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Abstract: 

This paper is dedicated to studying for the first time the concept of two-fold differential 

equations of different orders and different types, where we present the solutions for two-

fold fuzzy differential equations, and for two-fold neutrosophic differential equations. Also, 

we illustrate many numerical examples to clarify and explain the novelty of this work. 
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Introduction 

Differential equations are one of the most important concepts in mathematics due to their 

wide applications in all scientific fields, such as computer science, economics, and even in 

physics. The use of fuzzy logic or neutrosophic logic to study differential equations and 

their applications in various fields is not new, as we find in [8-9], many results describing 

the solutions of various rows of neutrosophic differential equations, and also studying their 

applications in other scientific and vital fields. 

The concept of two-fold algebras was introduced for the first time recently in 2023 [1], and 

these ideas have been used in their application to various algebraic structures such as rings, 

algebraic modules and spaces, and metric spaces [3,4,6]. In [7], two-fold algebras were used 

to study some special functions, specifically the gamma function. 

Previous studies have motivated us to study the possibility of applying two-fold fuzzy 

algebras and two-fold neutrosophic algebras for the first time in the field of differential 

equations, by using two-fold real numbers in defining different classes of differential 

equations, and also in studying their solutions and the behavior of these solutions. 
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For details about two-fold neutrosophic/fuzzy numbers and functions, see [5]. 

Main Discussion 

Definition: 

Let 𝐹(𝑥, 𝑦, 𝑦′) = 0, 𝐺(𝑥, 𝜇, 𝜇′) = 0 be two different differential equations of first order. The 

two-fold fuzzy differential equation is defined as follows: 

(𝐹(𝑥, 𝑦, 𝑦′))
 𝐺(𝑥,𝜇,𝜇′)

= 00(1). 

A function 𝑦𝜇 = 𝑓𝜇 is called a solution at 𝑥0 ∈ ℝ if and only if: 

{

𝐹(𝑥0 , 𝑓, 𝑓
′) = 0

𝐺(𝑥0, 𝜇, 𝜇
′) = 0

𝜇(𝑥0) ∈ [0,1]

 

The set of all 𝑥0 ∈ ℝ for which 𝜇(𝑥0) ∈ [0,1] is called the solving set of equation (1). 

We denote it by 

 𝑆𝑆 = {𝑥0 ∈ ℝ  ; 𝐹(𝑥0 , 𝑓, 𝑓
′) = 𝐺(𝑥0, 𝜇, 𝜇

′) = 0, 𝜇(𝑥0) ∈ [0,1]}. 

Example: 

Consider the following two-fold fuzzy differential equation: 

(𝑦′ − 𝑦)𝜇′(𝑥)−cos𝑥 = 00 

It is equivalent to: 

{
𝑦′ − 𝑦 = 0        (1)

𝜇′(𝑥) − cos 𝑥 = 0        (2)
 

The general solution of (1) is: 

 𝑓(𝑥) = 𝑘 𝑒𝑥  ; 𝑘 ∈ ℝ, 

The general solution of (2) is: 

𝜇(𝑥) = sin 𝑥 + 𝑙   ; 𝑙 ∈ ℝ. 

𝑆𝑆 = {𝑎 ∈ ℝ ; 0 ≤ sin𝑎 + 𝑙 ≤ 1} = {𝑎 ∈ ℝ ; −𝑙 ≤ sin 𝑎 ≤ 1 − 𝑙}. 

The general solution of (𝑦′ − 𝑦)𝜇′−cos 𝑥 = 00 is: 

𝑦𝜇 = (𝑘 𝑒
𝑥)sin𝑥+𝑙   ; 𝑘 ∈ ℝ , 𝑙 ∈ ℝ , 𝑥 ∈ 𝑆𝑆. 

Example: 

Consider the following two-fold fuzzy first order differential equation: 

(𝑦′ − 3)𝜇′+2 = 00, then:{
𝑦′ = 3    (1)

𝜇′ = −2   (2)
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Thus:{
𝑓(𝑥) = 𝑦 = 3𝑥 + 𝑐

𝜇(𝑥) = −2𝑥 + 𝑎
   ; 𝑎, 𝑐 ∈ ℝ 

Also, 0 ≤ 𝜇(𝑥) ≤ 1  ⟺
𝑎

2
≥ 𝑥 ≥

𝑎−1

2
. 

The general solution of (𝑦′ − 3)𝜇′+2 = 00 is: 

𝑦𝜇 = (3𝑥 + 𝑐)−2𝑥+𝑎     ;  
𝑎 − 1

2
≤ 𝑥 ≤

𝑎

2
 

Definition: 

1] The first-second order two-fold fuzzy differential equation is defined as follows: 

(𝐹(𝑥, 𝑦, 𝑦′))
 𝐺(𝑥,𝜇,𝜇′,𝜇′′)

= 00. 

2] The second-first order two-fold fuzzy differential equation is defined as follows: 

(𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′))
 𝐺(𝑥,𝜇,𝜇′)

= 00. 

3] The second order two-fold fuzzy differential equation is defined as: 

(𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′))
 𝐺(𝑥,𝜇,𝜇′,𝜇′′)

= 00. 

Remark: 

The solving set (𝑆𝑆) for each previous kind of equations is defined under the condition 

 𝜇(𝑥0) ∈ [0,1] ∀ 𝑥0 ∈ 𝑆𝑆. 

Example: 

Consider the following second-first order equation: 

(𝑦′′ − 2𝑥)𝜇′−𝜇 = 00 it is equivalent to: {
𝑦′′ = 2𝑥    (1)

𝜇′ = 𝜇   (2)
 

The general solution of (1) is:  

𝑦 = 𝑓(𝑥) =
1

3
𝑥3 + 𝑎𝑥 + 𝑏 ; 𝑎, 𝑏 ∈ ℝ. 

The general solution of (2) is: 

𝜇(𝑥) = 𝑘 𝑒𝑥  ; 𝑘 ∈ ℝ. 

0 ≤ 𝜇(𝑥) ≤ 1 ⟺ 0 ≤ 𝑘 𝑒𝑥  ≤ 1: 

For 𝑘 > 0:        0 ≤  𝑒𝑥  ≤
1

𝑘
⟺−∞ < 𝑥 ≤ ln(

1

𝑘
)  

For 𝑘 < 0:       0 ≥  𝑒𝑥  ≥
1

𝑘
  which is a contradiction. 

For 𝑘 = 0:      𝜇(𝑥) = 0 for all 𝑥 ∈ ℝ. 
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The general solution of (𝑦′′ − 2𝑥)𝜇′−𝜇 = 00 is: 

𝑦𝜇 = {
(
1

3
𝑥3 + 𝑎𝑥 + 𝑏)0        ; 𝑥 ∈ ℝ  , 𝑎, 𝑏 ∈ ℝ 

(
1

3
𝑥3 + 𝑎𝑥 + 𝑏)𝑘 𝑒𝑥   ; 𝑘 > 0  , −∞ < 𝑥 ≤ ln (

1

𝑘
) , 𝑎, 𝑏 ∈ ℝ

. 

Example: 

Consider the following second order equation: 

 (𝑦′′ − 6𝑥)𝜇′′−2 = 00, then: {
𝑦′′ = 6𝑥    (1)

𝜇′′ = 2   (2)
 

The general solution of (1) is: 

 𝑦 = 𝑓(𝑥) = 𝑥3 + 𝑎𝑥 + 𝑏 ; 𝑎, 𝑏 ∈ ℝ. 

The general solution of (2) is: 

𝜇(𝑥) = 𝑥2 + 𝑐𝑥 + 𝑑 ; 𝑐, 𝑑 ∈ ℝ. 

To determine the solving set, we write: 

0 ≤ 𝜇(𝑥) ≤ 1 ⟺ 𝜇(𝑥) = 𝑙  ; 𝑙 ∈ [0,1], there for: 

𝑥2 + 𝑐𝑥 + 𝑑 − 𝑙 = 0, ∆= 𝑐2 − 4(𝑑 − 𝑙) ≥ 0. 

𝑆𝑆 = {𝑥 ∈ ℝ ; 𝑐2 − 4(𝑑 − 𝑙) ≥ 0} with 𝑙 ∈ [0,1]. 

The general solution of (𝑦′′ − 6𝑥)𝜇′−2 = 00 is: 

𝑦𝜇 = (𝑥
3 + 𝑎𝑥 + 𝑏)𝑥2+𝑐𝑥+𝑑    ; 𝑥 ∈ 𝑆𝑆. 

For example: let 𝑑 = 0, then: 𝑆𝑆 = ℝ. 

For 𝑐 = 𝑑 = 1 ,  𝑐2 − 4(𝑑 − 𝑙) = 1 − 4 + 4𝑙 = 4𝑙 − 3 , then: 

{
4𝑙 − 3 ≥ 0 ⟹   𝑙 ≥

3

4

4𝑙 − 3 ≤ 1 ⟹ 𝑙 ≤ 1
    ⟺

3

4
≤ 𝑙 ≤ 1 and: 

𝑥 =

{
 
 

 
 −𝑐 + √4𝑙 − 3

2

−𝑐 − √4𝑙 − 3

2

 

The general solution in this case is: 

𝑦𝜇 = (𝑥
3 + 𝑎𝑥 + 𝑏)𝑥2+𝑐𝑥+𝑑     ; 𝑥 ∈ {

−𝑐+√4𝑙−3

2
,
−𝑐−√4𝑙−3

2
} , 𝑙 ∈ [

3

4
, 1]. 

Example: 

Consider the following first-second order differential equation: 
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(𝑦′ −
1

𝑥
)𝜇′′−2 = 00, then: {

𝑦′ =
1

𝑥
    (1)

𝜇′′ = 2   (2)
 

The solution of (1) is: 

 𝑦 = 𝑓(𝑥) = ln 𝑥 + 𝑏 ; 𝑥 > 0, 𝑏 ∈ ℝ. 

The solution of (2) is: 

𝜇(𝑥) = 𝑥2 + 𝑐𝑥 + 𝑑 ; 𝑐, 𝑑 ∈ ℝ. 

𝑆𝑆 = {𝑥 ∈ ℝ ; 𝑐2 − 4(𝑑 − 𝑙) ≥ 0 , 0 ≤ 𝑙 ≤ 1}. 

The general solution is:  

𝑦𝜇 = (ln 𝑥 + 𝑏 )𝑥2+𝑐𝑥+𝑑   with: 𝑥 ∈ ]0,∞[ ∩ 𝑆𝑆. 

Definition: 

Let 

{
 
 

 
 𝐹1(𝑥, 𝑦, 𝑦

′, … , 𝑦𝑛) = 0

𝐹2(𝑥, 𝑡, 𝑡
′ , … , 𝑡𝑚) = 0

𝐹3(𝑥, 𝑖, 𝑖
′, … , 𝑖𝑠) = 0

𝐹4(𝑥, 𝑓, 𝑓
′, … , 𝑓𝑗) = 0

 

Be 4 differential equations of orders 𝑛,𝑚, 𝑠, 𝑗 respectively. 

We define the two-fold neutrosophic differential equation of order (𝑛,𝑚, 𝑠, 𝑗) as follows: 

(𝐹1(𝑥, 𝑦, 𝑦
′, … , 𝑦(𝑛)))

(𝐹2,𝐹3,𝐹4)
= 0(0,0,0)     (1) 

A two-fold neutrosophic function (ℎ)(𝑡,𝑖,𝑓) is called a solution of (1) if and only if (at the 

point 𝑥0): 

{
 
 

 
 
𝐹1(𝑥0, ℎ, ℎ

′, … , ℎ(𝑛)) = 0

𝐹2(𝑥0, 𝑡, 𝑡
′ , … , 𝑡(𝑚)) = 0

𝐹3(𝑥0, 𝑖, 𝑖
′, … , 𝑖(𝑠)) = 0

𝐹1(𝑥0, 𝑓, 𝑓
′, … , 𝑓(𝑗)) = 0

  with 𝑡(𝑥0), 𝑖(𝑥0), 𝑓(𝑥0) ∈ [0,1]. 

The solving set is defined as = 𝑆1 ∩ 𝑆2 ∩ 𝑆3 ; 

{

𝑆1 = {𝑥 ∈ ℝ ; 𝑡(𝑥) ∈ [0,1]}
𝑆2 = {𝑥 ∈ ℝ ; 𝑖(𝑥) ∈ [0,1]}
𝑆3 = {𝑥 ∈ ℝ ; 𝑓(𝑥) ∈ [0,1]}

 

Example: 

Consider the two-fold neutrosophic differential equation of order (1,1,1,1): 
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(𝑦′ − 2)(𝑡′−1,𝑖′−1,𝑓′+3) = 0(0,0,0), thus: {

𝑦′ = 2

𝑡′ = 1
𝑖′ = 1
𝑓′ = −3

 

Therefor:{

𝑦 = 2𝑥 + 𝑎1
𝑡 = 𝑥 + 𝑎2
𝑖 = 𝑥 + 𝑎3

𝑓 = −3𝑥 + 𝑎4

 

On the other hand, we have: 

{

0 ≤ 𝑡(𝑥) ≤ 1 ⟺ −𝑎2 ≤ 𝑥 ≤ 1 − 𝑎2
0 ≤ 𝑖(𝑥) ≤ 1 ⟺ −𝑎3 ≤ 𝑥 ≤ 1 − 𝑎3

0 ≤ 𝑓(𝑥) ≤ 1 ⟺
+𝑎4
3

≥ 𝑥 ≥
𝑎4 − 1

3

 

Hence 𝑆𝑆 = [−𝑎2, 1 − 𝑎2] ∩ [−𝑎3, 1 − 𝑎3] ∩ [
𝑎4−1

3
,
+𝑎4

3
]. 

The general solution is: 

(2𝑥 + 𝑎1)(𝑥+𝑎2,𝑥+𝑎3,−3𝑥+𝑎4)  ; 𝑥 ∈ 𝑆𝑆. 

For example, take: 𝑎2 = 0 , 𝑎3 =
1

2
, 𝑎4 = +1, then: 

𝑆𝑆 = [0,1] ∩ [
−1

2
,
1

2
] ∩ [0,

1

3
] = [0,

1

3
], and the general solution in this case is: 

(2𝑥 + 𝑎1)(𝑥,𝑥+1
2
,−3𝑥+1)

  ; 𝑥 ∈ [0,
1

3
]. 

Example: 

Consider the following two-fold neutrosophic differential equation of order (2,1,1,1): (𝑦′′ +

sin 𝑥)(𝑡′−2,𝑖′+1,𝑓′+2) = 0(0,0,0), hence: 

 {

𝑦′′ = −sin 𝑥

𝑡′ = 2
𝑖′ = −1
𝑓′ = −2

 and {

𝑦 = sin𝑥 + 𝑎𝑥 + 𝑏   ; 𝑎, 𝑏 ∈ ℝ
𝑡 = 2𝑥 + 𝑐1
𝑖 = −𝑥 + 𝑐2
𝑓 = −2𝑥 + 𝑐3

   ; 𝑐1, 𝑐2, 𝑐3 ∈ ℝ 

{
 
 

 
 0 ≤ 𝑡(𝑥) ≤ 1 ⟺

−𝑐1
2

≤ 𝑥 ≤
1 − 𝑐1
2

0 ≤ 𝑖(𝑥) ≤ 1 ⟺ 𝑐2 − 1 ≤ 𝑥 ≤ 𝑐2

0 ≤ 𝑓(𝑥) ≤ 1 ⟺
𝑐3 − 1

2
≥ 𝑥 ≥

𝑐3
2

 

𝑆𝑆 = [
−𝑐1

2
,
1−𝑐1

2
] ∩ [𝑐2 − 1, 𝑐2] ∩ [

𝑐3−1

2
,
𝑐3

2
]. 

The general solution is: 
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𝑦(𝑡,𝑖,𝑓) = (sin𝑥 + 𝑎𝑥 + 𝑏)(2𝑥+𝑐1 ,−𝑥+𝑐2,−2𝑥+𝑐3)  ; 𝑥 ∈ 𝑆𝑆 , 𝑎, 𝑏, 𝑐1, 𝑐2, 𝑐3 ∈ ℝ. 

For example: take 𝑐1 = −3, 𝑐2 = 2, 𝑐3 = 4, then: 

𝑆𝑆 = [
3

2
, 2] ∩ [1,2] ∩ [

3

2
, 2] = [

3

2
, 2]. 

The general solution in this case is: 

𝑦(𝑡,𝑖,𝑓) = (sin𝑥 + 𝑎𝑥 + 𝑏)(2𝑥−3,−𝑥+2,−2𝑥+4)  ;  𝑎, 𝑏 ∈ ℝ , 𝑥 ∈ [
3

2
, 2]. 

Another case if 𝑐1 = 𝑐2 = 𝑐3 = 1, then: 

𝑆𝑆 = [
−1

2
, 0] ∩ [0,1] ∩ [0,

1

2
] = {0}, so that the corresponding solution is:  𝑦(𝑡,𝑖,𝑓) = (sin 𝑥 +

𝑎𝑥 + 𝑏)(0,0,0)  ;  𝑎, 𝑏 ∈ ℝ 

Example: 

Take the following equation of order (1,2,1,2): 

(𝑦′)(𝑡′′−2,𝑖′,𝑓′′−𝑓′) = 0(0,0,0), then: 

{

𝑦′ = 0

𝑡′′ = 2
𝑖′ = 0
𝑓′′ = 𝑓′

 and {

𝑦 = 𝑐   ; 𝑐 ∈ ℝ

𝑡 = 𝑥2 + 𝑎𝑥 + 𝑏 ; 𝑎, 𝑏 ∈ ℝ
𝑖 = 𝑚     ; 𝑚 ∈ ℝ
𝑓 = 𝑘 𝑒𝑥    ; 𝑘 ∈ ℝ

 

For determining the solving set (𝑆𝑆), we write: 

{
0 ≤ 𝑖(𝑥) ≤ 1 ⟺ 𝑚 ∈ [0,1]

0 ≤ 𝑓(𝑥) ≤ 1 ⟺ 0 ≤ 𝑒𝑥 ≤
1

𝑘
⟺ −∞ < 𝑥 ≤ ln (

1

𝑘
) ; 𝑘 > 0

 

And 0 ≤ 𝑡(𝑥) ≤ 1 ⟺ 𝑥2 + 𝑎𝑥 + 𝑏 = 𝑙 ∈ [0,1] ⟺ 𝑥2 + 𝑎𝑥 + 𝑏 − 𝑙 = 0 ⟺ 𝑎2 − 4(𝑏 − 𝑙) ≥ 0 , 

with 𝑥 =
−𝑎∓√𝑎2−4(𝑏−𝑙)

2
 

𝑆𝑆 = ]−∞, ln (
1

𝑘
)] ∩ 𝐼 ; 𝐼 = {𝑥 ∈ ℝ ; 𝑥 =

−𝑎∓√𝑎2−4(𝑏−𝑙)

2
 , 𝑙 ∈ [0,1], 𝑎2 − 4(𝑏 − 𝑙) ≥ 0}. 

For example if 𝑘 =
1

2
 , 𝑎 = 𝑏 = 0, then: 

𝑥 = √𝑙  ; 0 ≤ 𝑙 ≤ 1, and 𝑆𝑆 = ]−∞, ln 2] ∩ {√𝑙 ;  0 ≤ 𝑙 ≤ 1} = [0, ln 2] ;  𝑙 ∈ [0, (ln 2)2]. 

The solution in this case is: 

𝑦(𝑡,𝑖,𝑓) = (𝑐)(𝑥2,𝑚,1
2
𝑒𝑥)
  ;  𝑥 ∈ [0, ln 2],𝑚 ∈ [0,1]. 

Example: 

Consider the following equation of order (2,1,1,1): 
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(𝑦′′ − 1)(𝑡′−𝑡,𝑖′−𝑖,𝑓′−𝑓) = 0(0,0,0), hence: 

{

𝑦′′ = 1

𝑡′ = 𝑡
𝑖′ = 𝑖
𝑓′ = 𝑓

 and 

{
 
 

 
 𝑦 =

𝑥2

2
+ 𝑎𝑥 + 𝑏   

𝑡 = 𝑘1𝑒
𝑥  

𝑖 = 𝑘2𝑒
𝑥     

𝑓 = 𝑘3𝑒
𝑥    

; 𝑎, 𝑏, 𝑘𝑖 ∈ ℝ. 

{
  
 

  
 

0 ≤ 𝑡(𝑥) ≤ 1
0 ≤ 𝑖(𝑥) ≤ 1
0 ≤ 𝑓(𝑥) ≤ 1

⟺ 

{
  
 

  
 −∞ < 𝑥 ≤ ln (

1

𝑘1
)

−∞ < 𝑥 ≤ ln (
1

𝑘2
)

−∞ < 𝑥 ≤ ln (
1

𝑘3
)

       ;  𝑘1 , 𝑘2, 𝑘3 > 0 

𝑆𝑆 = ]−∞, ln (
1

𝑘1
)] ∩ ]−∞, ln (

1

𝑘2
)] ∩ ]−∞, ln (

1

𝑘3
)] = ]−∞, ln (

1

max(𝑘1,𝑘2,𝑘3)
)]. 

The general solution is: 

𝑦(𝑡,𝑖,𝑓) = (
𝑥2

2
+ 𝑎𝑥 + 𝑏)(𝑘1𝑒𝑥,𝑘2𝑒𝑥,𝑘3𝑒𝑥)  ; 𝑥 ∈ ]−∞, ln (

1

max(𝑘1,𝑘2,𝑘3)
)]. 

Example: 

Consider the following equation of order (3.1,1,1): 

(𝑦′′′ − 𝐺)(𝑡′,𝑖′+2,𝑓′−2) = (0)(0,0,0), then: 

{

𝑦′′′ = 6

𝑡′ = 0
𝑖′ = −2
𝑓′ = 2

 and 

{
 

 
𝑦 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐   

𝑡′ = 𝑚1

𝑖′ = −2𝑥 +𝑚2    
𝑓 = 2𝑥 +𝑚3   

with 𝑎, 𝑏, 𝑐,𝑚1, 𝑚2,𝑚3 ∈ ℝ. 

{
 
 

 
 
0 ≤ 𝑡(𝑥) ≤ 1
0 ≤ 𝑖(𝑥) ≤ 1
0 ≤ 𝑓(𝑥) ≤ 1

⟺ 

{
 
 

 
 
𝑚1 ∈ [0,1] , 𝑥 ∈ ℝ 

𝑥2 ∈ [
𝑚2 − 1

2
,
𝑚2

2
]

𝑥3 ∈ [
−𝑚3

2
,
−𝑚3 + 1

2
]

 

𝑆𝑆 = [
𝑚2−1

2
,
𝑚2

2
] ∩ [

−𝑚3

2
,
−𝑚3+1

2
]. 

For 𝑚2 = 1 ,𝑚3 =
−1

2
, then 𝑆𝑆 = [0,

1

2
] ∩ [

1

4
,
3

4
] = [

1

4
,
1

2
]. 

The general solution in this case is: 

𝑦(𝑡,𝑖,𝑓) = (𝑥
3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐   )

(𝑚1,−2𝑥+
1

2
,2𝑥−

1

2
)
  ; 𝑥 ∈ [

1

4
,
1

2
] ,𝑚1 ∈ [0,1]. 

Conclusion 

In this paper, we have studied for the first time the concept of two-fold differential equations 

of different orders and different types, where we have presented the solutions for two-fold 
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fuzzy differential equations, and for two-fold neutrosophic differential equations. Also, we 

illustrated many numerical examples to clarify and explain the novelty of this work. 
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