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Abstract:

In this paper, we study the binary two-fold algebra built over intuitionistic fuzzy groups,
where the two-fold binary operations and some related substructures such as binary
two-fold sub-algebras of intuitionistic fuzzy groups two-fold algebras, binary two-fold
centers, binary normality, binary two-fold group products. On the other hand, we illustrate
many examples to explain the validity of our discussion.
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Introduction

Two-fold algebras was first presented by Smarandache in [1], where he has suggested a
connection between neutrosophic sets and algebraic structures combined in a unique
algebraic structure called two-fold algebra.

Although this topic is very recent, it has attracted the interest of many researchers due to its
importance and generalizability of traditional algebraic structures, and also some
neutrosophic structures [6-8].

We now recall some recent results that have been published on Two-fold algebras:

In [2], the concept of two-fold algebra based on a standard fuzzy number theoretical system

was introduced with many interesting properties [3].
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In [5], the concept of two-fold refined neutrosophic numbers was studied, where many
results about these numbers were presented and handled by many theorems and examples.
In [4], The concept of two-fold algebraic vector spaces and two-fold algebraic modules was
proposed and studied in detail, with many interesting properties about algebraic basis and
two-fold linear functions.

These results have motivated us to study for the first time the binary two-fold algebra built
over intuitionistic fuzzy groups. We concentrate our study on covering substructures and
binary operations on these algebras such as:

the existence of identity, the existence of the inverse, two-fold centers, and normality.

For more details about fuzzy groups, anti-fuzzy groups, and fuzzy algebras, check [9-11].
Main Discussion

Definition:

Let (G ,u,v) be an intuitionistic fuzzy group, i-e. (G ,.) is a group, and
(xy) = min(u(x). u(y))

u: GxXG-1[01] ; { 1Y) = (o) , v: GXG >
~ (v(xy) < max(v(x),v(y))
0] { v(x™1) =v(x)

We define the binary two-fold algebra of the intuitionistic fuzzy group (G ,u,v) as
follows:
A= {(xuy) Zur)) 3 X, ¥,2,t € G}. We define the following binary two-fold operation:

*:Ag X Ag— A; such that:

iy ) * (Zuy Co) = ((* Dimax(u)u©) (@ Omin(o@w»))
Definition:

Let  (Xue) Qo)) (Zu(t), Cv(d)) € Ag;, we define the relation:

_ x=2z,a=b )
(x[,t(y)l av(b)) = (Z[,L(t)lcv(d)) = {#(y) — ‘u.(t),v(b) — U(d) %), 4, b' d; z, tea.

Theorem (1):
= is an equivalence relation on Ag.

Remark:
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We denote to the equivalence classes of (=) by As= {[(xu0yy av)] ;¥ ab,y€G},
where:

[y av))] = {(Zuey o)) €B¢ 5x =z,a =b,u(y) = u@®),v(b) =v(d) }

Theorem (2):

1] (*) is associative.

2] (x) has anidentity (ey(q) ev))-

3] Every (xu(y), av(p)) has an inverse.

Example:

Consider (z; = {1,2}.) the group of integers modulo 3 under multiplication, take u : z3 X

= {(11; 11) )] (11; 21): (211 11) ] (211 21) ] (111 11) ] (111 21) 1] (21I 11) ] (21I 21); (11; 11) ) (1ll 21) ] (211 11): (le 21)
3 2 3 2 2 3 2 3 2 2 3 3

)] (115 11); (11: 21) ) (211 11) ) (211 21)}-
3 2 2 3

Take: X = (11, 21>,Y = (24, 21), then:
2 3

X %Y = (24,22).
3

Definition:

Let (xu(y), Qv(p)) € Ag, we define:
-1 -1

(*uey @) = Culyy G-

Theorem (3):

Let (Xu(y), Avp)) € Ag, then:

) @) * (Xui) @) = (€pu(a),evv))-

Definition:
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Let S be a non-empty subset of A;, we say that it is a binary twofold sub-algebra if and only
if:
(ueyy @) * (Zuey o) €S for all (e, aw): (Zucer Cviay) €S-
Theorem (4):
Let S be a non-empty subset of A; , then Sis a binary two-fold subalgebra if and only if:
S = {(xu(y),av(b)) ;Xx€H,,a€K; H,K are subgroups of G}.
Definition:
The twofold sub-algebra S = {(x“(y), ayp)) ;X €H,,a€K; H,K are subgroups of G}
is denoted by AEX.
Definition:
The binary twofold subalgebra ALX is called normal if and only
if H,K are normal subgroups of G.
Theorem (6):
Let AZ™ be a binary twofold subalgebra of A; , then:

1] AZ¥is abelian if and only if H,K are abelian.
2] Ag'Kis normal if and only if: Xu) W) * (Zu) Coay) * (xﬂ(y),a,,(b)) € Ag'K for all

(uty) o) € Bg 2oy, Coiy) € A

Definition:

We define the center of A; as follows:

Z(86) = {Gupy @) €86 5 (ugyy @) * ey o) = Zuco)» o) *
(uey @) 5 ¥ (Zuce) o) € A

Theorem (7):

1] Z(Ag) is an abelian binary twofold subalgebra of Ag.
2] Z(Ag) = AZOHO),
Theorem (8):

Let ALY ,A%® be binary twofold subalgebras of Ag,then:

H,L K,S__ AHNK,LNS
1] AL AKS= pH
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2] AME i AKS = pHKLS
3] if H,L are normal, then Alg Ly Alg’s is binary twofold subalgebra of Ag.

Definition:

1] The binary twofold algebra of the intuitionistic fuzzy group (G ,u,v), is called

n-abelian if
n
(Xu(yy Qo)™ * (Zu(t)'cv(d)) = ((xz):;ax(u(y),u(t)): (ac)&in(v(d),v(b))'

2] it is  called n-power  closed @ if: iy @)™ * (Zueo, c,,(d))n =

(D Dywy) sLILxy.za,b,c,s,k €G.

Theorem (9):

Let A; be the binary twofold algebra of the intuitionistic fuzzy group (G , u,v), then:
1] A; is n-abelian if and only if G is n-abelian group.

2] Ag isn-power closed if and only if G is n-power closed group.

Proof of theorem (1):

. xX=x,a=a
(Xury W) = (Xu(y), Av(p)), that is because {M()’) = u(y),v(b) = v(b) -

_ X =2z,a=c _
If (xﬂ(y),av(b)) = (zﬂ(t),cv(d)), then {ll(}/) — y(t),v(d) — U(d) , SO that (Zu(t)'cv(d)) =

(Xu(y)r Qo(m))-

If oy @) = (Zuercow) + and (Zue)nco@) = Quor Svey)  » then

== ,a = =
) = 1O = w0 v@ = ) = vy 9 0702 = (S

Proof of theorem (2):

1] For x,y,z,a,b,c,d,n, k € G, we have:

(Xutyy Wwp)) * ((Zu(t)'cv(d)) * (lu(k)'SV(n))) = (Xuy) W) *

(@D max(uw u00) €S min(e@,rm)) = (2D max(uo) w0 k00) (@S min(m) v@wm)) =
(Cueryr @) * ((Zuor o)) * (o Som))-

2] (Xuyyr @vm)) * (Euia) €vm)) = Xugy) Qo))
3] (ugyy @) * Xa(yy Qo)) = (Epca), €v(v))-

Proof of theorem (3):
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It is easy and clear.

Proof of theorem (4):

Let (x#(y), Ay(b)), (z#(t),c,,(d)) €S , then: (xu(y), Ay(p)) * (Z”(t),c,,(d)) €ES , so that

~1,ac™! € K and H, K are subgroups of G, where:

Xz
A’g‘K= S = {(x#(y),a,,(b)) ;x€EH ;ac€ K}‘

Proof of theorem (5):

1] If H is abelian, then x-y=y-x for all x,y€ Ha-c=c-a for all x,y € Ha,c €K,
thus:

(utyy o) * (Zue), Co@)) = (Zuy cv@) * (uty) @ony), thus Ag s abelian.

2] A% K is normal if and only if H,K are normal, thus AfX is normal subalgebra if and

only if:
Xugyy o)) * Zuc) Coa)) * (xy(y), av(b)) € AZX, that is because xyx~! € H,aca™! € K.

Proof of theorem (6):

1] Forall (xu(y), avv)) (Zuo)s Coa)) € Z(Ag), we have:

(Xuyy Qo)) * (Zﬂ(t), cv(d)) € Z(Ag), that is because for z, (), Cy(a) € G.
_ AZ(6),Z2(G)
2] (Xu(y) Aup)) € Z(Ag), then b,y € G, and x,a € Z(G), so that Z(Ag) = A )
Proof of theorem (7):

EHNK X0y, A e AL
1] Let (Xu(y) @o(n)) € AIC-;mK,LnS, then {x '{a ELNS and {( u(») (b)) G

yea beG (tuy) Qo)) € AG”
that:

Xu(yy ) € AZt N Age.

(Xu(y) op) € Ag™
S

a€ELNS

so that: {x cHNK

Conversely, if (x,(y), QGup)) € AR N ASS, then {
(Xuyy avw) € B¢’

, hence
(uyy Gop)) € Ag"OHS and AR = ARE 0 A
2] It can be proved by a similar argument.

Proof of theorem (8):
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1] Ag is n-abelian if and only if (Xuiyy Gom)™ * Zu)) Co@)™ =
(D maxue)u®), @) mmwm)vy), Which is equivalent to:x™y™ = (xy)*, and G is

n-abelian.

2] A; is n-power closed if and only if: (xu(y),av(b))"*(Z#(t),cu(d))n=

(((lu(k),sv(n)))n) ;z,¢,a,bd,n,k € G.

This is equivalent to:x™y™ = [, hence G is n-power closed group.

Conclusion

In this paper, we studied the binary two-fold algebra built over intuitionistic fuzzy groups,
where the two-fold binary operations on these algebras are defined and studied with some
related substructures such as two-fold sub-algebras of intuitionistic fuzzy groups two-fold
algebras, binary two-fold centers, and binary normality.
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