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Abstract:

This paper is dedicated to studying for the first time the concept of two-fold differential
equations of different orders and different types, where we present the solutions for two-
fold fuzzy differential equations, and for two-fold neutrosophic differential equations. Also,
we illustrate many numerical examples to clarify and explain the novelty of this work.
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Introduction

Differential equations are one of the most important concepts in mathematics due to their
wide applications in all scientific fields, such as computer science, economics, and even in
physics. The use of fuzzy logic or neutrosophic logic to study differential equations and
their applications in various fields is not new, as we find in [8-9], many results describing
the solutions of various rows of neutrosophic differential equations, and also studying their
applications in other scientific and vital fields.

The concept of two-fold algebras was introduced for the first time recently in 2023 [1], and
these ideas have been used in their application to various algebraic structures such as rings,
algebraic modules and spaces, and metric spaces [3,4,6]. In [7], two-fold algebras were used
to study some special functions, specifically the gamma function.

Previous studies have motivated us to study the possibility of applying two-fold fuzzy
algebras and two-fold neutrosophic algebras for the first time in the field of differential
equations, by using two-fold real numbers in defining different classes of differential

equations, and also in studying their solutions and the behavior of these solutions.
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For details about two-fold neutrosophic/fuzzy numbers and functions, see [5].

Main Discussion

Definition:

Let F(x,y,y') = 0,G(x,u, u') = 0 be two different differential equations of first order. The

two-fold fuzzy differential equation is defined as follows:

(FC:9) Gy = O0(D-

Glrmu'

A function y, = f, is called a solution at x, € R if and only if:

F(xo,f,f') =0
G(xo, 1) =10
u(xy) € [0,1]

The set of all x5 € R for which u(x,) € [0,1] is called the solving set of equation (1).
We denote it by
SS={xg€R ;F(xof,f)=0Gxpuu)=0,ulx) €[01]}.
Example:
Consider the following two-fold fuzzy differential equation:
O = ¥ 0)-cosx = Oo
It is equivalent to:

{ y'—y=0 (1)
u'(x) —cosx =0 (2)

The general solution of (1) is:
f(x) =k e* ;keR,
The general solution of (2) is:
u(x) = sinx + 1 ;LER.
SS={a€R ;0<sina+! <1}={a€R ;-l<sina<1-1}.
The general solution of (y' —¥),/_cosx = 0o is:
Yu=(k € )sinxs1 ;KER ,IER ,x €SS.
Example:

Consider the following two-fold fuzzy first order differential equation:

;o _ [y =3 €Y
(y S)M,Jrz = 0,, then.{#, — 9 )
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fx)=y=3x+c

Thus:{ ux) = -2x+a

;a,c ER

Also, 0 <u(x) <1 <=>§>x2a%1.

The general solution of (y' —3),,, = 0g is:

Yu = (Bx + ¢)_2x+a ’ > <x<
Definition:
1] The first-second order two-fold fuzzy differential equation is defined as follows:

(FCx,y,9") 0p.

G(x,u,u',u”) =
2] The second-first order two-fold fuzzy differential equation is defined as follows:

(F(x:yry':}’”)) 00'

Glouu’) —
3] The second order two-fold fuzzy differential equation is defined as:

(F(x:yry':}’”)) 00'

Glouu' u'") ~
Remark:

The solving set (SS) for each previous kind of equations is defined under the condition
u(xy) € [0,1] V x4 € SS.

Example:

Consider the following second-first order equation:

"=2x (D

"y P . (y
" —2x),7_, = 0o itis equivalent to: { u = )

The general solution of (1) is:
y = f(x) =§x3 +ax+b ;a,b€eR.

The general solution of (2) is:
ulx) =k e* ;keR.

0<sux)<1o0<k e* <1

For k > 0: 0 e* S%@—oo<xS1n(—)
For k < 0: 0> e* 2% which is a contradiction.
For k = 0: u(x) =0 forall x € R.
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The general solution of (y" — 2x),/_, = 0q is:
(§x3+ax+b)0 :x€ER ,a,b€eER

Yu=13 1 3 1 .

(Ex +ax+b) x k>0 ,—00<xsln(E) ,a,b ER

Example:

Consider the following second order equation:

"= 6x (1)

"no_ _ B4
(y 6X)#H_2 = 00, then: { [l” —9 (2)

The general solution of (1) is:
y=f(x)=x3+ax+b ;a,b€eR.

The general solution of (2) is:

ux) =x>+cx+d ;c,d €R.

To determine the solving set, we write:
0<ux)<1eukx)=1 ;le€][0,1], there for:
x2+cx+d—-1=0,A=c?—4(d-1)=0.
SS={x€R ;c*—4(d—1) =0} with [ € [0,1].
The general solution of (y" — 6x),/_, = 0, is:

yu =3 +ax+b)2ycriq ;x €SS.

For example: let d = 0, then: S§ = R.

For c=d=1, c?—4d-0)=1-4+41=41-3 , then:
3
{4l_320 = 1= =3<i<1 and:
4l-3<1 =1<1 *

(—c+Var—3
X = 2

| —c—V4l -3

U 2
The general solution in this case is:

—c+Val=3 —c—Val-3 3

yu =3 +ax+b)z,criq ;xE{ < S < 5 } ez, 1]

Example:

Consider the following first-second order differential equation:

Nawar Hazim Mohammed, On The Solutions of Some Different Types of Two-Fold Fuzzy and Neutrosophic Differential
Equations



Neutrosophic Sets and Systems, Vol. 70, 2024 363

1
’ 1 y, = (1)
(y' —=),_, = 0y, then: { x
X u 2 0 ‘ull — 2 (2)

The solution of (1) is:

y=f(x)=Inx+b ;x>0,b€eR.

The solution of (2) is:

ulx) =x*+cx+d ;c,d €R.

SS={x€R ;c?2—4(d-D=0 ,0<1<1}.
The general solution is:

Yu=(Anx+b )2y 0pq  With: x €]0,00[ N SS.

Definition:

I(Fl(x,y,y’, .y =0
4 F(x t,t, ., t") =0
Let \ Bl i%) =0

\Fe(x fo f' s f1) =0
Be 4 differential equations of orders n,m,s,j respectively.

We define the two-fold neutrosophic differential equation of order (n,m,s,j) as follows:

(Fl(X. ny' ---'y(n))) = 0(0,0,0) ey

(F2,F3,Fy)

A two-fold neutrosophic function (h),; s is called a solution of (1) if and only if (at the
point x,):

IfFl(xo,h,h’, k™) =0
4 Fy(xo, 6,8, .., t™) = 0
| Fy(x0,0,i",.,i®) =0
kFl(xo;f,f’, o fD) =0

with t(x,), i(xg), f(xo) € [0,1].

The solving set is defined as = S; NS, NS5 ;

S1={x€eR ;t(x) €[0,1]}

S; ={x €R ;i(x) €[0,1]}

S3={x€R ;f(x) €[0,1]}
Example:

Consider the two-fold neutrosophic differential equation of order (1,1,1,1):
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y'=2
14 t, - 1
(y — 2)(t’—1,i,—1;f,+3) = 0(0'0'0), thus: i, — 1
fr=-3
y=2x+a;
. t=x+ a
Therefor: i=x+a;
f=-3x+a,

On the other hand, we have:

0<tlx) <1 ©&-a,<x<1-aqa,

0<ix)<1 ©®&—-az3<x<1-a,

a,—1
3

+a
0<flx) <1 (:)742)(2

Hence SS

-1 +
[-az,1—az]n[-as1—as]n [a43 :%]-

The general solution is:
(2x + al)(x+a2,x+a3,—3x+a4) ;X €SS.

For example, take: a, =0 ,a3 = %,a4 = +1, then:
-1 1 1 1 D .
SS=101]n [7,5] n [O, 5] =[0,2], and the general solution in this case is:

1
(2x + al)(x'x+%'_3x+1) ;x € [0, 5].

Example:
Consider the following two-fold neutrosophic differential equation of order (2,1,1,1): (y" +

SINX) ¢/ —2i'+1,r'+2) = 0(0,0,0), hence:

y'" = —sinx y=sinx+ax+b ;a,b €R
= t=2
.f:_zl and iz—fc-ll_-z ;€1,C2,c3 ER
fl==-2 f=-2x+c;3
( —Cq 1—¢
(0<tlx) <1 @TSxS >
0<ix)<1 ©c¢-1<x<c
c;—1 c
lOSf(x)Sl =2 szf

§S =2, % n[e, - 1] n [22,2].

The general solution is:
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Yif) = (SInx + ax + b) axsc,,—x+cy—2x04¢c;) X €SS ,a,b,¢1,¢5,¢3 ER.
For example: take ¢; = —3,¢c; = 2,c3 = 4, then:

3 3 3
ss=[32|n2n i 2] =[32].
The general solution in this case is:

. 3

Vi) = (Sinx + ax + b)ax—3,-x+2,-2x44) ; LDER ,x € [E'Z]'
Another case if ¢; = ¢, = ¢3 = 1, then:
SS = [_71, O] n[0,1]n [O, %] = {0}, so that the corresponding solution is: y;s) = (sinx +
ax + b)(o‘o‘o) ; a,b ER
Example:

Take the following equation of order (1,2,1,2):

(y,)(t”—z.i’.f”—f’) = 0(0'0'0), then:

y'=0 y=c ;CER

t'" =2 t=x*>4+ax+b ;a,beR
y and .

i'=0 i=m ;meR
f'=f f=k e* ;keR

For determining the solving set (SS), we write:
0<ilx) <1eme|01]

1 1
OSf(x)Sl@OSexSE@—oo<x§1n(E) k>0

And 0<t(x)<1ex*+ax+b=1l€[0l]ex*+ax+b—-1=0=a?—-4(b-1)=0,

—aF./a?-4(b-1)

2

with x =

—-a¥Ja?-4(b-1)

. ,1€[0,1],a%—4(b—1) = 0}.

ss=|-om(3)|n1 ;I={xeR ;x=
For example if k = % ,a=>b =0, then:
x=vVl ;0<l<1,and SS=]-oo,n2]n{Vi ; 0<1<1}=1[0,In2] ; 1€ [0,(n2)?]
The solution in this case is:

Veif) = (c)(lem%ex) ; x €[0,In2],m € [0,1].

Example:

Consider the following equation of order (2,1,1,1):
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0" - 1)(t’—t,i'—i,f’—f) = 0(0,0,0), hence:

( 2
y'=1 (y==+ax+b
pe=t and! t=kie* ;a,b k; € R.
Lot | i=kye*
f _f k f=k36x
( 1
—00<x<ln<k—)
0<t(x) <1 11
lo<itn<1 o <—oo<xs1n<k—) C Ky ky ks >0
0<f(x)<1 12
—00<xsln(—)
3

k
5 = |=oomn ()] 0 |-eoin () [ 0 | oo ()] = |0 (i)l
The general solution is:
Ytif) = (x; + ax + b) (k,e* kye* kse¥) X E ]—00. In (m)]
Example:

Consider the following equation of order (3.1,1,1):

0" = @iz~ = (00,0 then:
ylll=6 (y=x3+ax2+bx+c
) ’t =0 and{ , t=m with a,b,c,m;,m,,m3 €R.
i'= =2 i'=-2x+m,
f’ =2 k f =2x+ mgs
( (mle[o;l] ,XER
0<tlx) <1 my—1m
{0si<1le 4 e
0<f)<1 | _[-mg -mg+1
\ %3 e[ 2 T]

SS = [mz—l'ﬂ] n [—m3'—m3+1].
2 2 2 2

For my =1 ,m; = _71, then SS = [0,%] N E,ﬂ = E,%]
The general solution in this case is:
;X € E,%],ml € [0,1].

Vi) = @ +ax? +bx+c

)(ml,—2x+%,2x—§)
Conclusion
In this paper, we have studied for the first time the concept of two-fold differential equations

of different orders and different types, where we have presented the solutions for two-fold
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fuzzy differential equations, and for two-fold neutrosophic differential equations. Also, we
illustrated many numerical examples to clarify and explain the novelty of this work.
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