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Abstract. In this article, starting from primary represen-
tation of neutrosophic information, namely the triplet (u,
w, v) made up of the degree of truth y, degree of indeter-
minacy o and degree of falsity v, we define a refined rep-
resentation in a penta-valued fuzzy space, described by
the index of truth t, index of falsity f, index of ignorance
u, index of contradiction ¢ and index of hesitation h. In
the proposed penta-valued refined representation the in-
determinacy was split into three sub-indeterminacies

such as ignorance, contradiction and hesitation. The set
of the proposed five indexes represents the similarities of
the neutrosophic information («, @, v) with these particu-
lar values: T=(1,0,0), F=(0,0,1), U=(0,0,0), C=(1,0,1) and
H=(0.5,1,0.5). This representation can be useful when the
neutrosophic information is obtained from bipolar infor-
mation which is defined by the degree of truth and the
degree of falsity to which is added the third parameter, its
cumulative degree of imprecision.
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1 Introduction

The neutrosophic representation of information was
proposed by Florentin Smarandache [6], [13-22] and it is a
generalisation of intuitionistic fuzzy representation pro-
posed by Krassimir Atanassov [1-4] and also for fuzzy rep-
resentation proposed by Lotfi Zadeh [23]. The neutrosoph-
ic representation is described by three parameters: degree
of truth x, degree of indeterminacy w and degree of falsity
v. In this paper we assume that the parameters y, w,v €
[0,1].

The representation space (u, w,v) is a primary space
for neutrosophic information. Starting from primary space,
it can be derived other more nuanced representations be-
longing to multi-valued fuzzy spaces where the set of pa-
rameters defines fuzzy partitions of unity. In these multi-
valued fuzzy spaces, at most four parameters of representa-
tion are different from zero while all the others are zero [7],
[8]. [9], [10].

In the following, the paper has the structure: Section 2
presents previous works: two penta-valued representations.
In the first representation, the indeterminacy was split in
neutrality, ignorance and saturation while in the second the
indeterminacy was split into neutrality, under-definedness
and over-definedness; Section 3 presents the construction
of two multi-valued representation for bipolar information.

The first is based on Belnap logical values, namely true,
false, unknown and contradictory while the second is based
on a new logic that was obtained by adding to the Belnap
logic the fifth value: ambiguity; Section 4 presents two

variants for penta-valued representation of neutrosophic in-
formation based on truth, falsity, ignorance, contradiction
and hesitation; Section 5 presents a penta-valued logic that
uses the following values: true, false, unknown, contradic-
tory and hesitant; Section 6 presents five operators for the
penta-valued structures constructed in section 4. Firstly, it
was defined two binary operators namely union and inter-
section, and secondly, three unary operators, namely com-
plement, negation and dual. All these five operators where
defined in concordance with the logic presented in the sec-
tion 5; The last section outlines some conclusions.

2 Previous works

It was constructed two representations using penta-valued
fuzzy spaces [7], [8], [9]. One that is based on truth, falsity,
neutrality, ignorance and saturation and the other that is
based on truth, falsity, neutrality, under-definedness and
over-definedness.

Below is a brief overview of these variants.

2.1 Penta-valued representation of neutrosophic
information based on truth, falsity, neutrality, ig-
norance and saturation

We can define a penta-valued partition with five indexes:
index of truth, index of falsity, index of neutrality, index of
ignorance and index of saturation by:
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—u- min( u, @) + min( 4, v)

t . 2.1.1)
foy— mi”(""");min(“"’) (2.1.2)
_ oo MinC4, ) ; min(v, ) (2.1.3)
u=1-max(uw,v) (2.1.4)

s = min(u, w,v) (2.1.5)

These five indexes verify the condition of partition of unity,
namely:

t+f+n+u+s=1 (2.1.6)
Also, there exists the equality:
t-f'n=0 (2.1.7)

Having this representation, the neutrosophic information
could be true, false, neutral, unknown, and saturated.
These five information features have the following proto-
types: T =(1,00) ; F=(0,01) ; N=(010) ; S=
(1,1,1) ; U = (0,0,0). The geometrical representation of
this construction can be seen in the figure 1.

saturated

true

false

unknown

Fig.1. The geometrical representation for the penta-valued space
based on true, false, neutral, unknown and saturated.

Also, we can define the inverse transform from the penta-
valued space (t,f,n,u,s) to the primary three-valued
space (u, w, V) using the next formulae:

u =t +min(t, f) + min(t,n) + s
w =n + min(t,n) + min(f,n) + s

v = f +min(t, f) + min(f,n) + s

2.2 Penta-valued representation of neutrosophic
information based on truth, falsity, neutrality, un-
der-definedness and over-definedness

Firstly, we will define the neutrosophic definedness.
Before the definedness construction, we will denote the
mean of neutrosophic components:

_utV+o
3

2 (2.2.1)

The neutrosophic definedness is described by a function:
0 :[01] — [-11] having the following properties:

i) 5(0)=-1
.. 1
i d|=|=0
KH
iii) o) =1
iv) S increases with its argument

Here are some examples:

31-1
S(A) = T2 (2.2.2)
5(4) = 2sin(/1%j -1 (2.2.3)
5(2) = @ -1 (2.2.4)
S5(A) = w (2.2.5)
J2a—1-2

oA)=—F—— 2.2.6
(4) o i (2.2.6)

If the neutrosophic definedness is positive, the information
is inconsistent or over-defined, if it is zero, the
neutrosophic information is consistent or complete and if it
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is negative, the information is incomplete or under-defined.
We denote by:

5* =max(5,0) (2.2.7)

6~ =max(-9,0) (2.2.8)
Using the neutrosophic definedness we define index of
truth, index of falsity, index of neutrality, index of over-
definedness and index of under-definedness by:

1-5°
t= - 229
+o (2.2.9)
n=1=% ., (2.2.10)
3+0
Sl 2.2.11)
31+0
0=5" (2.2.12)
u=_9 (2.2.13)
31+6"

These five parameters verify the condition of fuzzy
partition of unity, namely:
t+n+f+o+u=1 (2.2.14)
with u-0=0.
Having this representation, the neutrosophic information
could be true, false, neutral, over-defined and under-
defined.
For this penta-valued representation the indeterminacy has
three components: neutrality, over-definedness and under-
definedness, namely:
i=n+o0+u (2.2.15)
We must draw attention to the difference between
saturation that represents the similarity to the vector (1,1,1)
and the over-definedness that is related to the inequality
U+ w+v > 1. Inthe same time, for both parameters, the
maximum is obtained for y = w =v = 1.
Also, the ignorance supplies a similarity to the vector
(0,0,0) while the under-definedness represents a measure
of the inequality u+w +v <1 and the maximum is
obtainedforuy=w=v=0.
In figure 2 we can see the geometrical representation of
this construction.

over-defined

true

false

under-defined

Fig.2. The geometrical representation for the penta-valued space
based on true, false, neutral, under-defined and over-defined.

3 Tetra and penta-valued representation of bi-
polar information

The bipolar information is defined by the degree of truth u
and the degree of falsity v. Also, it is associated with a
degree of certainty and a degree of uncertainty. The bipolar
uncertainty can have three features well outlined:
ambiguity, ignorance and contradiction. All these three
features have implicit values that can be calculated using
the bipolar pair (u, v).

In the same time, ambiguity, ignorance and contradiction
can be considered features belonging to indeterminacy but
to an implicit indeterminacy. We can compute the values
of these implicit features of indeterminacy. First we

calculate the index of ignorance m and index of
contradiction k:
m = 1-min(1,p + v) (3.1
k=max(l,u+v)—1 (3.2)
There is the following equality:
utv+mr—xk=1 (3.3)
which turns into the next tetra valued partition of unity:
w-K+uv-K)+n+r=1 (3.4)

The four terms form (3.4) are related to the four logical
values of Belnap logic: true, false, unknown and contradic-
tory [5]. Further, we extract from the first two terms the
bipolar ambiguity a:
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a=2-min(L—Kv—K) (3.5

The formula (3.5) has the following equivalent forms:
a = 2min(u,v) — 2k (3.6)
a=1—-|u—v|—|u+v-1| 3.7)
a=1—-—max(|2u—1|,12v—1|) (3.8)

Moreover, on this way, we get the two components of bi-
polar certainty: index of truth =+ and index of falsity 7~:

‘r+=,u—rc—E (3.9
2
T‘=v—1c—g (3.10)
2
having the following equivalent forms:
tt = u— min(y,v) (3.11)
77 =v —min(y,v) (3.12)

So, we obtained a penta-valued representation of bipolar
information by (z*,77,a,m, k). The vector components
verify the partition of unity condition, namely:

"+ 1 ta+n+r=1 (3.13)

The bipolar entropy is achieved by adding the components
of the uncertainty, namely:

e=a+m+kK (3.14)

Any triplet of the form (u, v, i) where i is a combination of
the entropy components (a,m, k) does not define a
neutrosophic information, it is only a ternary description of
bipolar information.

In the following sections, the two representations defined
by (3.4) and (3.13) will be used to represent the neutro-
sophic information in two penta-valued structures.

4 Penta-valued representation of neutrosophic in-
formation based on truth, falsity, ignorance, con-
tradiction and hesitation

In this section we present two options for this type of
penta-valued representation of neutrosophic information.

4.1 Option (1)

Using the penta-valued partition (3.13), described in
Section 3, first, we construct a partition with ten terms for

neutrosophic information and then a penta-valued one,
thus:

Gt+t+a+n+)(w+1l-w)=1 (411

By multipling, we obtain ten terms that describe the
following ten logical values: weak true, weak false, neutral,
saturated, hesitant, true, false, unknown, contradictory and
ambiguous.

+

ty, = Wt
fw = wt”

n=wn

5 = wkK

h= wa
t=01-w)rt
f=A-w)~
u=010-w)r
c=(1—-w)k
a=(1-w)a

The first five terms refer to the upper square of the
neutrosophic cube (fig. 3) while the next five refer to the
bottom square of the neutrosophic cube (fig. 4).

We distribute equally the first four terms between the fifth
and the next four and then the tenth, namely the ambiguity,
equally, between true and false and we obtain:

*(1-wa
t=(1—w)r++%+%

f=(1—w)r‘+wTT_+@

wTT
‘LL=(1-(1))T[+7

wk
c=(1—a));c+7

P AL S
T weTT 2 "2 72

wTT WK

then, we get the following equivalent form for the five fi-
nal parameters:
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weak true

neutral saturated

weak false

Fig. 3. The upper square of neutrosophic cube and its five logical
values.

true

ambiguous
°

unknown contradictory

false

Fig. 4 The bottom square of neutrosophic cube and its five logical
values.

t=(1 —%) (1 —K) —% (4.1.2)
f= (1—%) (v—x) —% (4.1.3)
u=(1- %)n (4.1.4)
c=(1- %) K (4.1.5)
hel ;’ “) (4.1.6)

The five parameters defined by relations (4.1.2-4.1.6) de-
fine a partition of unity:

t+f+h+c+u=1 (4.1.7)

Thus, we obtained a penta-valued representation of neutro-
sophic information based on logical values: true, false, un-
known, contradictory and hesitant.

Since - k = 0, it results that u - ¢ = 0 and hence the con-
clusion that only four of the five terms from the partition
can be distinguished from zero.

Geometric representation of this construction can be seen
in figures 5 and 6.

The inverse transform.
Below, we present the inverse transform calculation, name-
ly the transition from penta-valued representation

(t, f, h,c,u) tothe primary representation (u, w, v).
From formulas (4.1.2) and (4.1.3), it results by subtraction:

t-f=(1-3)w-v

From formulas (4.1.4) and (4.1,5), it results by subtraction:

(4.1.8)

C—u=(1—g)(u+v—1) (4.1.9)
2
Then from (4.1.2), (4.1.3) and (3.5) it results:
2min(t, f) = (1 — w)a (4.1.10)
Formula (4.1.6) is equivalent to the following:
2h-o _ 4111
P a (4.1.11)

Eliminating parameter a« between equations (4.1.10) and
(4.1.11), we obtained the equation for determining
parameter w:

w? — w(1+ 2h + 2min(t, f)) +2h =0 (4.1.12)
Note that the second-degree polynomial:
p(w) = w? — w(1 + 2h + 2min(¢, f)) + 2k (4.1.13)

has negative values for o = 1 and w = 2h, namely
p(1) = ph) = —2min(t, f)

So, it has a root grater than max(1,2h) and one less than
min(1,2h). Also, for w =0, it has a positive value,
namely p(0) = 2h. Therefore, the root belongs to the
interval [0, min(1,2h)] and it is defined by formula:
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Then, from (4.1.8) and (4.1.9), it results the system:
hesitant t—f
u—-v= w
=7
c—u
utv—1= )
2
false contradictory Finally, we obtain formulas for u and v.
1+ t—f+c—u (4.1.16)
l,[_ = — ..
2 2-p+.p2-2h
1 f—-t+c—u
unknown e V== (4117

Fig. 5. The geometrical representation of the penta-valued space,
based on true, false, unknown, contradictory and hesitant.

H(0.5,1,0.5)

F(0,0,1) C(1,0,1)

U(0,0,0) T(1,0,0)

Fig. 6. Geometric representation of prototypes for features: truth,
falsity, ignorance, contradiction and hesitation.

w=p—+Bp%-2h (4.1.14)
where:
B = % + h + min(t, ) (4.1.15)

We must observe that

2 2

1 1
ﬁ2—2h2<§+h> —2h=(§—h) >0

and hence formula (4.1.14) provides a real value for w.

2 g+ Jprozn

Formulas (4.1.14), (4.1.16) and (4.1.17) represent the re-
calculating formulas for the primary space components
(u, w,v) namely inverse transformation formulas.

4.2 Option (I1)

Using the tetra-valued partition defined by formula (3.4)
we obtain:

aw aw
y—K—7+v—K—T+n+K+w=1+w—aw

(u—k—%)+(v—k—%)+n+lc+w

1+w—aw

=1 (4.2.1)

We obtained a penta-valued partition of unity for neutro-
sophic information. These five terms are related to the fol-
lowing logical values: true, false, unknown, contradictory,
hesitation:

-
t= m (4.2.2)
V—K-— %
V[
K
w

Formula (4.2.1) becomes:
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t+f+h+c+u=1 (4.2.7)
The inverse transform
From (4.2.2) and (4.2.3) it results:
__ kv
t—f = T d-ow (4.2.8)
From (4.2.4) and (4.2.5) it results:
S prvod 429
R v (4.2.9)
From (4.2.8) and (4.2.9) it results:
(t=fl+lc—uD
- 4.2.10
T Ty )
from (4.2.6) it results:
! +1 L 4211
> p = (4.211)

Finally, from (4.2.10) and (4.2.11) it results the following
equation:

(t=fl+lc—uDw?>*—w+h=0 (4.2.12)
Note that the second-degree polynomial defined by:
p@) = (It—=fl+lc—uhw*-w+h

has a negative value for w = 1, namely:

p(1) = —2min(t, f)

Hence, it has a root grater than 1 and and another smaller
than 1. Also for w = h it has a positive value, namely:

p(h) = (It = fl + lc —uDh?

So the solution belongs to the interval : [h, 1]

The value of the parameter w is given by:

2h

= 4.2.13

@ 1+ J1—4h(lt—fl+lc—ul) ( )
From (4.2.11) it results:

_ 2(1t = f1 + le = ul) (42.14)

1+ JI-4h(t—fl+lc—uD
from (4.2.13) and (4.2.14) it results:

2
1+1—4h(lt—fl+c—ul)

1+(1-aw=

Then, from (4.2.8) and (4.2.9) it results:

L 2(t—f)
1+1—4h(lt—fl+c—ul)
2(c —u)

u+tv—-1=
1+\/1—4h(|t—f|+lc—u|)

Finally, it results for the degree of truth and degree of fal-
sity, the following formulas:

1 t—f+c—u
n=s+
2 1+ J1—-4h(It—fl+]c—ul)

(4.2.15)

1 f—-t+c—u
v==+ (4.2.16)
2 1+ /1—-4h(lt—fl+]c—ul)

The formulae (4.2.15), (4.2.16) and (4.2.13) represent the
formulae for recalculating of the primary space compo-
nents (u, w,v), namely the inverse transformation formu-
las.

5 Penta-valued logic based on truth, falsity, igno-
rance, contradiction and hesitation

This five-valued logic is a new one, but is related to our
previous works presented in [11], [12].

In the framework of this logic we will consider the
following five logical values: true t, false f , unknown
U, contradictory C, and hesitant . We have obtained
these five logical values, adding to the four Belnap logical
values the fifth: hesitant.

Tables 1, 2, 3, 4, 5, 6 and 7 show the basic operators in
this logic.

Table 1. The Union

—-|C (Do |[—~|C
| =+ | =+ | =+ | =+ |~
o|T|T|o|~|o
jun e o e o ) e
C|C|TTo)|—+ <
-l |T|o|—~+|—

Table 2. The intersection.

oY== 3 i o e o e o e
—h| =h| =h| =h| —h| —n

—|C [T |~D

—|C | T |

—|C [T O ||~
- (SO OO
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The main differences between the proposed logic and the The equivalence is calculated by:

Belnap logic are related to the logical values U and C.

We have defined cu=h and cUu=h while in the xeoy=(=xUy)NxU=ay) (5.4)
Belnap logic there were defined cNu=f and cUu=t.

Table 7. The S-implication
Table 3. The complement.

- |t{c|hju]|f

- t [tjc|hju]|f

t] f c [t{c|[h|h]c

c| C hitih|h|h|h

h|h ultih]jhjuju

uju flt]jt]t]t]t
flt

The S-implication is calculated by:

Table 4. The negation. Xx—>y==xUy (5.5)
t] f 6 New operators defined on the penta-valued
cl u

structure
h|h
ujc . o
flt There be x=(t,c,h,u, f)€ [0,1]. For this kind of vectors,

one defines the union, the intersection, the complement,
the negation and the dual operators. The operators are re-
lated to those define in [12].

Table 5. The dual.

The Union: For two vectors a,be[01]° , where
a=(t,c,,h,,u, f.), b=(t,c, h,,u,, f,) ., one defines

a’™a?' 'a’Ya’' "a

the union (disjunction) d =aub by the formula:

—|c |||~
—|o|z|c |~

t, =t, vt
Cy = (C,+ F)A(C, + f)— Fon £y 61)
The complement, the negation and the dual are interrelated Ug = (U + f)a(u, + )= foafy
and there exists the following equalities: f, =1, Af,
X=X GD  with hy =1—(t, +¢, +U, + f,)
—X=—=X (5.2) . 5 ;
The Intersection: For two vectors a,b €[0,1]° one defines
—X=—==X (5.3) the intersection (conjunction) ¢ =anb by the formula:
te =ty Aty

Table 6. The equivalence
Ce = (Ca +ta) A (Cb +tb) —ta /\tb

(6.2)

ol t[c[h]ulf Ug = (Ua +ta) A(Up +1tp) —ta Aty
t| t|lc|lhlulf fo=1"F,vf
c|lc|c|lh|h]ec ¢ : °
h|{h|h|h|h|h with h, =1—(t, +c, +u, + f)
ulu|h|hj|ulu

f flc|lhju]t
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In formulae (6.1) and (6.2), the symbols “V ” and “A”
represent the maximum and the minimum operators,
namely:
VX, y €[0]1],

Xv'y =max(X,Y)

XAy =min( X,Yy)

The union “U” and intersection “M” operators preserve
de properties t +c+u+ f <1 and u-c =0, namely:

tap + Cab +Uap + Fap <1

aub
Caub "Uaup =0

tamnb +Camb +Uarb + famb <1
Canb "Uarp =0

The Complement: For x = (t,c,h,u, f)€ [0,1]° one defines
the complement x© by formula:
x®=(f,c,h,u,t) (6.3)

The Negation: For x = (t,c,h,u, f)€ [0,1]° one defines the
negation x" by formula:

x"=(f,u,h,c,t) (6.4)

The Dual: For x = (t,c,h,u, f)€ [0,1]° one defines the du-
al x4 by formula:

x* =(t,u,h,c, f) (6.5)
In the set {0,1}5 there are five vectors having the form
x=(t,c,h,u, f) , which verify the condition
t+f+c+h+u=1:
T =(1,0,0,0,00 (True), F =(0,0,0,01) (False),

C=(010,0,0) (Contradictory),
and H =(0,0,1,0,0) (Hesitant).
Using the operators defined by (6.1), (6.2), (6.3), (6.4) and
(6.5), the same truth table results as seen in Tables 1, 2, 3,
4,5,6and?7.

Using the complement, the negation and the dual operators
defined in the penta-valued space and returning in the
primary three-valued space, we find the following
equivalent unary operators:

U =(0,0,0,1,0) (Unknown)

(wwv)t = o (6.6)
wo,v)=0-pwl-v) (6.7)
ww)i=>0-v,01-u (6.8)

Conclusion

In this paper it was presented two new penta-valued struc-
tures for neutrosophic information. These structures are
based on Belnap logical values, namely true, false, un-
known, contradictory plus a fifth, hesitant.

It defines the direct conversion from ternary space to the
penta-valued one and also the inverse transform from pen-
ta-valued space to the primary one.

There were defined the logical operators for the penta-
valued structures: union, intersection, complement, dual
and negation.
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