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Abstract: In many scientific domains, there is a growing interest in the shortest path problem. 

Traffic routes that can be precisely defined become arbitrary due to the damage that natural 

catastrophes inflict on roads and bridges. The truth membership, indeterminacy membership, 

and falsity membership of the component elements make up a neutrosophic set. Their axis of 

symmetry is indeterminacy membership, and it has a symmetric form. The neutrosophic 

number is a better way to express the edge distance in uncertain circumstances. With an edge 

distance stated using Fermatean neutrosophic numbers (FrNN), the study aims to solve the 

shortest path problem of the Fermatean neutrosophic graph. Additionally, the edge distance 

will be resolved based on the score and precise functions derived from the FrNN. In order to 

solve the shortest path problem and determine the shortest distance, the application of a 

circle-breaking algorithm is suggested. 
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1. Introduction 

In many sectors, the Shortest Path Problem (SPP) is one of the most important and 

well-known problems, and it is the heart of network instabilities. Fuzzy numbers are useful in 

conventional problems where the node distance is supposed to be known. In these situations, 

the optimal solution can be obtained in an unknown setting. Calculating the minimum cost of 

a path for each vertex is known as single source SPP. Especially when trying to find the 

shortest way, finding the path with the fewest bends is crucial and will yield the greatest 
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outcomes. 

 

Senapati et al. came up with the novel concept of the Fermatean fuzzy set [21, 22]. One of its 

constraints is that the total of the membership and non-membership grades' third powers 

cannot be equal to one. More spatial severity in the membership and non-membership grades 

allows Fermatean Fuzzy Sets (FFSs) to assist with unpredictability of data more successfully. 

Later on, they use FFSs to figure out a few techniques. A thorough examination of FFSs and its 

uses is given in reference. Thamizhendhi et al. [25] defined Fermatean Fuzzy Hyper-Graphs 

(FFHGs) and gave them many interpretations and characteristics. Operators on single-valued 

Neutrosophic graphs are investigated in the source material [6] by Talea et al. Furthermore, 

activities on Neutrosophic ambiguous graphs are clarified in [7]. 

The Bellman algorithm was suggested by Tan et al. [7]. Broumi used the original Bellman 

algorithm to find the shortest path from the start point to the end point. Broumi et al. [5] 

found the solution for an Isolated single valued neutrosophic graph. Tan [24] applied an 

improved dynamic programming algorithm to the SPP of a trapezoidal fuzzy medium 

intelligence graph, beginning the search from the end point, and the NN was not accurate 

during the operation process. Scoring function and accuracy function for the pentagonal NN's 

were applied to the SPP by Chakraborty [9]. 

 The circle-breaking algorithm functions more effortlessly than the Dijkstra approach in order to 

tackle the least spanning tree problem of undirected graphs, Guan [15] invented the   

circle-breaking technique in 1975. Beginning with the original graph, the circle-breaking 

technique iteratively removes the longest edge within the closed circle until it yields a minimal 

spanning tree. Consequently, one edge of the longer of the two paths that create the closed circle 

can be constantly eliminated when this technique is applied to the directed neutrosophic graph, 

allowing any two points to be connected while disconnecting the considerably longer path. 

Numerous clarifications of neutroshopic sets and graphs are provided in [18,19,20] by various 

researchers. Ultimately, the algorithm resolves the neutrosophic graph's SPP. Lehua et al [17] 

explored the Shortest Path Trapezoidal Fuzzy Neutrosophic Graph with Circle-Breaking 

Algorithm. Amala et al [1], presented Modified Circle Breaking Algorithm to solve a Shortest Path 

Problem. Very recently, an innovative optimal technique entitled Dhouib-Matrix-SPP (DM-SPP) is 

invented by Dhouib in [11]. In addition, the DM-SPP is enhanced for cognitive mobile robot 

(using four and eight movement directions) by Dhouib in [12, 13, 14]. Zeng et al proposed an 

Islanding Algorithm of Distribution System with Distributed Generations based on 

Circle‐breaking Algorithm [28]. 

   In unidentified scenarios, it is customary to determine the edge distance utilizing the     

neutrosophic number. The investigation seeks to solve the shortest path difficulties of the 

Fermatean neutrosophic graph with an edge distance provided by Fermatean neutrosophic 

numbers (FrNN). For weighted, connected, and undirected graphs, the lowest cost spanning tree 

problem can be solved with the help of the circle-breaking algorithm. The edge distance will be 

resolved based on the score and precise functions derived from the FrNN. Furthermore, the SPP 

for directed graphs will be expanded, and the graphs will be examined in search of a closed circle 
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that connects the beginning and ending vertices. Until there are no more circles in the picture, the 

previous procedures are repeated after removing the final edge of the longer path. The ability to 

handle issues occurring in Fermatean neutrosophic graphs is what makes the proposed method 

new. The results of this study will be used to develop new frameworks and algorithms that will 

determine the optimal path for a given network in a variety of fixed contexts and neutrosophic 

environments in the future. The aforementioned method has relevance to all kinds of 

neutrosophic structures. This algorithmic rule can be implemented to machine learning, 

shipping, computerized systems, research facilities, manufacturing facilities, and other locales 

where shortest path explanations are crucial. The datasets evolved and/or scrutinized during this 

study are not exposed to the community at large. 

The layout of this article is arranged systematically as follows: Introduction about the research 

work is given in section1.Section 2 provides some basic concepts of Fermatean neutrosophic 

numbers and graphs. In section 3, Circle-Breaking Algorithm is provided. In Section 4, a 

numerical example is deliberated. The conclusion of this research work is summarized in the last 

Section 5. 

 2. Preliminaries: 

Definition: 2.1 [18] 

Let X be a non-empty set (universe). The concept of Fermatean neutrosophic sets (FN sets) 𝑁 ̃ on 𝔘 is 

an object that can be represented mathematically by A on x is of the following format: 𝐴 = {(𝑥, όP(𝑥), 

ύP(𝑥), ώP(𝑥))/𝑥 ∈ 𝑋}, Where όP(𝑥), ύP(𝑥), ώP(𝑥)∈ [0,1], 0 ≤ (όP(𝑥))3 + (ύP(𝑥))3 ≤ 1 and 0 ≤ (ώP(𝑥))3 ≤ 1. 

Then 0 ≤ (όP(𝑥))3 + (ύP(𝑥))3 + (ώP(𝑥))3 ≤ 2, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑖𝑛 𝑋 όP(𝑥) is the degree of membership, ύP(𝑥) is the 

degree of indeterminacy and ώP(𝑥) is the degree of non-membership. Here όP(𝑥)𝑎𝑛𝑑 ύP(𝑥) are 

dependent components and ώP(𝑥) is an independent component.  

Definition: 2.2 [18] 

 Let X be a nonempty set and I the unit interval [0, 1]. A Fermatean neutrosophic sets K and L of the 

form K = {(𝑥, όP(𝑥), ύP(𝑥), ώP(𝑥))/𝑥 ∈ 𝑋}and L = {(𝑥, όQ(𝑥), ύQ(𝑥), ώQ(𝑥))/𝑥 ∈ 𝑋}. Then  

1)  = {(x, όP(𝑥), 1 − ύP(𝑥), ώP(𝑥)): 𝑥 ∈ X }  

2) K  L ={(x, max(όP(𝑥), όQ(𝑥)),min(ύP(𝑥), ύQ(𝑥)) ,min (ώP(𝑥), ώQ (𝑥)): 𝑥 ∈ 𝑋 }  

3) K ∩ L ={(x, min(όP(𝑥), όQ(𝑥)),max(ύP(𝑥), ύQ(𝑥)),max(ώP(𝑥), ώQ (𝑥)): 𝑥 ∈ 𝑋 } 

 

Definition: 2.3 [18] 

Let P = (όP, ύP, ώP) and Q = (όQ, ύQ, ώQ) be any two Fermatean neutrosophic numbers on a vertices on 

any graph G then the edge length from Q to P is defined as 

      ΌQ  = min{ όP (u), όP  (v)} 

      ύQ  = min{ ύP (u), ύP  (v)} 

      ώQ  = min{ ώP (u), ώP  (v)} , if  όQ( ), ύQ( ), ώQ( ) ∈[0,1] 
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Definition: 2.4 [18] 

Let the vertices    όs ( ), ύs( ), ώs( ) be Fermatean neutrosophic number then the score 

function is defined as  

S =                                      (1)  

Definition: 2.5 [20] 

Let G = (V, E) be a graph which is an ordered pair a set of vertices (nodes or points) and a set of edges 

(links or lines), which an edge is associated with two distinct vertices.  

Definition: 2.6 [20] 

 Any fuzzy relation 𝜇: 𝑆 × 𝑆 → [0,1] can be regarded as defining a weighted graph, or fuzzy graph, 

where the arc (𝑥, 𝑦) ∈ 𝑆 × 𝑆, for all x, y in S has weight 𝜇(𝑋, 𝑌) ∈ [0,1]. 

Definition: 2.7 [20]  

A Neutrosophic graph is of the form  = (𝑉, 𝜎, 𝜇) where 𝜎 = (T1 ,I1 , 𝐹1 ) & 𝜇 = (𝑇2 ,𝐼2 , 𝐹2) 

 (i) 𝑉 = {𝑣1 , 𝑣2 , 𝑣3 , … 𝑣𝑛} such that 𝑇1 ∶ 𝑉 ⟶ [0,1], I1 : 𝑉 ⟶ [0,1] and 𝐹1 : 𝑉 → [0,1] denote the degree of 

truth-membership function, indeterminacy–membership function and falsity membership function 

of the vertex 𝑣1 ∈ 𝑉 respectively and 0 ≤ 𝑇𝑖 (𝑣) + I𝑖 (𝑣) + (𝑣) ≤ 3, ∀ 𝑣𝑖 ∈ 𝑉 ( i = 1,2 , 3, … 𝑛). 

 (ii) 𝑇2 ∶ 𝑉 × 𝑉 ⟶ [0,1], 𝐼2 : 𝑉 × 𝑉 ⟶ [0,1] and 𝐹2∶𝑉 × 𝑉 → [0,1] where 𝑇2(𝑣𝑖 , 𝑣𝑗),  I2(𝑣𝑖 , 𝑣𝑗) and 𝐹2(𝑣𝑖 , 𝑣𝑗) 

denote the degree of truth-membership function , indeterminacy –membership function and 

falsity-membership function of the edge (𝑣𝑖 , 𝑣𝑗) respectively such that for every edge (𝑣𝑖 , 𝑣𝑗),  

                       𝑇2 ( , 𝑣𝑗) ≤ min{ 𝑇1 (𝑣𝑖 ), 𝑇1 (𝑣𝑗)} ,  

                        I2 ( , 𝑣𝑗) ≤ min{ I1 (𝑣𝑖 ), I1 (𝑣𝑗)} , 

                        F2 ( , 𝑣𝑗) ≤ max{ F1 (𝑣𝑖 ), F1 (𝑣𝑗)} ,  

                 and 𝑇2 (𝑣𝑖 , 𝑣𝑗) + 𝐼2 (𝑣𝑖 , 𝑣𝑗) + 𝐹2 (𝑣𝑖 , 𝑣𝑗) ≤ 3 

Definition: 2.8 [20] 

 A Fermatean fuzzy Graph (FFG) on a universal set X is a pair 𝔾 = (𝒫, 𝒬) where 𝒫 is Fermatean fuzzy 

set on X and 𝒬 is a Fermatean fuzzy relation on X such that :  

{ q (𝑢, 𝑣) ≤ min{𝑇𝒫(𝑢), 𝑇𝒫(𝑣)} 

{ q (𝑢, 𝑣) ≥ max{𝐹𝒫(𝑢), 𝐹𝒫(𝑣)} and 

 0 ≤  (𝑢, 𝑣)+  (𝑢, 𝑣) ≤ 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢, 𝑣 ∈ 𝑋, where , 𝑇𝒬: 𝑋 × 𝑋 → [0,1], 𝐹𝒬: 𝑋 × 𝑋 → [0,1] indicates 

degree of membership and degree of non-membership of 𝒬, correspondingly. Here 𝒫 is the 

Fermatean fuzzy vertex set of 𝔾 and 𝒬 is the Fermatean fuzzy edge set of 𝔾. 

Definition: 2.9 [20] 

Let X be a universal set. A mapping 𝒫 = (𝑇𝒫,, 𝐹𝒫) : 𝑋 × 𝑋 → [0,1] is called a Fermatean Neutrosophic 

relation on X such that 𝑇𝒫(𝑢, 𝑣), 𝐼𝒫(𝑢,𝑣), 𝐹𝒫(𝑢,𝑣) ∈ [0,1] for all 𝑢, 𝑣 ∈ 𝑋.  

Definition: 2.10 [20] 

Let 𝒫 = (𝑇𝒫,𝐼𝒫, 𝐹𝒫) and 𝒬 = (𝑇𝒬,𝐼𝒬, 𝐹𝒬) be Fermatean Neutrosophic sets on X if 𝒬 is Fermatean 

Neutrosophic relation on X, then 𝒬 is called a Fermatean Neutrosophic relation on 𝒫 if { 𝑇𝒬(𝑢,𝑣) ≤ 
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min{𝑇𝒫(𝑢), 𝑇𝒫(𝑣)} 𝐼𝒬(𝑢,𝑣) ≥ max{𝐼𝒫(𝑢),𝐼𝒫(𝑣)} 𝐹𝒬(𝑢,𝑣) ≥ max{𝐹𝒫(𝑢), 𝐹𝒫(𝑣)} if 𝑇𝒫(𝑢, 𝑣), 𝐼𝒫(𝑢, 𝑣), 𝐹𝒫(𝑢,𝑣) ∈ 

[0,1] for all 𝑢, 𝑣 ∈ 𝑋.  

Definition: 2.11 [20] 

A Fermatean neutrosophic graph on a universal set X is a pair 𝔾 = (𝒫, 𝒬) where 𝒫 is Fermatean 

Neutrosophic set on X and 𝒬 is a Fermatean Neutrosophic relation on X such that:  

                    

                     and  0 ≤  (𝑢, 𝑣)+  (𝑢, 𝑣) +  (𝑢, 𝑣) ≤ 2, for all 𝑢, 𝑣 ∈ 𝑋 

where , 𝑇𝒬: x × x → [0,1], I𝒬: x × x → [0,1] and F𝒬:x × x → [0,1] indicates degree of membership, degree 

of indeterminacy-membership and degree of non-membership of Q, correspondingly. Here, P is the 

Fermatean Neutrosophic vertex set of G and Q is the Fermatean Neutrosophic edge set of G. 

Definition: 2.12 [19] 

Let (η, ξ) ∈ N, L = , is a Fermatean neutrosophic normal number (FNNN), where its 

degree of truth, indeterminacy and falsity membership are 

defined, , , ,x∈𝑋 respectively, where x is a 

non empty set and ∈[0,1] and 0   

If   =  ,  =  be any two FNNNs and  ∧ be a positive 

integer, then 

1.  ,                 

                                                            (2) 

2.  = (  ,                 

                                                            (3) 

3.  ∧ .  ∧.  ∧. ;  , )                                    (4) 

4.  = (( ;                                                (5) 

Definition: 2.13 [19] 

Let  =  ,  =  be any two FNNNs be the any two 

 FrNN s. Then,  
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(i) The Euclidean distance between L1 and L2 is defined as DE(L1, L2) , where 

 DE(L1, L2) =                  (6) 

 

(ii) The Hamming distance between L1 and L2 is defined as DE(L1, L2) , where 

      DH (L1, L2) =              (7) 

 

3. Procedure for Solving SPP with Circle-Breaking Algorithm on Fermatean Neutrosophic 

Graph. 

With the circle-breaking algorithm, the lowest cost spanning tree issue for weighted, 

linked, and undirected graphs can be tackled (see Figure 1). In addition, it will extend the SPP 

for directed graphs and explore the graphs for a closed circle that binds the starting and 

terminating vertices. After eliminating the last edge of the longer path, the preceding steps are 

repeated until there are no more circles in the figure.  
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Figure 1: Procedure for Circle-Breaking Algorithm 

 

    The particular steps are outlined below, 

Step 1:  In the Fermatean neutrosophic graph, define a closed circle at random.            

         Then, determine the two pathways, p1 and p2, that encircle the closed circle.  

         These paths have a common starting node, N0, and a common ending node, N1. 

Step 2:  E v ery path's edges add up. The two pathways are then   

         represented by the trapezoidal fuzzy numbers  and . 

Step 3:  Determine the value of the scoring function. 

Step 4:  Employing the ranking function, correlate the sizes of S( )1 and S( , then  

         locate and eliminate. 

4. Numerical Example: 

    Consider the Fermatean neutrosophic shortest path problem, with six nodes (see Figure 2). 

 Table 1.  Details of edge information in terms of Fermatean neutrosophic numbers (FrNN). 

 

Vertices Fermatean neutrosophic number 

  (1,2) <(0.2,0.4);0.3,0.7,0.5 > 

(1,3) <(0.1,0.3);0.5,0.3.0.8> 

(2,4) <(0.2,0.3);0.4,0.8,0.6> 

(2,5) <(0.3,0.4);0.6,0.5,0.7> 

(3,4) <(0.1,0.4);0.7,0.6,0.8> 

(3,5) <(0.2,0.3);0.9,0.6,0.5> 

(4,6) <(0.3,0.5);0.8,0.4,0.6> 

(5,6) <(0.1,0.2); 0.4,0.3,0.5> 

 

 

Figure 2: Fermatean neutrosophic graph. 

The shortest path from ① to ⑥ is solved based on the circle‐breaking algorithm. A circle is 
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randomly selected in the figure, the larger of the two paths surrounding the circle is determined, 

and the last edge of the circle is deleted. This process is repeated until no other circle can be found. 

Finally, the only path remaining from ① to ⑥ is the shortest path. 

Step 1: Circle ①②④③① in Figure and paths  

 P1= {(1,3),(3,4)} and P2= {(1,2),(2,4)} that make up the closed circle, as indicated by the thick lines in 

Figure 3, are found. 

 

Figure 3: Closed circle ①②④③① 

Step 2: According to Equation (2), all Fermatean neutrosophic edges of each path are summed, and 

the TrFNN of the two paths are obtained by determining and and  

 

= <(0.2,0.4);0.3,0.7,0.5 >  <(0.2,0.3);0.4,0.8,0.6> 

=  ,                 

                                                          

= ((0.4,0.7):  ,                 

                                                          

= ((0.4, 0.7):  ,    

= ((0.4, 0.7):  ,  

= ((0.4, 0.7) :       

= ((0.4, 0.7) :0.45,0.97,0.3)              
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 =  <(0.1,0.3);0.5,0.3.0.8> <(0.1,0.4);0.7,0.6,0.8> 

 ,                 

                                                          

= ((0.2,0.7):  ,                 

                                                          

= ((0.2,0.7):  ,    

= ((0.2, 0.7):    .  

= ((0.2, 0.7) :       

= ((0.2, 0.7) :                

Step 3: The Score function of is given by S =  

= ((0.4, 0.7) : 0.45,0.97,0.3)                 

 =   =  = 0.71 

= ((0.2, 0.7) :                

 =  =  = 0.653 

 Step 4: Because   , according to Definition 7. Thus, by deleting the last edge, (3, 4), 

in p1, the Fermatean neutrosophic graph in Figure. 4 can be obtained. 
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Figure 4: Removal of edge (3, 4).  

Step 5: Closed circle ①②⑤③① in Figure 4 is selected, and paths P3 = {(1,3),(3,5)} and              

P4 ={(1,2),(2,5)} that make up the closed circle, as indicated by the thick lines in Figure 5, are obtained. 

Once this task is completed, we return to Step 2. 

 

 

Figure 5:  Closed circle ①②⑤③① 

Step 6: According to Equation (2), all neutrosophic edges of each path are summed, and the FrNN of 

the two paths are obtained by determining  and . 

     

=  <(0.1,0.3);0.5,0.3.0.8>  <(0.2,0.3);0.9,0.6,0.5> 

=  ,                 

                                                          

=((0.3,0.6):  ,                 
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= ((0.3,0.6):  ,     

= ((0.3,0.6):  ,    

= ((0.3,0.6) :      =   ((0.3,0.6):                

  

 =  <(0.2,0.4);0.3,0.7,0.5 >  <(0.3,0.4);0.6,0.5,0.7> 

 ,                 

                                                          

= ((0.5,0.8):  ,                 

                                                          

= ((0.5,0.8):  ,   

= ((0.5,0.8):  ,   

= ((0.5,0.8) :      =  ((0.5, 0.8) : , )      

Step 7: The Score function of is given by S =  

= ((0.3,0.6):      ,  =  =  = 0.79 

= ((0.5, 0.8) : , )  .  =  =  = 0.73 

Step 8: Because  ,   can be obtained according to Definition 7. Thus, by deleting the 

last edge, (3, 5), in p3, the Fermatean neutrosophic graph depicted in Figure 6 can be obtained. 
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Figure 6: Removal of edge (3, 5) 

Step 9: Another closed circle ②④⑥⑤② in Figure 6 is identified, such that paths  

P5 ={(2,4),(4,6)} and P6={(2,5),(5,6)} make up a closed circle, as indicated by the thick lines in Figure 7. 

Once this task is completed, we return to Step 2. 

 

Figure 7: Closed circle ②④⑥⑤②. 

Step 10: According to Equation (5), all Fermatean neutrosophic edges of each path are summed, and 

the FrNN of the two paths are obtained by computing   and . 

 

<(0.2,0.3);0.4,0.8,0.6>  <(0.3,0.5);0.8,0.4,0.6> 

 =   ,                 

                                                          

= ((0.5,0.8):  ,                 

                                                          

= ((0.5,0.8):  ,   

= ((0.5, 0.8):  ,   
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= ((0.5, 0.8) :      =    ((0.5, 0.8) : ,      

 

 

   =  <(0.3,0.4);0.6,0.5,0.7>  <(0.1,0.2); 0.4,0.3,0.5> 

 ,                 

                                                          

=((0.4,0.6):  ,                 

                                                          

= ((0.4,0.6):  ,                 

                                                          

= ((0.4, 0.6):  , )) 

= ((0.4, 0.6) :  ,     

=    ((0.4, 0.6) :        

The Score function of is given by S =  

=    ((0.5, 0.8) : ,      

 =  =  = 0.8 

=    ((0.4, 0.6) :   

 =  =  = 0.7 

Step 11: Because    , according to Definition 7, we can obtain   . The last 

edge, (4, 6), in P5 is deleted, and the Fermatean neutrosophic graph is obtained, as depicted in Figure 

8. 
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Figure 8: Removal of edge (4, 6) 

 

Step 12: In the Fermatean neutrosophic graph illustrated in Figure 8, it is no longer possible to find a 

closed circle and the circle‐breaking algorithm ends. As indicated by the dotted line in Figure 9, only 

one path exists from starting node 1 to ending node 6, which is the shortest path sought. 

 

Figure 9: Shortest Path  

5. Conclusion: 

 Circle-breaking algorithm is applied in this paper to fix the SPP of a Fermatean neutrosophic graph, 

and we utilized an example to confirm the algorithm's viability. The suggested framework may be 

expanded upon and enhanced in the future to enable it to figure out the distance or shortest path 

between two locations on a map that depicts various kinds of networks. This paper concludes that it 

has painstakingly developed a sound theoretical framework, pointing out the shortcomings of the 

existing methods and emphasizing the need for Fermatean neutrosophic numbers. Trigonometric 

similarities and more distance measurements can be presented in the future, and many real-world 

decision-making issues can be resolved. 
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