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Abstract: The goal of this article is to study the 2-refined neutrosophic fraction function and its
integrals. We were defining the 2-refined neutrosophic fraction function and discussing Algorithm
for finding the integral of the 2-refined neutrosophic proper rational function and introduce the
integral of the 2-refined neutrosophic improper rational functions. Where each case was explained by

given specific examples.
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1. Introduction and Preliminaries

As an alternative to the existing logics, Smarandache proposed the neutrosophic Logic to characterize
a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown,
incompleteness, inconsistency, redundancy, and contradiction. Refined neutrosophic numbers were
made available by Smarandache in the following format: (a,b,l;,byL,...,b,1,) where
a,by,b,,....,b, € R or C [1].

The notion of refined neutrosophic algebraic structures was first proposed by Agboolal2].
Furthermore, paper [3] examined the refined neutrosophic rings I, assuming that they divide into
two indeterminacies I; [contradiction (true (T) and false (F))] and I, [ignorance (true (T) or false

(F))]. It then follows logically that: [3]

Lh=L*=1 (D
LI, = 122 =1, @)
LL, =L =1 3)

Furthermore, a large number of papers [4-5-6-7-8-12-13-14-15] present research on revised
neutrosophic numbers. A study on the refined ah-isometry and its applications in refined
neutrosophic surfaces was given by Mehmet Celik and Ahmed Hatip. Smarandache talked about

neutrosophic indefinite integral [11]. Additionally, Alhasan gave multiple calculus presentations in
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which he covered neutrosophic definite and indefinite integrals. Also, he demonstrated the most
significant uses of definite integrals in neutrosophic logic [9-10].

This work included several of subjects: the first part provided an introduction and background
material, while the main discussion section covered the 2-refined neutrosophic integrals by partial

fraction. The last portion contains the conclusion.
Main Discussion

2. The 2-refined neutrosophic fraction function

Definition3.1
A polynomial whose coefficients are 2-refined neutrosophic numbers call 2-refined neutrosophic
real polynomials:

Q(x, 11, 12) = (ao + b011 + Colz) + (al + blll + Cllz)x + (az + b211 + Czlz)xz + N + (an + bnll
+ cplp)x™

Where ay, by, ¢y, a4, by, ¢4, a3, by, 5, ..., ap, by, ¢, are real numbers, I;,I, represent indeterminacy and
n ispositive integer.

Definition3.2
2-Refined neutrosophic fraction function takes the formula:

_ Q:(x, 1y, 13)
fe b =0 Gty

Where Q,(x,1;,1,), Q,(x,I,1,) are 2-refined neutrosophic real polynomials and Q,(x,1;,1,) # 0, at
least the numerator or denominator is a 2-refined neutrosophic real polynomials.

Example 1

(_4’ + 511 + IZ)XZ + (7[1 + 812)36 - 212

L) =
D fealul) 8L,x — 7 + 41, + 21,

T (L +L)x2—11Lx—-5-1,

2) f(x1y,13)

1
C L +31)x2 —1+ 2]

3) flx,1,,1)

Remark 1
> If degree of Qi(x,1;,1,) is less than degree of Q,(x,1Iy,1,), then:

Qui(x 1, 1)
(xJI ’I ) S —
feotlz Q0% 11, 15)

Is a 2-refined neutrosophic proper rational function.

> If degree of Q;(x,1;,1,) is greater than degree of Q,(x,1;,1,), then:

Qi(x 1, 1)
(1, 1) = o———=

feotlz Q2(x, 1, 13)
Is a 2-refined neutrosophic improper rational function.
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2.1. Integral of the 2-refined neutrosophic proper rational functions

2.1.1 Cases of the 2-refined neutrosophic proper rational function

» State 1: when it is possible to express the denominator as the product of linear factors that
non-repeated.
Let Qy(x, 11, 1) = ((ay + byly + ¢ )x + dy + 5,11 + t,1,)((a + by 1y + co1,)x + dy + 5,1, +
tyly) . ((@n + bply + cyl)x + dyy + Sp1; + ty 1)
Where a,,by,cq,dq,S1,t1,a5,by,C5,d5,55,t5, .., Ay, by, €y Ay Sy, t,, are real numbers, then:

Q:(x, 1y, 13) Ay 4,

— + + ...
Q,(x, 1;,1,) (ay + by +cL)x+d+ sl +t.1, (a, + b1y +c,1L)x +dy + 5,14 + t,1,

n

+
(an + bl + c,L)x +d,, +s,1; + t, I,

The values of the constants A;,4,, ..., 4,, are to be determined.

» State 2: when it is possible to express the denominator as the product of linear factors that
repeated.

Let Q,(x,I,,1,) = ((a1 + b+ L)x+d + s+ tllz)((a1 + b, + ¢ L)x+d; +s,1, +
tllz) ((a1 +b L+ ))x+d +s0 + tllz)
= ((al + b111 + Cllz)x + d1 + Slll + tllz)n

Where a,,b,,c;,d;,s;,t; arereal numbers and n is positive integer, then:

Q:(x, I3, 15) _ Ay A,

— + 4.
Qz(x,ll,lz) (a+bll+Clz)x+d+Sll+t12 ((a+b11+clz)x+d+sll+t12)2
An

+ n
((a+ bl + cly)x + d + sI, + )

The values of the constants A;,4,, ..., 4,, are to be determined.

» State 3: When the denominator can be express as the product of repeated and non-repeated
linear factors.

Let Q,(x, 11, 1,) = ((ay + by Iy + ¢, L)x + dy + 5.1y + t,1,)((ap + byl + c,1,)x + dy + 5,1, +
m
tl,) . ((an + boly + cul)x + dy + 5,1 + t,1,)((a + bIy + cl,)x + d + sl + tI,)

Where ay,by,¢;1,dy,81,t1,05,b5,¢5,d5, 85,5, o, @, by, C,y Ay Syt @, b, €, d, s, t are real numbers and
n,m is positive integer, then we can write:

Q1 (x, 11, 15) _ A, n A, .
Q,(x,11,1,)  (ay + byl + c;L)x +dy + 8,1, + t,1,  (a, + byly + c,1)x + dy + 5,1, + t,1,
+ An + 1
(an + b1, + cnIZB)x +d, +s,; +t, I, (a+bli+cl)x+d+sl +tl,
2 m

+ S+t -
((@+ bl + cl)x +d + s, +tl) ((@+ bl + cl)x +d + sl +tl,)

The values of the constants A;,4,, ..., 4,, By, B,, ..., B, are to be determined.
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» State 4: When the denominator can be express as the product of non-repeated quadratic
factors, which cannot be further factorize to linear factors.

Let: Q,(x,I,,15) = ((a1 + b+ L)x*+d, +s;1 +t,L)x+ e, + kI + 1‘112)((a2 + b1, + ¢y 1,)x?% +
dy + o1 + )X + ey + kol +1515) o ((ay + byl + cul)x? + dyy + s, + t1)x + ey + Ky Iy + 1, 1)

Where a,by,cq,dq,S1,t1,€1,k1,11,85,b5,C5,d5,55,t5,€5, k0,175 oo, Ay, by, C,y Ay Sty €00, Ky 1, are real
numbers and n,m ispositive integer, then we can write:

Then we can write:

Ql(xl 11112) _ Alx + Bl
Q,(x, 1, I,)  (ay + by +c L)x?+d + s, +tL)x +e, + kI +1 1,
+ A,x+ B, 4
(ap + byl + ¢, 1,)x% +d, + s,1, + t,1)x + e, + k1 + 1,1,
nx + n

+
(a, + by + ¢, L)x? +d, + s, 1, +t,I)x + e, + kI, + 1,1,
Where A,,4,, ...,A,, By, B,, ..., B, are constants whose values are to be determined.

2.1.2 Algorithm for finding Integral of the 2-refined neutrosophic proper rational functions

Q1(x,I1,I3)

To evaluate
Q2(x,11,12)

we follow the following steps:

1) Reformulate the form of the function in one of the previous four cases according to the form
of the denominator as sum of 2-refined neutrosophic partial fractions.
2) Integrate both sides.

Example 2
Evaluate:

j dx
Solution:

1 A B
= +

(*)

let’s multiply both sides (*) by (x + 3 —I; + 21,) to find value of A:

x+1+L+1, x+1+1+1,

€y

By substituting x = —3 + I; — 21, in (1), we get:

1 1

A: =
_3+11_212+1+11+12 _2+211_12

let’s multiply both sides (*) by (x + 1+ 1; + 1) to find value of B:

1 _(x+1+L+1L)A
x+3—-1+2, x+3-1+2I,

(2)
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By substituting x = —1 —1; — I, in (2), we get:

1 1

B = =
-5, —L+3-1+2l, 2-2I,+1,

By substituting in (*) we get:

1 1
1 =242 -1, 2-2I, +1,
(x+3-L+2L))x+1+L+1,) x+3-L+2, x+1+1+1I,

1 1
dx = — _
:’f dx:f 2+20 -1, 2=2L+h |,
(c+3—L+2L)x+1+1, +1,) x+3—1,+2, x+1+L+1,
= Inlx+3—1,+ 2L+ ! Inlx +14+1 + 1]
T ov2, -, R A At 17T
= -1 21, — 141 I
_2+211_12(ln|x+3 1H2L =nlx+1+ 1L+ L))
B 1 , |x+3—11+212
Y A R Py
_( 1 21+1l>l |x+3—11+212 np
U273 e ) M1+ L+ 0
Whereas C =a + bl, +cl, and a,b,c are real numbers.
Let’s check the answer:
d{( 1 21+11)l |x+3—11+212+c]
ax\" 2736 ) M1+ L+ 1,
d 1 2 1
=a[<—z—§ll+glz)(ln|x+3—11+212|—ln|x+1+11+12|)+C]
1 2 1 1 1
e
"\ 2 3P 6 \(x+3-L+2L)(x+1+1 +1,)
1 2 1
1 2 1 —2+2L -1, (—7—§11+glz)(—2+211—12)

(33t -
(2 31 62/ \(x+3-L+2L)(x+1+1L+1L))  (x+3—-1L+2L)x+1+1, +1,)

1
T (x+3-L+2L)(x+1+1 + 1)

The same integral function.
Example 3

Evaluate:
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f 2+1, +1, 4
(@+L+L)x+4-L—-L)((A1+2L+L)x+4+2]+1,) x
Solution:
24+, +1,
@G+L+L)x+4-L-L)(A+2L+L)x+4+2[+ 1)
A
A+ +I)x+4—1L—1, (142 +L)x+4+2 +1,
To find value of A, we multiply both sides of () by (4 + 1, +,)x+4— 1, — I,):
2+1,+1, o ((A+L+L)x+4—1,—1)B o
(A+2L +L)x+4+20+1, = (1+2L +L)x+4+2[ +1,
By substituting
_ bl 4 2,
S A 151 52
in (1), we get:
. 24+ +1, o 2+L 4L 2 271+71
- - — QT 991 T2
a+25+5ﬂ-r&%h+§5)+4+yf+5 3+%§h+%& 3 3237 57
To find value of B, we multiply both sides (*) by ((1+ 2I; + L)x+ 4+ 21, + I):
G+L+L)x+4—-1,—1,  (@G+L+L)x+4—-1,—1,
By substituting
A2 -1 4+3I +31
T o1+2L 41, 41722
in (2), we get:
24+ 0L+ 2410 +1, 1 50 17
P 3, .3 = 5 =% 331 T4
By substituting in (*) we get:
2+1, +1,

(A+L+L)x+4—1 —L)((A+2l +L)x+4+2[ +1,)

2 27 7 1 50 17
__ 37 33ht57h “6 3231 " Tial

f 241 +1,
(G+L+L)x+4—-1L—-L)((A+2L +L)x+4+2I, +1,)

2 27 7 1 50 17
=f 3330t 570 “6_3;3hTTial: |,
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27 7

2
S Ky
3732317575
ml(Ad+L+L)x+4—1,—1I
4+ +1, nl( 1+ 1)x 1= 1Ll
1 50 17
_6_32311_114121n|(1+21 F L)X+ 4+ 20, + L
1421 +1, rrz 1

—(1 13, 1I>l|(4+1+1)+41 L
“\6 323t 11427 1T 2)X 174

1 13 1
+ (_E+@Il +mlz>ln|(1 + 2L+ L)x+4+ 21 + L]

1 13
= (E‘ﬁ 1 —mlz)(ln|(4+ll +L)x+4—-1, — Ll —Inl(1+ 2 + L)x + 4+ 2[, + L,])
1 13 1 4+L+L)x+4—-1,—1,
=<___1__ 2>lTL +C
6 323 114 A+2L+L)x+4+20 +1,
Whereas C = a+ bl, +cl, and a,b,c are real numbers.
Example 4
Evaluate:
Zx - 3]1 + 12
dx
(x+2+2)%*(x—-1)
Solution:
2x=3L + 1, A B D
c+2+20)2*(x—-1) x+2+2;, (x+2+20)2 x-1
To find value of D, We multiply both sides (*) by (x — 1):
2x =31 +1 x—1)A x—1)B
Hh _ GoDA L @-DB
(c+2+20)% x+24+2 (x+24+2L)?
By substituting x = 1 in (1), we get:
T (3+20)* T 9+16]
= D= 2 1I + 1I
9 31797
To find value of B, We multiply both sides (*) by (x + 2 + 21,)%
2x=3L +1, (x+2+2[)%A (x+2+2I,)*D 5
x—1  x+2+2L x—1 @

By substituting x = —2 — 21, in (2), we get:

_ 2(_2_211)_311 +12 _ _4’_711 +12

B
—2-2I, -1 —3 -2,
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4 1
= B = §+ 11 —§12
To find value of A, we substitute value of B,D and x = —1 in (*), we get:
4 1 2 1 1
—-2-3L+1, _ A z3+tlLi—3L g—3L+gh

(11242011 —1+2+42L (i+zt202 ¢ -1-1

4 1
-2-3L+1, A 3th—-3L 1 11,
—-2-161, 1+2I, 1+ 8, 9 61! 1872
) 51 11_ A +4 71 11 1+11 11
181 22 1421, '3 91 32 9 61 182
4 =1 51 L—=+=I+=I,+ ! I L
1421, 181 22 3tghtzhktgghtyg
(1+21)( =1, — 11)— 2+11 11 41+21 21
- 1 9 3 9’2 g T31TglaTghT3zhTgh
A= 2 11 11
= __9+31 92
By substituting in (*) we get:
2 1 1 4 1 2 1 1
Zx_311+12 _ 9 311 612 §+Il_§12 +§—§Il+§[2
(x+2+20)(x—1) x+2+2L = (x+2+2)? x—1
2 1 1 4 1 2 1 1
2x_311+12 _j 9 311 612 §+Il_§12 §_§Il+612 d
Grz+2l)2-10 7 )\ Txrz+2, (x+2+2)2 T x—1 x

—( 2+11 11)1 [x +2+2L] <4+1 11) ! +<2 11 +11>l lx —1]+C

“\TgT3tT g UT\3Th T3 22, T \9T 3 gz

( +11 1 )(ll + 2+ 2| —In| 1) <4+1 11) ! +C
3 X o 1732 ¥ 220,

NeJ i V)

2 1 1 x+2+2l
—( +=1 12> |—

<4+1 11) ! +C
“\ 9 31 9 x—1 1 2

3 32)x+2+2

Whereas C =a + bl, +cl, and a,b,c are real numbers.

Example 5
Evaluate:
dx
X2 - 16 - 1111 - 912
Solution:

to find the denominator factors

2
x? —16 — 111, — 91, = x* — (\/16 + 111, + 91,)
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Let's find: /16 + 111, + 91,
JI6 + 111 + 91, = x + yI, + zI,

16 + 111, + 91, = (x + yI; + zI,)?
16 + 111, + 91, = (x + y1,)? + 2(x + yI,)(zl,) + (z1,)?
16 + 111, + 91, = x2 + 2xyl; + (W1)? + 2(x + y1,)(zl,) + (z1,)?
16 + 111, + 91, = x? + 2xyl, + y2I, + 2xzl, + 2yzl, + 721,
16 + 111, + 91, = x* + (y? + 2xy + 2yz)1, + (2% + 2x2)1,
Whence:
x2=16
y2+2xy +2yz=11
z2+2xz=9
x =14
= {y*+2xy+2yz=11 ¢))
z2+2xz=9 (2)
Casel: x = 4 by substituting in (2)

z2+82z—9=0
z-DEZ+9 =0

{ZZ== —1 9

Then:

For z =1 we substitute in (1)
y2+10y—11=0
+1DG-1D =0

Then:
bz
y=-11
Hence:
JIETTIL TG =4+ 1, +1,
Or:
=4—-11, +1,
For z = —9 we substitute in (1)
y2—10y—11=0
O-1D+D =0
Then:
{y =11
y=-1
Hence:
J16+ 111 + 91, = 4+ 111, — 91,
Or:
=4—1,-9I,

Case2: x = —4 by substituting in (2)
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z2—-8z—-9=0
(z-9z+1)=0

{ZZ== —9 1

y2+10y—11=0
-Dy+11) =0

Then:

For z =9 we substitute in (1)

Then:
Lo
y=-11
Hence:
J16+ 111, +91, = -4+ 1, + 91,
Or:
=—4—111, + 91,
For z = —1 we substitute in (1)
y2—10y—11=0
-1D+1D =0
y=11
y=-1
Hence:
J16+ 11 + 9, = -4+ 111, — I,
Or:
=—4—] -1,

Hence, we got eight 2-refined neutrosophic solutions:

W’16+1111+912=4+11+12

Or:
=4—-111, + 1,
Or:
=4+ 111, — 91,
Or:
=4—-1,-9I,
Or:
=—44+1,+9I,
Or:
=—4—-111, + 91,
Or:
=—44+11L -1,
Or:
=—4—1,—1,

First 2-refined neutrosophic factoring:
XZ _16_1111_912 = (X—4—11—12)(x+4+11+12)

Second 2-refined neutrosophic factoring:
x2—16 — 111, -9, = (x — 4+ 111, — L,)(x + 4 — 111, + I,)

Third 2-refined neutrosophic factoring:
x2 —16 — 111, — 91, = (x — 4 — 111, + 9L,)(x + 4 + 111, — 91,)
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Fourth 2-refined neutrosophic factoring:
x2—16—111, =91, = (x — 4+ I, + 9L,)(x + 4 — I, — 9I,)

Thus, the denominator factors can be write in four cases:
Casel:
x2—16—11L -9, = (x —4— L, —L)(x + 4+ 1, + 1,)

L+1, _ L+1
x2—16—111, -9, (x—4—L —IL)(x+4+1, +1,)

L +1, A s B
= *
x—4-1L-L)x+4+0L+1) x—4—-1,—-1, x+4+L+1, )
To find value of A, We multiply both sides (*¥) by (x —4 — I, —I,):
L+, (x—4-L-1)B "
x+4+1+1, x+4+1+1,
By substituting x =4 +I; + I, in (1), we get:
A= L+, —1I+ /
T 8+2L,+2I, 151 102
To find value of 4, We multiply both sides (*) by (x +4+ 1, + 1,):
L+, x4+ L+ L)A )
x—4—-1, -1, x—4—-1,—1, @
By substituting x = —4 — I, — I, in (2), we get:
L+, 1 1
== = Eh 1k
—8—2I, -2l 15 10
By substituting in (*) we get:
1 1 1 1
L+ _ Eh +E12 _Eh_ﬁlz
(X—4—11—12)(X+4+11+12)_x—4—11—12 x+4+11+12
1 1 1 1
:’f h+1, 4 ‘f shtiol  —15h 10l
G—d—L-La+a+L+0) " J\x—a—-0, -1, x+4+L+1,

1 1 1 1

1 1

—( L+ 1)1 ‘x_4_11_12
"5t 102 M v A+ L+ 1,

+C

Case2:
x2—16—111, =9I, = (x — 4 + 111, — L,)(x + 4 — 111, + I,)
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L+1, _ L+1,
x2—16— 111, —9I, (x—4+ 111, — I,)(x + 4 — 111, + I,)

L+1, A s B ,
= *
(x—4+11L —IL)(x+4—111, +1,) x—4+11L -1,  x+4— 111, + I, )
To find value of A, We multiply both sides ()" by (x —4 + 111, — I,):
L +1 x—4+ 111, - I,)B
1 2 — +( 1 2) (1),
Xx+4—111 + I, x+4— 111, + 1,
By substituting x =4 — 111, + I, in (1), we get:
qo_ hth 4 1
S 8-221,+2, 15 10°7?
To find value of A, We multiply both sides ()" by (x +4 — 111, + I,):
L+1, C(x+4- 110+ 1)A .
x—4+11L, -1, x—4+11, -1, )
By substituting x = —4 + 111, — I, in (2)’, we get:
g hth 4 1,
T —8+22I,-2I, 15" 10°?
By substituting in (*)" we get:
4 1 4 1
L +1, _ _EI1+E12 Eh‘ﬁlz
4 1 4 1
=’f L+l 4 ‘f “1sh*t1ol: | 1shT1e2 |,
G—d+11L -+ a4—11L+0)  J\x—a+11, -1, x+4-111, +1, |

4 1 4 1

—1
15
4 1

1 X—4+1111—12

=(-—1 —1)1 ‘ c
( T ) A P Tyl

Case3:

L +1, _ L+1,
x2—16— 111, =9I, (x—4 — 111, + 91,)(x + 4 + 111, — 91,)

L+1, _ A s B
(x—4—111, +9L,)(x+ 4+ 111, —9I,)  x—4— 111, + 9,  x+4+ 111, — 91,

(%)

To find value of 4, We multiply both sides (**) by (x —4 — 11I; + 91,):
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L +1, (x —4 — 111, + 91,)B .
=A+ €Y)
x+4+ 111, — 91, x+ 4+ 111, — 91,
By substituting x =4 4+ 11I; — 91, in (1)", we get:
o h¥L 4 1
T 8+22I,—18I, 15*' 10°?
To find value of 4, We multiply both sides () by (x +4 + 111; — 91,):
L+1, _ (x+4+11 —9,)A v
x—4—11L+9, x—4—111 +9I, @
By substituting x = —4 — 11/, + 91, in (2)", we get:
L+,
B= =——I +—I
-8 — 221, + 18I, TR
By substituting in (**) we get:
L+1, A B

(411, +9,)(x 1 4+ 11, —9,) x—4—11L,+ 9L, ' x+ 4+ 111, — 91,

4 1 4 1

f I+ 1, 4 j ;sh-f0z | “ishtigh |,
—1 =

G — 4— 111, + 91,)(x + 4 + 11, — 9,) ¥ X—4—11L,+9I,  x+4+ 111, — 9L, | ¥

4 1 4 1

4 1

4 1 x—4—111, + 91,
(o
1517 10 X+ 4+ 111, — 91,

Case4:

L +1, _ L +1,
x2—16—111, -9, (x—4+1, +9L,)(x +4—1, —91,)

L +1, _ A N B
(x—4+1 +9L,)(x+4—1,-91,) x—4+1,+9, x+4—1 -9,

()’

To find value of A, We multiply both sides (**)" by (x —4 + I, +91I,):

11+12 _ +(X—4+11+912)B
x+4—1, -9, x+4—1,—9I,

(1)///

By substituting x = —4 +I; + 91, in (1)"’, we get:
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L+1, 1 1

A=—mm—mm—-r——=——] ——
8 — 21, — 18I, 151 10

I

To find value of A, We multiply both sides (**)" by (x +4 —I; —91,):

L+,  (c+4—1—9)A oy
x—4+1,+9, x—4—111, +9I, @
By substituting x = —4 +I; + 91, in (2)"', we get:
B = L+, _ 1 L4
~ —8+2,+18l, 151! 102
By substituting in (**)" we get:
L +1, A B

G4+ +9,)(x+4—1,—9I,) x—4+L,+9, x+4—1,—ol,

1 1 1 1
[ L+l . “1sh~T0 | _TshitTol |,
—1 =
(x—4+ 1, +9)(x+4—1,—9,) ™" X—4+L+9, " x+4—1 -9 "
1 1 1 1
=(—1—511—1—012)ln|x—4+11+912|+<1—511+E12>ln|x+4—11—912|

1 1

10
1 1 Xx—4+1 +9I
=<_E11_Elz>l"|x+4—11—912 +e
Hence:
1 1 x—4—1,—1I,

(Ell-irﬁlz>ln|x+4+11+12 +C

X—4+111 — 1,

J 51 dx=<<_E11+E12>l"|x+4—1111+12

2 _4+3l 4 1 x—4—111, + 91,

(Ell_ﬁlz> "|x+4+1111 ~ 9,

( I 1I>l |x—4+11+912
151 102 M x+a-1, -9
Whereas C =a + bl +cl, and a,b,c are real numbers.

+C

Example 6
Evaluate:
4+ 1, + 21, 4
X+ 1+ +20)E+4+1D)
Solution:

We note that (x? + 4 + I,) cannot be analyzing, because:

x4+ 441, =x? —(,/—4—12)2

Let's find \/—4 -1,
V=4 —-L =a+pl,+vyl,
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—4—L =a?+ (B?+ 2af + 28Y)1, + (y? + 2ay)l,

then:
a? = —4 (Impossible in real number)
So:
4+1, + 21, A , Bx+D
= *
C+1+L+2L) 2 +4+1L) x+1+L+2L x2+4+1, )
To find value of A, We multiply both sides (*) by (x +1+ I, + 21,):
4+ b2, (H 14D+ 2L)Bx+ D) o
x2+4+1, x2+4+1,
by substituting x = —1 — I; — 21, in (1), we get:
. 441, + 21, _4+h+2
(—-1—1, - 2,2 +4+1, 5+7I,+9],
2 4 2 I 131
= ==——] ——
5 21' 357
To find value of B, We multiply both sides () by x:
(4+1, +2L)x Ax Bx?+D @

= +
X+ 1+0L+2L)02+4+1,) x+1+0L+20, x2+4+1,

By take limit both sides in (2), when x — oo, we get:

2 13

A+B=0 = B=—A=—§+ﬁll+£

I

To find value of D, we substitute value of 4,B and letbe x = 0, in (¥), we get:

4 2 13 4 2 13
441, + 21, 5 721h— 3k (‘g*‘ﬁh +glz)(0)+D
O+1+1+2L,)(02+4+1,) 0+1+1 +2I, 02+4+1,

4 2 13
4+1, +2I, _g_ﬁll_ﬁlz D

4+51,+111, 141 +2I, +4+12

1 3 4 5 23

1——L—=L==——I ——I,+——
200752 =5 g T35 Ty,
b__ L +=—1
4+1, 5 105" 357
D—4+11+171
"5 211 3572
By substituting in (*) we get:
4 2 13 4 2 13 4 1 17
4+1, +2I _s-arh-3sh (c5tarhtggh)x+5tarh+3sh
(x+1+0L+2L)(x2+4+1,) x+1+1+2I, x2+4+1,
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4+ 1, +21, ;
X+ 1+ + 202 +4+1)

4 2 13 (421 13)41 17

=f 5-7ihi—35h \"storht3sh)xtstorhtash)
X+1+1+ 20 PEA
4_ 2, 13, 4 2. 13 4,1, .17,
5-7ih 35l +f(—§+ﬁ’1+ﬁ’z)x ge s [3F2iit3st
X+ 1+1+ 2l X2+ 4+, PR
—(4 21 13I)l| +1+1 +2L] - (2 I 31)l|2+4+1|
“\57 2117357 4”1 i7 217521t T 702) M z

L [3Fziht3sh

x2+(,/4+12)

—(4 131)l| +1+1+21| (2 L, 31)l|2+4+1|
~\5 173502 1T el m\g T T ygl) 2

4, 17,
f 5+ ’1 t35h i
X2 + (2 +(V5-2)L)°

+

2,

21
—(4 2, 13I)II +1+1 + 21 (2 L5 )ll +4+ 1]
“\5 21 3524"" 117 27\ 721 T 7002 2
5t21h t350 tan_1< * _>
2+ (V5-2)1, 2+ (V5-2)1,

4 2 13 2 1 13

#(Eragn + (e D (54 (34 W)IZ)HC

Whereas /4 + 1, = V4 + (—V5+V5)I, + (—V4++V5)l, =2+ (V5-2)I, and C =a+bl, +

cl, and a,b,c are real numbers.

2.2. Integral of the 2- refined neutrosophic improper rational functions

To facilitate the integration process, we can apply the long division method or the synthetic division method if
the degree of the numerator is higher than the degree of the denominator.

Example 7

fx3+(1+11+212)x2+(2+12)x—3+211—412d
X — 5 - 11 - 612 X
By using synthetic division method, we get:

5+11+612 1 1+11+212 2+12 _3+211_412
541, +6l, 30 + 381, + 1241, 160 + 6131, + 15671,
1 6 + 21, + 8I, 32 + 381, + 1251, 157 + 6151, + 15631,
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Then:

B4+ A+ +2L)x2+ Q2+ L)x—3+ 21, —4l,
x—5—1; —6l,

157 + 6151, + 15631,

= x? 21, + 81 24381, + 1251
X7+ (6421 + 8l)x + (324381 +1250) + ———o— 7

fx3+(1+Il+212)x2+(2+12)x—3+211—412d

X —5—1,— 61, x

157 + 6151; + 15631,
= f (x2 + (6 + 21, + 81,)x + (32 + 381, + 1251,) + )

x—5—-1 -6l

3

X
=5+ (4 I+ 41)x? + (32 + 381, + 125L)x + (157 + 6151, + 15631)Inlx — 5 — I, = 6L, + C

Whereas C = a+ bl, +cl, and a,b,c are real numbers.
Example 8

Evaluate:

f (5 + 1, — 31,)x% + (—4 — 241, — 101,)x — 6 — 121, — 101, p
x—1—6l,—7I, x
By using synthetic division method, we get:

1+6L,+7, | 5+1,—3I, —4 — 241, — 101, —6— 121, — 101,
5+ 261, + 111, 1+ 401, + 151,
5+11_312 1+2[1+12 _5+2811+512
Then:

(5 + I, — 31,)x% + (=4 — 24I, — 101,)x — 6 — 121, — 101,
X — 1 - 611 - 7[2

=G+1,-31 1+2L+1
G+ Dx+ (1 +20 + 2)+x—1—611—712

_ f (5 + 1y = 31)x* + (=4 = 241, — 10,)x — 6~ 121, — 101,

x—1—6l, —7I,

—5+ 28I, + 51
=f((5+11—312)x+(1+211+12)+ L 2)

X—1—611—712

5 1 3
= (§+§11 _Elz)xZ + (1 +2+)x+ (54281, +5L)In|lx —1 -6l — 7|+ C
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Whereas C =a + bl, +cl, and a,b,c are real numbers.

4. Conclusions

The 2-refined neutrosophic partial fraction is important in neutrosophic logic. We searched for a way
to integrate it by discussing all the cases using the division of 2-refined neutrosophic numbers, and
we obtained accurate results that were verified. In addition, illustrated through a set of examples.
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