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Abstract

If we know the determinate and sub-indeterminate part(s) of anargument a, +a,l, +a,l, +...+a,l,

how do we similarly find the determinate and sub-indeterminate part(s) of a function (or operation)

of this argument f (a, + a1, +a,l, +...+a,1,)? The AH-Isometry is designed to do just that.

The function f may be of one or more variables (arguments), it may also be some unary or n-ary
operation. Real examples are presented in this paper of such arguments and functions.
We now present for the first time the most general form, the n-Refined AH-1sometry.
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1. Introduction

The literal indeterminacy (I) was for the first time refined/split into literal sub-
indeterminacies (I, I, ..., In) by Smarandache [1] in 2015, who defined a multiplication law of these
literal sub-indeterminacies to be able to build the Refined I-Neutrosophic Algebraic Structures.

The AH-Isometry [2] was firstly introduced by Mohammad Abobala and Ahmad Hatip in
2021, where AH stands for Abobala-Hatip.

The 2-Refined Neutrosophic AH-Isometry [3] was introduced by Celik and Hatip in 2022.
Many papers [5-10] were published about this fundamental AH-Isometry in the rings of neutrosophic
literal numbers.
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We now introduce for the first time the n-Refined Neutrosophic AH-Isometry.

2. Operations with n-Refined Literal Neutrosophic Numbers

Let’s have the following two n-Refined Literal Neutrosophic Numbers:

N, =a,+al, +a,l,+..+a,l, where a;a,a,,..,a,are real or complex numbers,

and similarly

N, =b, +bl, +b,l ,+...+b 1, where by,b,b,,...,b, are real or complex numbers,

The first three are Straightforward Operations:
2.1. Addition:
N, +N, = (8 +0) +(a, +b)l, +(a, +b,)1, +...+ (@, +b,)I,,

2.2. Subtraction:

Nl_NZ :(ao_bo)+(a1_b1)l1+(az_bz)lz"'---"'(am_bm)lm
2.3. Scalar Multiplication:

Let ¢ be a real or complex number. Then:
c-N,=c-a,+c-al, +c-a,l ,+..+c-a,l,
2.4. Multiplication:

In many previous applications the easiest way of multiplication (intersection) of sub-indeterminacies
was defined as:

il =g forall i, je{l, 2,...,m}.

Consequently, (Ij)2 =(l,)" =1,, forany integer r>1,
and

h I2 Jp min{jl, Ja... jp}
also

?ﬂj = |j , for integer S$>1, since, raising both sides to the s-power, one gets:

Gy =0, =1,

2.5. Negative Exponent:

(1,)™,m> 0, is undefined.
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2.6. Remark

The multiplication and division of the literal or numerical sub-indeterminacies (I, - I, or I, + I)
are defined by experts depending on each specific application.
These applications on the literal sub-indeterminacies do not, in general, coincide with the same

applications on the numerical sub-indeterminacies).
2.7. Division by Identification Method of 2-Refined Neutrosophic Literal Numbers:

Let’s divide N, +N, by the identification method.
The determinate part of the 2-refined literal neutrosophic number N, =a,+a,l, +a,l,is a,, while

a, s its first sub-indeterminate part, and a, is its second sub-indeterminate part.

And, similarly, the determinate part of the 2-refined literal neutrosophic number

N, =b, +b 1, +b,l,is bo, while b, is its first sub-indeterminate part, and b; is its second sub-
indeterminate part.

l.+al
Denote +al,+al)=(M +bl +bl =mzx+ I, +zl
(@, +al,+a,l,)+ (b, +b 1 +b,l) b, +b,1, +D,1, yl 2

where a,,a,,a,,b,,b,,b,are known real numbers, while x,y, z are unknown real numbers we need

to find out.

We know that
L-L=h
LI =1

11.12 = 12.11 = Il
where I, I, are literal sub-indeterminacies.
By identification (=) method, we have:

& +al, +a,l,

=Xx+yl +1l,
b, +b 1, +b,l,

or a,+al, +a,l,=(b,+bl, +b,l,) - (x+yl, +1z1,)

Whence:

a,+a,l, +a,l, =b,x+byyl, +byzl, +b I, x+b Lyl, +b1,zl, +b,1,x+b,1,yl, +b,1,zI,
=bx+byyl, +byzl, +b 1, x++b Ly +b 1, z+b,1,x+b,l,y +b,1,z

= b, X+ (byy +bx++by+bz)l, +(byz +b,x+b,2)I,

We get a linear system of 3 equations with 3 variables X, vy, z:
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a, =byX
a =by+bx++by+bz=bx+(b,+b)y+bz
a, =b,z+b,x+b,z=b,x+ (b, +b,)z
that we need to solve. It has no solution: if bp = 0 and ap+# 0,

orif by+b,=0and a,+a, # 0,orif by+b +b,=0and a,+a +a, # 0.

2.8. Division of 2-Refined Literal Neutrosophic Numbers using the AH-Isometry

Let R[I,I,]={a+bl, +cl,;a,b,ceR}, where R is the set of real numbers, be the 2-Refined

Literal Neutrosophic Numbers Ring.

Let f:R[Il,I,]xR[l,1,]—>R[l,1,] bea2-refined literal neutrosophic function (or operation) of
two variables.

Then

f(a,+al,+a,l,,by+bl +b,1,) =

= f(a, b)) +[f(a,+a +a,,b,+b +b,) - f(a, +a,,b, +b,)]l, +[f(a, +a,,b, +b,) - f(a,,b,)]l,

=3+[ao+al+az_ao+az]l +[ao+az_5],
b, by,+b+b, by+b," " “by+b, b °

which works when all denominators by, b, +b,,b, + b, +b, are different from zero.

If b=0and a,=0,orif by+b,=0and a,+a,=0,orif b,+b +b,=0and a,+a +a,=0,

it may be possible to get some solutions, depending on each application.

Let g:R[l,1,]—>R[l,1,] be a 2-refined literal neutrosophic function (or operation) of one

variable. Using the AH-Isometry, we get:
9(a, +al, +a,1,) =9(a,) +[9(a, +a,+a,) - 9(a, +a,)]l; +[9(a;, +a,) -9 (a,)]l, (*)

3. Example of 2-Refined AH-Isometry:
Calculate the natural logarithm: L = In(5+ 21, -3l,).

We know about the argument 5+ 21, —3l, that its determinate part is 5, its first sub-indeterminate

part is 211, and his second sub-indeterminate part is -3l..
But we do not know the determinate part, nor the first and second sub-indeterminate parts, of the
whole expression L. The AH-Isometry helps us to find them.
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The function g = In (natural logarithm), ap = 5, a1 = 2, a, = -3 and we substitute them into the above
(*) relationship.
L =In(5) + [ In(5+2+(-3)) — In(5+(-3)) J11 + [ In(5+(-3)) — In(5) ]I2

=In(5) + [ In(4) —In(2)]1. + [ In(2)-In(5) 11>

=1In(5) +In(4/2)-11 + In(2/5)-I

=[n(5) +In(2)-IL + In(0.4)-I,

Therefore, the determinate part of L is In(5), the first sub-indeterminate part of L is In(2), and the
second sub-indeterminate part of L is In(0.4).

4. Examples of 2-Refined Numerical Neutrosophic Numbers

First Example:
Ny =544l —2I, = 5+4-(0.35) —2-(0.127)
where the determinate part of N; is 5, while the numerical sub-indeterminacies parts are:
I, =0.35 = 0.353535... (infinitely many decimals),
I, =0.127 = 0.127127127 ... (infinitely many decimals).
Second Example:
N,=-2+4+e+3n=-2+1-1; —3I,, where
I, =e=2.7182818 ... and
I, = m=3.1415926 ..

5. Example of 4-Refined Numerical Neutrosophic Numbers:

N, = 84 237 — 63111 + V54 — V4
=8+2L,—6L+1—1,
where
V7 = 2.645751 ...
Y111 = 4.805895 ...
I; = /54 =2.710806 ...
V4 = 1.319507 ...

frey
Il

~
N
Il

f
|

6. More Examples

Zeina and Abobala [4] have defined the literal neutrosophic ring:

R[11={a+bl;a,b e R}, where I = literal indeterminacy, with 12 =1, where a is the determinate

part of the neutrosophic number a + bl, while bl is its indeterminate part.
A function, f :R[1]— R[I], by using the AH-Isometry, can be calculated as:

f(a+bl)=f(a)+[f(a+b)—f (@]l
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For example, sin(%+0.5|) :sin(%)+[sin(%+0.5)—sin(%)]l , Where the determinate part is
sin(%) and indeterminate part is [sin(%+0.5)—sin(%)]l .

Into the original expression sin(% +0.51) it is not clear what is the determinate part and what is the

indeterminate part. The AH-Isometry helped us distinguish between these parts.

7. Theorem of Isomorphism:

Let R,(I) = {ao + Xi, a;l;; a; € R} be the n-refined neutrosophic real ring.
Define:

fiR,(I) > RXRX.XR (n+1 times)
flag + Xisq aili) = (a0, Lizo Qi) Xie1 Qis Diz1,2 A Liz1,2,3 R ) Qo + An)

Then f is a ring isomorphism.

Proof:
It is clear that f is well-defined mapping and preserves addition operation. We must prove
that it keeps multiplication.
Assume that A = ay + X", a;l;, B= by + X, b;I;, then for n = 2, according to the refined AH-
isometry the theorem holds see [3]. Assume that it is true for k, we prove for k+1.
Assumethat A= ay + Y a;l;, B= by + XK biI;
A*B = (ao + Xy ail; + agsrlirr) (bo + 2isq bili + biesrliern) = (a0 + 28y ail;) (bo +
Yty bili) + (arsalis) (bo + Xisy bili) + (@resalier1) pesa 1) + (a0 +
Z{Ll aili)(bk+11k+1) =
(a0 + 2iy ail;)(bo + Xiy bil;) + agsrbolicrs + Xieq biyesnl; + @pesr s liesn +
(@obisilisr + Xioq brsrail;) = (ao + Xiy aili)(bo + Xy bil;) + Xiey biarsl; + (@ges1bo +
Aps1bier1 + Qobs) i1 + Xieq Qibrral;,
PUtT = ag+ XX, a;l;,S = by + X, b;1;, then
A-B =TS + % bjagrl; + (aks1bo + Aisrbiesr + Qobrs) s + 2iey aibyanl;.
On the other hand, we have:
fA-B) = f(TS) + f(Z1 biars1li) + f((ars1bo + @ks1bisr + Qobies1)lis1) +
f(z§=1 aibk+11i) =
= f(T)f(S) + (0,241 by akr, X1 by Qpers ooes bie@irr) + (0, Ages1bo + Apesrbras +
Aobis1, Apr1bo + Apr1brsr + Aobrsr o Qpp1bo + App1biyr + aobiyr) +

k k -
(O, Yic1 Qi b1, izt Qi Py oons akbk+1) =

k k k k k k
ao,Zai,Zai, a;, Z ai,...,a0+ak .(bO,Zbi, bi' bi' E bi,...,bo
i=0 i#1 i#1,2 i#1,2,3 i=0 i#1 i#1,2 i#1,2,3

+ by) +
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(0, At1sr Ags1) - (0 Z =1 b; IZL#:O 1 biwzﬁto;,z b; r2§¢0,1,2,3 b, ..., bk) + (0, ag41bo +

Ags1brs1 + Aobrs1, Apr1bo + Ar1brs1 + Aobgs1s oo, Ap1bo + Ay bir1 + Aobpy1) +

Kk k k k _
(0,by11, s bpt1) - (O'Z'zl ailziio 1 ai:Ziio 1,2 ai'Zi:f:O 1,2,3 i, ---:ak) =
k
Z l,zal’zal’ Z all“ a0+ak (bOIZbL'zbl'z b Z bi’."’bo
i#1 i#1,2 i#1,2,3 i#1 i#1,2 i#1,2,3
+ b)) +

(0, agsrroer Ager ) (O, X by + bo+ birs, Xivor bi + bo + Pt D012 bi + bo +
bis1,-bo + by + bq) + (0, ag, ..., ag) (0, bryq,ee, bpyq) =

k k k k
(ao» e, i ag, 1:112 a;, 1:112 3Qj,.., 00t ak) '

(bo, ZiZ0 bi, XIS bi, X512 bi, Xidi2 3 bis o bo + bi)) = f(A) - f(B).

Thus, fis a ring isomorphism, and it is called the n-Refined Neutrosophic AH-Isometry.
8. Examples of 3- and 4-Refined Neutrosophic Isomorphisms

For n = 3, the 3-refined neutrosophic case, the formula of f is

flag+ a l, + ayl, + aszl;) = (ag, a9 + a; + a, + as,ay + a, + as,ay + as).

For n = 4, the 4-refined neutrosophic case, the formula of f is
flag + ail + al, + asls; + asly)

=(ag,ap+a; +a, +as+ays,ap+a, +as+ay a0+ as+ayap+ ay).

9. Inverse AH-Isomorphism

The formula of inverse isomorphism is:
fTERXRX..XxR (n+1 times) - R,(I) such that:
fap, a1, az,a5 ...ay) = ag + I1(a; — az) + L (az — az) + I3(az — as) + -+ IL(an — ao).

Application:
Find the inverse of the following 3-refined neutrosophic real number x =1+ 1, + I, + .
Now, we will see how the n-refined AH-isometry is very powerful in simplifying hard computations.

First, we compute: f(x) = (1,4,3,2), [f(x)]"! = (1,%%,%), hence:

1 1 1 1

= I =14 () (-3t G- =14 (- (- R+

(-9

By an easy computation, we can see:
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10. Conclusion

We extended for the first time the Neutrosophic AH-Isometry to n-Refined Neutrosophic

AH-Isometry, to find the determinate part of a function, as well as its multiple sub-
indeterminate parts.

Many real examples of n-refined neutrosophic numbers, that have a determinate part and
many types of sub-indeterminacies, were presented.

The AH-Isometry is designed to find the determinate part and sub-indeterminate parts of

a n-refined neutrosophic function of the form f (a, +a,1, +a,l, +...+a,1,) .

References
[1] Florentin Smarandache, Refined Literal Indeterminacy and the Multiplication Law of
Subindeterminacies, Ch. 5, pp. 133- 160, in his book Symbolic Neutrosophic Theory, EuropaNova
asbl, Clos du Parnasse, 3E 1000, Bruxelles, Belgium,
https://fs.unm.edu/SymbolicNeutrosophicTheory.pdf
[2] Mohammad Abobala, Ahmad Hatip, An Algebraic to Neutrosophic Euclidean Geometry,
Neutrosophic Sets and Systems, Vol. 43, 114-123, 2021,
https://digitalrepository.unm.edu/cgi/viewcontent.cgi?article=1836&context=nss_journal
[3] Mehmet Celik, Ahmed Hatip, On the Refined AH-Isometry and Its Applications in Refined
Neutrosophic Surfaces, Galoitica Journal Of Mathematical Structures And Applications (GJIMSA),
Vol. 02, No. 01, PP. 21-28, 2022, https://ia600506.us.archive.org/9/items/on-the-refined-
ahisometry/OnTheRefinedAHIsometry.pdf
[4] M. B. Zeina and M. Abobala, “A Novel Approach of Neutrosophic Continuous Probability
Distributions using AH-Isometry used in Medical Applications,” in Cognitive Intelligence with
Neutrosophic Statistics in Bioinformatics, Elsevier, 2023.
[5] Hasan Sankariand Mohammad Abobala, AH-Homomorphisms in Neutrosophic Rings and
Refined Neutrosophic Rings, Neutrosophic Sets and  Systems, vol. 38, 2020, pp. 524-
536. DOI: 10.5281/zenod0.4300590
[6] Mohammad Abobala: AH-Subspaces in Neutrosophic Vector Spaces. International Journal of
Neutrosophic Science, 2020, 6, 80-86, 8 p.; DOI: 10.5281/zenod0.3841628
[7] Abuobida M. Ahmed Alfahal, Sara Sawalmeh, Raja Abdullah Abdulfatah, Yaser Ahmad Alhasan,
On Some n-Refined Neutrosophic Groups For 3<n <5, International Journal of Neutrosophic Science
(IIN) Vol. 22, No. 03, PP. 119-127, 2023.
[8] Yaser Ahmad Alhasan, Ahmad Abdullah Almekhlef, Mohamed Elghazali Ali Mohieldin
Mohamed, and Raja Abdullah Abdulfatah, The indefinite refined neutrosophic integrals by parts,
Neutrosophic Sets and Systems, Vol. 68, 154-164, 2024.

Florentin Smarandache, Mohammad Abobala, Operations with n-Refined Literal Neutrosophic Numbers using the
Identification Method and the n-Refined AH-1sometry


https://fs.unm.edu/SymbolicNeutrosophicTheory.pdf
https://digitalrepository.unm.edu/cgi/viewcontent.cgi?article=1836&context=nss_journal
https://ia600506.us.archive.org/9/items/on-the-refined-ahisometry/OnTheRefinedAHIsometry.pdf
https://ia600506.us.archive.org/9/items/on-the-refined-ahisometry/OnTheRefinedAHIsometry.pdf
http://fs.unm.edu/NSS/AHHomomorphismsInNeutrosophic35.pdf
http://fs.unm.edu/NSS/AHHomomorphismsInNeutrosophic35.pdf

Neutrosophic Sets and Systems, Vol. 70, 2024 358

[9] Yaser Ahmad Alhasan, Mohammed Mustafa Ahmed, Raja Abdullah Abdulfatah3 and Suliman
Sheen, The refined indefinite neutrosophic integral, Neutrosophic Sets and Systems, Vol. 67, 127-
134, 2024.

[10] Yaser Ahmad Alhasan, Mohamed Elghazali Ali Mohieldin Mohamed, and Raja Abdullah
Abdulfatah, The limits of 2- refined neutrosophic, Neutrosophic Sets and Systems, Vol. 68, 39-49,
2024.

Received: March 1, 2024. Accepted: July 27, 2024

Florentin Smarandache, Mohammad Abobala, Operations with n-Refined Literal Neutrosophic Numbers using the
Identification Method and the n-Refined AH-1sometry



