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Abstract: This paper introduces and explores the concept of lacunary statistical convergence of
double sequence within the framework neutrosophic normed spaces. Neutrosophic normed spaces
extend classical normed spaces by incorporating neutrosophic numbers, which account for the
inherent uncertainty, indeterminacy, and vagueness present in real - world data. The study begins
by defining lacunary statistical convergence for double sequences in this extended context and
proceeds to establish fundamental theorems and properties related to this new notion. In addition,
we present a new idea in this context: statistical completeness. We demonstrate that, while
neutrosophic normed space is statistically complete, it is not complete.

Keywords: Neutrosophic Normed Spaces; Lacunary Statistical Convergence and Cauchyness;
Statistical Completeness.

1. Introduction

Fuzzy theory has been a hot topic of study in a number of scientific domains in the last few years.
Many studies have been published on this theory since Zadeh originally put it forth in 1965. Saadati
and Park introduced the idea of intuitionistic fuzzy normed space initially. Smarandache introduced
the concept of neutrosophic sets as an extension of the intuitionistic fuzzy set. The requirement can
be met when the component sum is equal to one by using neutronosophic set operators. While
indeterminacy is treated by neutrosophic operators on the same plane as truth-membership and
falsehood-nonmembership, intuitionistic fuzzy operators disregard indeterminacy and may
produce different results.

Using the idea of density of positive natural numbers, Fast and Steinhaus separately created
statistical convergence in 1951. Mursaleen and Edely have defined and studied double sequence
statistical convergence. Karakus et al.'s recent study examined statistical convergence in intuitionistic
fuzzy normed space. Rough statistical convergence and statistical A™ convergence were recently
established in neutrosophic normed spaces by Jeyaraman and Jenifer.

Lacunary statistical convergence was first proposed by Fridy and Orhan. The lacunary statistical
Cauchy and convergence for double sequences in neutrosophic normed space will be examined in
this paper. The results presented in this paper contribute to the growing field of neutrosophic
mathematics and provide a deeper understanding of convergence behavior in spaces characterized
by uncertainty and indeterminacy.
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2. Preliminaries

Some of the fundamental notions and definitions that are needed in the following sections are
presented in this section.

Let J represent a subset of the natural number set N. Next, we define the asymptotic density of
3, represented by (), as follows: §(3) = 1i£n% [{k < n: k € J}|. The cardinality of the contained

set is indicated by the vertical bars. The sequence of numbers x = (x;) is statistically convergent to
if for any € >0, the set J(e) = {k < n: |x — | > €} has asymptotic density zero, that is,
11m |{k : |x, — £] = €}] = 0.In this instance, st —lim x = ¢ is written. It should be noted

that while the converse may not always be true, any convergent sequence approaches the same limit
statistically.

If, for any € >0, the set {(j,k),j < m and k < n:|x; — £|= €} has double natural density
zero, then the real double sequence x = (xjk) is statistically convergent to the number £. We
indicate the set of all statistically convergent double sequences by X, in this instance, and the set of
all limited statistically convergent double sequences byX3’. In this example, we write st, —lim x =
L.

Definition 2.1 Let (X, 7, ¢, w *,0,®) be an NNES. Here, X is a vector space, * is a continuous t-
norm, ¢and ® are continuous t-conorm, and 7,9 and w are fuzzy sets on X X (0,) satisfy the
following conditions. For every ¥,y € ¥ and {, 4 > 0,

i) tx D)+ v )+ oix ) < 1
(ii) =(x,A) > 0;
(iii) 7(x, A1) = 1 iff

(iv)t(ax2) = 7(x
(V) (&) * 1(v,9) < 7(x + v,);

(vi) (%) : (0,00) — [0,1] is continuous;
(vii) 11m T(x 1) = 1 and l/{_r{}) t(x 1) = 0;
(viii) v(as AN<1;

(ix) v(xA) = 0 iff x= 0;

(x) v(ax, 1) = ( i) for each a # 0;
(

(xi

(

(

(

(

(

(

(

X =
1
—) oreacha;t 0;

xi) v(x, A1) e v(n,{) = v(x + n, 1+ );

xii) v(%,) : (0,00) — [0,1] is continuous;
xiii) 11m v(x,A) = 0 and %i_r}r&v(x,l) = 1;
xiv) w(x D <1

xv) w(x ) = 0 iff x= 0;

xvi) w(ax, 1) = w( ) for each a # 0;
xvii) w(x 1) ® w(y, () > wE+ 91+
xviii) w(z,): (0,00) = [0,1] is continuous;
ixx) 11m w(x 1) = 0 and hm w(x ) = 1.

In thls case, (1, v, w) is called an NNG.

Definition 2.2. Let a NS be (X, 1, v, w,*,0,®). According to the N (L, v,w), x = (%) is said
to be convergent to £ € X if, Ve > 0and 1> 0, 3kg €N : u(x—4,1) >1—€ v(x, —£,1) <

(mv,w)
€ and w(x, — ¥, 1) <e V k = kg In this instance, we write x LB e as k - o or (wv,w) —

limx = £.
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Definition 2.3. Leta :tNGS be (X, v, w,*,0,®). Then, forevery € >0 and 4 > 0, 3k, € N such
that p(x, — 2, 4) > 1-€, v(3 — 3, 4) <€ and w(x, — %,1) <€ V k,£ = ky. This indicates
that ¥ = (x) is a Cauchy sequence with respect to the NN (i, v, w).

Remark 2.4 [13]. The real normed linear space (X%, ]|-||) has the following properties: u(x,1): =

v(x,1):= /1|1|L||” i and w(x, 1):= ||3E"for all x € X and 1> 0.Subsequently, x, ulx iff x, (_)uvm)x

A
A+l
3. Lacunary Statistical Convergence (2£5£€) of double sequences in tNRS

The idea of £51£C sequencesin NINES is examined in this section. First, let's define what we mean
by O-density:

Definition 3.1 A 25 isan ascending integer sequence 6 = (3J,) suchthat b, := J, — F,-y = ©
as t— o and J, = 0 are considered.
In this study, the intervals identified by 6 will be represented as I: = (J,-1,3.], and the J,/J,-1
ratio will be shortened to 2Q,. Allow N to € N. Assuming the limit exists, the 6 -density of J is
given by the number §4(N) = 11m |{\5 € I:3 € N}

Definition 3.2 Consider the 6. If, for each € > 0, the set J(e) has 6-density zero, where J(€) :
= {k € I:|x, — £| = €}, then a sequence ¥ = (x;) is said to be Ng-convergent to the number #.
Rg —lim x = ¢ or x;, » £(Rg) is written in this instance.

Now we define the Rg-convergence of double sequences with respect to Nt9NES.

Definition 3.3 Let 6 bea 25 and (X, Vv, w,%,9,®) bea NNS. Then, Ve > 0and 1 > 0,
So({G k) eEN XN: p(xjp— 6,21) < 1-€ or v(zj —4,1) 2 €, w(xj — £,4) = €}) =

or equivalently

0o {U, k) EN XN: p(xje— €,4) > 1-¢ v(xj — 4, 1) <eand w(xj, — 4,4) <e€}) = 1.

_ (1,0) . :
Né”'v’w) —lim x = ¢ or xj, —— £(Xp), where ¢ is referred to as Né“’v'“’) —lim %,

and We signify the collection of all Xy-convergent sequences with regard to the 9t9t(y, v, w) by
(wv,w)
Ry,

Here, we write

Lemma 3.4 Consider a NS (X, 1, v, w,%,9,®). Let O be a 25. Then, Ve >0 and 1> 0, the
statements that follow are comparable:

RV _im ¢ = ¢,

So({G k) eN xN: p(xjp—2,1) <1 —¢€})= 8({G, k) EN xXN: v(xj— £,1) =
eand w(xj, — £,1) = €}) =0.

So({G k) EN xXN: p(zj— 6,2)> 1 —€,v(x — £,4) <eand w(xj, — £,1) <e€}) = 1.

So({G k) eNXN:pu(xy — €,2) > 1-€}) =8s({k € :v(xj— €,4) <€}) =8s({k €: w(xj —
L) <e})=1.

8o — limu(xy — £,1) =1, 8g — limv(xj, — £,1) = 0and Ry —lim w(xy — 4,4) =

Theorem 3.5 Let O be a 5 and (¥, Vv, w,%0,®) be a NNGS. N(g” Y9 Jimit is unique if x =
(xjk) is £5tC€ with regard to the NN(u, v, w).

Proof. Assume that Né” V@) _lim x = £, and Né” V@) _1lim x = #,. Consider € > 0 and choose
>0:(1-2)*(1->) >1-€, boedb<eand b®bd<e . Next, define the following sets as
follows for every A > 0:
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312 = {(G,k) EN xXN: p(xj, —€,1) <1—d},
Fu20,0) = {G, k) EN XN : p(xj — £,,1) <11},
3,104 = {( k) EN xN: v(xj, — €1,4) >},
320 = {(k) €N xN: v(x;, — £,1) = b}
o1 (@A) = {(,k) EN XN: w(xj, — €1,1) > b},
Fw2®A) = {(G k) EN XN: w(xj, — £5,1) = b}

We have to use Lemma 3.1 since Ng"’v'm) —lim x = 4,.

8o (Sm(f,l)) = 0y (31;,1(6. /1)) = &y (Sw,1(€; /1)) =0 forall 1> 0.
Additionally, using X, ., — limx = £, we get
86 (3u2(e M) = 6 (Sva(e D) = 8 (Su2(e ) =0 forall 2> 0.
Let's now
Suve©D = (Su1(E DU F,26D) 0 (316D U 326 D) 0 (Sl D) U Suale D).
Next, note that g (Sw‘w (e, }L)) = 0 which suggests
8o (N \ v (E /1)) = 1.If k € N\ J,,,(€ 4), hence, there are three scenarios that could occur.
(@) k €N\ (3,1(6 ) U Jua(e,2)) and
(b) k € N\ (3,1(6 DU 3,2(6,2)).
© k € N\ (Ju1(e D) U Suale ).
We first consider that k € N\ (SM(E, DU F,2(E /1)) . Then we have
2 2
uls = £20) 2w (s t05) s u(m— £5)> @ =) » 1 - ).
w1 —4,,1) >1 —€esince (1 —»d) * (1 —>d) >1—e.
Since € > 0 was random, we obtain u(¢; — €,,1) = 1 forany A > 0, whichresultsin ¢; = £,.
As an alternative, we can write
y) yl . ~ ~
v, — €, ) < v (xk — {}1'5) oy (xk — fz,g) < boedif k € N\ (\5,,,1(6, MU 3J,,(€ A)).
Using the knowledge that d ¢ » < €, we can now observe that v(#; — £,,1) <e.
Thus, forany 4 > 0, v(£; —£,,1) = 0, suggesting that £; = £,.
Also,if k € N\ (Sw,1 (6 DU Ju2(e /1)), after which we could write

Wity = 0= 0(h - £,3)Qo(n - £2) < s@s.

We can observe that w(£; — £,,4) < € by using the information that » ® b <.
Thus, forany 4 > 0, w(f; —£,,4) = 0 implies £; = £,.
Hence, we deduce that Né” Y9 Timit is unique in each case.

Hereby, the theorem's proof is concluded.

Theorem 3.6 Let 6 be any 25 and (X,pLv,w,*°o®) be a MNS. If (u,v,w)—limx =7,
then N(G”’V‘w) —lim x = #.

Proof. Let (4,v,w) —lim x = £. Then for every € > 0 and A > 0, there isanumber k, € N such
that u(x, —4,4) > 1 —€ and v(z, — ,1) <eand w(x — £,1) <e forall k = k,.

Hence the set {(,k) €N xN: pu(x)—42) < 1-eorv(z— 1) =€ w(x) — £,1) > €}
possesses certain number of terms. Given that each finite subset of N has a density of zero,

So({G k) eN xN: p(xjp— 6,2) <1-€ or v(zp — €,4) 2 € w(xj — £,1) = €}) = 0,

that is, X*"*) —1im x = ¢. This concludes the theorem's proof.

Example 3.7 Let (X, [|-]]) denote the space of all real numbers with the usual norm, and let a *
b=ab , aeb=min{a+b,1} and a ® b = min{a + b,1} for all a,b € [0,1]. For all x € R and
A > 0, consider u(x,1):= A v(x,1):= =1 ond w(x )= % Then (X, u,v, w,%,0,®) be a NNG.

A+l T2+
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Now we define a sequence x = (x;;) by
£ _{(jlk);for Jr = [bt]+1<]<]r' [bt]+1<k<kt,rEN
ke~ 0; otherw1se.

Letfor e >0, 1> 0.

Il el el }
€4 {,k ENXN:——— <1—¢€or =€, =€y,
3ie, D) U, k) ,1+|| k| A+ || A

={G. ) eN X N: ||| =2 > 0},
= {0, k) € Nx N [|aze[| = G0 }

={G. k) eNxN:j, =[] +1<j<jky—[Jb] +1<k<k,reN},
and so, we get

13Dl < {0, k)ENXN]r [VBl +1 <) <juky— [JB] +1 <k <k,re N} <2
Wthh 1mphes that hm |\§t(6 A)| = 0. Hence

85(Se(e, 1) = hmbﬂr =0 as r - o implies that x; — 0(Xp).

On the other hand x}k + 0, since

<ji<ij — <k<
1(xA) = s /1+||]k|| sforjr = +1<j<joky—[]+1<k<kreN _ 1, and
7L+||*Jk|| 1; otherwise.
ikl
V(}T-k,l) — ”xjk” = 12+’ fOI']r [br] +1<j< ]rt [br] +1<k<k,reN >0, also
1 A+l 0 ; otherwise.
ikl
w(xg 1) = el A5G for e = bJ+1<j<jok,—[bJ+1<k<k,reN _
] A{lzill 0 ; otherwise.

This completes the proof.
4. Lacunary statistically(25¢) Cauchy double sequences in #NRES

This section introduces a new notion of statistical completeness and defines lacunary statistically
Cauchy double sequences with regard to a J:INGS.

Definition 4.1 Let 8 bea £5 and (X, 1, v, w,*,0,®) bea NNS. Then, Ve >0 and 1 >0, I n=
n(e) and m = m(e) such that

59({(]', k) e NX N: ,u(xjk - X /1) <1l-¢€or v(xjk - xmn,/l),w(xjk - xmn,/l) > 6}) = 0.

This indicates that the sequence x = (x;;) is 2€5¢ — Cauchy (or Rg-Cauchy) with regard to the
(wv, w).

Theorem 4.2 Consider a NG (¥, 1, v, w,%,0,®) with any £5 0. If a sequence x = (xj;) is No-
Cauchy with regard to the (u,v,w), thenitis Xg-convergent.

Proof. Let x = (x;) be Xg-convergentto ¢ with respect to the NN (y, v, w), i.e., N(e” V9 _lim x =
£. Then

8y ({(j,k) €N XN: u(xjk — 1,”,%) <1l-€or v(x]-k —1,”,%) > E,w(xjk —f,%) > 6}) =0.
Specifically, for k =
Sy ({(j,k) EN XN: u(xmn— f%) < l-€or v(xmn— {’%) > e,w(xmn — {)%) > 6}) =0.

Since
u(xix — xmnd) = p (xjk - — ¥y, + #,%+§) = u(xjk - {’%) * u(xmn - {’%)
and since
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V(xjk - xmn'l) v (fjk - f%) oV (xmn - f’%) p w(:fjk - xmn,l) < w (xjk -4, %) ®» w (xmn —
i
22),
we have

86({G, k) EN xN: /.t(x]-k — X A) < 1-€ or v(xjk - T d) = e,w(xjk - ) = €}) =0,
that is, with regard to the 99t (u,v, w), ¥ is Ng-Cauchy.

In contrast, let x = (xjk) be Ry-Cauchy, but with respect to the & (u,v,w), it is not Ry-
convergent.

Consequently, N exists such that 69(?1(6, /1)) =0,
3)

85(B(e, ) =0, i.e §5(BC(e,) = 1;
4)

where

A, ) = {(,k) EN xN: ,u(xjk - fuA) <1 —€or v(x]-k — X A) = e,w(x]-k - e A) =
€},

B(e, 1) = {(j,k) EN XN: u(xjk — {’,g) > ? , v(xjk —{’,%) < g and w (x]-k _{)'%) < 5}.

2
Since

Il(xjk - xmn'l) =2u (fjk - 1/0,%) >1 —¢,
V(xjk — Enqn l) <2v (xjk -4, %) < € and
A
w(xjk - xmn,/l) < 2w (x]-k - {’5) <e€
if (xjk — f,g) > ? , v(xjk — &g) <§ and w (x]-k — f,%) < %
Therefore,

69({(]', k) eEN xN: y(xjk — %t A)>1 —€, v(xjk — xmn,l) < e and w(xjk — ) < e}) =0,
since x was NXy-Cauchy with respect to 99t (u, v, w), 69(91(6, /1)) = 1, which defies (3).
Hence, with regard to (u,v, w), ¥ mustbe Xg-convergent.

Definition 4.3 If all of the Cauchy sequences in (%, 7, ¢, w,*,0,®), then the NG (X, 7, ¢, ,*,0,®)
is considered complete.

Definition 4.4 If every N4- Cauchy sequence in relation to 9N (7, ¢, w), is Ny- convergent in
relation to NN (7,9, w), thena NNGS (X, 7, ¢, w,%,0,®) is statistically complete (Ry- complete).

Theorem 4.5 Let any 25 be represented by 6. In that case, any NS (X, 7, ¢, w,*,0,®) is Ng-
complete, but not necessarily complete.

Proof. Given a N (7,9, w), let x = (xjk) be RXy- Cauchy but not Xy- convergent.
Assuming € >0 and A >0,select > 0: (1 —€)* (1 —e)>1—-b, ece<dand e®e<h.
Now,

r(x]-k — X A) = T(x]-k —1‘,’,%) * r(xmn—t’,%) >(1—-€e)*x(1—-€e)>1-p,

(p(xjk - xmn,/l) <o (xjk - {’g) * @ (xmn - f%) <€eoe<hd and

a)(xjk - xmn,/l) <w (xjk -4, %) * W (xmn -4, %) <e®e <D, as x isnot Ny- convergent.
As aresult, §5($°(e,1)) = 0, where

Sl ) = {(j, k)eN xN: Px e o (E) S 1—1, Wy tmn(€) S 1— r}.
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Consequently, 84($(e,4)) = 1, which is a contradiction, since * was Rg- Cauchy with regard to
NN (7,9, w). Thus, ¥ needstobe Ry- convergentin relationto NN (7, ¢, w). Asaresult, each NNS
is Ng- complete.

We can observe from the following example that a :t9tS is not complete in general.

A
A+l

(p(x,/l):=ﬁ and a)(x,/l):="%”. When the

Example 4.6 For X =(0,1], let t(x,A):= A1l

sequence (%) is Cauchy sequence with respect to NN (7,9, w) but not convergent with respect to

N (1,9, w), then (%, 1, ¢, w, min, max, max) is NNS but not complete.
This concludes the theorem's proof.
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