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ABSTRACT. In this article, we derive a numerical solution to the ordinary differential equation with a neutrosophic number
as the initial condition.The Adams-Bashforth, Adams-Moulton, and predictorcorrector algorithms are used to solve the dif-
ferential equation with hexagonal neutrosophic number as the initial condition. The convergence and stability of the methods

are also investigated.
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1. Introduction

Differential equations may be used to solve various scientific and technological challenges. Analyt-
ical approaches for solving differential equations are only relevant to specific types of equations. Many
physical problems require numerical approaches to solve differential equations that do not fit into the
conventional forms.These strategies are more crucial now that computing devices can significantly re-
duce numerical effort.

The linear multi-step technique is one of the ways of acquiring an approximation solution to a cer-
tain differential equation where the precise or analytical can be determined or not. The linear multi-
step technique improves efficiency by combining information from previous approximations. Adams-
Bashforth method is a linear multi-step method. Numerical methods are classified as explicit and
implicit types.The explicit technique calculates the future system state based on the current system sta-
tus. The implicit technique derives the future system status from the current and future system states.
The explicit type is called the Adams-Bashforth [5]] (AB) method which was introduced by John Couch
Adams to solve a differential equation modelling capillary action while the implicit type is called the
Adams-Moulton (AM) method developed by Ray Moulton [[10].

Fuzzy set (FS) [[15]] theory is one of the efficient tool to represent uncertainty. The study of fuzzy dif-

ferential equations [7] is fast emerging in many fields. Over the past few years, there has been intense
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discussion in theoretical aspects and its applications. Intutionistic fuzzy set(IFS) [1]] is a generalization
of fuzzy set. Classical set and FS were expanded in IFS context.The analytical and numerical solution
of differential equations with fuzzy number and IF number have been discussed in [6}8}|11,{13]] and [3]].
Neutrosophic logic [[12]] is a useful technique for dealing with incomplete, uncertain, and inconsistent
data, which is an extension of FS and IFS. Many research have been conducted in the theoretical foun-
dations and practical implications of Neutrosophic logic. Neutrosophic number involved in differential

equations have been discussed in [[2,/14]] and [9] . In this research,

e The solution of ODE with hexagonal neutrosophic number as initial condition is discussed.
o Adam-Bashforth , Adam Moulton and Predictior-Corrector methods are applied to solve the

ODE

e The stability and convergence criteria is investigated.

The paper is organized as follows: The preliminaries section presents the key concepts that are rele-
vant to this field of study. In the next section we have defined the basic operations and interpolation of
neutrosophic number followed by Adam-Bashforth Adam Moulton and Predictior-Corrector methods.

Finally, we have highlighted our important findings and proposed areas for further investigation.

2. Preliminaries

Definition 2.1. [4] A neutrosophic set is defined as follows,
S={{(k, A\, 1) / (X, 1) € [0,1]% and 0 < k(z) + A(z) + p(z) < 3}

Definition 2.2. [4] The support of a Neutrosophic set S = {(x, ks, As, its)) } is defined as
Supp(S)={z € U} ks # 0, A\s # 1, ps # 1}.

Definition 2.3. [4] A set S is said to be normal if
H(S)= {:L' S U/,‘-iJ = hy (S) =1,As = ho (S) =0,us = hs (S) = 0},
where hy (S) = sup,ep Ts (z), he (S) = infyep Is (x) and hg (S) = infyep ps ().

Definition 2.4. [4] To qualify as a neutrosophic number, a neutrosophic set S on R must satisfy the

following three properties:

(1) The neutrosophic set S should be normal;
(2) S(p,5,7) should be closed for every 6 € (0,1], 5 € [0,1) and y € [0,1);
(3) The support of S must be bounded.

(n1,m2,n3,m4) 7

Definition 2.5. [4] GNHNNA is defined as, NGNHNNA = {T (j17j27j37j47j57j6§ r,S; w)

I(01,02,03,04,05,06;7'1731§P)(m17m27m37m4)  F (91,92, 43, 94, 45, 965 72, 82;6)(1717172,123,174)} )
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z—j1 \"? o .
T(ﬁ) , if j1 <@ < g
—1 n2 . . .

rw-n) (22)" i <e <
w yif g3 <ax < gy

Where the membership function, T,angNNA = \ns
stw-9)(5=)" it <e<is

z—js \ e - .
8<j5—j6) , if js <@ < je
0 , otherwise.
my )
= Jifor < < o
— m2 .
Lontn-p) (522) o< <o
. . 1- p ) if 03 <x< o4
Indeterminacy function, IygNnpnNA = -
L—si+ (s —p) (22)" L ifos<z<o
my )
1—51<oﬁ__"066) ,ifos <z < og
1 , otherwise.
_ p1 .
].—7'2(;2_211) ,lfQ1§$SQQ
o \ P2 .
L=ro+(r=0) (£2)" Lifg<a<q
: , 1=9 ifgs <o < gy
Non-membership function, fiyxpyyna = s
L=sy+ (52— 0) (222)" L if g <o <gs
_ P4 .
1—82(ﬁ> cifgs <@ < ge
1 , otherwise.

where j1 < jo < j3 < ju < J5 < Jg, 01 < 09 < 03 < 04 <05 <ogand qq < ¢ < q3 < q4 <
g5 < g6 V ji, ojand ¢; (i =1,...,6) are real constants and 0 < 7,5 < w, 1 — p < 71,51 < 1 and
1-d<re,s9<1l,w, p, 6 €[0,1].

Definition 2.6. The (0, 3, v)-cut of GNHNNA,

Ne,8,v) =
{z € X/ Thonunna 20 Ingnunna < By bngnunna <V}
LetTy = {z € X/ T, > 0} where 6 € (0,w].

GNHNNA
If r < s then,
1 1
g+ (&)™ (G2 — 1) s de + (2) ™ (j5—j6)] Sf0<O<r
I N N
T Jo + (Z:Z) " (js — j2) , de + (&)™ (s _j6):| yifr <60 <s
h=1 L

L 1
ot (325) Ga =) s+ (222) ™ Ga )| Libs <0<
73, J4] ,if0 = w.
If s < r, then,
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_j1+(g)ﬁ(j2—j1),j6+( )"1(35—36)] L if0<f<s
T, _j1+( )”1(112—171) J5+(w s)nl 314—95)] Jifs<O<r

Jz+< )72(9'3—]2) J5+<z S)’(j4—j5)] yifr<f<w

73, ja] ,if0 =w.

LetIp = {z € X/ Ljgnpunna < B}
where 8 € [1 — p,1). If r; < sy,

[03704] ,ifﬂZI—p
1-8—r; V’%Q 1-8—s1 7’%3 if
02+ p—r1 (03_02)705+ p—s1 (04_05) 71 l_pgﬁgl_sl
Iﬁ_ [ B—r1 miz 1-p ﬁ :
02+(p7«1> (03_02)706+<sl> (05 — 06) Jifl—s51<B<1—1
- - B
o1 + (1;1”8>m1 (09 —01),06 + (1;15)7714 (05—06)] Jifl—r < B < 1.
If s; < ry, then,
(
03, 04] Jifg=1-p
1—8—r % 1—8—s1 7’%3 .
o2+ | (03 —02),05 + | =5 (o4—o05)| ,ifl—p<B<1-r
Is =91 g\ 71 ! 3
01+(;1> 1(02—01),05+<:£;181) 3(04—05)] yifl—rm <f<1-s
- - B
01—1—(1;1ﬁ>m1(02—01) 06+< B)m4(05—06)] ,ifl—s1 < B <1
Let py = {z € X/ptyonunna <7} wherey € [1 —6,1). If rg < so, then,
g3, q4] L ify=1-14
- 1 1
q2 + (1}1;;2)” (93 —q2),q5 + (11;2)1?3 (g4 — %)] yifl1 =0 <y <1 -5
M,y: r o 1 _ 1 .
Q2+(151r;2)p2 (43 —q2),q6 + 1827)134 (%_QG)] yifl—s0 <y <1 -1
- 1 1
a1+ (1[2”)“ (2 —aq1). g6 + (1;”)“ (a5 —qe)} yifl—rp <y <1
If s9 < 1y, then
4
g3, q4] Jify=1-14
- 1 1
% + (13122’”2)” (43 —q2) a5 + (ﬁ)” (g4 —%)] Jifl=0<y<1-m
Fr=9 1— ”L 1-——so 1 :
o+ (5 (@2 —a1),05 + (552)" (g4 — a5) Lifl—rg <y <1—s9
- 1 1
@+ (122”)“ (2 — @), d6+ (1;2”)“ (g5 _QG)} ,if1— sy <y <1,

3. Interpolation of Neutrosophic Number

Definition 3.1. We define the upper, middle and lower -cuts of (k, A, u) € NS, with 6 € [0,1] by,

(K, A, ,u>9={x e R/T(z) > 0}, (k,\,p)0={z € R/I(x) <0}, and (K, \, pu)y={z € R/F(z) < 0}.
Where R is a real number.
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Definition 3.2. The neutrosophic zero in a neutrosophic set is defined by

(1,0,0), ift=0,
0(8) =
(0,0,1), otherwise.

Definition 3.3. Let (k, A\, 1) and (x/, N, /) € Neutrosophic Number, and let § € R. We define the

following operations:
(1) (k, A, ) D (&', N ') () =

((sup_min(ue) /@), ing_max(A(o), (o), inf max(uta). ) )

@) O(r, A\ p) =
(0K, 0X,0u)y, if0#0
0(9), if =0

The operations of addition and scalar multiplication for Neutrosophic numbers are defined based on
the extension principle as follows:
[ A, 1) @ (1 s )17 [0, X))+ ({6 )12 T G s )]P= X (G, A o))
[0, A, ) @ (K1 )16= [, A, )18+ [(K X1 )16, [N Gk, A, )]0= A [(, X, )]0
[0 A1) @ (K s Vo= [0, X )l + (6 1 Yo T G A, d]o= X (G A )

Definition 3.4. Let (x, \, ;1) be an element of the Neutrosophic Set (NS), and let § € [0, 1]. We define

the following sets:

[, A )]y (0) = inf {2 € R/r(x) = 0}, [(5, A, )] (0) = sup {z € R/A(x) > 0},

({5, A )] (0) = inf {x € R/ () <1 =0}, [(5, A, )]0 (0) = sup {z € R/A\(z) < },
+

A )
(5, A )]y (0) = inf{z € R/p(x) <10}, [(k, A\, )] (0) = sup{z € R/u(z) <

w—/

Remark 3.5. (s, A, 1) *=[[(. A, )]} (6), [, A, ] (6)].
(kA 1) O=[[{, A, 1) (0), [{, A, ] (6)], and
(s =[N )] (6), [{e, A, 5 (6.

The interpolation problem for Neutrosophic sets can be described as follows: Consider a Neu-
trosophic set with specified properties, denoted by @(¢), which encapsulates information at different
points. The aim is to approximate the function ¢(¢) for each & within its domain. Suppose (g, Ao, 10)»
(K1, A1, 141)5 -+ -5 {Ks, As, tbs) represent s + 1 Neutrosophic fuzzy sets, and let §p < & < -+ < &, be
s + 1 distinct points in R. A Neutrosophic continuous function f : I — N that fulfills the following

criteria is termed a Neutrosophic polynomial interpolation of the data.

(D) (&) = (i, Mis 1)
(2) If the input data is crisp, then the interpolation ¢ is a crisp polynomial.
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To construct a function ¢ that satisfies the specified conditions, consider the following approach. For
each = (09, m1,...,1ns) € R*HL, the unique polynomial of degree < s, denoted by H,,, is defined as

follows:

(1) Hy(q) =ngforqg=0,1,...,s
@) Py(&) = im0 [owr £

For any £ € R, the membership, indeterminacy and non-membership functions ¢(§) can be expressed
using the extension principle as follows:
SUP§=Hm0:m1 515 (¢) mini:OJ,...,n Rk, (nz)a if H%%m,“.,ns (6) 7& 0

Kee)(0) = .
0, otherwise

where r,; is the membership function of ;.

o (8 J T N0 M )yl (0) 70
S(H\C) =
1, otherwise
where Ay, is the indeterminacy function of A,.
Inf 5 pnomaoms () MAXKi=0,1,....s g (Ng), if Hyoly 0 (8) # 0

Ha(e) (6) = _
, otherwise

where 1, is the non-membership function of fi,.

Let X7 (0) = (r, A\, i)y Xou(0) = (k,\, 1) 0, and x&(0) = (s, A\, )’ for any § € [0,1] and g =
0,1,...,s. The lower, middle, and upper 6-cuts of (k, A, u) and ®(§) are denoted by [P(£)]g, [P(£)]6,
and [®(£)]?, respectively. Therefore,

[@(&)]g = {5€R | /{@(5)(6) 29} = {5€R | In0, 11,5+, Ms t Ky (ng) >0, ¢=0,...,sand

Hyomi,ms(§) =60t =q0€R|[Ine H Xa(0) : Hygy,ms(§) =6

q=0
[®(£)]0 = {5€R|)\¢(5)(5) < 1*9}:{5€R|3770,771,~-~77751)\>\q(77q) <1-6,¢q=0,...,sand

Hyomy,ms (§) = 6} = {(5 ER[Ine H X (0) 2 Hygy,.oms (§) = 5}

q=0

[@(5)]0 = {6€R ‘ /’645(5)(6) < 1_9} = {5€R|37707”17"'7”32:“#4(77(1) < 1_97 q:O,...,sand

q=0

Poems (§) = 0} = {5 ER[Ine HX?(Q) t Hyo s (§) = 5}
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Finally, for each £ € Rand all § € R, @(§) is defined in terms of NS by:

=0 q=0

P(£)(0) = (Sup {9 €(0,1) [ 3n e []ry(0) - Hy(¢) = 5}, 1sup{9 € (0,1) | I e [ xh(0) : Hy(x) = 5},

q=0

1 —sup {0 € (0,1)|3ne ngn(ﬁ) cHp() = (5})

where n = (19, 71, . ..,ns) € RSHL,

The interpolation polynomial can be expressed in terms of level sets as:

[@(g)]g - {77 S R | n= 7707771, 7ns(§)7 77q S [<"€qa)‘qmuq>]97 q= 07 s 78} f01'9 € (07 1]

[¢(§)]9 = {77 eR | n= Hﬂoaﬂl,..,,ﬂs(f)) Mg € [<Hq7 /\q7/~LQ>]07 q=0,... 75} for 6 € (07 1]
@O = {n € R 10 =y, (&), 4 € (g Mg 1)) 4 =0, } for6 € (0,1]

According to the Lagrange interpolation formula, we have:

S S S

(D)o =D 0g(2)xi/(6), [2(€)10 = 0g(x)xin(6), [2(E))° = 0q(2)x](6)

q=0 q=0 q=0
where o, () represents the Lagrange polynomials.

When the data (k, A, ) is represented as hexagonal neutrosophic numbers, the values of the in-
terpolation polynomial are also hexagonal neutrosophic numbers. Consequently, @(£) takes a par-
ticularly simple form that is convenient for computation. Define x%(0) = [c;, (6),dt(0)], x1(0) =
[ (6), d;F,(0)] and x7(0) = [¢; (6),d;" (6)]. The upper endpoint of [#(£)]? is obtained by solving the

following optimization problem:
Maximize Hy, 1, ..., (€) subject to ¢, (0) < n, < df(0), ¢=0,1,...,s.
The optimal solution is:
d, (0)  if og(€) >0,
ch(0) ifog(§) <O.

Similarly, the lower endpoint is obtained by:

Mg =

[z 0) ifoye) <0,
" @) oy > 0.

®(£)]0 and [P(&)]p can be obtained in a similar manner. Hence, if (K., Ay, 11g) is a neutrosophic
a> > Hq P

number for all ¢, then ®(&) is also a neutrosophic number for each £. Specifically, if

<K/7,'7>\i7,u7,> <ta tb tc td te tf» (2 1,21, za za 1,fzavf‘ba z'cvfid7 'L’e’fif>a
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then:

B(€) =< 3(£), (£), ¢°(), 2€), #°(€), &7 (€), 9™(£), ¥"(€), ¥°(£), ¥ (€), ¥°(€), ! (€),
©(€), £°(£),9°(€), 0% (€), (&), ¢! (€) >

~ ~ ~ ~ ~ ~

where:

¢oE) = 0g(tF + > ogO)t]; (e = ) 0O+ D 0g(6)t,
04(£)>0 0q(£)<0 04(£)>0 04(£)<0

Pe(8) = 05+ D 0g()t; BUE) = D og( Ot + D 0y,
0q(£)>0 04(£)<0 04(£)>0 04(£)<0

Pe(E) = 0Ot + Y 0y ¢ (&) = Y ot + > oge)te
04(£)>0 04(£)<0 0q(£)>0 04(£)<0

e (E) = 0g(€)i¢ + Y 0g(&)il; ¥"(€) = > 0O+ > 0g(9)it,
0q(£)>0 04(£)<0 0q(£)>0 0q(£)<0

pe() = 0g()is + D 0g(&)id; (9 = ) 0gif+ D 0O,
04(£)>0 04(£)<0 04(£)>0 04(£)<0

pe(€) = 0g(€)if + Y 0g(&)il; T (&) = Y o0l + Y o0g(8)if
0q(£)>0 04(£)<0 04(£)>0 0q(£)<0

(&) = 0+ D o OF s &) = D 0O+ D 0gO)f,

- 04(€)>0 04(€)<0 - 0q(€)>0 0g(€)<0

p°() = 0O FF+ D 0gOF €M) = D 0O+ D 0(O)fF,
0g(€)>0 04(€)<0 - 0g(€)>0 0g(£)<0

pe(€) = 0 OFff + D 0gOf &) = D 0O + D o)t

- 04(£)>0 0q4(£)<0 - 04(£)>0 04(£)<0

4. Adams-Bashforth Methods

Now, we are going to solve the Neutrosophic initial value problem &'(7) = (d,£(d)) using the
Adams-Bashforth three-step method. Let the Neutrosophic initial values be £(d4—1),£(0q),&(dg+1),
ie., ©(04—1,£(0g—1)), ¢(6¢,&(0q)), ©(0g+1,&(8g+1)), which are represented by hexagonal neutro-

sophic numbers. The truth membership,

~e

{Qba(éq—lv 5(&1—1))7 @b(dq—lv 5(6(1—1))7 @c(éq—lv 5(6(1—1))7 @d((sq—l’ &(5q—1))’ 14 (5!]—1’ 6(&]—1))7 @f(éq—h 5(6(1—1))7
@a(éq—lv 5(6(1—1))7 @b(éq—lv 5(6(1—1))7 9270(5(1—17 5(5(1—1))7 @d(éq—l’ 6(5(]—1))’ @6(5(1—17 6(511—1))7 @f(éq—h 5(5q—1))7
Pa(0g-1,€(0q-1)), Pv(0g—1,€(6g-1)), Pe(Fg—1,§(0g—1)), a(Fg—1,§(0g—1)), Pe(0g—1,€(6g-1)), B (-1, §(0g-1)) }
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the indeterminacy,

{6"(84,£(69))> (84, £(59)) (84> €(89)) £ (84 £(89)) (84, £(9)) 7 (84, £(69)),
SOa((Sq, 5(5q))7 @b(dq’ f(‘sq))a ‘Pc(5q7§(5q))> Sod(éq: 5(54{))’ 908(5(17 f(dq))v ‘Pf((srp 5(&1))7
©a(0q:€(04)), v(8q,£(8q))s Pe(0q:€(8q)), aldq, €(0q)), e(q:£(dq)), 01 (dq,€(0q)) }

the falsity,
{ﬁa(6q+1a €(§q+l))v (fb(éq-‘rla 5(5(1-0—1))’ (pc((sq-‘rla 5(5q+1))a fd(6q+1a 5(5(1-0—1))’ (pe((sq+l7 £(5q+1))a (ff((sq+1a 5(5q+1)):
fa(5q+1»5(5q+1))7 fb(6q+lv€<5q+1))v c(0q+1,&(04+1)), fd(5q+17€(5q+1))7 e(0g+1,8(dg+1)), .f (0g+1,(dg+1)),

P
f (5q+1a 5(5q+1))a fb(6q+1a 5(5q+1))a (5q+1» §(6q+1))7 fd(5q+1a 5(5q+1))a (5q+1’ §(6q+1))» ff(5q+1? 6(6114*1))}

2
2

26 6
26 6

C e

Also 50ro
E(0is2) = EGpi1) + /5 2(6,£(5))do

By neutrosophic interpolation of ¢(6, {(d4—1)), ¢(8,£(0q)), (0, £ (dg+1)), we have:

q+1 q+1

PUOEG) = D @GN+ Y

r=q—1,0;(6)>0 r=q—1,0;(6)<0

0;(0)! (5;,£(55))

q+1 q+1
6,600 = Y. 000N+ Y 0i(8)(85,£(55))
r=q—1,04(6)>0 r=q—1,0;(8)<0
q+1 q+1
E,E@)) = DY o((DF0LEGN + Y 0(8)F(65,£(55)

r=q—1,0;(6)>0 r=q—1,0;(8)<0

q+1 q+1

U6,60) = D ol(OF6 N+ D

r=q—1,0;(6)>0 r=q—1,0;(6)<0

0;(8)(95,€(55))

q+1 q+1

PO = D o((FEHEEN + Y 0i(6)"(85,£(55))
r=q—1,0;(6)>0 r=q—1,0;(6)<0
q+1 q+1

6.0 = D o)+ D 0i(9)$"(6;,4(5)
r=q—1,04(6)>0 r=q—1,04(§)<0
q+1 q+1

POEE) = D @G58 + Y (99! (8;,6(55))
r=q—1,0;(8)>0 r=q—1,0;(6)<0
q+1 g+1

FEEO) = Y, ol@"EE0N+ D, 0i(0)¢%(0;.£(55)
r=q—1,04(8)>0 r=q—1,0;(5)<0
q+1 q+1

0,60 = D o008+ D 0i(6)9%(65,€(55))

r=q—1,04(8)>0

r=q—1,0;(6)<0
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g+1 q+1
16,60 = > o (686 + D 0i(9)¢°(6;,£(5)))
r=q—1,0;(6)>0 r=q—1,0;(6)<0
q+1 q+1
0,600 = D ol GG+ D 0i(0)¢°(65,4(5))
r=q—1,0;(6)>0 r=q—1,0;(6)<0
q+1 q+1
oI 6,E0)) =" D ol 08N+ Y 0(6)¢™(65,£(55))
r=q—1,04(6)>0 r=q—1,04(8)<0
q+1 g+1
P (5,600 = > ol®)p 00N+ D 00 (6;,6(55))
~a r=q—1,0;(6)>0 ~a r=q—1,0;(5)<0 ~f
q+1 g+1
p (0,60 = D ol (5,60 + D, 0j(d)p (0;,6(5))
~b r=q—1,05(6)>0 ~b r=q—1,0;(5)<0 ~e
q+1 q+1
e (50N =" D ol®e (556 + D 0i(d)e (65,€(65))
~e r=q—1,05(6)>0 ~e r=q—1,04(5)<0 ~d
q+1 q+1
0 (6,60) = > 0O (5,660 + D 0i(O)e (6;,£(5))
Zd r=q—1,0;(6)>0 ~d r=q—1,0;(6)<0 e
q+1 q+1
P (0,600 = D ol@®)e GG+ D, 0i(0)e (6;,4(55)
~e r=q—1,0;(6)>0 e r=q—1,0;(6)<0 ~b
q+1 q+1
e (5,60) =" > ol 0,500+ Y. o) (6;,4(55))
~f r=q—1,04(6)>0 ~f r=q—1,04(8)<0 ~a

For 0441 < § < §;12, the interpolation polynomials 0;(J) are:
(6 = 6,)(5 — 5y11)

%010 = G e Gyt — o) 2
_ (5 5q 1)(5 5q+1)
o0 = S T8, g b))
rls) — B8

(5q+1 — 0g-1)(0g41 — 5(1) B
Therefore, the following results are obtained:

©(8,£(8)) = 04-1(8)" (64-1,(F4-1)) + 04(6)¢” (65, £(81)) + 0411 (8) 9" (Sg-41, & (Fg1))
©"(6,£(8)) = 0g-1(8)" (41, €(4-1)) + 04(8)° (61, £(5:)) + 0441 (8) 2" (841, € (Gg11))
#°(6,£(8)) = 0g-1(8) (341, €(84-1)) + 04(6)™(8:, £(8:)) + 0g+1(8) " (441, €(5g41))
$1(8,6(8)) = 04-1(6)¢ (54-1,(8g—1)) + 04(6)° (65, £(87)) + 0411 (8) 9 (g1, E(Fg1))
(0, £(6)) = 04-1(6)9° (541, &(84-1)) + 0g(8)¢"(8:,£(8:)) + 0g41(8) (3411, € (5 41))
07 (6,£(6)) = 04-1(8) 7 (34-1,€(84-1)) + 04(8) 0™ (8:, £(6:)) + 04+1(8) ! (§411,E(8g11))
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Also
[€(6g+2)]0 = [[€(4+2)]x (), [€(Bg+2)] 1 (0)]
[€(64+2)]10 = [[£(0g+2)]5 (0), [€(6q42)]5 (0)]
, and
[€(8412)]0 = [[€(6g+2)]5 (0), [€(S442)]5 (0)]
where
[E(E0-1)]r (0) + [y [0(8,€0) + (&) (£"(8,€(0) — ¢*(6,€0)))] 6, if0<B<0
[£(0q+1)]5 (6) = - o [ ) . .
60,11 (0)+ 50 [0.60) + (12) (+°(6,0)) - (6.60)) | a6, o< <1
TGO + [ [ 6.£0) + (8) (#°(0,6(0)) - sof(<5 s(am d,  if0<f<o
[£(0g4+1)]5 () = 5o - .
[£(g-1)] (0) + f(squl ©°(0,£(9)) + (T—Z) (gad(é,é( )) — ¢°(6,£(0)) ) dé, ifo<f<1
- dg+1 | b 1-6—0 ; .y
()~ {[swq_l)wwa;l H.E0) + (552) (0 €0)] a5, if0<<1
EGa-DIR 6) + [ [0°(6.600)) + (552) (06 5( >} B, ifl-o<f<l
dg+1 [ e —0—
) = {[f(aq_nme)w?_l (6.0 + (5552) (+°6. o] ds it0<o<1-0
(€01 (O) + [ [ (8.608) + (152) (¢4, g( <pf 5,E0))]ds,  ifl—o<f<1
— dg+1 1-0—o0 i 0
) (9):{[5(@-1)]“(0)#5;_1 20,600 + (1552) (00 o) a wo<o<t
G0l )+ ;7 [0°(6.600)) + (52) (26, 5( @), fl-o<f<l
Og41 | e 1-0—0 i 0
L 6) = {[qu_l)me)w;l P 0.€(0)) + (1 c0-0) (415, o)) a5, ito<o<
[{((5(1_1)]7[(6’) +f5qq_+11 [(pf(é £(6)) + ( o ) ( “(0, f( SOf (6,£(6 )] do, ifl-o<f<1

For the integral [¢(0
r+2)] (0), the Adams-Bashforth method gives the following expressions:

Case 1: [£(8s+2)]x () For 0 < 6 <

6602)]5 (6) = €G] 0) + 5 [567 (841) — 1667 (84) + 23T (3y41)]

12
where ;
A0 = 0,600 + (1) (#0.60) - °0.50)
Forr <6 < 1:
[€(ds42)] () = [£(dg+1)] (6) + 1% (565 (64-1) — 1605 (65) + 233 (8g41)]
where

A0 = 6,600+ (1) (+°6.60) - L6.50)
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Case 2: [£(0, 1)) (0) For 0 < 0 < r

(5 0) = (6 )} (0) + 15 (5605 (5y-1) — 1605 (52) + 2365 (5,11)]

where
A0 =o' 6.60) + (1) (00,600 - ' 0.600))
Forr < 0 < 1:
[€(0s12)] (0) = [€(8g+1)]5 (0) + 1% [5¢1 (65-1) — 1601 (65) + 23] (9g41)]
where

A0 =600+ (T0) (#16.60) - ¢ 6.60))

Case 3: [§(0s42)]y (0) For0 <0 <1 —1:

[€(0s12)]5 (0) = [€(dq+1)]5 (0) + % 51 (9g—1) — 161 (0s) + 2307 (54+1)]

where
A1(0) = 0.0 + (T

Forl—r<6<1:

) (#0500 - 0. €000)

- T

6G0s2)]5 (0) = (€ ))5 (0) + 15 (593 (1) — 1605(5,) + 2303 (5511)]

where
£310) = 0,600 + (1) (0.6 - 6.60))

Case 4: [£(0s42)] (0) For0 <6 <1 —1:

(€52 (6) = (€501 (6) + 15 [5¥ (6 1) — 1625(5y) + 2363 (5,1)]

where
1—-60—r

1—7r

SX(0) = ¢ (6.60)) + (

Forl—r <60 <1:

€52 (6) = (€051 (6) + 15 (5K (6y-1) — 1605(62) + 235 (5 )]

) (#1.600) - .60

where
P10 = .60 + (7)) (0.0 - o 0.600)

Case 5: [£(0s+2)], (#) For0 < <1 —1:
[§(d542)],: (0) = [§(Jg+1)],. (0) + % (57 (0g—1) — 1664 (05) + 23} (3g+1)]

where
) (v - L0.50)

H(6) = (5,6(6)) + (
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Forl—r<6<1:

€25 (6) = (65415 (6) + 15 15624 (5y1) — 165(6.) + 234 5y n)]
where .

(0 = (600 + (1) (P0.600) - °6.60))

Case 6: [£(0s+2)];f (0) For0 <0 <1 —r:

€(0042) 5 0) = (608 4)]5 (6) + 1o (52 (8y-1) — 1665(0,) + 23088 10)]
where .

Ph(0) = 0.0 + (T2 ) (10,600 - 0. 600)

Forl—r<6<1:

612 (0) = [EGg 1)} (0) + 15 (54 (By-) — 1605(5,) + 230 (5,11)]

where
h(0) = o 0.60) + (1) (#°00.600) - o 0.600)

5. Adams-Moulton Methods

Now, we are going to solve the Neutrosophic initial value problem &'(7) = ¢(,£(0)) using the
Adams-Bashforth three-step method. Let the Neutrosophic initial values be £(dq—1),&(dq), §(0g+1),
ie., ©(0g—1,&(0g-1)),¢(0q,€(d¢)), ¢(0g+1,&(g41)), which are represented by hexagonal neutro-

sophic numbers, were the truth membership,

{6 (Fg-1,6(0g-1)); 8" (6g-1, £(Fg-1)), 3 (g1, € (Bg-1))s 3 (Gg-1, (8 -1)), (g1, £(Fg-1)), 7 (g1, £(8g-1)),
Ga(0g-1,€(0g-1)), @b (0g-1,§(-1)); Pe(0g-1,€(0g-1)), Palg—1,€(8g-1)), Pe(dg-1,&(dg-1)), B (8g—1,(Jg-1)),
Ga(0g-1,€(0-1)), Pb(0g-1,6(6g-1)), Pe(dg-1,§(0g-1)), Pal0g-1,€(6g-1)), Pe(g-1,€(0g-1)), P (6g-1,€(0g-1))}

the indeterminacy,

{0(84:€(59)), (04 €(89))s (84, €(8¢))s (8- €(89) ), (8- €(89) ), 7 (84, €(89)),
Pa(0q,£(99)), (0g,€(0q)), e(0q:£(09)); 0a(0g, £(0g)), e(dq,£(8q)), 5 (09, €(dg)),
©a(0q,£(9¢)), (0g,€(0q)), e(0q,£(04)), 0a(0g,€(0q)), Pe(dq,§(0q)), 25 (0, €(dq)) }

the falsity,

{0"(0g41,€(0g+1)); fb(5q+17§(5q+1)), fc(5q+1,€(5q+1))7 fd(5q+1,é(5q+1))» P (01, §(0g+1)), ff(5q+1a€(5q+1)>7

~

(01, (00 #0011, 0p0)) B0, 68y 1)) 9011, ), el E00p 1)) B, £y,

~

¢ (0g+1,6(0g+1)), ¢ (0g+1,€(0g+1)), ¢ (g+1,€(0g+1))s 9 (0g41,6(0g11)), 0 (5q+1»§(5q+1))’ff(5q+1»§(5q+l))}

~a ~b ~e ~d ~e
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For §4+1 < § < §; 42, the interpolation polynomials 0;(J) are:

(0 = 0¢)(0 = 0g+1) (8 — 0g+2)

0-1(0) = (6g—1 = 64)(6g—1 — 64+1)(6g—1 — Ig+2) ="
(0= 0g-1)(6 — 0g41)(6 — Ogr2)
1) = By 040) (g — 0411) By —bg12) =
B (0 —0g—1)(6 — 8¢)(0 — Og12)
or1(0) = (6g+1 = 64-1)(6g+1 — 64) (g1 — Og+2) =
ouad) = 5 Gt g

(5q+1 - 5q71)(5q+2 - 5q)(5q+2 - 5q+1)

Therefore, the following results are obtained:

P(8,6(0)) = 0g-1(0)8° (04-1,(001)) 081 (81, (0 +0411(6)6 (g1, By 11) +0ps2(6)¢ (012, £0112)
F(6,€00)) = 04-1(0)¢" (041, (00-1)) 0810 (31 E(60) +041 0)5" (By11, €6y 11) +0ys2(0)¢ (B2, (0y12))
£(6,606)) = 041(0)9(3g1,E(0y 1))+ (019 (5 16100110190y 1, 60 1)) 0 5200)0 612, £012))
PU(0.€(0)) = 01 (0)6 (641, 6(0,-1) 00 0)5° (5,600 +ous1 (B) (g1, €04 11) +0522(0)8 (0412, €(012)
5 (6.600)) = 04-1(8)9 (01, €8y -1))+04 86 (51 €(60)+0341 (8)2° (041, 6001) +0342(0) (g2, €002)
1 (0,6(6)) = 04-1(6) 0" (541, 6(64-1))+04 ()" (83, £(6:)) 40441 (8)” (01, € (5g 1)) +0g42(TWP (32, € (82
where
[5<5q+1>1<9>{[§(5‘” I [O.0)+ () (#16.60) - o] 5. if0<o <o
€000l (6) + fy7! (6,600 + (£22) (#(6.€00)) - (6.600)) | b, ifo<f<1
o) (9){[5<6q1>m9>+f§f“ [#7(6.€(0) + (%)(Wf( >> sof(M( Mds,  if0<b<o
€(0,-6) + J577 [o(6,6000) + (42 (10 6>>}d& ifo<f<1
0 - {[aww +fi;ff }obw,f(a)) + (55 0) < <6 f( )= $0.E0)] b, if0<0<1-0
€0, 0)+ 20 [0 £60) + (52) (06 m( >>>]d it1-0<<1
[(WW){[§<6q1>11<9>+f5}q+; :996(5,6(6))+(1“)( <5§< )= (0.€0)) | dd, if0<<1-0
(€@ DIT(0) + [ [07(0.€00) + (557) (¢(0,€(0)) — 9/ (8,€(0)))] db,  if1-0<O<1
mﬂ)w{[s<6q1>1u<9>+f5§”: }ob<575<6>>+(11_ °)< “(3.€(0) ~ (6,60)) | dd, iF0<B<10
Gy (0)+ i) [0, 600 + (52) (.00 - 9" GO, if1-0<h<1
Mlm(){[swan:w)wa?*; (6.600)) + (552 (0.60)) - (0,000 | s, if0<B<1-0
-0+ i) [ 0,600 + (52) (#(6.60)) - (0.60))] 46, if1-0<0<1
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For the integral [£(,42)];; (#), the Adams-Bashforth method gives the following expressions:
Case 1: [£(ds42)]5 (0) For0 < 6 < r:

(0ur2)) (0) = (€110} ) + o[£ (50 1) — 55T (52) + 1967 (3y11) + 967 (8412)]

where
A0 = .600 + () (#0.60) - 9°0.56)

Forr < 6 < 1:

€(5ur2))x (6) = (€100} 0) + o [ (541) — 56E (52) + 1968 (5y21) + 967 (8412)]

Other cases can be computed similarly.

6. Predictor-Corrector Three-Step Approach

This method utilizes the Adams—Bashforth three-step technique as a predictor and the
Adams—Moulton two-step method as a corrector, iterating the process to improve accuracy.

Procedure: To approximate the solution for the given intuitionistic fuzzy initial value problem:
€'(d) = ¢(0,£(9), & €1=1[d,T]
[£00)]" (@) = Bo,  [6(00)]] () = B1,  [£(82)]; () = 2
[£(d0)]f (@) = Bs,  [€(01)]f (@) = Ba,  [€(02)]7 () = B
[£00)]; (@) = Be,  [£(00)]; () = Br,  [£(02)]; (o) = Ps

[€(00)]; (@) = Bo,  [£()]; (@) = Bro,  [£(02)], (@) = B

Step 1: Select a positive integer N and set h = £3%.
[1(30)];" (@) = Bo.  [n(OV)];" (@) = 1, [0(82)]; () = B2
[(B0))," (@) = B3, (0] (@) = Ba,  [n(62)];7 () = B
[(80)]; (@) = Bo,  [n(00)]; (@) = Bz, [n(G2)]} (@) = Bs

[n(d0)]; () = Bo,  [n(01)]; (@) = Bro,  [n(02)], (@) = Bua
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Step 2: Initialize with ¢ = 1.

Step 3: Calculate £(0;2) using the Adams—Bashforth three-step predictor.
Step 4: Use the Adams—Moulton two-step corrector for refinement.

Step 5: Continue iterating until the desired accuracy is achieved.

Step 6: Increment ¢ by 1.

Step 7: If i < (N — 2), repeat from Step 3.

Step 8: The procedure concludes, and 7(T") serves as an approximation for &(7").

7. Convergence and Stability

Consider the exact solutions:
D€ = [[2(6)]2 (0) [2(6)11 )] [2(&)]0 = [[B(€)]5(0) (€] (0)]
(€)= [P (0) [2(E)]50)]

Now, let these exact solutions be approximated by the following:

(€lo = [[pE) (0) [oEEO)] [l = |[(&)]5 (0) (oI5 )]
&) = [[P(€)R(0) [o(&)]50)]

at the time points §,, where 0 < s < N. The grid points are defined as:

T -t

o< << ---<dn=T, k= N

0s =6p+sk, n=0,1,...,N

Our objective is to establish the convergence of the proposed methods to the exact solutions. Specifi-

cally, we aim to show:
doo(¢(&s), 0(&s)) =0 as k—0

Theorem 7.1. For any fixed 0 such that 0 < 0 < 1, the Adams-Bashforth two-step approximations of
converge to the exact solutions [x(6)]%.(0), [x(8)].(0), [®(8)]-(0), and [®(5)]"(6), where [®]'., [P]",,
(@], and [®]" belong to C3[ty, T

Theorem 7.2. Both the Adams-Bashforth two-step and three-step methods are stable.

Proof. For the Adams-Bashforth two-step method, the characteristic polynomial is given by p(\) =
A2 — \. It is evident that this polynomial satisfies the root condition, which implies that the Adams-
Bashforth two-step method is stable.

Similarly, for the Adams-Bashforth three-step method, the characteristic polynomial is p(A\) = A% —

A2. This polynomial also satisfies the root condition, indicating that the three-step method is stable as
well.
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Conclusion

This study aimed to investigate the numerical solution of an ordinary differential equation with
a neutrosophic number as the initial condition. Here we have employed the Adam Bashforth and
Adam-Moulton method for finding the solution, and we have also discussed the stability and conver-
gence properties. Finally we can apply Adam Bashforth as predictor and Adam-Moulton as corrector.
The numerical solution is an essential component of initial value problems (IVP) and boundary value
problems (BVP) with advanced techniques, which plays a significant role in enhancing precision and
reliable solutions. In the future, we can develop more numerical techniques to solve IVP and BVP in a

neutrosophic environment.

References

1. Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1):87-96, 1986.

2. Ashish Acharya, Animesh Mahata, Supriya Mukherjee, Manajat Ali Biswas, Krishna Pada Das, Sankar Prasad Mondal,
and Banamali Roy. A neutrosophic differential equation approach for modelling glucose distribution in the bloodstream
using neutrosophic sets. Decision Analytics Journal, 8:100264, 2023.

3. B Ben Amma, Said Melliani, and LS Chadli. Numerical solution of intuitionistic fuzzy differential equations by adams
three order predictor-corrector method. Notes on Intuitionistic Fuzzy Sets, 22(3):47-69, 2016.

4. IR Sumathi Augus Kurian and Parvathy K. An enhanced generalized neutrosophic number and its role in multi-criteria
decision-making challenges. Neutrosophic Sets and Systems, 61(1):18, 2023.

5. Francis Bashforth and John Couch Adams. An attempt to test the theories of capillary action by comparing the theoretical
and measured forms of drops of fluid. University Press, 1883.

6. Razzika Ettoussi, Said Melliani, M Elomari, and LS Chadli. Solution of intuitionistic fuzzy differential equations by
successive approximations method. Notes on Intuitionistic Fuzzy Sets, 21(2):51-62, 2015.

7. Menahem Friedman, Ming Ma, and Abraham Kandel. Fuzzy derivatives and fuzzy cauchy problems using lp metric.
Fuzzy Logic Foundations and Industrial Applications, pages 57-72, 1996.

8. T Jayakumar, C Raja, and T Muthukumar. Numerical solution of fuzzy differential equations by adams fifth order
predictor-corrector method. International Journal of Mathematics Trends and Technology-1JMTT, 8, 2014.

9. Alaa Fouad Momena, Rakibul Haque, Mostafijur Rahaman, Soheil Salahshour, and Sankar Prasad Mondal. The existence
and uniqueness conditions for solving neutrosophic differential equations and its consequence on optimal order quantity
strategy. Logistics, 8(1):18, 2024.

10. Forest Ray Moulton. New methods in exterior ballistics. University of Chicago Press, 1926.

11. Dequan Shang and Xiaobin Guo. Adams predictor-corrector systems for solving fuzzy differential equations. Mathemat-
ical Problems in Engineering, 2013(1):312328, 2013.

12. Florentin Smarandache. A unifying field in logics: Neutrosophic logic. In Philosophy, pages 1-141. American Research
Press, 1999.

13. S Soroush, Tofigh Allahviranloo, H Azari, and Mohsen Rostamy-Malkhalifeh. Generalized fuzzy difference method for
solving fuzzy initial value problem. Computational and Applied Mathematics, 43(3):129, 2024.

14. IR Sumathi and C Antony Crispin Sweety. New approach on differential equation via trapezoidal neutrosophic number.
Complex & Intelligent Systems, 5:417-424, 2019.

15. Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965.

Received: June 26, 2024. Accepted: August 21, 2024

Augus Kurian & | R Sumathi, Numerical Techniques for solving ordinary differential equations with
uncertainty


Angel
Texto tecleado
Received: June 26, 2024. Accepted: August 21, 2024


	1. Introduction
	2. Preliminaries
	3. Interpolation of Neutrosophic Number
	4. Adams-Bashforth Methods
	5. Adams-Moulton Methods
	6. Predictor-Corrector Three-Step Approach
	7. Convergence and Stability
	8. Conclusion 
	References

