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Abstract. In this paper, we studied the linear 2-refined neutrosophic differential equations and
defined the homogeneous and non-homogeneous 2-refined neutrosophic differential equations. Also
to presenting 2-refined neutrosophic differential equation of Bernoulli, which turns into a linear
equation and thus facilitates its solution. Apart from talking about how to solve these equations and

giving enough examples to support it.
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1. Introduction and Preliminaries

To describe a mathematical model of uncertainty, vagueness, ambiguity, imprecision,
undefined, unknown, incompleteness, inconsistency, redundancy, and contradiction, Smarandache
suggested the neutrosophic Logic as an alternative to the current logics. Smarandache made refined
neutrosophic numbers available in the following form: (a,bily,byl,,...,b,1,) where
a,by,by,...,b, € Ror C [1]

Agboola introduced the concept of refined neutrosophic algebraic structures [2]. Also, the refined
neutrosophic rings I was studied in paper [3], where it assumed that [ splits into two
indeterminacies I; [contradiction (true (T) and false (F))] and I, [ignorance (true (T) or false (F))]. It
then follows logically that: [3]

LI = 112 =1 €Y}

LI, = 122 =1 (2)

LI =LL =1 (3)
In addition, there are many papers presenting studies on refined neutrosophic numbers [4-5-6-7-8-
12-13-14-15] and Mehmet Celik and Ahmed Hatip presented a study on the refined ah-isometry and
its applications in refined neutrosophic surfaces. Smarandache discussed neutrosophic indefinite

integral (Refined Indeterminacy) [11]
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Alhasan also presented several papers on calculus, in which he discussed neutrosophic definite and
indefinite integrals. He also presented the most important applications of definite integrals in
neutrosophic logic [9-10].

2. Main Discussion

2.1 The homogeneous linear 2-refined neutrosophic differential equations

Definition 1
The general form of the homogeneous linear 2-refined neutrosophic differential equation is given by:

},}+f(x111112)y =0

Whereas f:Ds € R - Ry U {I;, I}, while I,,1, are indeterminacy.

<

’,= _f(x' Il'IZ)y
= _f(x' 11112)

<RI

By integrating the two side, we get:

In (%) = f —f(x, I, 1) dx

Y _ o ~flyizax

y = I ef—f(x,ll,lz)dx
Where C = aq + byly + col, and ay, by, ¢y are real numbers, while I;, I, are indeterminacy.
Example 1
Find the general solution of the following linear 2-refined neutrosophic differential equation:

Solution:

y=((1=5I +2L)x + 4+ 71,)%y

By integrating the two side, we get:

In (%) = f((1 — 5L, + 2I,)x + 4+ 7,)3 dx

X _ ef((1—511+212)x+4-+712)3dx
c=
1 N((A-51+21)x+4+71)*
y=C 6(1—511+212/ 4

(1_§11_312\((1—511+212)x+4+712)4
y=Ce\ 61 3% 4
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Where C = aq + by, + ¢yl, and ag, by, ¢, are real numbers.

Example 2
Find the general solution of the following linear 2-refined neutrosophic differential equation:

y+sin((4+7l, —L)x—1+1, —1)y =0

Solution:
y=—sin((4+7l, —L)x—1+1, — L)y
y .

By integrating the two side, we get:

In (%) = f —sin((4+ 71, — L)x — 1+ I, — I,) dx
X — ef—sin((4+711—Iz)x—1+11—12)dx
C

1
y =C e(m)cos((4+7ll—Iz)x—1+11—12)

1.7 .1
y=C e(Z—%11+ﬁ12)cos((4+711—Iz)x—1+11—12)

Where C = ay + by, + ¢yl, and ag, by, ¢, are real numbers.

2.2 The non-homogeneous linear 2-refined neutrosophic differential equation

Definition 2
The general form of the non-homogeneous linear 2-refined neutrosophic differential equation is
given as:

5/ + f(x' 11'12)3’ = q(x, 11112) (1)

Wheref: D € R - Rr U{l},I,}, ¢:Dy SR » R, U{l;,1;}, and 1,1, are indeterminacy.

Solution steps:
1) The complement factor of the equation (1) is:

H(X) = eff(x.ll.lz)dx
2) By multiplying equation (1) by the complement factor, we get:

pG) Y+ f I, 1) wC)y = qCe 1y, 1) p(x)
uE) y+ fx, I, I)el TCRIAx y = q(x, 1, 1) ef Tl l2)dx
(Y @) = gl I, 1) el i)
By integrating the two side, we get:

1
y = m(‘f Q(X, 11; 12) eff(x,ll,lz)dx dx + C)
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Where C = aq + byl; + col, and ay, by, ¢y are real numbers, while I;,I, are indeterminacy.

Example 3

Find the general solution of the following non-homogeneous linear 2-refined neutrosophic
differential equation:

(3 + 11 - Iz)x - 712
JGB+ 1 — I)x% — 14xI,

y =@+, — L)x? — 14xI,

Solution:

(3 + 11 - Iz)x - 712

JGB+ 1 — I)x% — 14x] q(e 1, 1) =B+ 1 — L)x? — 14xl,
1~ 12 - 2

f(x, Ill 12) =

The complement factor of the equation is:

(B3+11—-13)x-71, dox 1
u(x) = e VB+Hhi-R)x?~14xl; = E‘/ B+ 1, — L,)x?% — 14xI,

By multiplying equation (*) by the complement factor, we get:

341 —L)x—7I
W) g+t BT Ty [T = Tk — T, u()
JGB+1 — I)x% — 14xI,

(3 + 11 - Iz)x - 712
V@B + 1 — I)x% — 14xl,
1
=B+ 1, — L,)x? — 14xlI, (E‘/(3 +1, —1,)x2 — 14x12)

u(x) y +

1
(E\/(3 + 1, — I,)x2 — 14x12)y

1
(yu(x) = E((3 + 1 — I)x? — 14x1,)
By integrating the two side, we get:

1 2
y u(x) = E((3 + 1) — I,)x? — 14x1,)

1 1 )
y= 1 (fz((g + 11 - Iz)x - 14X[2) dX)
T/(3 + I, — L,)x? — 14xI,

2 (<1+1I 11) 3 —7x?%] +C>
y = —+-I, —=L|x*—-7x
JB+L—L)x2—14x,\\2 6 ' 6° 2
Where C = aq + byl; + ¢yl, and ag, by, ¢, are real numbers.

3. The 2-refined neutrosophic differential equations that translate into linear

3.1 The Bernoulli’s 2-refined neutrosophic differential equation

Definition 2
We call the equation that take the form:
v+ L, L)y=qx I, L)y ;n#0n#1
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The 2-refined neutrosophic differential equation of Bernoulli. Let’s follow the following steps to solve
it:

1) we'll first divide the differential equation by y™ to get:

.}I/ f(xlll;lz)y_ Q(x.lplz) yn
y_n+ yn - yn

yry+fh, L) yim =qx 1, 1) Q)

2) Assumethat w= y'™ = w=001-n)y™"y

3) Dby substituting into equation (*), we get:

1
mw +f(x' 11112) w = q(x! 11112)

W+ (1 _n)f(x!IDIZ)W = (1 _n)q(inDIZ) (**)
4) The complement factor of the equation (*#) is:

u(x) — e(l—n)jf(x,ll,lz)dx
5) By multiplying equation (**)by the complement factor, we get:
W) + A =n)f(x I, L) px)w = (1 =n) q(x, 1, 1) p(x)
W () + (L= n)f(x, I, L) eAM I GIAx = (1 —n) q(x, I}, [,)e 0™ [/l
(W) = (1 =) (g, Iy, Ip)e-I Fxiniax

By integrating the two side, we get:

1
w=——([1-n)qxI,L)et ™I fludx gy 4 C)

6) Back to the primary variable y, we get:

1
yih= m(f(l —n) q(x, I, I)e I Tl l)dx gy C)
1-n) [ fF(xIq,1)dx
n-1 _ €

or Y B f(l - Tl) q(x, 11, [z)e(l_n)ff(xvllvlz)dx dx + C

Where C = aq + bol; + col, and ay, by, ¢y are real numbers, while I, I, are indeterminacy.

Example 4
Find the general solution of the following Bernoulli’s 2-refined neutrosophic differential equation:
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y+csc((9+ 111 + 13L)x — 11 4 21, — 41,) cot((9 + 111, + 13L,)x — 11+ 21, — 41,) y
_ e(E—Flzll—%Iz)csc((9+1111+1312)x—11+211—412)\/;

Solution:

% +csc((9+ 110 + 131)x — 11 + 21, — 41,) cot((9 + 111, + 131,)x — 11 + 21, — 41,) %
y y

_ e(%_1§_211_31936 2)esc((9+111 +131)x—11+21; =41,

y Y25 4+ csc((9 + 111, + 131)x — 11 + 21, — 41,) cot((9 + 111, + 13L,)x — 11 + 21, — 41,) y*/?
_ e(%—m11—393612)csc((9+1111+1312)x 11421, —41,) )

1
w=yY2 = W= Ey—1/2y

= y 129 =21W

By substitution in (¥), we get:
2w + csc((9 + 111, + 131)x — 11 + 21, — 41,) cot((9 + 111 + 13L,)x — 11 4 21, — 41,) w

1
_ e(ﬁ_m_zll_st;s 2)esc((9+111 +131)x—11+21; =413 (+%)

The complement factor is:
”(x) — e(l—n)ff(x,ll,lz)dx

u(x) — ef%csc((9+1111+1312)x—11+211—412) cot((9+1111+131)x—11+21; -4l )dx

1

—Y —E(m)csc((9+1111+1312)x—11+211—412)

1 1

—e ;(9 sel 198 )csc((9+1111+1312)x—11+211—4-12)

By multiplying equation (**) by the complement factor, we get:

2w pu(x) + csc((9 + 111, + 131)x — 11 + 21, — 41,) cot((9 + 111, + 13L,)x — 11 + 2I; — 41,) u(x) w
_ e(%—%11—31—93612)54(%1111+1312)x—11+211—412) ()

1
wou(x) + Ecsc((9 + 110 4+ 131)x — 11 + 21, — 41,) cot((9 + 111 + 13L,)x — 11 4 21, — 41,) p(x) w

101, 13
_ Ee(ﬁ—mll—39612)656((9+1111+1312)x 114211 —415) u(x)

w /1i(x)
+ —csc((9 + 110 + 13L)x — 11 + 21, — 41,) cot((9 + 111 + 131,)x — 11+ 21
_ 412) e ;(; 61611 1193812)056((9+1111+1312)x 1142n-417)

101, 13 11, 13,
—Ee(E_mli_39612)656((9+1111+1312)x 114211 -413) ,~ 2(9 Zel1-Togl )csc((9+1111+1312)x 114211 -413)

Yaser Ahmad Alhasan, Issam Mohammed Abdallah Abdalaziz, Raja Abdullah Abdulfatah and Qusay Alhassan, The linear
2-refined neutrosophic differential equations



Neutrosophic Sets and Systems, Vol. 75, 2025 56

W p(x)

1
+ —csc((9 + 110 4 131)x — 11 + 21, — 41,) cot((9 + 111, + 13L,)x — 11 + 21,

11 1 3
_412)8 2(9 gl 19812)050((9+1111+1312)x—11+211—412)

)Csc((9+1111+1312)x—11+211—4-12)

13 1, 13,
~3ogl2)esc((9+1111 +131)x—11+21;— 4l3) (18 1371135512

11
= - e(ﬁ_mzll
2

1
wou(x) + Ecsc((9 + 110 + 131)x — 11 + 2, — 41,) cot((9 + 111 + 13,)x — 11 + 21,

_412)e ;(}) 6161 1193812)csc((9+1111+1312)x 11421-413) | 1

~2

(wn() =5
By integrating the two side, we get:

1
wu(x) = J-de

,u(lx) (1x + C)

ng) (1x + C)

Back to the primary variable y, we get:

1/2 —

y

1 1
yz= i1, 13 ( x+ C)
e—(ﬁ—1321 Fogl2 )esc((9+1111+131p)x—11+21;-41) \2
1 1 1 1 13
N vz = (Ex N C)e(ﬁ_ml tael2 )esc((9+111 +131p)x—11+21; ~413)

Where C = ay + bol; + col, and ay, by, ¢, are real numbers.
3.2 The 2-refined neutrosophic differential equations takes the following form

. .d
FOI 22+ mn L FG) = Tl (3)

To solve this equation, we follow the following steps:

1) Assumethat: z=f(y) = Z= (f(y)Z—i
By substitution into equation (3), we get:

z+m(x, 1, 1)z =q(x, 1,,I;) (4)
2) The complement factor of the equation (4) is:
,u(x) — efm(x,ll,lz)dx
3) By multiplying equation (4) by the complement factor, we get:
ZuCx) +mx, L, L)u(x) z = q(x, I, ) p(x)

Z u(x) + m(x, Il,Iz)efm(x'll'IZ)dx z=q(x1,1,) el Ml I)dx
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(Z [.l(x))' =q(x,I,1,) el M@l )dx

(Z /’L(x))' =q(x,I,1,) e/ mxIy)dx
By integrating the two side, we get:

1
2 =700 x,1;,1,) el m@lulz)dx 4 C)
#(x) (f 1t 1)
4) Back to the primary variable y, we get:

1

) =15

( f q(x, I, I,) e/ mEhl)dx C)

Where C = ay + bol; + cyl, and ay, by, ¢y are real numbers.
Example 5
Find the general solution of the following neutrosophic differential equation:

d
cosyd—z + cot(x + 1+ 21, — 31,) siny = cos(x + 1+ 2I; —31,) (%)

Solution:

. , dy
z=siny = z=cosya

By substitution in (¥), we get:
Z+cot(x+1+2I —3L,)z=cos(x+1+2I, —31I,) (*)

The complement factor is:
u(x) — efcot(x+1+211—312) dx

— eln (sin(x+1+211-313)) — sin(x +14 211 _ 312)
By multiplying equation (%) by the complement factor, we get:
Zu(x) +cot(x + 1+ 2L —30L) u(x) z = ulx) cos(x + 1 + 21, — 31,)

Zu(x) +cot(x+1+2I, —3)sin(x+ 1+ 21, —3I,) z
=cos(x+ 1+ 2l —3) sin(x + 1+ 2, — 31,)

Zu(x)+cos(x+1+21, —3L)z=-cos(x+1+ 2l —31,) sin(x + 1+ 21, — 3I,)
(z /,t(x))' =cos(x+ 1+ 2, —3I,) sin(x+ 1+ 2I; —31,)
By integrating the two side, we get:
zu(x) = j cos(x + 1+ 21, —3L,) sin(x + 1+ 2I; — 31,)dx

1
zu(x) = fisin(Zx + 2+ 41, —6l,)dx

-1
zu(x) = Tcos(Zx +2+4L, —6l,)+C
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1 1
- ~cos(2x + 2 + 41, — 61 c)
z sin(x+1+211—312)(4“’S(er 4l —6L) +

Back to the primary variable y, we get:

1
sin(x + 1+ 2I; —31,)

-1
siny = (Tcos(Zx +2+41, —6l,) + C)

Where C = ay + by, + ¢yl, and ag, by, ¢, are real numbers.

4. Conclusions

This work is regard as a seminal study in the field of 2-refined neutrosophic differential
equations. It included study types of the 2-refined neutrosophic differential equations. In addition,
we discussed 2-refined neutrosophic differential equations that transform to linear. The most
significant of all was the 2-refined neutrosophic differential equations Bernoulli.
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