2.7. Let (Q,k,®) be a FMS.

J. Johnsy and M. Jeyaraman, Statistical Convergence Sequences in Neutrosophic Metric Spaces
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(1) A sequence (¢,) C Q is termed &€ to ¢y € Q if, for every v € (0,1) and w > 0, the
condition A({n € IN: k((n, (o, @) > 1 —0,0((y,0,0) < v}) =1 holds.

(2) A sequence ((n) C Q is referred to as S€a if, for every v € (0,1) and w > 0, there
exists an m € JN such that A({n € IN: k(¢n, Cmy @) > 1 — 0, 0(Cny (@) < 0}) = 0.

Example 2.8. Let Q@ = JR, ¥ ©®w = Yw and ¥ ®w = min{d +w, 1} for all ¥,w € [0,1]. Define

k, 0 and o by #(C, €, @) = . 0(¢ & @) = 2y, @(¢ & @) = K and for all ¢, ¢ € ©

and w > 0. Then (JR, Kk, 0,®, D) is an IFMS.

Yion=2X3 )TN

0, otherwise
Then, for every v € (0,1) and for any @ > 0, let M = {n < m: (4,0, ) < 1—0, 0(¢4,0,0) >

0,0((n,0,0) > v} = {ngm: w'fICnl < 1_U7w|‘€|14|-n| Zn,%‘l 20} ={n<m: |Gl > 1"% >

O}:{ngm:Cn:4}:{ngm:n:)\2,/\€3N},andweobtain%]?))ﬂ§%\{n§m:
3
n=X\necIN}< Vo 0,m — oo. As a result, we have ((,) is 6€ to 0 with regard to the

m

mme (Q7 R, Q’ 90’ ®’ EB)

Now define a sequence ((,) by ¢, =

3. Statical Convergence in Neutrosophic Metric Spaces

Definition 3.1. Let (2, &, 0, 0, ®, @) be a MMES. A sequence ((n) C Q2 is called &€ to (y € 2
with respect to M9 obtained that, for every v € (0,1) and @w > 0, A({n € IN: k((n, (o, ™) >

1- v, Q(Cﬂu((]vw) < U’QO(CH)C(MW) < U}) =L
We assert that (¢,) is &€ to (p. We can observe as A({n € TN : k((y, o, ) > 1 —

v, Q(Cn: Ca w) <uv, Q(Cﬂa Cv w) < U}) =1
{k<n:r(Cx,C0,@) >1-0,0(Cx,60,) <00 (Cr,G0,@) <0} _
n

< limy, oo

Example 3.2. Let Q = IR, Y 0Ow = Jw and Y ®w = min{d +w, 1} for all J,w € [0, 1]. Define
Ky 0 and ¢ by K(C, € @) = =3B, 0((, & @) = g, (¢, 6 @) = E- and for all ¢, ¢ € ©
and w > 0. Then (JR, Kk, 0,®, D) is an IFMGS.

1, n=AZ\eIN

0, otherwise

Then, for every v € (0,1) and for any @ > 0, let M = {n < m: k((y,0,w) < 1-0,0(¢h,0,w) >

v, 9(Ca, 0, ) > v} = {ngm:ﬁmgl—n,wlﬁén' zu,'c—;'zn} —n<m: |Gl > = >
0)={n<m:{=1}={n<m:n=X )TN} and we obtain 29| < L{n<m:n=
M n e IN}H < @ — 0,m — oo. As a result, we have ((,) is 6 to 0 with regard to the

NMS (Q, K, 0,0,®, B).

Now define a sequence ((n) by ¢y =

Lemma 3.3. Let (2, k,0,p,®,®) be an MINGS . Then, for every v € (0,1) and w > 0.
These are comparable to each other:

(1) (Cn) is &€ to Co;
(i) A({n € IN: K(Gn, G0, @) <1 = 0}) = A({e(G, G0, @) = 0, A({p(Cn; G0, @) = v}) = 0;

J. Johnsy and M. Jeyaraman, Statistical Convergence Sequences in Neutrosophic Metric Spaces
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(iir) A({n € TN: £(Cn, o, @) > 1 = 0}) = A({e(Cn; G0, @) < 0, A({p(Gn; G0, @) < v}) = 1.
Proof: Utilizing Definition (3.1]) and we possess a lemma regarding density characteristics.

Theorem 3.4. Let (K, 0,0,,®) be NIMNS. When a sequence ((,) is SC with regards to
the MM, then the &€ limit is unique.

Proof: Let us consider ({,) be &€ to (; and (3. Given v € (0,1), take o > 0 such that
(lw) ® (lw) > 1o and w B w < v.
Then classify the following sets, for any ¢ > 0:
M1 (w,€) :={ne€IN: k((,(r,€) >1—w}

Myo(wo,€) :={n € ITN: k((y, (2,€6) > 1 —w}
Mo1(w,€) :=={n € IN: 0((n,C1,€) < w}
Mea(w,€) :={n € IN: o(Cn, (2,€) < w}
Myi(w,€) :={ne€IN: p(n, (1,€) < w}
Moo(w,€) :={n € TN: (s, (2,€) < w}

Since ((y) is 6€ with respect to (1 and (2, we get

A{M 1 (w,€)} = A{Mp1(w,€)} = A{Myi(w,€)} =1 and A{M2(w,€)} = A{Mpa(w,€)} =
1, for every € > 0.

Let Kypp(w,€) = {Mei(w,e) U Mua(w,€)} N {Myi(w,e) U Mpa(ww,€)} N {M1(w,€) U
Ma(ez, )}

Therefore, A{M,.p,-(ww,€)} = 1 which implies that A{TN\M e (w, €)} = 0.

When n € IN\M,o, (¢, €), then there are two potential outcomes:

n € IN\{M1(w,e) UMa(w, €)} or n € IN\{M,1(w, ) UMy (w,€)} or n € IN\{My1(w, e)U
Mz, ).

Let us consider n € IN\{M,.1(w, €) U Mya(w,€)}.

Then we achieve £(C1, (2, €) > K (C1,6n, §) Ok (G (2, 5) > (1 —@) O (1 —w) >1—0.
Therefore, £((1, (2, €) > 1o and since v > 0 is arbitrary, we achieve k((1,(2,€) = 1 for all € > 0,
which infers (1 = (5.

Let us consider n € IN\{M 1 (w, €) UMy (w,€)}.

Then, o(C1,¢2,€) < 0(C1,Cny €) D 0(Cns C2,€) < @D @ < v.

Since v > 0 is arbitrary, we obtain o((1,(2,€) = 0 for all € > 0, which suggests (1 = (o.

Now let us consider n € IN\{M,1(w, €) UMp2(w,€)}.

Then, ¢(C1, 2, €) < @(C15Cns €) © @(Cny (2,€) < @B w < v.

Since v > 0 is arbitrary, we obtain ¢((i,(2,€) = 0 for all € > 0, which refers (; = (o.

Theorem 3.5. Consider the sequence ((,) in the Neutrosophic Metric Space MMNGS
(Q, K, 0,0,0,®). If ((n) converges to (o with respect to the Neutrosophic Metric MIN, then
(Cn) is ©C to (o in the context of the DIM.

J. Johnsy and M. Jeyaraman, Statistical Convergence Sequences in Neutrosophic Metric Spaces
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Proof: Let ((,) be a sequence convergent to (y. Then, for every v € (0,1) and w > 0, there
exists an ng € JN such that k(q, o, @) > 1 — 0, 0(C, (o, ) < 0, and p(Cq, (o, @) < . We
obtain [{\ <n: k(¢y, o, @) > 1 — 0, 9(Cn, G0, w) < vand p(Cn, (o, @) < v} > nng .

Hence, the set {\ <n: k((n, Co,w) > 1 =10, 0((n, (o, @) < 0 and o(Cy, (o, ) < v} has a finite

number of terms.
Then, lim ’{)‘ S n: H(Cm((]aw) >1- UHQ(CIUCO,w) < Ua‘P(C“vCOaw) < U}’ > lim @ —

n—00 n T n—=oo N

Consequently7 A({n € jN K’(gt‘lag()aw) > ]' - Ua Q(Cﬂ?g(bw) < U, @(G‘l)ébuw) < U}) = 1

The converse of the theorem need not true.

Example 3.6. Let Q = [1, 3], and define the operations ¥ ®w = Yw and Y Gw = min{d+w, 1}
for all ¥,w € [0,1]. Define k, o, and ¢ by the following formulas: x((,&, @) = ﬁ,
0(¢, &, w) = wEI_C£—|£I’ and ¢((, &, w) = \C'%E\ forall (,£ € Q and @w > 0. Then (IR, &, 0, ¢, ©, D)
forms a Neutrosophic Metric Space (M9NGS).

2, n=X\e€IN;

1, otherwise .

We can see that ((,) is not convergent to 1.

We need to show that ((,) is &€ to 1.

Let ve (0,1) and w > 0. M={n€IN: k((n,1,w) > 10, 0(Cn, 1, @) < 0,0(C, 1, ) < v}
Case 1. v € (0, #1} Tfn # A2 for all A € IN, then #(Ca, 1, @) = 1> 10, o(Cay 1,0) = 0 <
v and ¢((, 1, @) = 0 < v. If n = A2 for some A € JN, then x((y, 1, @) = 2= =11 < 1v,

w1 w+1
Q(Cﬂa 17w> - %_._1 Z U and SD(CYH 17w> - %_._1 Z 0.

Now define a sequence ((y) by ¢y =

A2\
Now, let n € IN. If n = A3 for an \g € JN, then lim M = lim 0—20 =1. If n # A2 for
n—o00 n Ap—00 )\0
all A € JN, Therefore, it follows that Ay € JN such that n = )\%l withl € INand 1 <[ < \q.
. s A2\ . A2Aql+1
limp o0 [M(n)[n = limy, 00 N = limy, 00 NT = 1.
Case 2. v € (WLH, 1). If n # A2 for all A € IN, then £((y, 1, @) =1 > 1—0, (¢, 1, @) =0 <

v and p(¢y, 1,) =0 < v. If n = A2 for some A € JN, then w((y, 1, @) = 1 = 1% > 1o,

0(Cny 1, ) = %ﬂ <vand ¢, 1,w) = %ﬂ < v.

Hence, k((y, 1, @) > 1 — 0, 0(¢y,1,w) < v and ¢((y, 1,w) < v for all n € JN. Therefore,
M) o

lim ——= = lim — = 1.

nsoo N n—oo n

Therefore, A({n € TN : k((y, 1, w) > 1 — 0,0, 1, @) < 0,0(Ch,1,w) < v}) = 1 for all
v e (0,1) and w > 0.

Theorem 3.7. Consider the sequence ((,) in the Neutrosophic Metric Space MMNS
(Q, K, 0,0,,®). The sequence (¢,) is SC to (o if and only if there exists an increasing index

sequence P = {n; }ican of natural numbers such that (Cy;) converges to (o and A(P) = 1.

Proof: Given that the sequence ((,) statistically converges to (o, define Mo, (j, @) := {n €
IN: K’(CnaCan) >1- %7Q(<n7<07w) < %7 and @(Cﬂ?(()aw) < %} for any w > 0 and ] € IN.

J. Johnsy and M. Jeyaraman, Statistical Convergence Sequences in Neutrosophic Metric Spaces
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We establish that My, (7 + 1, 0) C My (j, @) for all w > 0 and j € IN. Since ((,) is SC to
COa
AMypp (), @) =1 (1)

Take u1 € Mypp(1,w). Since A(Mypp(2,w)) = 1 (by Equation (1)) we have a number

HA<n:k(Cx,¢0,@)>1—%,0(¢0,60,@) < 3 ,0(¢x,¢0,@) <3 }
n

Uy € (Mypp(2,@)(u2 > uy) such that > 1 for

every n > ug.

According to Equation (1)), A(Myep(3,w)) = 1. We can select u3 € Myp,(3,w) (where

‘{)\SUZK/(C)\,C(),’W)>1—%,Q(C)\,Co,w)<%,g0(<)\,<'0,w)<é}l
n

ug > ug) such that for all n > ug, the fraction > %
We proceed in this manner.
Subsequently, we can construct an increasing sequence of indices {u;};cyn from natural num-

bers such that each u; belongs to Mo, (J, @).

H{A <0 w(Cr, Goo@) > 1= 5,00, G @) < 5, 9(Cx, Go, @) < G L=t @)
n g’

for all n > u;, where j ranges over JN. We define the increasing index sequence P as:

P:={neIN:1<n<u}U U {nelN:u; <n<ujpi} NMypo(d, @)
JEIN

By Equation and Mo (j + 1, @) C Mypp(d, @), we write

[{A<n: e} {A < k(G @) > 1= 3, 0(Cns G0, @) < 55 9(Gn G0 ) < 5 Ji-1
n - n j

for all n, (u; <n <ujyq).

Given that j — oo, at which n — oo, we have limy, I{/\Sninx\e%}l =1,ie, A(B) =1.

Now, we demonstrate the convergence of ((,,) to (p. Let v € (0,1) and @w > 0. Choose
Ny > ug sufficiently large such that there exists an index sg € JN satisfying ug, < Ny < tgy41
and % < v. Consider ny, > Ny where n, € 3. By the definition of B, there exists s € TN
such that uy < ny < ugyq and ny € Mypu(s, @) (with s > sp). Thus,

K(Cims €0, @) > K (Cnm,Co,é) > £ (Gums G0 2) > 1 -1 >1- % >1-0, 0(Cny G0, @) > % <v
and ¢(Cy,,, Co, @) > % < v. Therefore, ((n;) converges to (p.

On the otherhand, Let’s suppose there exists a sequence of increasing indices B = {n; }icsn
of natural numbers such that A(P) = 1 and ((,,) converges to (yp. Take v € (0,1) and
w > 0. Then, there exists a number ng € JN such that for every n > ng, the conditions
K(Cnys Cos ) > 1 — 0, (a5 Co, ™) < 0, and ¢(Cy,, Co, w) < b are satisfied.

Let us define Muppo(v,w) = {n € TN : k((n,Co,w) < 1 — voro(C,Co, ™) >
v and ¢(Cni, o, @) > v}, We have M.p0(0, ) C TIN\{Nng, Mng41, Mng+2, - - - }. Since A(P) =1,
we have A(TN\{nqy, Mug41,Mng42,---}) = 0, so we deduce A(My,,(v,w)) = 0. Hence,
A({n € IN: k(Cn, Co, @) < 1 —10,0(¢n, Co, @) < vand ¢(Cn, o, w) < b}) =1

Therefore, ((y) 6€ to (p.

J. Johnsy and M. Jeyaraman, Statistical Convergence Sequences in Neutrosophic Metric Spaces



Neutrosophic Sets and Systems, Vol. 70, 2024 3@

Corollary 3.8. If ((n) is a sequence within an MMGS (2, K, 0, ¢, ®, D) that is both &€ to (p

and convergent, then ((,) converges to (.

Definition 3.9. Let (241, k1, 01, ¢1,®1,®1) and (Qa, k2, 02, P2, 2, B2) be two NN spaces.

(i) A map x : Q1 — Qg9 is termed an isometry if for every ¢,£ € Q4 and w > 0,k1((,§, @) =
k2(Xx(€); x(€), @) , 01(¢, & @) = 02(x(€), x(§), @) and ¢1(¢,§, @) = w2(x(¢), x(§), @)
(ii) (24, kK1, 01,91, O1,D1) and (Qg, k2, 02, P2, ®2, B2) are termed isometric if there exists a
bijective mapping (an isometry) from Q; to Qs.
(ili) A neutrosophic completion of (Qi,k1,01,®1,®1) is defined as a complete TNIMS
(Qa, K2, 02, ®2, B2) such that (4, kK1, 01,®1,D1) is isometrically embedded as a dense
subspace within 2.

(iv) (1, k1, 01,1, ®1) is termed completable if it can be extended to form a complete MIMNGS.

Proposition 3.10. Suppose ((y) is a sequence in a completable MIMNS (Q, Kk, 0, 0, ®, D). If

(Cn) s a Cauchy sequence in ) and it is statistically dense around (y, then ((,) converges to

Co-

Proof: Let (1, k1, 01,91, ®1,P1) be the completion of (2, k,0,p,®,®). Consequently,

there exists ¢; € 3 such that the sequence ((,) converges to (3. We have k1((y, (o, ™) =
#(Cns G0, @); 01(Cn, G0, @) = 0(Cns G0, @) and @1(Cns €0, @) = @(Cn, G0, @) for all w > 0 and
neJN.
Let v € (0,1) and w > 0. Since A({n € IN : k((y,Co,w) > 1 — 0,0(6, o, @) <
vand ¢(¢q, Co,w) < v}) = 1, we obtain A({n € TN : k1((n, o, @) > 1 — 0, 01(¢n, 0, @) <
vand 1 (Cn, o, w) < v}) = 1. Hence, we see that ((,) statistically converges to {y € 1 with
respect to (k1, 01,¢1). By Corollary (3.8)), we have ¢; = (o.

4. Statically Complete M9NG

Definition 4.1. Consider a sequence ((,) C 2, where (,k,0,9,®,®) is a MMS. The
sequence is termed a &€a if, for every v € (0,1) and w > 0, there exists m € JN such that
A({n € jN H(Cl‘u gma w) > ]- - Ua Q(Cna Cmyw) < Ua SO(CI'U Cmv w) < U}) = ]-

Example 4.2. In Example(2.4), M = {n < m : k((,0,w) < 1 — 0,0((,0,w) >
0,0((n,0,0) > v} = {ngm:ﬁwgl—n Gl >y K“‘zu} = {n < m: |Gl >

PG| =T @
o> 0 =fn<m:¢G =1 ={n<m:n=XXec IN}, and we obtain

3 .
L < H{n<m:n=XMneIN< @ — 0,m — o0o. As a result, we have ((,) is
GSC to 0 with regard to the MMNS (Q, &, 0, 0, ©, D).

Theorem 4.3. Let (¢a) denote a sequence within the framework of MMES (Q, k, 0, , ®, D).

The following statements are equivalent:
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(i) (Cn) is classified as a G€a sequence.
(i) There exists a progressively increasing index sequence I = {n; }iesn of natural numbers

such that ((y,;) s characterized by being Cauchy and achieving A(ON) = 1.
Proof: Direct

Theorem 4.4. Consider a sequence ((,) within the framework of MMS (2, Kk, 0,0, ®, B). If
(Cn) is ©C with respect to thelIN, then ((,) is SCa with respect to the MM .

Proof: If (¢,) is statistically convergent to (y, and for given v € (0,1) and @ > 0,
there exists v; € (0,1) such that (1 —v;) ® (1 —v;) > 1 —1v and v; & v; < v. We have
A({n € IN: k(¢n, Co, @) > 1 =10, 0(Cn, €0, @) < 0,0(Cny Co,w) < b}) = 1. Refer Theorem (3.4)),

there exists an increasing index sequence {n;};cyn so that ((,,) is convergent to (yo. Hence,

there exists nio € {ni}ZEjN R (Cniacoa %) >1- b1, 0 (Cni)C()? %) < and ® (CHNCO) %) < v
for all n; > ny,.

Since k <CaniO,W> >k ((n, 00, F) Ok (Co,(mo, %) >(1-v)®(1—-01)>1—1v,
0 (Gur Gy @) < 06060, F) @ 0 (Go: Gy T) <01 @1 < v and

@ (GrGgr @) < 2 (6000, %) © ¢ (C0nGrys F) < 01 @01 < b, we have A({n € IN :
K(Cns Gy @) > 1 = 0,0(Gas Gy s @) < 9,90(Cns Gy, @) < 0}) = 1. Therefore, (¢n) is statis-
tically Cauchy with respect to the 9901 .

Remark 4.5. Given that a sequence in a 9I9NG is Cauchy, it consequently meets the criteria

to be classified as G¢€a.

Definition 4.6. The MMGES (Q, K, 0,0, ®, D) is termed statistically complete if every SC€a

sequence in ) is also &C.

Theorem 4.7. If (0, Kk, 0,0, ®, ®) is a NMINGS where Q is statistically complete, then it is also
complete according to the .

Proof: The proof follows a similar approach to Theorem (4.4)).

5. Conclusion

This paper has discussed and proved some results of € and &G€a on 9INGS. Additionally
looked at the attributes of statistical completeness on D9MGS. Our results can be extended to

other spaces and be used to arrive at more results in fixed point theory.
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